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Air Core Cryogenic Colls for fusion Research and
ligfc Energy Hueleer Physics Applications™
R. f. foot ad c. B. Taylor
Uvrsaco Radiation Laboratory, University of California
Llvervori, California

la ths fields of eootsollsd fusion rtnonrob sod high energy nuclear
physics 1t iIs becoming evident that snaps for ths efficient generation of
very hl|b nasastlc fields asst be sought. Blocs ftmifiisllr saterUls
are of no bslp at the required fields (of ordsr IQ* ssuss) one can only
rsly on the use of air cors colls, so that tbs fields uhleh can be reached
depend only ea the ampero-turns achievable and staple geometrical factors,
la this case ths limitations on attainable fields usually COm torn to a
question of available alectrical povsr, or, boss fundsnantally, to llaltatloas
imposed by hasting of ths coll conductors sod problen# of beat transfer
vithin tos coll, for laboratory-sited aasnsts, ths Unit is reached la
aajsste such as ths bittsr negnst, share nearly tbs ultimate limit is rssdosi
la povsr density nod boat transfer, la ordsr to achieve steady fields of
10* gauss la volumes of ordsr 1 liter.

the avenue to alleviating tbset problems has bees open to us for a
loag tins, but has been largely ignored, for a variety of raaeons. It has
been long know that at very lev temperatures ths electrical resistivity
of assy purs astais drape to a smail fraction of its value st roan temperature.
This feet Implies s correspondingly large drop la ths volusm resistivity losses
of a ooll, sod has been elicited on n laboratory scale by several investigator*W
ths possible tppUoatloa of this séan technique to the generation of him
aaghetlo fields for fusion and accelerator applications has also been discussed

*Vorh dons under tbs auspices of ts U.S. Atonic tnergy O— I1salon.

1. For sample, J. 1. Olsen, Helvetica Physics, Acta t6, 796 (1953) I
Harold rurth and B. V. Waniak, Rev. del, last.. 27, 195 (1956)j
I. laguar sad I. P. Im m 1, Rev, gel. last,, 2d, 879 (1957) sad Proceedings
of the 1956 Cryogenic Baglasering Conference, September 5-7, 1956,
pp- 117-U9.
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or PAMfUd inaenm | my may tints in tht yest*V  What hat apparently
not boro adequately notad it that dnaatio aftact which scaling to large

negnet alias would ham on tht practicality of applying cryofanic techniques

to hi* flaid manat desire. 6lInca tha strength of nagaetlc flaUt produced
by any air core mgpet can ha Anna to ba proportional only to tha currant
density and a linear (lnanalon of tha coll, uniformly scaling any air coro

coll la alia produce* a higher field atrongth for tha earn currant density.
This fact, coupled with the reduction of realstance attainable through cryogenics,
naans that wary efficient generation of high angmetic fields should be poeelble
with large cryogenic coils. Conversely,mch of the potential gains of cryogenic
techniques are lost If they are applied to mall colls, for which designs

such as the Bitter Bagmet, operating with conductors at roon te”e nature, are
probably auperlor.

factors Which Influence the Ifflclency

The possible quantitative advantages to be gained by lowering the
fgireturn of air core colls will nowbe discussed. The degree of reduction
of coll losses which can he obtained depends upon the tenperature to which
tha coll Is lowered, the purity of tha natal, and the strength of roguetic
field which le to be attained, toieased against the reduction of ooll losses
achieved In this way le the fact that tha lower tha temperature at which
operation la attempted the greater la the energy wbleh will he loat Irreversibly
In naming the refrigeration plant. Thus, It oust be denonatrated that an
overall gain can, In fact, be attained when this is taken into account. Whether
n net reduction in energy losses le achievable depends on several factors.

The first factor to be considered le the energy necessarily required
to bo expended in the refrigeration plant in carrying the coil bant "uphill”
fron its operating tsag nature* to the tsoysreturn of the refrigerator heat
*ink (roon temperature) « This energy cost oust clearly be added to the coil
dissipation to obtain the total power lose to be ascribed to the production

t. D. ft. Welle, Project Matteitkosn Technical Nano  jm>6375 (Septenber, 19)6)

and It. f. Fost, UCa-lajl, (19*) end ft. r. feet, fhyslcal hew., 69, 126
(1* 6).
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of tto confining nogaotlo ftold.

Tha "offlolooey* of g rtfrig*rotor uood to curry iov tmormtura toot
fra tto coll ond dollror It ot ran Uo”tvoUtro con to doocrlbod lo tom
of tto tfflclooey of @ e+Uni* (Corat) rofrlpovotUo eyeto, aultlflioi
by o toctoolool” or yoeni* offlcioncy, ~ >tleh ropromto tin offoot
of oddltloool mbanlool ood thoimi loom in tto actual rofrlgovotloo
o/eton.

fho Corat tfflc looey raintoe the toit, V, ooeoooory to pm mi ooouot
of toot m ipy, t# fra o low tmoiotuio toot ooum ot topi”tn to

