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  ABSTRACT 

 

An abstract of the dissertation of Gregory Russ Goddard for the Doctor of 

Philosophy in Electrical and Computer Engineering presented October 15, 

2004 

 

Title: Ultrasonic Concentration in a Line Driven Cylindrical Tube 

 

 The fractionation of particles from their suspending fluid or 

noninvasive micromanipulation of particles in suspension has many 

applications ranging from the recovery of valuable reagents from process 

flows to the fabrication of microelectromechanical devices.  

Techniques based on size, density, solubility, or electromagnetic properties 

exist for fulfilling these needs, but many particles have traits that preclude 

their use such as small size, neutral buoyancy, or uniform electromagnetic 

characteristics.  While separation by those techniques may not be possible, 

often compressibility differences exist between the particle and fluid that 

would allow fractionation by acoustic forces. The potential of acoustic 

separation is known, but due to inherent difficulties in achieving and 

maintaining accurate alignment of the transduction system, it is rarely 

utilized. 

 The objective of this project is to investigate the use of structural 

excitation as a potentially efficient concentration/fractionation method for 



particles in suspension. It is demonstrated that structural excitation of a 

cylindrically symmetric cavity, such as a tube, allows non-invasive, fast, and 

low power concentration of particles suspended in a fluid.  The inherent 

symmetry of the system eliminates the need for careful alignment inherent in 

current acoustic concentration devices. Structural excitation distributes the 

acoustic field throughout the volume of the cavity, which also significantly 

reduces temperature gradients and acoustic streaming in the fluid; cavitation 

is no longer an issue.   

 The lowest-order coupled modes of a long cylindrical glass tube and 

fluid-filled cavity, driven by a line contact, are tuned, via material properties 

and aspect ratio, to achieve a coupled dipolar vibration of the system, shown 

to generate efficient concentration of particles to the central axis of the tube. 

A two dimensional elastodynamic model of the system was developed and 

subsequently utilized to optimize particle concentration within the system. 

The effects of tubing, fluid, and particle material properties, tube geometry, 

fluid flow, and tube length on the structural excitation and consequently 

power requirements and concentration quality within the tube were 

investigated theoretically and experimentally. Limitations of the method are 

discussed, as well as ways to minimize or compensate for deleterious 

effects. Finally a preliminary demonstration of the efficacy of acoustic 

concentration is presented. 
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1-INTRODUCTION 

A variety of industries including material processing, polymer 

recycling, and the biosciences have a need for a method to concentrate, 

fractionate or separate dispersions of particles from their suspending fluid, or 

noninvasively manipulate particles in suspension. Over the last decade 

micro- and nanotechnology have become increasingly important for 

engineering. Several problems inherent in mechanical handling of small 

parts, such as fragility of the parts or adhesion to the positioning instruments, 

make non-contact manipulation methods highly attractive. With the ability to 

manipulate and orient particles, fabrication of periodic structures, or materials 

with anisotropic material properties such as conductivity, susceptibility, or 

mechanical strength becomes possible, thus opening a new field of material 

science. The ability to discriminate and quantify distinct populations of 

cells/cell organelles has become increasingly important with the growing 

trend to focus biological studies on various cell types. 

Techniques based on size, density, solubility, or electromagnetic 

properties are commonly utilized within these fields, but many particles have 

traits that preclude the use of those techniques, such as small size, neutral 

buoyancy, or uniform electromagnetic characteristics. However, 

compressibility differences often exist between the particles and the 

suspending fluid that would allow fractionation by acoustic forces when other 
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fractionation methods are not feasible. The potential of acoustic separation is 

known, but due to inherent difficulties in achieving and maintaining accurate 

alignment of the transduction system, it is rarely utilized. 

The research detailed in the following chapters involves the 

introduction and investigation of a new method of acoustically concentrating 

particles contained in fluid suspension. Through the mechanical excitation of 

a cylindrically symmetric cavity, such as a tube, this method eliminates the 

need for accurate alignment inherent in other acoustic methods. Additionally, 

the deleterious effects, which plague other acoustic fractionation methods, 

are nearly eliminated with the method investigated in this research.  

In the following sections, several applications for particle 

concentration, fractionation, or manipulation will be discussed followed by 

descriptions of acoustic and non-acoustic methods that have been applied to 

fulfill those needs. The strengths and weaknesses of each of those methods 

will then be broached. It will be demonstrated that mechanical excitation of a 

cylindrically symmetric cavity, such as a tube, allows non-invasive, fast, and 

low power concentration of particles suspended in a fluid contained within the 

cavity.  
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1.1-Motivation 

From the recovery of valuable reagents from process flows to the 

selective separation and recovery of polymer particles in production reactors, 

a need exists for an efficient method of fractionating particles from their 

suspending fluid. A variety of separation or fractionation methods are 

available for particle suspensions. Filters, sieves, and screens are 

inexpensive, relatively fast, and are therefore commonly used in a variety of 

industries with efficiencies as high as 100%. Gravitation and centrifugation 

methods, based on size or density differences, are often used for higher 

concentrations of particles, when ultrafiltration or filter clogging become 

concerns.  Electric and magnetic fields have also been applied towards this 

end with 80-95% separation efficiencies and processing times far shorter 

than the previous two methods. While all of these methods have proven 

highly effective, and are therefore prevalent in a large range of industries, 

very few separation or purification methods for particles in solution 

discriminate the solids based on compressibility. Particles with traits such as 

small size, neutral buoyancy, or uniform electromagnetic characteristics pose 

difficulties for the aforementioned methods, requiring excessive time, 

prohibitive pressure drops, or extremely high electromagnetic fields.  

While these traits may prohibit separation by other means, often 
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compressibility differences still exist between the particles and the fluid. 

Particles within a cavity, subjected to an acoustic field experience a drift force 

that transports them to local pressure or velocity potential minima depending 

on the acoustic density-compressibility contrast ratio between the particles 

and the surrounding fluid.  

1.2-Existing Acoustic Techniques 

The use of acoustic standing waves to concentrate initially 

homogeneously suspended particles at acoustic pressure nodal or antinodal 

planes in a fluid was first described by Kundt and LehmannTP

1
PT.  The effect was 

initially used only in the visualization of ultrasonic waves.  However, the 

acoustic force can be used to, concentrateP

1-5
P fractionateP

6-15
P positionP

16-24
P, 

orient or align particles non-invasively TP

25
PTP

,
T

26
TP.  

Polymer recycling provides an example of a system where standard 

separation methods fail. The polymers to be sorted typically have a very 

narrow density distribution, but vary considerably in modulus. Gupta et al.� 

developed a continuous acoustic fractionation method specifically for this 

application. Their system consisted of a parallel planar transducer/reflector 

pair and a flow splitter in a columnar configuration. They demonstrated 

separation of high and low density polyethylene microparticles of overlapping 
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size distributions using a periodic swept frequency drive signal. Mandralis et 

al. TP

 27
PTP

,
T

28
T

 
Putilized a narrow gap rectangular half-wavelength channel with a 

collection tube positioned along the midplane at one end of the cavity. They 

claimed that driving the cavity across the thin dimension of the long channel 

with alternating frequencies accelerated the concentration process and 

allowed for efficient collection. Mandralis et al. used bidirectional laminar 

flows and swept excitation frequency in an end-driven cylindrical geometry to 

further enhance concentration. Tolt and FekeP

7,8,
T

29
TP also used a cylindrical 

geometry and periodic swept frequency driven system similar to Gupta et al., 

but in contrast the resonance of the cavity was tuned to coincide with the 

axial resonances of the cylindrical tube. This coincidental resonance is 

shown to allow for more efficient separation of particles from the fluid. 

Semyonov and MaslowTPS

30
SPT also investigated a similar cylindrical system. 

Over the last decade micro- and nanotechnology have become 

increasingly important for engineering. Mechanical handling of the parts 

yields several problems; fragility of the parts leads to breaking, humidity 

leads to adhesion of particles to positioning instruments, and individual 

handling is extremely time consuming. These problems can be avoided 

through the use of a non-contact manipulation method such as provided by 

acoustical forces.  
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Coakley et al. TP

 31
PTP

,
T

32
TP investigated an end-driven cylindrical cavity with a 

traveling wave used to concentrate and subsequently position particles in a 

suspension. The traveling wave was induced either by two opposing 

transducers driven at slightly different frequencies or a transducer-reflector 

system with swept excitation frequency in their research. This superposition 

of traveling waves created a pseudo-standing wave with nodal planes 

moving slowly in space.  They relied on a combination of Rayleigh streaming 

and inhomogeneity of the beam field to provide radial forces in the cylinder 

and thus concentrate to the axis. Haake and DualTP

33
PT utilized an alternative 

approach in which the frequency input to opposing transducers was constant. 

By attaching different electrical impedances to the piezoceramic transducers, 

they achieved tunability of the reflection coefficient and could thereby control 

the nodal positions of the standing wave.  

Another common type of traveling wave particle positioning device 

utilizes two ultrasonic transducers with intersecting beams driven out of 

phase relative to one another. Such a system was researched by Yamakoshi 

et al.P

19,
T

 34
PT and independently by Kozuka et alTP

35
PT.   The two traveling waves 

generate an acoustic black line in front of the two transducers and thereby a 

spatially modulated acoustic force and acoustic radiation force perpendicular 

to the wave propagation direction.  While Yamakoshi et al. investigated the 
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two-transducer one-dimensional case, Kozuka et al. used four transducers in 

a tetrahedral arrangement to achieve three dimensional particle 

micromanipulation. Frequency differences between one or more of the 

excitation transducers allowed translation of particles trapped at the 

intersection point.  

Another common technique for acoustically positioning particles does 

not use a traveling wave, but rather a focused standing wave. One such 

system was studied by Hertz et al.TP

 
PTP

36-38
P. Their system consisted of a confocal 

transducer/reflector pair with particle trapping occurring at the focus. They 

investigated applications for enhancing existing optical sensor sensitivities 

through size-selective trapping of particles in the active optical probe region. 

