
ABSTRACT 
A mesh rezoning algorithm for finite element simulations in 

a paralleldistributed environment is described. The cornerstones 
of the algorithm are: the parallel computation of distortion 
norms on the element and subdomain level, the exchange of the 
individual subdomain norms to form a subdomain distortion 
vector, the classification of subdomains and the rezoning 
behavior prescribed within each subdomain as a response to its 
own classification and thx classification “ o f  neighboring 
subdomains. 
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Our parallel algorithms are constructed on a message-passing 
foundation. The actual message-passing implementation used 
was the Argonnedeveloped p4 package. However, other 
message-passing libraries can easily be accommodated as they 
are largely identical in function and differ only in syntax. Once 
the algorithm is restructured as a set of processes communicating 
through messages, the program can N n  on systems as diverse as 
a uniprocessor workstation, multiprocessors with and without 
shared memory, a group of workstations that communicate over 
a local network, or any combination of the above. 

INTRODUCTION 
In solid mechanics, Lagrangian formulations of the finite 

element problem are preeminent. The popularity of the 
Lagrangian.formulation arises from the ease with which element 
state variables such as strain history and material axes can be 
monitored and maintained for all points in a body throughout the 
course of-a simulation. The simulation of metal forming 
processes such as stamping, forming, and extrusion, however, 
presents a formidible challenge for a Lagrangian finite element 
code. 
During a metal forming process, a body with a simple 

geometry is worked (Le., deformed plastically) into a more 
complex geometry. The severe distortion of a Lagrangian mesh 
during the simulation of these processes often leads to numerical 
instabilities which cause. inaawate solutions and/or premature 
termination of the simulation. 

This paper describes a mesh rezoning algorithm for a 
nonlinear explicit transient finite element code, currently under 
development, that is targeted for simulations involving large 
mesh distortions. 

- 

EXPLICIT NONLINEAR FINITE ELEMENT 
ALGORITHM 

After spatial semidiscretization is performed, the governing 
equations of motion are: _ _  

where M is the mass matrix, u is the nodal displacement vector, 
and the superposed dots indicate temporal derivatives. f,, and 
f, are the nodal force vectors arising from external and internal 
element resistances, respectively. 

The equation of motion is integrated in time using the central 
difference algorithm summarized ip Table 1. The internal forces 
(fiJ are evaluated by reduced integration with stabilization 
(Flanagan and Belytschko, 1981; Belytschko, et al., 1984, 
Belytschko, et al., 1984). 
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TABLE 1. FLOWCHART FOR EXPLICIT INTEGRATION 
IN A PARALLEL DISTRIBUTED ENVIRONMENT 

PI Perform domain decomposition 

1. Initial conditions: 

u(0) = UO, u(+) = uo 

j = t = 0; initialize elements 
2. Loop over elements e = 1 to ne 

a. GATHER u, from u 
b. Evaluate strains: 4 = Bii, 
c. Evaluate stress: 6 = S(E) 
d. Compute element forces, f, 
e. ASSEMBLE f, into f 

End loop over elements 

P2 EXCIWVGE f i  among processors sharing common 
interface nodes 

Calculate the contact forces to be applied to the nodes of 
impacting element pairs 

3. Loop over nodes: I = 1 to n, 

End loop over nodes - L. 

4. t c t + A t :  i c i + 1; go t o  1 

HIGH PERFORMANCE COMPUTERS 
Many prqduction engineering decisions must be made on the 

basis of crude computational models because the computational 
hardware to conduct full-scale simulations is not readily 
available. .Attention has focused on high-performance computer 
architectures as an effective avenue to bridge the gap between 
computational needs and the power of computational hardware. 
With these powerful tools at their disposal, engineers would be 
able to tackle sophisticated simulations which are currently 
intractable without the use of empirical data and the separate 
modeling of each region of the problem to break the problem up 
into models which are manageable. 