0 bilgbor t—pimturo toot oink ot tooporotnn ?|f by uao of an ldoal toot
onglaot Ttlo loi

tHtel

Tteo actual of boot yoyod totm o TQ ond T# ptr unit ooorgy to
glra tyi

Ito totol ooouot of entity loot to tho boot ilak lo tto m of tto toot
punpod plug the voit oopoodod lo puoplog it* Hunt

* W * e W

Vi

Xa tko promt coot Qm id bo o™uol, lo ot—Ay«aUto, to tto actual
Joule toot rolooood in tto coil. TtIqurp m ttot If tto oognot loom op

Pa(TO) uotto ot toopomturo TQ thoo to find tto totol mrgy Ubleb ouot
bo oopondod la producing tto oogaoUc flold, ooo nuot oultlpiy by tto

"refrigeration factor*
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on U la table Xfor various mlaoco of # for o value of
Tg e W°* (t1°C, t.«., 'nx» tMvantura*).

Tte overall pain (or looo) % bt anblnrod by tte uoo of nfrljiriu M
lo proportion*! to tte product of tte mob roolotWlty of tte cooductUp
—terlal uni la tte toil ni Dm nfrl|iitUcB footer, OR. Thio doflaoco
aa “offoctlvo rooiotivtty” for tte eotl. In ualap tbit factor to ittendaa
tte overall pain to bo achieved by tte uta of nfrifiriUoB, *e oil! bo
laterested U too pussUoae. Tte omo U tte choice of tte porttcuUr m U
fro* %hich to fobrteoto tbo coll. Tte otter lo tte oteloo of optlM oporattai
tonpcrmtur® for tte toll, XtvIll therefore bo ooovoaieat to adapt o "ikiUrd"
Hiloot d id to 0009*1*. tfcl* standard vlIX bo tokoo to bo pm* ooppor *t
JOO°lt (rr°C), Which hu » n.l.VITIty of 1.7) * 10'6 ohf cm, te.I"U t bj
o#. Ilhu*# UkIn* tg - w* Mgr tte imtlol o(t0)/eBJ 0,(7"),
00 o function of tOHombiirt for any pur* *rt*l (tncludinp ooppor itself) ,
to dateimlao tte rotecUoa la povor looooo achievable by rofrlpmtioa.

It lo oloor ttet Mor aetel for tfelah tte roolitoaoo dot# not drop to
* value loot ttea (lI/0R tlaoo tte roolotooeo of ooppor ot pO°l cannot
possibly offor * pall. Since tte roaalta to bo obtained *ro obrlouoiy
poiap to dopoad oa tte taint of rtfrlpovalor aectenloai offlcloaey mmmml«
a void aoodo to bo M id oa tblo question. Tte value of A It Halted
prlaurlly by tte tteto of tte rofrlparator art ot tte toopoiatuia to bo
achieved* ood tte tUo of rofrlpoimtor unite mod. Itday enall unite night
typically have values of  of 0.25 or otto lover, tteraao It lo pooolbla to
oitlaate ttet Urge* carefully designed* unite alpht acblott —ohaalcal
«fflc loneloo at high aa 0> or pooolbly hipter. Thblo officltnoy lo la
*harp cootvaot bo ttet vblsh would bo schltvsd la early, mmll rsfripiraters.
Low refrigerator offlcloaey boo often lad to discouraging results la oarllor
calculatlono of tte pooolbl# palao fro* cryogenics la oapnot coll design.

la dotoiMlalai p(TO) for uoo la telo expression It lo nocoooaiy to
ooatldor tte faotoro vhleh lafluoaeo tte raeletlvlty of attelo at low
teapsratures. Tte nicetilcal raolctlaity of aany Marly-pure aotelllc
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alee*nte la the ennealed «Uti It dascrlbable M im a o f three "eoqpnMhte"”,
mm ftMoelAUi with the pur* *LMill itself, uhleh «+ shall call oQ# a jjjjlfc
arising froa Lnpurlty aloss (or crystal lattice defects) vhich will ha called

nl# and a third associated with tht affect of a MgMtl« field, thieh aa shall
call pb. for «all tparity ooataata the three emponanti add essentially
independently, so that the total reslsUrlty la simply:

0 *0(T) ¢ (5)

V* a reasonable cppnxlaetloo the Ugurltjr resistivity ten is independent
or tegpentun, end thus appaars aerely ee ea additive coostent (Matthissseo'e
Huit). the eeas is nutfOy true of the —m%n*rooletaaeo U n, p”~. The
intrinsic resistivity, nQ boveveg varies aazhedly with tnpentun, especially
at lde leapsretures.

The variation of  vith teepermtuiv for oevtala nearly pun attale is
mutably accurately predieted over a vide nap* of tnpantun by a theoretical
expression based on pantos nsrhanl ceV calculations by Houston, Bloch ead
others, froa this theory it is possible to derive a "universal resistivity
cum" (the Hleeh-Cnmeleea function) vhleh cen be used to predict cpproxlaately
the te”ernturs dependeeoi of the Utrlaeic resistivity of nany pun astale
(such as Cu, Al, Ha, eta.) la %na of e characteristic "reelstance taapentun™,
I, uhleh sen be found for each artel. The 1-0 fuaetlen will be of use la
obtaiaina analytic expneslone for the eaeny losses, ead la predicting the
optimal conductor anterial to be uaed in the coll. The values of O for pan
netale are a fee hundred degress Kelvin, i.e,, of the order of non tnpentun.