Yamakoshi et al. researched a similar focused acoustic trap for microbubbles 

as it could be applied for drug delivery. Another novel approach that utilizes 

leaky wave transducers was researched by Takeuchi et alP

2
P. They immersed 

two nonparallel surface acoustic wave (SAW) transducers in a suspension of 

glass spheres in water. Particle positioning was possible by alternating 

excitation of the transducers.  

With the ability to manipulate and orient particles, fabrication of 

periodic structures, or materials with anisotropic material properties such as 

conductivity, susceptibility, or mechanical strength becomes possible. Saito 
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also used a rectangular cavity. They drove the transducer with a swept 

frequency signal. However, unlike Benes et al��, the particle collection tube 

was near the wall rather than at the center. Similar h-shaped acoustic particle 

filters to Hill et al. were also studied by, Böhm et alTP

46
PTP

,
P, Hawkes et alTP

47
PTP

,
P, Harris 

et alTP

48
PTP

,
P, and KozukaTP

49
PTP

,
P. Böhm et al. investigated the ideal angle of operation 

under reduced and increased gravity conditions. Harris et al�� developed a 

method for micro-manufacturing such concentration chambers using 

lithography.  

Other applications of biological interest include primary separation of 

cells and suspending phase, cross linking of micro particles coated with 

immunological molecules TP

50
PT, and investigation of cell-cell interactions.  A pre-

concentration stage can increase sensitivity of existing detection 

technologies or serve as an acoustic particle trap.   

The ability to discriminate and quantify distinct populations of cells/cell 

organelles has become increasingly important with the growing trend to focus 

biological studies on various cell types. Flow based cytometry and cell 

sorting are unique techniques that permit the identification, analysis and 

purification of cells based on their expression of specific markersTP

51
PT. Flow 

cytometry is used for a variety of analyses including: cell cycle analysis, 

viability, ion influx, and cell sorting. It works by passing cells in a single-file 
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through a laser beam by continuous flow of a fine stream of the suspension 

while photon detectors measure scattered light and fluorescence at several 

different wavelengths. The benefit of utilizing acoustic particle focusing rather 

than hydrodynamic focusing has not yet been fully realized.  It is towards this 

last application, in analytical biology, that the applications of this research are 

directed. 

1.3-Research Summary 

Present research investigates a novel acoustic particle-positioning 

device where the acoustic excitation is generated by the entire structure, as 

opposed to a localized transducer, differing from all of the works referenced 

in section 1.2. The inherent symmetry of the system eliminates the need for 

careful alignment inherent in current acoustic concentration devices. By 

vibrating the entire structure as an extended source, there is appreciable 

acoustic energy transfer into the fluid. This results in particle concentration 

over the entire length of the flow chamber, translating into longer residence 

times of the particles within the acoustic positioning field and, consequently, 

lower pressure levels to drive the acoustic focusing field. Furthermore, the 

distribution of the acoustic field throughout the volume of the cavity 

significantly reduces temperature gradients and acoustic streaming in the 
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fluid.  This new approach could lead to a simpler, more efficient technique for 

particle manipulation with applications stretching from process flow 

separation to micromanipulative nanotechnology to flow cytometry, one of 

the driving factors for this research.  

The lowest-order structural modes of a long cylindrical glass tube 

driven by a piezo-ceramic with a line contact are tuned, via material 

properties and aspect ratio, to match resonant modes of the fluid-filled cavity. 

The cylindrical geometry eliminates the need for accurate alignment of a 

transducer/reflector system, in contrast to the cases of planar, confocal, or 

traveling wave fields.  

Optimization of concentration efficiency requires an accurate model of 

the system. Such a model would allow for a methodical search for optimal 

experimental parameters for efficient structurally driven acoustic 

concentration as well as elucidate the dynamics of particle concentration. For 

the purposes of this investigation, a two dimensional elastodynamic global 

matrix approach was utilized. In chapter 2, this two-dimensional 

elastodynamic global matrix approach is derived and compared to other 

standard vibration modeling techniques. As validation of model accuracy, the 

exterior surface vibration amplitudes of six types of glass tube was measured 

and compared to predicted surface vibration amplitude. These exterior 
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vibration patterns are correlated to dynamics within the fluid, including a 

modal analysis of concentration at different frequencies. A characteristically 

dipolar vibration was predicted, and observed to be the only mode that 

efficiently induced concentration within the tube. Finally, exploratory 

predictions are made for various tube materials to determine other potential 

tube materials for efficient structurally excited acoustic concentration.  

Chapter 3 provides a description of forces exerted on particles in an 

acoustic field, and calculations revealed rotational asymmetry in the force 

distribution within the cavity, leading to differences in concentration quality 

relative to the drive transducer excitation direction.  

Chapter 4 focuses on the quality evaluation and imaging of particle 

concentration via an experimental parametric evaluation of effects on 

concentration quality, speed, and relative stability. The primary technique for 

investigation was microscopic imaging of the concentration pattern. Several 

parameters are investigated including input power, flow rate, particle size, 

tube aspect ratio, tube materials, fluid selection, and optimization of multiple 

transducer excitations. Experiments showed that the lower energy density in 

the cavity, brought about through excitation of the whole cylinder, resulted in 

reduced cavitation, convection, and thermal gradients. 

Chapter 5 describes the limitations on particle and fluid selection, 
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excitation frequency and power input, tube aspect ratio, and the 

perturbations from particles in the cavity or temperature changes of the 

system These inherent limitations on the method are discussed in order of 

magnitude: acoustic contrast ratio, the basis for particle and fluid selection, 

power input, tube aspect ratio and corresponding excitation frequency, 

thermal perturbation of resonance and finally particle perturbation of 

resonance Methods for extending the usable range of the structurally driven 

concentration method are also discussed.  

Since the objective of this research project was to investigate the use 

of structural excitation as a potentially efficient concentration/fractionation 

method for particles in suspension, practical application of the method was 

necessary to evaluate efficacy. Chapter 6 describes a preliminary 

demonstration of acoustic concentration applicability to the replacement of 

sheath flow in flow cytometry. The elimination of sheath fluid would reduce 

power and consumable requirements, resulting in increased portability of the 

instrument. Two experiments to validate the applicability of this method to the 

application are described.  

Structural excitation as a method of acoustic concentration proved to 

be an effective and efficient method for manipulating particles in suspension. 

The applications are varied including separation/fractionation of suspended 
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particles, micro-manipulative nanotechnology, novel material fabrication, and 

improvement of analytical techniques in biology. Chapter 7 summarizes the 

results and proposes future directions of research.  
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2-CYLINDRICAL VIBRATION MODEL 

2.1-Introduction 

Particles within a cavity experience a time-averaged drift force that 

transports them to local potential minima. In a planar standing wave, this 

corresponds to nodal or anti-nodal positions depending on the acoustic 

contrast ratio between the particles and the surrounding fluid.  

The present research investigates the system diagrammed in Fig. 2-1. 

It is argued that vibration of the entire structure as an extended source allows 

appreciable acoustic energy transfer into the fluid. It is further claimed that 

the inherent symmetry of the system eliminates the need for careful 

alignment inherent in the acoustic concentration devices. The results of the 

experimental investigation of these assertions as they apply to particle 

concentration, the intended application of this research, are described in 

chapter 4. A typical concentration pattern for one of the tubes, namely soft 

glass, is shown in figure 2-2. However, efficient optimization of the 

experimental parameters requires an accurate model of the line-driven 

structure for both parameter evaluation and elucidation of the particle 

concentration mechanism. It is therefore the purview of this chapter to 

develop, and subsequently verify a model of the line-driven cylindrical 
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system. For the purposes of this investigation, axial waves are ignored, 

allowing reduction of the problem to two dimensions and significant reduction 

in computation time, as shown in Fig. 2-3. A two dimensional elastodynamic 

global matrix approach is utilized. 

 

 

Figure 2-1.  Diagram of experimental concentration tube with 
piezoceramic line source indicated. 
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et al. P

39-41
P S studied the use of acoustic standing waves to generate polymer 

composites with two-dimensional artificial lattice structure. They solidified 

glass particles into a polysiloxane resin and verified periodicity via optical 

diffraction off the lattice. Forces that exert torque on particles are also 

present in a sound field, inducing spin or alignment. Yamahira et al�� derived 

expressions for the torque on fibers in an ensonified liquid and 

experimentally verified their predictions with polystyrene fibers in sugar 

solution. 

Microfluidic devices based on this principle have the potential to trap 

and filter particles from samples prior to analysis or separate and position 

particles within the flow channels. Acoustic concentration of biological cells 

could be incorporated in a fully automated analysis system providing 

contamination-free high-speed, real-time measurements.  Sparey-Taylor et 

alTP

42
PT investigated such an application for automation of lab-on-a-chip systems.  

Benes et alTP

43
PT developed a continuous-flow ultrasonic production filter 

for in-line bio-cell filtering. Their cell consisted of a rectangular cavity and a 

transducer/reflector pair. They are able to demonstrate thousands of hours of 

continuous operation at volumes up to 250 L per day with minimal effect on 

cell viability. The collection tube resided coincident to the central axis. 

In another continuous-flow ultrasonic filter investigation, Hill et al.TP

 44
PTP

,
T

45
TP, 
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Figure 2-2.  Concentrated 10-micron polystyrene beads in water-filled 
soft glass at 417 kHz. 
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Figure 2-3.  Diagram of system reduced to two-dimensions. 