It is clear that the greatest potential for improvements, and 
consequently the biggest'&alIenge, lies in the substitution of the 
key algorithms in an application program with redesigned 
algorithms which exploit the new architectures and use better or 
more appropriate numerical techniques. In early work, we have 
obtained order+f-magnitude increases in the computational speed 
over conventional supercomputers for three-dimensional 

. 

nonlinear analysis of shell structures on the massively pamuel 
Connection Machine 2. However, these speedups required 
substantial redesign of the underlying data structure and the 
development of an innovative class of "Exchange" algorithms 
which minimized interprocessor communication but at the 
expense of redundant computations and storage. However, 
because the computational capabilities of massively parallel 
machines generally far exceed their interprocessor 
communication capabilities, this class of algorithm has proven 
much faster than alternate schemes in spite of the redundancies. 
A complete description of these studies may be found in 
Plaskacz (1990), Belytschko, et al. (1990), and Belytschko and 
Plaskacz (1992). 

Single-Instruction Multiple-Data fine-grained massively- 
parallel computers such as the Connection Machine-2 favor an 
element-per-processor data strudure; interelement communication 
and interprocessor communication become equivalent. On any 
parallel platform with a coarser granularity, larger subdomains 
are necessary and interdomain communication becomes more 
complicated. The combination of the Exchange algorithm and 
the Argonne-developed p4 message-passing system (Boyle, et al., 
1987; Butler and Lusk, 1992) has provided a powerful approach 
for the adaptation of an explicit transient finite element program 
for use on a wide range of parallel platforms. p4 allows the 
programmer to pass data (scalar, array, or common block) among 
cooperating processes through Berkeley UNIX 4.3BSD 
interprocess communication sockets. 

Once the algorithm is restructured as a set of processes 
communicating through messages, the program can run on 
systems as diverse as a uniprocessor workstation, multiprocessors 
with and without shared memory, a group of workstations that 
communicate over a local area network, or any combination of 
the above. However, careful attention must be paid to the 
minimization of communication and synchronization costs. The 
basic concepts were first tested on a network of workstations 
described in ASDAC-PR2 (1991). The extension of this work 
to an Intel hypercube architecture is described in Plaskacz, et al. 
(1992). Benchmarks for networks of workstations and shared 
and distributed memory MIMD multiprocessors were presented 
in Plaskacz (1992). A performance profile for all phases of the 
computation on the Intel Delta is presented in Plaskacz, et d. 
(1994). 

Since closed form solutions are not available for nonlinear 
transient problems, solutions obtained by finite elements are 
typically compared to experimental results. The cylindrid 
panel problem depicted in Fig. 1 has been used as a benchmark 
for many nonlinear transient programs. Experimental results 
have been obtained for this shell by Morino. et al. (1971). The 
material properties of the panel are summarized in Table 2. An 
initial velocity of 5650 in./sec is applied to the 3.08 in. x 10.205 
in. area indicated in Fig. 1. The panel is simply supported at its 
ends and clamped at the sides. Because of symmetry, only half 
of the panel is modeled in the computations. Five quadrature 
points through the thickness were used in all computations. 
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FIG. 1. IMPULSIVELY LOADED CYLINDRICAL PANEL 

TABLE 2. MATERIAL PRCJPERTIES ANDPARAMETERS 
FOR CYLINDRICAL PANEL 

Radius 
Density 
Young’s Modulus 
Poisson’s Ratio 
Yield Stress 
Plastic Mdulus 
Initial Velocity 
Time Step 

R = 2.9375 in. 
p = 2.5 x lo4 lb. se&in? 
E = 1.05 x lo7 psi 
v =.0.33 
% = 4.4 x 104 psi 
E p  = 0.0 
v,, = 5650 in./sec 
At = 7.5 x lo4 sec 

A 16384 element mesh was run for SO00 time steps. 
Benchmark computations were performed on three 
supercomputers: a vector processor, a distributed memory SIMD 
multiprocessor, and a massively parallel distributed memory 
MIMD multiprocessor. 

The element cycle time is the time required to perform the 
computations for one finite element during one time step. In 
other words, it is computed by dividing the wall clock time by 
the product of the number of elements and the number of time 
steps. The results of these benchmarks, presented in Table 3, 
illustrate the gains we have realized for this class of finite 
element analysis with successive generations of supercomputer 
architectures. 