Dm universal resistivity curve is obtained by expressing teepereturn

in dl—iiloalees unite, t « T/e, end nsietivity in the dimaasiealeae unit
r - «*(t)/p(e), i.e., r la the ratio of neistivlty at teapantun t to that
at fpilitu* 1. One significant feature of tbs thaenUoal curve is that

at noiani te”entun (t 2 1) and iota to teaperetuns of about 0.2 n, the

)e  See for o D. K, C, MacDonald, "Kaadbuoh dar fhyelb", Vol. Ik
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rtitU vt resistivity varte* only linearly vith temperature. In this
the BG function Is cloasly approximated by a simple UM ir function

rel.16t «0.16

However, for temperatures belov ifAw riatily t « 0.1% r varies m thus
dropping rapidly to M il value* m» tbe takerstur* approvehee 0°K. It it
in tbit range that the great*tt gain* fro* cooling art to b* reallted. the
variation of r for t <0*10 (T <0.1 0) It given by U» expressions

re (5t5) t5 (7)

In Thblt IT values of the Intrinsic resistivity of sodium rolatlvo bo
its rttitUvlty nt ID”C (0°c) am given, at calculated from tb* Bloch-Orunel sen
theory. The** am compared with various experimental data (after Mactoanid' ).
1b* agreement it toon to be rmaitahls, even doun to the lowest temperatures.

It it obvious from the natum of eq. (7) that if the behavior predicted
by the BUch-Cruaelam theory mm the whole story, the Intrintlc mslttirity
could bo reduced bo an aiVltrarlly lev figure asmly by dropping the tmgprmUu*,
to that the energy losses in a high flail mgpst ooli could bo mdo arbitrarily
lov. However, at very low tenperetums the Upurlty tad magneto-rsslativlty
terns my become Ugortaat, to that ib la necessary carefully to consider
thsso addiatlonai loot factors la order to atesss the eventual gains 1xich
actually could bo aohleved.

In choosing the boot mtal or natale for utt in Urge mgnet colls,
tom pmliminary criteria ttn bo applied — dlltaly. theas am that the
mini mould be inexpensive and rmdily obtainable In yum form. Beyond thia,
it it clear that the nott important requirements am that the natal should
possets a lov intrinsic resistance and the loeest possible magneto-mslstance
coefficient. In ecanning the U tt of alamots, It tpptart that them am

0. K. ¢c. MMDmld, froo. Roy. 800., A a0z 103 U?*>)
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throo print Candidatot. 3mm an, copper, aluaiaua and oollua. Of tho
Utn, eoppor U loci attnctivo in toms of mm of um, and iW randy
availability la hi# purity fow. laoufflcloat data oaloto to prvporly
ovaluato alualnua, but it oppoaro to ho maoihit auporlor to coppor la tho
ovorall gala* which could bo axpoctod. But if oodlua can bo uaod, it hold
proodoo of far groator gala* than can over bo achlrved with coppor,

Tho oppmalaato nolotaaco fgiratmntt for coppor, aluaiaua and aodlua
arc n opeotlvoly, J00°, J90° aad 8)0° KolvIn, thua9 roforrlag to tho Bxooh>
Gruaoiooa cum , It can bo oooa that far %< 0,1 (t*pmtowi
lovor than JO°K# )9°K or B0°X, ntpoctivoly) tho latrUolc roolftoaoo of

U j.0a « Xo*4.
Ifaui ,t aol*, (« ¢ 0.067) fr» (15) Um UitrIMlo m iium of copper

Unporeturn

rooultUg Hall oloctrlo fioldo, la pnaral# tho offact, only Uportaat at
high fUldo oad it aoot pronounced whoa tho 1lrootUa of curroat flow it
porpondleuLar to tho flold direction, oo it lo La aogoot oollo cf oowoatloaol
doolgn. for curroat flow parallel to tIM livoetlon of tho flold# (ouch ao
might bo oaaountorod in oo-called "forco-frao"” nagnot oollo”) tho offoct

It oubotaatloJLly looor, ao Hall potoatlalo bolag goaotmUd In ootabllghlai
tho flow.

5.  H Furth oad R V, Vaaiok, op. eit.
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txcept in rviptct to iron details, the thaory of ths nagneto-realstive
offset dots not adequately predict the actual values observed. The qualitative
behavior to bo expected la an Increase la resistivity which la quadratic with
field at low fields, becomes linear at higher fields and finally saturate:
to a constant value at vary high fields. Since the effect la vary wall,
It la only observable at vary low to that experimental wosfc
la scanty In this field, and fraught with difficulty, fortunately, however,
for the Metals which will be discussed In this study, relatively good data
exists. Recent date on the magneto-resistance coefficient of copper and
sodlun exists for transverse magnetic fields la the general range of interest
for this study |l n the range of the aoat accurate measurements, a nearly
linear variation of pp with B Is found. Tbs fields necessary to produce
the predicted saturation effects have only barely been reached In these ex*
perivets. However, for the purpose of this study, a linear variation of ofi
for all Bvalues above those for Which direct asasurenents e”dst will be
asauaed. This nay result -n somewhat overestimating the effect of aagneto-
resistivity at the highest fields used. But note that, in applying the
resuite of laboratory aaafursanats of magneto-resistance to predict the
magneto-resistance effect on a large coll, it la necessary to assuae that
an equally favorable situation with regard to the setting up of Hall potentials
can exist in the large coil as that which existed in the Msasursaeats. This
vill, no doubt, require experimentation and care in the design of tbs coil,
since little information exists at present on this question.