The vibrational modes of cylindrical elastic shells were first described 

by RayleighTP

52
PT in his analysis of extensional vibrations of infinitely long shells. 

Baron and Bleich TP

53
PTP

, 
T

54
TP later extended his membrane model, to include 

bending effects. LoveTP

55
PT developed a shell theory that included bending 

moments and shear forces. Other thin shell theories were developed by 

FluggeTP

56
PT, VlasovTP

57
PT, DonnellTP

58
PTP

, 
T

59
TP and SandersTP

60
PT, but by the very definition of a 

thin shell theory, did not include any shear deformation or rotary inertia 
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terms. Leissa TP

61
PT wrote a monograph including a fairly comprehensive listing of 

thin elastic circular cylindrical shell vibration models. The inclusion of shear 

terms led to the development of several thick shell models with validity for 

higher thickness to diameter ratios, such as Mirsky and HermannTP

62
PTP

, 
T

63
TP.  

The methods for modeling the vibration of cylindrically layered 

systems fall into three major categories. The first of these, utilizes finite 

element or finite difference methods. Another technique uses propagator 

matrices. The third category of modeling techniques for cylindrical cavities 

uses the 2-D equations of elastodynamics written in the form of a global 

matrix describing the system.  

2.2-Finite Element Approach 

Finite element models subdivide systems under analysis into 

interconnected elements that represent sections of the material. As stresses 

are applied to a system, the sections in the material react in such a way that 

they influence the reaction of their adjacent sections. The finite element 

model simulates this behavior by solving differential equations for each of the 

elements that represents a section in the material. Finite element methods 

can easily adapt to irregular and unstructured computational meshes and 

inhomogeneous and anisotropic material properties. They require a 
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discretized set of points, which fill up the domain (or volume) of interest. The 

points are connected into elements by an automated mesh generation 

program. There are two main types of meshes: structured and unstructured. 

The simplest structured mesh is like the regular set of squares on a sheet of 

graph paper. Unstructured grids do not have any predefined element size or 

shape and in two dimensions can include triangles or other shapes as well as 

the quadrilaterals used by structured grids.  

Several finite-element modeling techniques have been applied to 

cylindrically layered systems. One such technique put forth by Von FlotowTP

64
PT 

for the analysis of vibrations of structural networks and later applied to 

cylindrical shells by Borgiotti and RosenTP

65
PTP

, 
T

66
TP, uses a state vector approach. 

Under this method, the elastodynamic field is decomposed into azimuthal 

harmonics, and the shell is simplified as a set of first-order ordinary 

differential equations from Newton’s and Hooke’s laws, which govern the 

dependence upon longitudinal coordinate of a “state vector” and completely 

identify the elastodynamic state at each cylinder location.  

The solution to the homogeneous problem, without external 

excitations, provides a set of characteristic waveguide modes and the dyadic 

Green’s function, which describes the forced point excitation, is constructed 

as a linear combination of the waveguide modes with the boundary 



21 

 

 

 

conditions establishing the values of the coefficients. The components of the 

state vector are force and moment resultants per unit circumferential length 

and linear and angular velocities. The vector satisfies a linear first-order 

vector/matrix differential equation defined by the 2-D stress/strain 

relationships integrated over cylindrical shell thickness and Newton’s law for 

translation and rotation with linear variation through the shell thickness. This 

approach allows for direct calculation of mechanical power flow through the 

system while maintaining versatile applicability to arbitrary structures.  

Another finite element or finite difference technique was used by Skelton and 

James TP

67
PT in their analysis of anisotropic layered cylinders. They wrote 

effective stiffness matrices for each fluid and solid element in the system. 

While finite element techniques allow for modeling of point excitations, they 

become computationally inefficient for high frequencies where significant 

increase in spatial sampling is required. Additionally exponential decay of 

interference between longitudinal and shear waves is not modeled elegantly 

in this approach.  

2.3-Transfer Matrix Approach 

Another method for modeling a layered cylindrical system is through 

the use of transfer matrices, also referred to as propagator matricesTP

68
PTP

, 
T

69
TP. In 



22 

 

 

 

geophysics it is known as the Thomson-Haskell approach. It has been used 

to model axisymmetricTP

70
PTP

, 
T

71
TP and non-axisymmetric cylindrical shells and 

boreholes TP

72
PT.  Transfer matrix methods are capable of modeling scattered 

signal amplitudes under a variety of incident wave-shapes at arbitrary 

incident angles. The reflection and transmission coefficients are calculated 

for each layer by expressing the displacements and stresses in terms of the 

scalar and vector potential functions and formulating the characteristic 

equations in terms of their amplitudes in individual layers by satisfying the 

interfacial and boundary conditions as a function of incidence angle. A matrix 

consisting of layer thickness, mass density, effective elastic constants and 

attenuation represents each layer. The coefficients are then iteratively 

evaluated through consecutive layers. This technique is fairly computationally 

efficient for arbitrary number of layers, but suffers from instability for thin 

layers and high frequencies.  Wang and Rokhlin TP

73
PT proposed a modification of 

the transfer matrix method with increased stability.  Rather than recursively 

calculating transmission and reflection coefficients, they used a matrix of 

density, sound speed and attenuation for each layer to generate an effective 

stiffness matrix for all layers. While their method does increase the stability, 

evanescence across layers still requires careful formulation to maintain the 

numerical stability. 
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2.4-Global Matrix Approach 

The third method uses a global matrix approach74-81
P. Wang and 

Rokhlin proved that all of three of the methods were equivalent although they 

differed in computational efficiency and stability.  Although global matrix 

methods are less computationally efficient than transfer matrix methods for 

large number of layers, global matrix methods provide the greatest numerical 

stability when properly formulated. Jensen et al. present a more thorough 

comparison of global matrix methods to propagator matrices in their book��. 

The 2-D equations of elastodynamics in the form of global matrix methods 

have previously been used to model infinitely long cylindrical shells excited 

by acoustic plane waves at normal78-86
TPoblique TP

87
PTP

 
P incidences. These papers 

do not suggest a way to address the issue of structural complexity or 

generalize to arbitrary excitation sources.  

2.5-Direct Global Matrix Approach 

The direct global matrix approach described by Ricks and Schmidt�� 

was chosen for the purposes of this research based on their treatment of 

regions of numerical instability. In their model, the cylindrical coordinate 

system is chosen with the z-axis coincident with the axis of the cylindrical 

layers, the layers are numbered n=1 to N where layer 1 includes r=0 and 



24 

 

 

 

layer N extends to infinity. The variable RBn B corresponds to the boundary 

between layer n and n+1. All layers are assumed to be isotropic and 

homogeneous viscoelastic with Lame’ constants λBn B and µBn B and density ρBn B. 

Fig. 2-4 diagrams a cross-section of the fluid-filled cylindrical system with 

inner and outer radii labeled.  

 

Figure 2-4.  Diagram of angle scan apparatus used to measure surface 
vibration of the glass tube. 

The subscript refers to the layer number described by the constants.  If the 

layer is a solid then the displacement field uBn B is governed by the 2-D 
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equations of elastodynamics written in Eq. 2.1.  

( 2 )n n n n n n n nfu u uλ µ µ ρ−+ ⋅ ∇∇ ⋅ ∇ × ∇ × + =
 

(2.1) 

The variable fBn B refers to the applied force per unit volume in layer n. 

The longitudinal and shear wave speeds are related to the Lame’ coefficients 

as described in Eqs. 2.2 and 2.3. Optionally, viscoelastic attenuation can be 

modeled by allowing the Lame’ coefficients to be complex. 
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The corresponding wave numbers are expressed as  
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=
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(2.4) 
 
.(2.5)

Any terms involving cBsn B and kBn B are ignored and µBn B=0 for fluid layers, 

since It is assumed no transverse stress transfers from the solid to the fluid, 

and no shear waves in the fluid. A time dependent ring force of eP

-iω
PP

t
P, is 

assumed without loss of generality, since the time dependence of other 

forcing functions, including point or line excitation, can be synthesized from 

time-harmonic forces by using a Fourier integral over frequency. Similarly an 

angular dependence of eP

iν
PP

τ
P is assumed, where v is the order, without loss of 

generality.  Fourier series summation over integer orders yields modes, while 
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summation over complex orders synthesizes traveling waves. The 

displacement field can be expressed as the linear superposition of 

homogeneous and particular solutions shown in Eq. 2.6. 

PH
nnn uuu +=   

(2.6)

The homogeneous solutions are source-free solutions to the 

Helmholtz equations. The particular solutions are waves that would emanate 

from the ring forces in layer n if the layer extended over all space. The sum 

of the homogeneous solutions and the particular solutions, so-called “free 

space” waves, satisfy the boundary conditions. Therefore the homogeneous 

field is governed by  

0)2( 2 =+×∇×∇⋅∇∇⋅+ −
HHH

nnnnnnn uuu ωρµµλ   
.(2.7) 

Using the Helmholtz vector decomposition, the field can be expressed 

in terms of scalar displacement potentials as  
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The potentials satisfy the Helmholtz equations,  
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Since only the radial and azithmul directions are of interest,  the 
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differential equations may be expressed as  
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Similarly the particular solutions can be expressed as76  
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.(2.15)

The subscripts E and I refer to the interior and exterior regions and ε 

refers to an infinitesimal interval.  Continuity of stress and displacement are 

assumed at r=RB2 B. Then integrate each of the vector components over a 

vanishingly small interval of r. Although any pair of the Bessel and Hankel 

functions J, Y, HP

(1)
P, or HP

(2)
P would satisfy the differential equations, desire for 

numerical stability dictates that the homogeneous and particular solutions are 

represented as  



28 
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(2.17) 
 
 
(2.18) 
 
 
(2.19) 

This formulation affords numerical stability over a wide range of 

frequencies and circumferential orders. This is achieved in three 

requirements on the global matrix definition. The first is a requirement that 

evanescence across layers should decouple the global system into separate 

subsystems, so solution values caused by sources on one side of the layer 

should have vanishing influence on sources on the opposite side of the 

evanescent layer. A properly structured global matrix forces this 

automatically when the system is solved by Gaussian elimination with partial 

pivoting. Effectively, the global matrix partitions itself, and the vanishing 

coefficients suppress the propagation of numerical round off errors during 

back-substitution.  