TABLE 3. B E N  C H M A R  K C 0 M P U T A T l O  N S :  
CYLINDRICAL PANEL MESH 76384 
ELEMENTS, 5000 TIME STEPS 

Element 
Cycle 

Evecution 

Platform 

3010.0 37. pec Cray XMP/18 

I 25. p e c  Connection Machine 2 I 16384 Processors 

2.5 p e c  I I 206.9 I Intel Delta 
512 Processors I 

The extensions to the basic explicit finite element code for 
execution in a parallel distributed environment (Steps P1 and p2 
in Fig. 1) are briefly summarized in the fo!lowing section. 

DISTRIBUTED PARALLEL COMPUTING 

Domain DecomDosition (SteD P11 
A preprocessing utility is used which reads nodal coordinate, 

element connectivity, boundary condition, and loading data from 
an input deck, decomposes the mesh into subdomains, records 
subdomain adjacencies and generates an input deck for each 
processor describing its subdomain. This preprocessing program 
is based on algorithms and code described in Farhat (1988) and 
Al-Nasra and Nguyen (1991). 

Exchanqe of Nodal Forces (Step P21 
At each time step, subdomain computations proceed 

independently in parallel in accordance with the serial finite 
element algorithm given in Section 2. First, the element internal 
forces are computed, followed by nodal force-vector asse,mbly, 
and for parallel computations, an exchange of element internal 
forces for nodes at subdomain interfaces (Step F2). Finally, the 
equations of motion are integrated. The need for synchroniza- 
tion of processes arises from the fact that not all the steps of the 
algorithm can be run in parallel independently. At some point 
during each time step, messages must be exchanged to update 
various arrays. The exchange of internal forces pertaining to 
interface nodes is required because contributions from elements 
in neighboring subdomains are not added in f&. No hemat ic  
quantities, Le., displacements, velocities, accelerations, arc 
exchanged. The equations of motion for the interface nodes are 
integrated redundantly. Each subdomain is in itself a complete 
finite element mesh. Thus, in addition to requiring a d  
communication, the exchange algorithm has the advantage of 
allowing analysts to use the same post-processing software for 
each subdomain as they would normally do for a job executhg 
on a single processor machine. 



MESH REZONING 
The severe strains attendant in metal forming operations 

present a formidable challenge for any simulation code. In many 
cases, the original mesh becomes excessively distorted in the 
course of a simulation which leads to loss of accuracy. In 
addition, the simulation time step must be drastically reduced in 
order to maintain the stability of the time integration algorithm. 
Attention has been focused towards automatic mesh rezoning as 
a means for alleviating the ill-effects of mesh distortion on finite 
element simulations. 

The mesh rezoning algorithm summarized in Table 4 is 
targeted for execution on a parallel-distributed platform. The 
individual steps of the algorithm are described below. 

TABLE 4. FLOWCHART FOR MESH REZONING IN A 
PARALLEL-DISTRIBUTED ENVIRONMENT 

1. Compute the element-level distortion norm ( I I 6 1 1 3. 
2. Compute the subdomain-level distortion norm ( I  I 6 I I s>. 
3. Exchange ( 1  I 6 I I 3 between all processors. 
4. Assemble a subdomain distortion nonn vector (I I 6 I I v). 
5. Sort (I 1 6 1 1 ") from lowest to highest. 
6. Compute the mesh-level distortion norm ( I  I 6 I 1 d. 
7. Identify the top n6, subdomains whose combined distortion 

is equal to 80% of the total mesh deformation. 
8. Classify processors into three different categories based on 

the internal and adjacent levels of mesh distortion. 
9. Each processor performs rezoning. 