In Table HI sone experimental values of p* for Cu and Na are given as
a function of B. It la clear from the data that sodium exhibits a far lower
transverse IMgrwrto-realstance effect then copper.

It Is also clear that, although it is negligible at low fields, at nagnetlc
fields of L(b gauss or more, nB represents a substantial, If not dominant,
part of the resistivity at low temperature. However, to calculate quantitatively

mm— TI — ‘-

6. See for exa™de, D. K C. MacDonald, "Handbuch der Ffcyslk", Vol. Ik




TABU [11

°B
ofaa-ca

1.7 x 10*"°(c)

5.2 X 10'10(c)

°bl b

oho-ca/gausi

1.7 XiO'lU

-iu
1.7 x 10

SjjJfj) m 1.7 x 10*1* oha-cc/gauss

3U (196)

Cu
B °%» °bl/b
gauss ohm-ca ohm cm/wmit
X0- U.8 x W'9(*) M i 10*13
2 X 10* 9.6 x 10'9(*» k.Q x ID*13
o)
3 X f&k
1.5 X105 6.6 x 10**(b) k,k x ID*13
oB/B " X oha-ca/gauas
(@) R. 0. Chamber®, Proc. Roy. 8oc. A,
Cuftk \  0O(k)/p (>CX» « (1/825)
(b) 8. C. Olbcii and L. Rinderex, Nature, 173» 682 (195*0
Cue k \ 0o(k)/p(jDO) m (1/125)
(c)

D.K.C. MacDonald, Randbuch der VhyaU, Vol. Ik, p. 182

Ha ft k.2°K, p(k)/0(275)

e« 2 * 10*U
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the effect which magneto*reelstance ha* on the resistance losses La a magnet
coll, v need to coasider the actual problem la soasvhet wove detail. la
particular, La ealeulatlag mMpseto*realstance offacto la a coll, wo need to
take Into account the variation of septette field laaide the windings them-
=clves, since the actual iIncrease In moan reeistlvity la thereby reduced.
The amount of this reduction depends oo the distribution of mgnetlc field
within the windings, which la tun depends on the distribution of current.
Msanet Losses

Magnet coll losses represent the summation of resistive losses la each
volume element of the coil®. Each volure element dissipates slsotrleal energy
at a rate d«tendnod by the product of the volume resistivity of the conducting
material and the sguare of current density, i.t., as pj2° Vs will assume
that either the current varies sufficiently slowly la tins or that the con*
duetore are sufficiently well subdivided that shin effects say be ignored.
(Ibis assumption i1s, however, not without Its oconomlc consequences.) The
total energy dissipated by the coll is then simply the Integral of pj2 over
the volume of the eagnet.

fk*c ® \J K % (8)

IT 0 1s measured la ohm-cm and 1 in amperes/cm then the power density of
resistive losses has the units of uatta/cal. Values of pJ of the order of
10 watts/cn™ are encountered In typical industrial magnet designs. Generally
speaking, O is independent of current density, but may vary with position

in the coil for reasons which will be discussed, therefore, in the typical
case where the current density has the sare value throughout the magnet, <

PM™ 1Z "J pF " ol2v ©

T. for the pioneer treatment of the general problem of high field mamsts
and aaeiet losses see 7. Bitter, Rrv. Bel. Inst., 3P (1936), 8, 318
(1937) sad 1/ 373 (1939) = the treatment given hers differs mainly
In the type of problem treated, rather than la any fundamental way.
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wtere 7 IAjfodv, is the resistivity of the coil.

On Um otter hand, the eegnetlc field produced by the coll le the
vector 1 p of the field produced by each current carrying voluae element.
Considering the cnee of long cylindrical colls, the field produced by the
coil will be purely In the axial (s) direction and will eis”ly be the euaeatioe
of the contrlbutlona from eucceealve cylindrical ahella of the coll, each
of which contributeo a field Incresent

dB W~ Jar (10)
if J it expressed in ires per square centimeter.
Therefore,
v/ Jr 2

r2 and r* are the outside and inaida radial dimensions of the coil, respectively.
In optimizing the coil design, we will be interested in maximizing the
ngnetlc energy density produced by the coll per unit total power consuemsd.