The second requirement on the global matrix is the choice of the pair 
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of cylindrical Bessel and Hankel functions used in the expression of the 

solutions. In order to maintain stability for orders much greater than the 

product of the wave number and the radial coordinate, and still maintain 

numerical stability for evanescence, only the HP

(1)
P and J pairing avoids the 

pitfalls of computation with finite precision.  

The third requirement is for the selection of normalization terms that 

cancel overflow and underflow conditions.  Normalization terms consisting of 

Hankel functions of the first kind evaluated at inner or outer radii of each 

layer are alternately multiplied and divided by each of the terms. These terms 

elegantly cancel the over flow of the Hankel functions of r and the underflow 

of the Bessel functions of r for orders much larger than the product of the 

wave number and coordinate r. For evanescence across layers, they 

implement the decoupling described above. Since the Hankel functions are 

already evaluated, there is no computational expense to assure this 

numerical stability. The coefficients ABn BBν B, BBn BBν B, CBn BBν B, and DBn BBνB will be determined 

from the boundary conditions for each layer. F BrB is the amplitude of the radial 

forcing function.  Since the boundary conditions are expressed in terms of 

the displacement and stresses at each surface, the displacements in layer n 

are expressed as  
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Hooke’s Law in cylindrical coordinates for layer n yields the pair of 

equations:  
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(2.23) 

The global matrix is constructed using the unknown displacements 

and stresses associated with the homogeneous waves, written in terms of an 

amplitude vector and set equal to the displacements and stresses due to the 

particular solutions arising from the forcing excitation. Solutions for the 

coefficients are determined by applying Cramer’s rule88. Equivalently, the 

equation shown in Eq. 2.12 can be solved using Gaussian elimination with 

partial pivoting. Both techniques work reliably if the equations are scaled to 

make all of the matrix coefficients dimensionless. To do so, divide the 

displacement equations by the compression wave number of the fluid layer, 

hB1 B and divide all stress equations by λB1 BhB1 BBPB

2
P. The choice of the reference layer 

is not critical, but the fluid layer was chosen since the Lame’ coefficient for a 

fluid only contains longitudinal sound speed, and therefore simplified the 
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equation. The boundary conditions, which generate the global matrix, are  
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.(2.28) 

The variables RB1 B and RB2 B are the internal and external tube radii 

respectively. The boundary conditions require continuity of displacement at 

the inner boundary RB1 B.  The radial stress is continuous at RB1 B. Since the 

cylinder is fluid filled, no shear stress is assumed present at the fluid-solid 

interface at RB1 B. Since the system is being driven at the outer surface, radial 

and angular stresses are continuous and equal to the particular solutions at 

the outer boundary RB2 B. Since the Hankel function of the first form is not 

defined at r=0, the coefficients AB1 B and CB1 B go to zero. If the cylindrical system 

was not assumed bounded at the outer radius, RB2 B, by a pressure relief fluid 

such as air, then due to a similar divergence of the Bessel function at r 

equals infinity demands the coefficients BB3 B and DB3 B go to zero. The finite width 

of the element is accounted for in the calculations by applying a Gaussian 

weighting function about the point θ=P

3π
P/ B2 B radians to the forcing function of the 
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particular solutions. A 32-bit Fortran program was written to perform the 

computation. To maintain generality the scalar potentials are defined as 

complex. This allowed for both viscoelastic attenuation and traveling waves, 

although neither was used for the purposes of this research. The results are 

stored in text files and later analyzed and plotted using Matlab code.  

2.6-Theory Results 

The model is applied to the soft glass tube shown in figure 2-2. The 

material properties of soft glass were determined by matching the measured 

index of refraction, density, longitudinal sound speed, and coefficient of 

thermal expansion to soda lime glass. A longitudinal sound speed of 5900 

m/s, shear sound speed of 3300 m/s, and density of 2.43 g/cmP

3
P are used for 

the soft glass89. The tube has an inner diameter of 2 mm and an outer 

diameter of 4 mm. The water in the cavity is assumed to have a density of 1 

g/cmP

3
P and a sound speed of 1487 m/s. The density and sound speed of the 

10-micron polystyrene beads are 1.06 g/cmP

3
P and 2350 m/s respectively. 

They were assumed to be of low enough concentration to minimally perturb 

the effective material properties of the fluid in the cavity.  

The graphs shown in Fig. 2-6 as well as all of the subsequent graphs 

of pressure and velocity of the wave were individually normalized against 
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their maximum value. The gray scale used is shown in figure 2-5. The 

minimum to maximum scale values  of 0 and 1, are shown left to right. Figure 

2-5C shows potential experienced by the particles, and is therefore plotted 

such that the large negative value is black, with increasing values towards 

zero at the right end, in white.  

 

Figure 2-5  Normalized gray scale used for graphs. 

The pressure and velocity of the wave were calculated for a 417 kHz 

excitation frequency, and are shown in figure 2-6A and 2-6B. As can be seen 

in the figure, the mode at 417kHz exhibits a dipolar structure. Figure 2-6C  

shows the potential experienced by the polystyrene beads in the cavity. The 

acoustic force on the particles is the gradient of the potential. Figure 2-6D 

shows the magnitude of the acoustic force on the polystyrene beads in the 

cavity. It can be seen that the particles experience a force driving them to the 

center of the cavity. This corresponds well to the observed experimental 

concentration of the particles to the central axis of the soft glass tube at 417 

kHz.  
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Figure 2-6  Predicted  for water filled soft glass tube at 417 kHz(A) 
Pressure inside cavity and radial stress in the glass (B) Velocity (C) 
Potential experienced by 10-micron polystyrene beads (D) Acoustic 
force experienced by 10-micron polystyrene beads. (All) Inner and outer 
tube radii indicated in white 

To experimentally verify the validity of the model, beyond the 
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predictions of particle concentration position, it is necessary to specifically 

verify the mode structure predicted by theory. The following section details 

the steps taken towards this evaluation of validity.  

2.7-Apparatus 

Due to the inherent difficulty in directly measuring the sound pressure 

inside the tube, and thus directly verifying the vibration model discussed 

previously, external surface displacement of the tube was calculated for 

comparison to experimental results and consequent elucidation of the forces 

within the cavity. Three types of glass, soft, borosilicate and quartz, and four 

aspect ratios of tube are experimentally characterized under excitation 

frequencies ranging from 300 kHz to 700 kHz in 0.5 kHz increments.  For the 

purpose of time efficiency, the model was calculated over the same range at 

1 kHz intervals. The vibration model was evaluated for each type of tube for 

air and water filled states. Additionally, as a method of further confirmation, 

the predicted spectral positions of resonances are verified experimentally. 

The primary reason for restriction of the frequency range arose from the 

bandwidth limitations of the excitation transducer. For aesthetic purposes, 

the excitation source was located at the 270-degree mark for the calculated 

and experimental data presentation. The demarcations around the polar axis 
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are given in degrees, while the radial axis in both figures indicated the 

absolute value of displacement. The values of sound speed and density of air 

used in the calculations are 340 m/s and 10P

-6
P  g/cmP

3
P. Water was assumed to 

have sound speed of 1487 m/s and density of 1 g/cmP

3
P. The driving 

transducer was affixed along the long axis of the tube using cyano-acrylate 

glue as diagrammed in figure 2-1. For the angular vibration measurements, 

the tube was mounted to a computer controlled angular stepper motor stage 

and probed with a pinducer shown from above Fig. 2-7 and a side view Fig. 

2-8.  A pinducer is a transducer with much greater length than diameter. The 

Vexta PX245M-02 angular stage was connected to a VP9000 stepper motor 

controller. A photo of the stepper motor controller is shown in Fig.2-9.  
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Figure 2-7.  Diagram of angle scan apparatus used to measure surface 
vibration of the glass tube. 
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Figure 2-8.  Side view of angle-scan apparatus used to measure surface 
vibration of the glass tube. 
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Figure 2-9.  Picture of Velmex VP9000 stepper motor controller. 

The pinducer was contacted to the tube immediately below the drive 

transducer to allow for full 360 P

o
P measurement of vibration. Differences 

between the measurements when adjacent to the transducer versus below it 

are negligible except when both the pinducer and drive transducer are within 

1cm of the mounting chuck. Software was written to control the angular 

scanning stage and capture the data. The angular resolution of the stepper 

motor and angular stage was approximately 100 steps per degree. A half 

hemisphere of solder was affixed to the end of the pinducer to assure point 

contact with the tube, and thus minimize angular integration of the signal. To 

maintain constant contact with the tube, the pinducer was mounted on a 
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spring-loaded linear slide. The pinducer/spring assembly was attached to a 

three-axis stage to allow accurate positioning of the probe. Each type of tube 

was characterized both air-filled and water-filled several times to assure 

reproducibility.  Spectral data of the vibrations of the system are performed 

using an Agilent 8712ES network analyzer capable of scanning from 300-

1300GHz. The network analyzer is displayed in Fig. 2-10 

 

Figure 2-10.  Agilent network analyzer used for spectral 
characterization. 

The length dimension of the tube varied over the same range as the 

soft glass. The inner and outer diameters of the tube are shown in table 2-1. 
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Glass Type Inner Diameter Outer Diameter 
SG-Soft glass(soda-lime) 2.01mm 3.97mm 
RG-Regular glass 
(borosilicate) 

1.57mm 3.84mm 

TQ-Thin quartz 1.24mm 3.86mm 
QQ-Thick quartz 1.40mm 7.52mm 
AQ-Quartz 1.23mm 5.78mm 
BQ-Quartz 3.72mm 8.94mm 
CQ-Quartz 5.24mm 7.75mm 
DQ-Quartz 4.14mm 6.54mm 
EQ-Quartz 7.15mm 9.65mm 
CT-Capillary Tube 
(borosilicate) 

1.03mm 1.77mm 

Table 2-1 Table of inner and outer tube diameters. Two letter 
designations of each type of tube are listed.  