Compute the Element-level Distortion Norm (Step 11 
As a by-product of the EXCHANGE algorithm (Plaskacz, 

1990), subdomains assigned to processo~ are themselves 
complete finite element meshes. This comes at the expense of 
redundant storage and computations for the interface nodes. 
Because the computational capabilities of massively parallel 
machines _ _  generally far exceed their interprocessor 
communication capabilities, the redundant computation of 
kinematic quantities at the interface nodes is much faster than 
alternate schemes involving additional messages. In mesh- 
rezoning an added benefit arises. The computation of the 
element-level distortion norm I I 6 I 1 can proceed in parallel 
without ihe need for interprocessor communication. 

Element-level distortions are measured using two simple 
distortion measures, element aspect ratios and element corner 
angles, summarized by Dyduch, et al. (1992). Percent changes 
in aspect ratios and corner angles are computed for each element 
using the initial and current values for the element nodal 
coordinates. 

Compute the Subdomain-level Distortion Norm (Step 21 
The average value of the element distortion for elements 

within each subdomain norm is computed in parallel without the 
need for interprocessor communication. This value is then 

.. 

assigned to the subdomain-level distortion norm 1 I 6 I I s. 

Exchanae Values for the Subdomain-level Distortion Norm 
I I 6 I 1 Between all Processors (Step 31 

are exchanged among all the 
processors. At this stage of the algorithm, every processor has 
the necessary information to compare its level of mesh distortion 
relative to the global mesh distortion. The results of this 
comparison will dictate how mesh rezoning will proceed within 
that subdomain. 

The values for I 161 I 

Build the Subdomain Distortion Norm Vector I I 6 I L,, (SteD 

After the exchange of subdomain-level distortion norms, each 
3 

processor in parallel proceeds to build a look-up table containing 
the subdomain-level distortion norm values of every processor. 
We will call this look-up table the subdomain distortion nonn 
vector. 

Sort I I 6 I ! ,, from Lowest to Hiahest (Step 51 
Distortions are alleviated through a diffusion from areas of 

the mesh having relatively high amounts of distortion to areas of 
the mesh where the distortion is lower. By sorting the 
subdomain distortion norm vector we are determining the source 
and destination subdomains for distortion migration. 

Compute the Mesh-level Distortion Norm I I 6 I I ,, ( SteD 6) 
Each processor combines the values of subdomain-level 

distortion norms to compute a mesh-level distortion norm. 
Based on the magnitude of the mesh-level distortion norm, each 
processor simultaneously can decide whether or not to proceed 
with rezoning. 

ldentifv the Top n& Subdomains Whose Combined 
Distortion is Equal to 80% of the Total Mesh Distortion 
(Step 71 

The first step in categorizing the subdomains is to organize 
the subdomains into two groups based on the values of 
subdomain-distortion nonn. The 80% criterion is arbitrary and 
may need to be adjusted manually by the user, This step is also 
performed in parallel without the need for interprocessor 
communication. 

Classify Processors into Three Different Cateqories Based 
on Internal and Adiacent Levels of Mesh Distortion (Step 9 

The next step in categorizing the subdomains is to further 
organize them into three groups: 

Group 1: Subdomains having the highest values of 
distortion and collectively accounting for 80% Of 
the mesh distortion.' ' 

Group 2 Subdomains adjacent to group 1 subdomains 
Group 3: All other subdomains. 

Each Processor Performs Rezonina (Step 91 
Mesh rezoning proceeds independently within each 

subdomain. Therefore, at the end of an iteration each processor 
computes a different value for the coordinates of the interface 



nodes. These redundancies must be resolved via message 
passing. Once each processor ascertains the group memberships 
for its own and adjacent subdomains, it is able to determine its 
behavior towards the adjacent subdomains. Three different 
behaviors are allowed: insist, compromise, and submit. The 
choice of behavior depends on the group membership of a 
particular processor and the neighbor in question. 

CONCLUSIONS 
An algorithm for mesh rezoning for finite element 

simulations in a parallel-distributed environment has been 
presented. The parallel implementation is based on message- 
passing which results in a highly portable code. 

A parallel mesh rezoning capability promises to bring the 
power of high-performance computer architectures to bear on the 
simulation of important manufacturing processes such as 
stamping, forming, and extrusion where the alleviation of mesh 
distortion is crucial. 
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