How the magnetic energy denelty of the field la equal to B8« dynes/ce2.
Thus, from (2)

C
2 B - 8~ \J J(r)drj dyna./ca2 (12)
Be

To produce this Mgnetlc preseure requires the expenditure of resistive
losses os predicted by (8). Since we are Interested in maximizing the magnetic
energy density pressure per unit of energy dissipation, i.e., eaxiniting ( 12)
relative to (8) , we write ( 8 ) in tame of resistive losses per unit

length of the coil, o fjI$ where L is the nagnet length. Ite ratio
of (12 ) to ( 8 ) baeones
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4yn*» em'Z/m%t cm' 1 (13)

7 m ium the efficiency of production of the magnetic field pressure
by the coil. F# can be written la the form vhich la independent of the
actual coll dimensions and the magnitude of the current danalty. Let
ue r/r™i (I,i.| measure all dimensions In unite of the inner radiue of
the coll) end similarly expraea the yarlatloa of the current danalty In
unite of the awn current density J(r) - 3*(r). ?mthan takes the fora:

2

Uhera a * r*/r®, the ratio of inner end outar coll radii, and p(x) la the
weighted naan resistivity of the coll,

Ve aee Imnedlately that  does not depend on the actual coll dInanaiona
at all, but dapaada only oa the ratio of the Inner aad outar coll radiua and
the relative epatlal variations of resistivity and currant danalty. There-
fore, ?many be used aa a figure of writ for coil design which la independent
of coil dlwnsioas. Stating the result another way, at constant magnetic
field the coil losses per unit length are Independent of nagnet size, provided
the asOMt la scaled proportionately. This latter fact points up the advantages
which are Inherent in the use of large magnate to prodice high magnetic fields”

8, The calculation given here applies to a long solenoid. In the paper
which follow this one, (UCHL-563I-T, "The Design of Large Cryogenic
Magnet Coils™* C. K« Taylor. Proceedings of the 1959 Cryogenic Engineering
Conference, September, 1959), a mow detailed calculation, pertaining
to a coil of finite length Is given.
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IT we take the current demity to be proportional to m m paver of
the relative radius, X = un, then M UktFl the forej

=-C) J& <15>

For x « 1 (current density independent of position within the coll) this
reduces to

\{a,l) m T|J- -4

2 1, de

Constant current density does not necessarily correspond to the optlui
coll design, as will be later discussed, nevertheless, taking this as aa
assunptlon, vs see that the aaxiwei value of F*, occurlng than a -too (infinite
outer coll imdius), Is M (oo, 1) = 1I/50p. Ata = 3, F* « 1/100p, within
s factor oX two of i1ts Uniting value.

The volune of the coll per unit length can also be readily expressed iIn
termms of a. Thin is

we* @ -J) = xxj @-D )

Since the cost of the nagnet will be approxiaately proportional to its

volune, It can be seen that It nay not often be wortiwhile to Increase the
value of a much beyond 3*

From the definition of F~ the power per unit length required to produce
a given value of nepotic pressure iIs given byi

%6

g Sw ——b watts/ca (16)
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Alfcamatlvaly, tfe. m im U c pr»»*ure produced by the expenditure of
ofc vatts/ca la

(19)

Also, fra (8 ), (17) end (13 ), the power dissipated par unit
volume of magnet tasterial for s given pisobs pressure is given by: (uniform
current density esse)

The marked effect of scaling up the dimension or of increasing a,
in reducing the dissipation per unit volume of conductor is apparent. This
v Il be of importance in later considerations of the question of heat transport
within the megnet.
W can nov apply the nethod used in obtaining equation (1 ) for the
coll figure of merit, ?B, to calculate the magneto-realstance correction
for a long solenoid. W have, in general, that

(21)

Wt wish to evaluate p(x) in the presence of magneto-realstance. If ns
take P« PO ¢ PFjj ComIB, l.e., proportional to B. Then:

X2 udu (22)
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vhere b (@u) It given, as can be seen tram (11) by

/ X du*

B@)—M/' j@ dr = B ()

’ Xdttl

In the cam of ualfom current distribution, x = 1, B(u) = Bg yowarlj

ab .l'a»2le

po 4 3 Iao” o 4 >

Since re0 « Pg (B m BY) vt tee that the wan aagneto-resistivity Is
related to the negneto-reelstance st Bg through:

o * - 23
oro- el &

I.e., the Been magneto-resistance is about 1/3 of the peak na#tieto-resintance
value.

We are nov In a position to evaluate theoretically the Influence of
magneto-resistance on the energy dissipation in a long solenoid. Using the
values of pg fron Table 11 and the values of oq (1) from the B-G curve ve
may plot the aean coil resistivity as a function of temperature end Magnetic
field. This Isdone in fig. (O (@ and (b) for copper end eodius respectively.
The data are plotted as ratios to the standard resistivity! oB> of copper
at 300°K. A value of a (ratio of inner to outer coll xadius) of 2 has been
aseuned in calculating these curves. Xt can he eetn, however, from (25)
that these results are not particularly sensitive to the value of a chosen.
In theoo curves the role of Inpurity resistivity has been Ignored. The con-
ditions under idilch this assumption is valid arc discussed later/ Xt should
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also be recognised th*t ecan uncertainty, pextepe u large u * factor
of tw, still aditi la the values of  which should apply la large con-
doctor*, ao that the aagoeto-raslataaco contribution to tha caleulatad
locate aay be la error toy this amount.