As stated above, several different glass tubes were used during the 

course of these experiments. They are identified by two letter designations of 

SG, RG, QQ(aka Q), TQ, AQ, BQ, CQ, DQ, and EQ. A side-by-side 

comparative picture of the tube dimensions is shown in Fig.2-11.  
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Figure 2-11 Dimensional comparative picture of tube used. Reference 
millimeter scale shown above and at left. Ink at ends used to increase 
contrast. 

2.8-Data and Results 

The external surface vibration of soft glass tube was compared 

against the results of the vibration model. . The material properties of soft 

glass were determined by matching the measured index of refraction, 

density, longitudinal sound speed, and coefficient of thermal expansion to 
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soda lime glass. A longitudinal sound speed of 5900 m/s, shear sound speed 

of 3300 m/s, and density of 2.43 g/cmP

3
P are used for the soft glass. The outer 

surface vibration of the soft glass tube at 417 kHz is displayed in Fig.2-12. 

Figure 2-12. Results of surface vibration measurements at 417 kHz for 
air filled soft glass tube compared with prediction of 2-D elastodynamic 
equations. 

Experimentally measured surface vibration of the tube matched up as 

a quadrupole for air filled, as predicted by the two dimensional elastodynamic 

equations as can be seen in Fig.2-12. Three primary lobes at approximately 

120-degree relative angles and a directly opposite smaller lobe can be seen 

in calculated and measured results as evidenced in the figure.  Differences in 

the width of the drive displacement are due to width of the physical drive 
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transducer coupling to the narrower Gaussian distribution used as a source 

for the calculations.   

Figure 2-13 Results of surface vibration measurements at 417 kHz for 
water filled soft glass tube compared with prediction of 2-D 
elastodynamic equations. 

When the tube is filled with water, the quadrupole collapses to a 

strong dipole as predicted by theory and shown in Fig.2-13. The coupling of 

energy into the cavity, absent in the air-filled case, but present in the water-

filled case is the likely cause of the quadrupole to dipole mode collapse. 

Again, differences in the width of the drive displacement are likely due to 

width of the drive transducer coupling. Fig. 2-14A shows the predicted radial 

radiation pressure in the cavity and radial stress in the surrounding soft glass 
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tube. Fig. 2-14B shows a plot of calculated velocity. From the predictions of 

force experienced by the particles coupled with the dipole mode shown in 

figures  2-13, 2-6, and repeated in figure 2-14, for the water-filled soft glass, it 

is logical to argue that dipole vibration efficiently couples energy into the 

cavity.   

 

Figure 2-14 (A) Predicted pressure inside cavity and radial stress in the 
glass at 417 kHz for water filled soft glass tube.(B) Predicted velocity in 
the cavity (Both) Internal and external boundaries of the tube indicated 
in white.  

The vibration model predicted another resonance at 485 kHz. This 

resonance was verified experimentally. The surface vibration for the air-filled 

case is shown in Fig.2-15.  
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Figure 2-15. Results of surface vibration measurements at 485 kHz for 
air-filled soft glass tube compared with prediction of 2-D elastodynamic 
equations. 

As can be seen in Fig.2-16, the vibration at 485 kHz is hexapolar with 

angular separations of 60 degrees. Slight imperfections in the coupling 

between the tube and pinducer, asymmetry in the drive transducer coupling, 

non-concentricity of the tube, or non-circularity of the tube are all possible 

causes of the asymmetry of the experimental data shown in both Fig.2-15 

and Fig. 2-16. When the tube is filled with water, the hexapolar structure 

remained, as shown in Fig.2-16. This indicated that the resonance at 485 

kHz is dominated by the glass tube and is unlikely to couple energy into the 

fluid in the cavity.  
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Figure 2-16. Results of surface vibration measurements at 485 kHz for 
water-filled soft glass tube compared with prediction of 2-D 
elastodynamic equations. 

This assertion can be justified by looking at the predicted energy 

transfer from the glass into the cavity. Fig. 2-17 displays the pressure in the 

fluid and stress in the tube. As expected, minimal energy is coupled into the 

cavity and the mode is dominated by excitation of the glass. While this mode 

would not concentrate particles in the fluid filled cavity, it did provide two 

correctly predicted resonances as confirmation of the validity of the vibration 

model for the soft glass tube. Fig. 2-17B shows the velocity. Unlike the 

resonance at 417 kHz, there is a local minimum at the center of the cavity 

and small velocity gradient across the cavity. Since polystyrene beads should 
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be attracted to velocity anti-nodes, the central minimum and somewhat even 

distribution of velocity within the cavity would be expected to drive the 

particles out of the center, however, minimal energy is coupled into the cavity 

at this frequency, so this mode would not be expected to concentrate 

particles in suspension.  

 

Figure 2-17 (A) Predicted pressure inside cavity and radial stress in the 
glass at 485 kHz for water filled soft glass tube.(B) Predicted velocity in 
the cavity (Both) Internal and external boundaries of the tube indicated 
in white.  

In order to determine the importance of tube material properties on the 

ability of the structural excitation to concentrate, two tubes with similar 

dimensions as the soft glass but made of borosilicate and quartz glass were 

chosen for the next set of comparative evaluations. 
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The borosilicate tube, also denoted as RG or regular glass, has a 

density of 2.13 g/cmP

3
P, a longitudinal sound speed of 5640 m/s, and shear 

sound speed of 2840 m/s according to tabulated values of acoustic 

properties. The vibration model predicted two resonances, at 380 kHz and 

490 kHz. The vibration results when the tube is air-filled at 380 kHz are 

presented in Fig. 2-18. This mode formed a tripole structure. Again, the width 

of the drive transducer used in the experiments is greater than the forcing 

function width used in the model. This additional width increased the width of 

the measured forcing leg of the tripole. Both predicted and experimental data 

shows two lobes at approximately 150 degrees on either side of the drive 

lobe located at 270 degrees. As before, reflection asymmetry in the 

measured data across the y-axis is probably due to several physical 

asymmetries of the system.  
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Figure 2-18. Results of surface vibration measurements at 380 kHz for 
air-filled regular glass tube compared with prediction of 2-D 
elastodynamic equations. 

Fig. 2-19 shows the effect of adding water to the interior of the cavity. 

As can be seen, the tripole collapses to a dipolar vibration.  
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Figure 2-19. Results of surface vibration measurements at 380 kHz for 
water-filled regular glass tube compared with prediction of 2-D 
elastodynamic equations. 

The change in mode structure due to the introduction of water 

indicated a coupled resonance of the tube with the internal cavity. In order to 

verify the coupling, the radial stress in the tube and pressure in the cavity are 

calculated for the water-filled case. The results of the calculation are shown 

in Fig.2-20A. As before, velocity is also calculated, with the results displayed 

in Fig.2-20B. Again, there is a velocity anti-node at the center of the cavity 

corresponding to a region of predicted particle concentration.  
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Figure 2-20. (A) Predicted pressure inside cavity and radial stress in 
the glass at 380 kHz for water filled regular glass tube.(B) Predicted 
velocity in the cavity (Both) Internal and external boundaries of the 
tube indicated in white. 

As can be seen in Fig.2-20, the resonance at 380 kHz couples into the 

cavity well. Also worth noting is the dipole character of the coupling. 

Subsequent concentration measurements confirmed that particles do 

concentrate at 380 kHz in regular glass. The second resonance of the 

borosilicate glass tube is at 490 kHz. The model predictions and 

measurement results for the air-filled case are displayed in Fig.2-21. As can 

be seen in the figure, this mode has a hexapolar structure.  
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Figure 2-21. Results of surface vibration measurements at 490 kHz for 
air-filled regular glass tube compared with prediction of 2-D 
elastodynamic equations. 

The addition of water to the cavity did not change the character of the 

vibration significantly as can be observed Fig. 2-22. As in the case of the 485 

kHz resonance of soft glass, lack of response to the changes in the contents 

of the cavity is indicative of an absence of mode interaction with the cavity. 

The calculation results are displayed in Fig.2-23A.  
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Figure 2-22. Results of surface vibration measurements at 490 kHz for 
water-filled regular glass tube compared with prediction of 2-D 
elastodynamic equations. 

The hexapolar vibration of the tube can be seen in Fig.2-23. As 

expected, the majority of the energy is in the glass tube with minimal transfer 

to the fluid-filled cavity. Velocity calculations, presented in Fig.2-23B, further 

confirm the assertion of negligible coupling into the cavity and lack of 

observed particle concentration in experiments at 490 kHz. It should be 

noted that a similar mode is predicted and observed in soft glass tube. 



55 

 

 

 

 

Figure 2-23. Predicted pressure inside cavity and radial stress in the 
glass at 490 kHz for water filled regular glass tube. .(B) Predicted 
velocity in the cavity (Both)  Internal and external boundaries of the 
tube indicated in white.  

Thin quartz glass tube, also denoted as TQ to distinguish from thicker-

walled quartz used in subsequent experiments, is found to have a density of 

2.65 g/cmP

3
P, a longitudinal sound speed of 5700 m/s, and shear sound speed 

of 3920 m/s according to tabulated values of acoustic properties. The model 

predicted a resonance at 435 kHz. A comparison of predicted to measured 

vibration for the air-filled cavity is shown in Fig.2-24. The vibration of the 

quartz tube, both calculated and measured, shows a quadrupole structure 

with strong tripole tendencies similar to the pattern seen with soft glass. 

Following that comparison, it would be expected that this mode would 
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collapse to a coupled dipolar mode when the cavity is filled with fluid. When 

this measurement is undertaken, the results confirm the validity of that 

assertion. The results are displayed in Fig.2-25.  
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Figure 2-24. Results of surface vibration measurements at 435 kHz for 
air-filled quartz glass tube compared with prediction of 2-D 
elastodynamic equations. 
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Figure 2-25. Results of surface vibration measurements at 435 kHz for 
water-filled quartz glass tube compared with prediction of 2-D 
elastodynamic equations. 