Taking a value of BQ of 10" fault, for exa™lt, it la clear that
theoretical reduction* la the naan resistivity of about 100 In tha cate
of copper, and aore than 1000 k the caae of aodiun, aaaa pooBible, fine*
theatt factor* appear directly In tha rate* of heat dissipation par unit
yoludm la tha body of tha coll, they will have a profoundly favorable
influence on the pmhlana of eoolinf and beat transfer within tha coll = Twlo la
ona of tha noat Important featureo of a larpa cryogenic coil*

To calculate the overall reduction In power loaa aaaoclated with tha
production of tha BMP*tic field at any given coll temperature, we need only
aultlply tha result* of Fig. (i ) by the value* of OR at that temperature j

Twtou X, Thla baa toeen dona la flga. (2 ), (3 ) and ( ) for copper
and aodiun for different value* of BQ and for different assumed refrigerator
nachanlcal efficiencies r».

It can be seen from tha curve* that unless a sufficiently low temperature
la attained, tha use of refrigeration will only result in an Increase in the
net power loaa (relative to eopper at noon teapenature) since the energy required
to run tha refrigerator la not c<nganested sufficiently oy the reduction in
tha 0011 loaeea. It will also te noted that all the curves exhibit ninlaa,
thus defining optima temperatures at which to oporate, For exaaple, from
tha figure, It can be aaaa that nt 10" gauss, the optlnm operating temperature
for copper colla la about 30°K, at which point an overall reduction In net
power loaa par unit volunt of aagnet conductor of about 2 la achievable*

for aodiun, the potential gains are aucb core striking. If we take
cPm 0.5, the overall power losses predicted ax* only of the standard value,
a factor of reduction of 25 to 1. Ibis occurs at 10°K, honever, which will
accentuate the refrigeration problem Even at » 0.25, however, the over-
all loaeea ax* only O# of the standard.
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la addition to the reductions showmn In thees figures, sons additional
“"concealed” gains exist. Because of the greatly reduced intemal heat tnunafer
problem which remit from the low volume dissipation nates associated with
operation at ciyog— Ic temperaturea, it should be possible substantially to
decraaae the fraction of — gnat volune devoted to coolant passages. This
would Increase the effective current density in the magnet, producing a higher
magnetic field per unit magnet volune. The additional gala over ordinary
high field colls achievable in this way con ha eetieated to he between
and a factor 2.

Sane additional gains could conceivably be achieved by redistribution
of the current density in the coll so as to diminish the effect of the
resistance, the gains achievable in this way are slight, hut nay be of
interest at the highest magnetic fields. The effects of changing the distribution
of current In a solenoid are moot easily calculated In tens of the affect
on the coll figure of esrlt?q. from (2)ind (23) i1t can be abom that when
a linear nagaeto-nralstance effect is present, If the current density iIs

to vary as uQ, then

01 *1
BU) _4 Sl @)
ao041
and therefore:

"m**T* I_/\tr] pfjenfl <%

when b = (.cgvj p(? is Large, mall improvements iIn Pg/l can be obtained by using
positive n values®™ 7. These values of n correspond to the physical situation
of distributing mors of ths current in the outer portions of the coil, where
the field tends to he wisher. The gains which can be achieved iIn this way
can be soon fron Fig. ( 5 ) ithlch presents the ratio of ?m forn >0 to
for n = 0, for various values of a. Although the — ell reduction i1n coil

9. This is in contrast to the Bitter magnet. In such a magnet design, be-
cause of the unimportant role of aogneto-resistance at ordinary temperatures
the moat efficient coil isone inwhichnm -1, l.e., J- l/r. See
D. R. Welle, op. dt.
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losses achieved in this way would cortion Justify the added difficulty of
tailoring the current density, In eane cnees the advantage of the somewhat
more favorable distribution of Medanical stresses which resulte fram re-
distributing the current iIn this My nay provide an additleocal Incentive,

Another my, briefly stationed earlier, in which Bots gains night be
achieved could be through the use of "‘force-free” coll configurations™10)
in which the direction of flow of the current le aesuaed to he parallel to
the direction of the field inside the coil. Since the longitudinal nagneto-
roeistance coefficient le always manlier than the transverse m- r coefficient,
it would appear that an improvement Bight he effected. However, force-free
colls an lees efficient in producing a given vacuun magnetic field than a
siagde solenoid. Therefore, until bore accurate values for the longitudinal
a* r coefficient, are obtained and a detailed calculation la done, It is not
possible to deaxistrate that a net gain could In fact be achieved.
Calculation of Required Purity of Conductor Mstal

To effect substantial gains froa the cooling of wtgnet colls high purity
attain are required. Fortunately, the metals which have been discussed, namely
oopper, aluminum end sodium, possess same advantages iIn this direction. For
example, oopper™being a critical naterlal for the electrical and electronic
industries, 1is already available comerclolly in high purity form. Sodium
also teens to possess eons advantages from the purity standpoint. To quote

MacDonald in an artlola on the alectrical properties of sodium, —
on all counts, sodium appears of all mateds to be the most nearly "'ldeal” In
(electrical) behavior — ———— , Sodium also occupies a unique place among

the metals iIn accepting no other metal, (even of the alkali group) iInto stable
solid solution; this la presumably why even readily available coenerclal
sodium is of rather high purity.” MacDonald later qualifies hie remarks

(with reference to the solubility of potassium iIn sodiun), but the fact runsins
that the technological problem of obtaining high purity sodium iIs not onerous.