To continue the analogy, it would be expected that the coupled dipolar 

mode coupled energy from the structure to the fluid-filled cavity efficiently. 

Stress calculations, shown in Fig.2-26, provided confirmatory proof of cavity 

excitation. Additionally, particles are experimentally observed to concentrate 

within the thin quartz tube at 435 kHz.  
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Figure 2-26. Predicted pressure inside cavity and radial stress in the 
glass at 435 kHz for water filled thin quartz glass tube. (B) Predicted 
velocity in the cavity (Both)  Internal and external boundaries of the 
tube indicated in white.  

The thin quartz tube had another resonance at 470 kHz. The surface 

vibration was calculated and subsequently measured for the air-filled case; 

the results are presented in Fig.2-27. As can be seen in the figure, the 

vibration is hexapole with three dominant lobes at approximately 120-degree 

separation. The tube is also modeled and measured when filled with water at 

470 kHz. A comparison of the calculated and observed vibration pattern is 

shown in Fig.2-28. The dominant tripole structure present for the air filled 

case split into a more hexapolar structure when the tube is filled with water. 

The width of the side lobes in the measurements of the water filled thin 
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quartz tube is probably due to several asymmetries in the experiment, 

including, but not limited to imperfect coupling of the drive transducer or 

pinducer to the tube, noncircularity of the tube, or nonconcentricity of the 

tube.   

 

Figure 2-27. Results of surface vibration measurements at 470 kHz for 
air-filled quartz glass tube compared with prediction of 2-D 
elastodynamic equations. 
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Figure 2-28. Results of surface vibration measurements at 470 kHz for 
water-filled quartz glass tube compared with prediction of 2-D 
elastodynamic equations. 

If the pattern seen in the previous two types of tube continues, it would 

be expected that the hexapole would not couple energy into the cavity 

efficiently. Stress calculations, shown in Fig. 2-29, provided confirmatory 

proof. Additionally, the displacement vibration is also calculated and 

displayed in Fig. 2-29B. Again, it can be seen in Fig. 2-29B that a velocity 

minimum exists at the center, thus precluding particle concentration. This 

assertion is verified experimentally.  
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Figure 2-29. Predicted pressure inside cavity and radial stress in the 
glass at 470 kHz for water filled thin quartz glass tube. (B) Predicted 
velocity in the cavity (Both) Internal and external boundaries of the tube 
indicated in white.  

It seemed that, although soft glass was the initial choice of material, 

other types of glass with similar dimensions worked equally well.  

In order to determine the importance of outer diameter and hence wall 

thickness on the ability of the structural excitation to couple energy into the 

cavity, two tubes with similar inner dimension as the soft glass but larger 

outer diameters were chosen for the next set of comparative evaluation. tube 

availability dictated the use of quartz tube. Since thin quartz had shown 

comparable behavior to soft glass, it could be argued that this material 

replacement did not serve as another variable for the experiments. All quartz 
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tube is assumed to have the same density, and sound speeds in the 

longitudinal and shear directions. 

Thick quartz tube, designated as QQ or Q, had a predicted and 

experimentally verified resonance at 435 kHz. The comparison of calculated 

and measured vibration is shown in Fig. 2-30. The pattern possessed two 

well-defined lobes at 90 and 270 degrees and two pairs of less sharply 

defined lobes centered at 0 and 180 degrees. When the tube is filled with 

water, the six-lobed pattern collapsed to a tube-cavity coupled dipolar 

vibration, as shown in Fig. 2-31. As can be observed, there is good 

correspondence of the experiments to the model predictions for both air-filled 

and water-filled cases.  
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Figure 2-30. Results of surface vibration measurements at 435 kHz for 
air-filled quartz glass tube compared with prediction of 2-D 
elastodynamic equations. 
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Figure 2-31. Results of surface vibration measurements at 435 kHz for 
water-filled quartz glass tube compared with prediction of 2-D 
elastodynamic equations. 

It should be noted that the QQ tube had an elliptical cross-section. If 

any effect is observed due to the asymmetry, including any deviation from 

the circular approximation of the calculated predictions, it is minimal. The 

perturbation could be argued as small for the wavelengths used to excite the 

tube, therefore very little effect would be expected. It does suggest, however, 

that structural excitation for concentration is robust against transducer 

misalignment or structural asymmetry.  

If the pattern of behavior in which the dipole motion indicates good 

coupling still holds, then it would be expected that particle concentration 



66 

 

 

 

should occur at 435 kHz. Good coupling does occur, as evidenced by the 

plot of pressure within the tube, shown in Fig. 2-32. Additionally, particle 

concentration does occur at 435 kHz.  

 

Figure 2-32. Predicted pressure inside cavity and radial stress in the 
glass at 435 kHz for water filled thick quartz glass tube. (B) Predicted 
velocity in the cavity (Both)  Internal and external boundaries of the 
tube indicated in white.  

To further investigate the effect of outer tube diameter/wall thickness, 

a quartz tube with a smaller outer diameter than QQ was used. The tube is 

designated by the two-letter identifier AQ. The tube possessed a resonance 

at 472 kHz. Vibration model calculations at that frequency for the air filled 

case yielded the pattern presented in Fig. 2-33. Although the pattern would 

most accurately characterized as hexapolar, there are only three clearly 
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defined poles with a small lobe opposite the drive transducer lobe. The two 

side nodes are wide and each poorly split into a pair of lobes. The measured 

data therefore, bore a gross resemblance to the model results. When the 

tube is filled with water, as shown in Fig. 2-34, the vibration pattern collapsed 

to a dipole.  

 

Figure 2-33. Results of surface vibration measurements at 472 kHz for 
air-filled quartz glass tube compared with prediction of 2-D 
elastodynamic equations. 
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Figure 2-34. Results of surface vibration measurements at 472 kHz for 
water-filled quartz glass tube compared with prediction of 2-D 
elastodynamic equations. 

From the results from the previous tube, it is deduced that this dipole 

motion would once again yield successful coupling into the cavity. As before, 

the validity of this claim is verified by calculating the stress in the glass. The 

results of the calculations are displayed in Fig. 2-35. Suspended particles are 

observed to concentrate in the AQ quartz tube at 472 kHz, providing further 

confirmation of the deduction.  
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Figure 2-35. Predicted pressure inside cavity and radial stress in the 
glass at 472 kHz for water filled thick AQ quartz glass tube.(B) 
Predicted velocity in the cavity (Both)  Internal and external 
boundaries of the tube indicated in white.  

From the results of the experiments with quartz tubes QQ and AQ, it is 

reasoned that internal radius is the dominant factor in determining coupling 

into the cavity for glass tube. This is expected from comparison of the 

wavelengths of sound in the glass tube versus the water in the cavity. A 

small change in the cavity dimension equates to a large change in the phase 

of the acoustic wave in the water. A small change in the tube dimension only 

equates to a small change in phase of the wave within the tube. As further 

confirmation of that determination, a tube with comparable outer diameter to 

QQ, but larger inner diameter was used. The tube used is designated DQ. 
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Model predictions versus experimental measurements of the air-filled state 

are compared in Fig. 2-36 at 440 kHz. A similar comparison in the water-filled 

state is presented in Fig. 2-37 at the same frequency as in Fig. 2-36. As can 

be seen in the figures, the addition of water into the cavity causes a collapse 

of the octapole vibration to a hexapole. This suggests a coupled resonance 

between the tube and fluid-filled cavity. The experimental results show good 

correspondence to the predictions in both cases. The slight asymmetry of the 

experimental results arose from either inherent asymmetry of the tube or 

imperfect contact of the probe transducer as the tube rotated on the angular 

scanning stage.  
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Figure 2-36. Results of surface vibration measurements at 440 kHz for 
air-filled quartz glass tube compared with prediction of 2-D 
elastodynamic equations. 
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Figure 2-37. Results of surface vibration measurements at 440 kHz for 
water-filled quartz glass tube compared with prediction of 2-D 
elastodynamic equations. 

The change in the vibration in response to the addition of water 

indicated that some degree of coupling of energy occurred from the quartz 

tube to the fluid-filled interior. Although energy is coupled into the cavity, no 

acoustic concentration of particles in suspension is observed during 

experimental trials at any power level. Fig. 2-38 displays the pressure in the 

cavity and radial stress in the tube.  
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Figure 2-38. Predicted pressure inside cavity and radial stress in the 
glass at 440 kHz for water filled DQ quartz glass tube.(B) Predicted 
velocity in the cavity (Both). Internal and external boundaries of the 
tube indicated in white.  

From the figure, it could be argued that coupling of energy into a low 

order mode such as a dipole would be more efficient at providing pressure on 

the particles. Higher order modes such as the quadrupole and hexapole 

modes predicted by theory were also predicted to couple less energy into the 

fluid-filled cavity. It is worth noting that there is good correspondence 

between predicted and measured results both in spectral position and 

character of vibration.  

Based on the experiments and simulations summarized above, it 

could be argued that the lack of dependence on glass type, or outer diameter 
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exhibited by the coupled dipole mode arose from the glass serving as a 

nearly completely rigid boundary for the fluid filled cavity. Tube materials with 

sound speeds closer that that of water, such as plastic, would be expected to 

show greater dependence on aspect ratio of the tube.  

2.9-Predictions For Alternate Tube Material 

Glass tube was chosen for three primary reasons; optical 

transparency, chemical resistant and perhaps most importantly, availability in 

a variety of sizes and dimensions. The necessity for optical transparency 

arose to facilitate easier application to flow cytometry. Although plastic and 

metal tube is beyond the scope of our experimental measurements, several 

different types of plastic and metal tube were investigated theoretically to 

establish the viability of their use. The results of this investigation are 

summarized in the following section.  