10. Forth end Venlek, op. clt.
U. D. K. C. Macbhonald, Free. Roy. Boc.# 221, 53¥ (195*0.
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Dm presence of aegneto-rtelsUnee has the effect of somewhat diminishing
purity requlramsnts, especially in the case of copper. That it, whenever,
the impurity resistance ten it nail compared to the magneto-resistance ter®,

: vo aay disregard It. the condition for this to be true can be estimated
from the negneto-reslatance coefficient and the known effect of particular
inpurltics on the rtalstence”2”. Data exists for the effect of adding
known quantities of various lagurities to copper. In fig. (6 ) curvet
are plotted fra these data (assuming Matthlsssen's Rule) which give the
allowable impurity content vs. magnetic field, for various impurities, In
concentrations such that the impurity resistivity contribution Is 100 of
the peak magneto-ratistance. At this Impurity level and beloWjthe Impurity,
resistance should be vail enough to be ignored compared to magneto-realstance.
for flelda of $x 10k gauss or greater, the required purities are of the
| tarns order as those attained in high conductivity coenerclal copper.

Comparable data does not seam to exist for sodium, but it is predictable
from conductivity theory that the addition of impurities vIIlI result In in-
creases in resistivity which are of tbs same order as those In copper. How
ever, since the magneto-resistance effect in sodium Is shout a factor of
20 leas than that In copper, it can be expected that the purity requirements
for sodium vIll be more severe by ebout the seme factor. This still does not
appear to be a requirement outside the capabilitie?”o\f modern ultra-pure netel
technology. In measurements reported by MacDonald" ' on the resistivity of
alkali metals, low ir*urity resistance contributions were found, for specimens
vith spectroscopically determined purities of 99.950. But Horsley('k)reports
practical methods of refining aodivsn to purities of 99*%99990 or 100 times
higher purity then those reported by MacDonald in his experiments.

Is the calculations to be given belov it la assigned that the conductor
Material of the coil is of high purity and is used is the wholly annealed
stats. This condition can probably be closely approached, especially with

12. D. X. C. MacDonald, Handbuch der Physlk, op. clt», pg. 109* and
A. H. Gennetsen, Handbuch der ffcyalk, op. elt., pg. 210.

13* D. K. C. MacDonald and K. Mendelssohn, "The Resistivity of Ha at Low
Tampanatures™, ?roc. Roy. Hoc., A 302, 103 (1950)

Ik. 0. V. Horsley, The Purification of Sodium by Vacuum Distillation™,
A.S.R.E., Report MR, 1152 (1953)
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=odium, which Is self annealing at low tenpcratuir. However, the fact that
there still exist uncertainties of perhaps a factor of two in the basic magneto-
resistance data on sodium, and the fact that really last* bulk staples have

not yet been tasted, means that 00a mist expect the present calculations to

be uncertain by about the aaas amount, 1,e,, by about a factor of two, up

or domn, at high field values. It le not Inconceivable that even larger
diIscrepencles then this might arise, but It does not appear possible for

them to b# ms large aa an order of magnitude.

numerical Evaluation of Power booses to Heintain Confining Field

Ve nay nov evaluate the total poser required to Maintain the confining
magnetic field, using the results which have been derived in preceding sections.
It Is convenient again to present these with reference to s '‘standard” coll,
the dissipation of which can then be multiplied by appropriate factor® to
determine actual coll dissipation end net energy expenditures. The standard
ve shell use Is a long cylindrical solenoid consisting of solid copper (coll
parking fraction = 10) carrying a uniform currant density at *X)0K. The
dissipation per centimeter of this coll then any be found from the expression
(@6 ) for F . In Fig. (7 ) the "standardH solenoid dissipation per centimeter
le plotted ve. magnetic fTield for various values of a. It can be seen that
et W 0*, coll dissipation factors are very large, amounting to some 103
kilowatts/ m et 100 kilogeues for a e 2.

To find the dissipation of a refrigerated coll, it la only necessary to
eultlply the power lose of the standard coll by: (1) the reciprocal of the
peaking fraction and (g) the relative resistivity as given by ths curvet of
Fig. (1 ). Consider, for emnsple, a long solenoid with eodium conductors,
for which (Mm2 end the packing fraction le 0 9. If operated at 10°IC, at a
field of ID5 gauss the coll dissipation tuns out to be only A6 watta/os,
or less than 1/10Q0 of the dissipation of the "standard” coll.

Similarly a copper solenoid with packing fraction of 09, a - operated
at 10°! and producing a field of 10" gauas, disslpmtee 1VX) watts/ee or about
1."i of the power dissipated by the standard coll.