Two types of plastic tube were theoretically investigated. They were 

chosen at the extremes of density and stiffness to aid in extrapolating the 

general behavior of plastics under line excitation. The first type investigated 

is low-density polyethylene(LDPE). The dimensions are assumed to be the 

same as in the case of soft glass. The density is taken to be 0.9 g/cmP

3 
P; 

longitudinal and transverse sound speeds are assumed to be 1940 m/s and 
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540 m/s respectively. Since the purpose of this section is exploratory rather 

than explanatory, there is very little value in presenting surface vibration 

predictions. Instead, only stress and velocity data is displayed and 

expounded upon. The polyethylene tube had several resonances, the most 

dominant of these are at 328 kHz, 409 kHz, 450 kHz, 513 kHz and 529 kHz. 

The stress and velocity comparative plot for water-filled LDPE at 328 kHz, 

409 kHz, 450 kHz, and 513 kHz is presented in Fig. 2-39. As can be seen in 

Fig. 2-39, the majority of the resonances are vibrations of the LDPE tube with 

negligible coupling into the fluid-filled cavity. The main difference between 

the velocity modes is in the number of lobes present in the tube. 
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Figure 2-39. Predicted pressure at: (A)328 kHz (C)409 kHz (E)450 kHz 
(G)513 kHz Predicted velocity at: (B)328 kHz (D)409 kHz (F)450 kHz 
(H)513 kHz (Both). Internal and external boundaries of the tube 
indicated in white. Predictions for water-filled LDPE. 
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The stress and velocity comparative plot for the dipole vibration at 529 

kHz is presented in Fig. 2-40 for clarity of visualization. As is visible in the 

figure, LDPE did support a dipole with good coupling into the cavity at 529 

kHz. If the hypothesis put forth for glass tube held, then acoustic 

concentration should be possible at that frequency.  

 

Figure 2-40. (A)Predicted pressure in fluid and stress in LDPE tube at 
529 kHz (B)Predicted velocity in LDPE tube at 529 kHz (Both). Internal 
and external boundaries of the tube indicated in white. 

Polystyrene(PS) tube was chosen for the other end of the plastic 

mechanical property spectrum. It is found to have compressional and shear 

sound speeds and density of 2350 m/s, 1120 m/s and 1.1 g/cmP

3
P respectively 

in a table of plastic acoustic properties. As with the theoretical analysis of 

low-density polyethylene, no surface vibration graphs were prepared, I opted 
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to instead simply calculate the stress and velocity. During analysis it is found 

that polystyrene tube of the same dimensions as the soft glass tube had 

resonances at several frequencies. The highest amplitude resonances are at 

322 kHz, 455 kHz and 511 kHz.  
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Figure 2-41. Predicted pressure at:(A)322 kHz(C)455 kHz(E)511 kHz 
Predicted velocity at:(B)322 kHz(D)455 kHz(F)511 kHz(Both). Internal 
and external boundaries of the tube indicated in white. Predictions for 
water-filled PS. 
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As can be seen in Fig. 2-41, the greater density and stiffness of the 

polystyrene as compared to the LDPE reduced the number of lobes and 

coupled more energy into the cavity. In addition, the spacing of the 

resonances increased dramatically. It is interesting to note, that of the three 

resonances shown in Fig. 2-41, only the mode at 511 kHz exhibiting dipole 

character possesses a central velocity anti-node. The quadrupole vibration 

does couple energy into the cavity, but due to the velocity node at the center, 

would not be expected to concentrate particles.  

It seemed that, although glass was the choice of material for the 

purposes of this research, plastic tube with similar dimensions is also 

capable of dipolar motion, shown to be indicative of successful particle 

concentration in glass tube. It was previously stated that LDPE and PS were 

chosen as outliers of material properties and that the behavior of other 

plastics having intermediate density and stiffness could be extrapolated. The 

“softer” plastics, such as LDPE, are shown to decrease the spacing of the 

resonances. Unfortunately, stress calculations showed that only the coupled 

tube-fluid dipolar vibration coupled into the cavity efficiently. Replacement of 

glass tube with plastic tube is also predicted to shift the dipole resonance up 

in frequency. Following the equation for force on a particle in an acoustic 

field, it would be expected that the higher frequency would provide a greater 
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force on the particles, however higher frequencies are attenuated by plastic. 

The model used included the capability to account for frequency dependent 

attenuation by including an imaginary part of the wave number, but it is 

neglected in the interest of simplicity and computational efficiency. Ultimately 

selection of a particular type of plastic tube would be dependent on balancing 

the cost, chemical resistance, acoustic attenuation, and acoustic force on 

particles. The purpose of this theoretical investigation is to demonstrate the 

feasibility of using tube materials other than glass.  

For the sake of completeness, three types of metal tube were 

theoretically investigated. Aluminum, brass, and stainless steel were chosen 

as the three metals to be evaluated so as to sample common low density, 

low stiffness, and low chemical reactivity metals respectively. As with the 

modeling of plastic tube, the dimensions of the metal tube was assumed to 

be the same as soft glass tube, for ease of comparison.  

Aluminum tube is taken to have longitudinal sound speed of 6420 m/s, 

transverse sound speed of 3040 m/s, and density of 2.7 g/cmP

3
P. The model 

predicted large resonances for the water-filled aluminum tube at: 416 kHz, 

488 kHz, 845 kHz, and 854 kHz. The stress and velocity calculation results 

for 488 kHz and 854 kHz are plotted Fig. 2-42.   
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Figure 2-42. Predicted pressure at: (A) 488 kHz (C) 845 kHz. Predicted 
velocity at: (B) 488 kHz (D) 845 kHz. (Both) Internal and external 
boundaries of the water filled aluminum tube indicated in white. 

As can be seen in Fig. 2-42, these two resonances are vibrations of 

the aluminum tube with negligible coupling into the fluid-filled cavity. These 
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are also the two most dominant of the four main resonances selected for 

presentation. Fig. 2-43 presents the stress and velocity data at 416 kHz and 

854 kHz. Both resonances showed a central velocity maximum. The velocity 

at 854 kHz shows two sets of maxima in the cavity; one neighboring the wall 

and one at the center, compared to just the single peak at the center for 416 

kHz. The tube stress at 416 kHz showed the familiar dipole vibration, while at 

854 kHz, a two-ring mode is visible. It is probably unlikely that the higher 

frequency 854 kHz resonance could concentrate particles. From the results 

with soft glass, particles are attracted to pressure nodes, due to the relative 

compressibility of the particles as compared to the fluid. The 854 kHz 

resonance possessed a local pressure anti-node at the center of the cavity. 
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Figure 2-43. Predicted pressure at: (A) 416 kHz (C) 854 kHz. Predicted 
velocity at: (B) 416 kHz (D) 854 kHz. (Both) Internal and external 
boundaries of the water filled aluminum tube indicated in white. 

For the evaluation of brass tube, the material properties were, 

compressional sound speed of 4700 m/s, shear sound speed of 2110 m/s 
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and density of 8.6 g/cm P

3
P for 70/30 brass. Large resonances are predicted at: 

355 kHz, 623 kHz, 693 kHz, and 878 kHz. As before, Fig. 2-44 displays the 

stress and velocity of the brass tube at 355, 623 and 878 kHz. Fig. 2-44 

demonstrates that the modes at those frequencies are confined primarily to 

the tube, with minimal coupling into the water-filled cavity. It would be 

expected that no particle concentration would be observed at those 

frequencies.  
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Figure 2-44. Predicted pressure at: (A) 355 kHz (C) 623 kHz. (E) 878 kHz. 
Predicted velocity at: (B) 355 kHz (D) 854 kHz (F) 878 kHz.  (Both) 
Internal and external boundaries of the water filled brass tube indicated 
in white. 
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The predictions for the remaining resonant frequency at 693 kHz are 

presented in Fig. 2-45. Unlike previous tube, there is both a well-coupled 

central velocity maximum and central pressure node with a non-dipolar 

vibration. The mode could almost be described as a mode exhibiting both 

tube and cavity dipole vibrations. It would be likely, if the well-coupled 

pressure node hypothesis is true, that particles will concentrate at 693 kHz in 

brass tube of the dimensions used in the calculations.  

 

Figure 2-45. (A) Predicted pressure at: 693 kHz. (B) Predicted velocity 
at: 693 kHz. (Both) Internal and external boundaries of the water filled 
brass tube indicated in white. 

Stainless steel tube used for the calculations is assumed to be type 

347 and therefore have longitudinal sound speed, shear sound speed, and 
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density of 5790 m/s, 3100 m/s and 7.9  g/cmP

3
P respectively. Four large 

resonances are found for stainless steel tube at 403 kHz, 482 kHz, 856 kHz, 

and 993 kHz. The resonances are split into two categories, cavity-coupled, 

and cavity-uncoupled. The pressure/radial stress and velocity are displayed 

for each. The two cavity-uncoupled resonances at 482 kHz and 856 kHz are 

shown in Fig. 2-46, while the cavity-coupled modes at 403 kHz and 993 kHz 

are shown in Fig. 2-47. As can be seen in Fig. 2-46, the now familiar 

hexapole and octapole resonance pair are also predicted to be present in 

stainless steel tube.  
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Figure 2-46. Predicted pressure at: (A) 482 kHz (C) 856 kHz. Predicted 
velocity at: (B) 482 kHz (D) 856 kHz. (Both) Internal and external 
boundaries of the water filled stainless steel  tube indicated in white. 

As can be seen in Fig. 2-46, these two resonances are vibrations of 

the stainless steel tube with negligible coupling into the fluid-filled cavity. Fig. 