To find the ownU energy cost of maintaining the magnetic field It
Is only necessary to aultiply tbs coil dissipations by tbs tslus of o
appropriate to the operating tengerature. Alternatively, the dissipation
rats of tbs "standard" coll can bs multiplied by tbs induction factors of
fift* (2,J,4).Thus for the sodlua solenoid exs”Is above, If ~ » 0.5# tbs
overall pover loss including refrigeration turns out to be 4.6 kUovetts/cm
or only V.9? of tbs pover loss of tbs standard solenoid. These calculations
are of course theoretical sod therefore as yet unproved experimentally, for
the reasons discussed earlier.

It should be noted that In all cases of Interest tbs factor GRwill bs
substantially Larger than one. for steeple, in tbsis example above, OR e 59.
Thus the actual pover required to produce the field is only I/V'th or 1.7?
of the pover required by the refrigeration plant. It follovs that any in*
efficiencies which may occur in the magaet poser supply are of negligible
Importance in the oremil pover balance, as long as they do not appear as
beat la tbs cryogenic circuit.

It should be recogalted that the volume best dissipation rates which
vlU be encountered la tbs deelgn of these refrigerated colls vIli normally
be very small ermgared to usual practice, for example, in tbs sodlua tell
above, if the inner disaster of the coll vara 100 cm the dleeipatlan rate
per unit volume of conductor would be only about OQOfc watte/cm* or less
than one mlilloath of that which is successfully used in high field nagnete
(such as the Bitter magnet) in tbs laboratory. This means that relatively
staple gas cooling systems, using hell mi as the coolant, should be more time
adequate to cope with tbs heat timnefer problem. Aiding the heat transfer
problem is the feet that tbs thermal conductivity of the conductors will
become substantially higher at lov temperature#, relative to values at room
temperature, For simple, at 10°K, the thermal conductivity of sodium is

20 vatts/cm degree”l as compared with a value of only 1.1 watts/cm degree
at loom temperature.

15 D. K C. MacDonald, G. K. White and B. B. Woods, Ftoc. Buy. (km. A
Z)& 35" (1956)
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In the discussion of coll losses, —81100 should be —de of the problem
of mechanical stresses arising frost the large magnetic forces associated
with the use of high magnetic fields. Is —ell colls used In the laboratory
this can becosw a serious problem at fields abort a fev hundred thousand
gauss. Hovever, eo— of these problems \euld appear to be substantially
less severs for cryogealcally cooled colls. First, the yield strength and
ultlaste tensile strength of sill —tala Increases substantially at lov
temperatures, coopered to values at roamtwymature, for ordinary —tale,
the increase amounts to about a factor of two, so that copper, for ajoaqgplo,
becomes comparable In yield end tensile strength to mild steelAlthough
the strength of sodium also increases by about the sa— factor, It is still
small, so that additional reinforcement mould be required.

the second factor tdrich alleviates the mechanical stress problem Is
that In large colls the mechanical stresses, which are distributed over the
entire coll volume, are generally reduced when the site sad relative radial
thickness of the coli Is Increased, the net body fores per unit volume
exerted by the Magnetic field is proportional to the gradient of the aagattlc

—srgy density within the coll windings. In s long solenoid, the main forces
a— therefore radial sad a— given by '"t

2
W e -jij (dynss/es) per ea (2fl)

If Mas currwt tensity nrtn vithlu tta. aoU so that >. u thro

2
dr e 'ngl' (nel), (a 1.
ri (K9)
This fast it* m I— wvmiiM i t m i (n/in+l) (i/m 1), Mbtrt It U *fu»l

16. H. J. Cerrucci&l, CfatNlaal tnglnssrin* PmfNH,6 2i> PP- 262, jVz snd
J97 (195T)
IT. 0. B. Walla, op. olt,, ham given . totalled M Mly.It of the Mechanicsl

rtnw .1 In Bitter ~r~*~ t problss vhich Is relstod to the oos trsstod
hers.
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, (n/n.1)
(n»l)z n (*»
(2nl1) (Eml/mI) (oTL. 1)
If n+ 0 (unifora currant distribution) doccurs at ths
boundary and la equal to
(31)

If In aquation (30 ), n m 1, corresponding to a redistribution of tfcs
currant toward tbs outer radius, tbs naxlaun body fores will occur within
the coll, whore for a m 2, it vIU ranch a pack value only of tbs peak
value for a « 0. This nay be s worthwhili fain to exploit If operation at
vary large fields la contemplated.

In suraeary, It has bean shown that cryogenic techniques offer the possibility
of substantially proving the efficiency and practicality of generating high
Magnetic fields in air-core colie of large else. Overall reductions la power
requirements of as hi# as 2% by eoagasiean with conventional colls, aid
predicted, provided hi# purity conductor* and efficient refrigeration cycles
era used. Potential uncertainties la the basic conductivity data used in
these configurations, however, introduces an uncertainty of about a factor
of ? in the expected gains. .

The ichleri—nt of a factor of 10 or aora reduction in the power requirewants
of large, high field air core xagsete should have a substantial effect on
their cost and practicality for hijtfi energy accelerators and related activities.
Looking to the future, such gains can be shown also to be of potentially
great practical Importance If fusion power reactors using externally generated
magnetic fields to confine the reacting plains can be perfected.
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