90 

 

 

 

2-47A presents the stress and velocity data at 403 kHz and 993 kHz. Both 

resonances showed a central velocity maximum. The velocity at 993 kHz 

shows two sets of maxima in the cavity; one neighboring the wall and one at 

the center, compared to just the single peak at the center for 403 kHz. The 

tube stress at 403 kHz showed the familiar coupled dipolar vibration, while at 

993 kHz, a twin-dipole mode is visible. Similar to brass tube, there is both a 

well-coupled central velocity maximum and central pressure node with a non-

dipole vibration at 993 kHz. The mode could almost be described as a 

second order dipole with both tube and cavity dipole vibrations. It would be 

likely, if the well-coupled pressure node hypothesis is true, that particles 

would concentrate at 993 kHz in stainless steel tube of the dimensions used 

in the calculations. From the results with soft glass, particles are attracted to 

pressure nodes, due to the relative compressibility of the particles as 

compared to the fluid.  
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Figure 2-47. Predicted pressure at: (A) 403 kHz (C) 993 kHz. Predicted 
velocity at: (B) 403 kHz (D) 993 kHz. (Both) Internal and external 
boundaries of the water filled stainless steel  tube indicated in white. 

From the results of the theoretical investigation of metal tube, it seems 

likely that structural excitation of metal tube with similar dimensions to soft 
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glass is also capable of dipolar motion, shown to be indicative of successful 

particle concentration in glass tube. It was previously stated that the metals 

were chosen based on their exhibition of low density, low stiffness, and low 

chemical reactivity. While these properties did not allow extrapolation as 

proposed for the plastic tube modeled in a previous section, some 

conclusions could be drawn from the results. Hexapolar and octapolar modes 

are not predicted to appreciably couple into the cavity. As with plastic, the 

softer metal had smaller inter-resonance spacing. Density differences had 

very little effect on the cavity-uncoupled modes, and angular “smearing” of 

the second dipole mode.  Also worth noting is the large loss of vibration 

amplitude in metals as compared to either glass or plastic. The frequency of 

the coupled structure-fluid dipolar vibration is shifted downward by the 

replacement of glass with metal. Ultimately selection of a particular tube 

material would be dependent on balancing the cost, chemical resistance, 

acoustic attenuation, and acoustic force coupled into the cavity on particles in 

suspension. The purpose of this theoretical investigation is in the interest of 

completeness in a feasibility study of using tube made of materials other than 

glass.  

Although the resonances shown in the figures are the maximum 

amplitude modes and are plotted as normalized against each of their 
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respective maxima, there is a great deal of variation between relative 

amplitudes of the resonances for different materials. Metals showed the least 

vibration and hence the least energy coupled into the cavity. Plastics showed 

the greatest vibration amplitude; glass had amplitudes somewhere in 

between metals and plastics. Glass is observed to possess the best vibration 

coupling, experimentally. These observations could be explained by noting 

that maximal coupling occurs when impedances are matched. There are two 

coupling interfaces; the transducer-tubing interface and the tube-fluid 

interface. The model, in assuming an infinite line source, did not include PZT-

tubing coupling, so the model would be biased towards the tube-fluid energy 

transfer. Plastic has acoustic impedance near that of water, so would 

therefore be expected to exhibit the best resonance coupling. The acoustic 

impedance of PZT, as it is a ceramic, is similar to glass. In optimization of the 

technique, it would be ideal if a transducer was carefully frequency and 

impedance matched to the tube and fluid to allow both interfaces maximal 

coupling efficiency. The character of dipole vibration, and consequent steep 

pressure and velocity profiles within the cavity suggested that particles within 

the cavity should experience more acoustic force perpendicular to the 

transducer face than parallel to it. This phenomenon should exhibit itself in 

the form of tighter focusing of the particles along the normal to the 
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transducer. 

2.10-Conclusion 

A general two-dimensional model for a line driven cylindrical tube has 

been developed. The validity of the model was experimentally verified for 

several types of air and fluid filled glass tube. Dipole vibration of the exterior 

of the tube is predicted to indicate efficient coupling from the cylindrical 

structure into the fluid-filled cavity. Experimental observations of particle 

concentration within the cavity corroborated this hypothesis. Furthermore, the 

potential use of alternate tube materials was theoretically evaluated. It was 

argued that while all materials are capable of dipolar vibration, the greatest 

coupling of energy into the cavity occurred with plastic tube. Metals are 

predicted to be a poor choice to replace the glass tube used for these 

experiments. Predictions of rotational asymmetry of acoustic forces within the 

cavity are also made based on the theoretical predictions, as they are 

inherent in dipolar vibration.  
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3-ACOUSTIC FORCES ON PARTICLES 

3.1-Introduction 

A key aspect of this research is the ability to concentrate particles in 

aqueous suspensions. Evaluation of vibrational modes of the tube was 

covered in chapter 2. The focus of this chapter is the description of forces 

exerted on particles in an acoustic field. The parameter limitations prescribed 

by theory are discussed in chapter 5.  

Particles in a standing sound field experience several acoustic forces.  

One of the most dominant of these is an acoustic force parallel to the 

direction of sound propagation. This force transports the particles in the field 

to the nodes or anti-nodes of the standing wave. The magnitude of this force 

depends on the acoustic contrast between the particle and the medium. 

Inhomogeneities in the acoustic field lead to another force which, in the case 

of the planar standing wave, is generated perpendicular to the direction of 

sound propagation. It is also proportional to the acoustic contrast between 

particles and fluid. At higher field strengths, the sound field can induce fluid 

flow in the direction of sound propagation; this effect is called acoustic 

streaming. The streaming flow contributes a drag force on the particles.  

Once the particles are close to one another, the scattered acoustic field 
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contributes to an attractive or repulsive inter-particle force called Konig TP

90
PT or 

Bjerknes TP

91
PT force. 

3.2-Primary Forces 

In the first quantitative analysis of the acoustic radiation force on a 

particle in a sound field, KingTP

92
PT considered the radiation force only, assuming 

incompressible spheres, noting that the radiation force on particles with radii 

less than a wavelength is greater in a standing than a traveling wave field. 

King determined the radiation pressure on a sphere by integrating the total 

sound pressure field on a rigid sphere over the surface of the sphere in a 

planar standing wave, freely suspended in non-viscous fluid. He derived the 

expression for the primary acoustic force acting on a rigid sphere with radius 

r, particle density ρ Bp, B in a fluid of density ρ Bf B and standing wave of acoustic 

energy density ε can be expressed as 
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Embleton TP
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PTP

,
T

94
T

,
T

95
PPTP extended King’s treatment to the case of propagating 

cylindrical and spherical wave fields. Yosioka and Kawasima. TP

 
PTTP

96
PT and GorkovTP

97
PT 

separately extended the analysis to include the influence of particle 

compressibility on the force moving the particles to nodal or anti-nodal 
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positions.  A fluid subjected to an acoustic field exerts hydrodynamic forces, 

proportional to the local velocities of the fluid on particles suspended in it. 

Since the particle and fluid compressibilities can be expressed as shown in 

equations 3.2 and 3.3 respectively, I can rewrite the force acting on a small 

compressible spherical particle in terms of particle and fluid compressibilities, 

β Bp B and βBf B respectively and sound speeds of the fluid and particle, cBf B and cBp B 

respectively, as shown in Eq. 3.4.  
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(3.2) 
 
 
(3.3) 
 
 
(3.4) 
 

The variable R B0 B is the particle radius and x is the distance of the 

particle from a pressure anti-node. Depending on the relationships between 

the density and acoustic velocity of the particle and fluid, the particle will tend 

to move either to a pressure anti-node or a pressure node. Seven conditions 

are assumed in the derivation of this force equation.  

1) The sound is a sinusoidal wave of a single frequency 
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2) The stationary waves are composed of plane progressive 

waves with the same amplitude traveling in opposite directions.  

3) The particle size is significantly smaller than the wavelength of 

the sound wave.  

4) The suspension is so dilute that there is no impact on the 

motion of the other particles in the vicinity.  

5) The fluid is inviscid. 

6) The sound field is not disturbed by either ultrasonic cavitation 

or suspended particles and thus the energy density is uniform. 

7) There is no change in temperature due to the irradiation of 

sound. 

The first two assumptions as well as requirement of a cavity 

dimension of some multiple of a half wavelength are required to establish a 

standing wave in the cavity. Violation leads to non-stationary waves in the 

resonator.  The third condition significantly simplifies the equation by allowing 

the assumption of no wave coupling into the modes of the sphere. 

Adherence to the fourth condition removes the secondary force contributions. 

The combination of the third and fourth conditions eliminates absorption of 

acoustic radiation by the particles.  The absorption of radiation by the liquid is 

eliminated and acoustic streaming is reduced by condition 5. Conditions six 
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and seven are difficult to maintain as well as the most critical to obtain good 

concentration.  

NyborgTP

98
PT derived equations for the acoustic force by extending the 

approaches of King and Embleton, which are equivalent to Gorkov for rigid 

spheres and standing plane waves, but included an additive term that is only 

dominant for uniform energy densities as in the case of traveling waves. The 

additive term is defined as the second order variation of the pressure. 

Higashitani, Fukushima, and MatsunoTP

99
PT accounted for diffusion of small 

particles, which they defined as particles less than 0.1µm in diameter, using 

a Boltzmann thermal distribution of particles to account for Brownian motion.  

Westervelt TP

100
PTP

 
Pinvestigated the influence of fluid viscosity on the 

acoustic radiation pressure. He found that fluid viscosity effect arises due to 

losses within the boundary layer of the particles and is particularly significant 

for small spheres and low frequency traveling waves. The radiation force 

exerted by progressive waves can be several orders of magnitude higher 

than predicted by King’s theory for the non-viscous case. DanilovTP

101
PTP

,
T

102
TP 

developed an expression for the effect of viscosity on acoustic radiation 

pressure on small suspended particles, but did not account for acoustic 

streaming.  

Doinikov P

101-105
P solved the Navier-Stokes equations with second order 
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approximation to obtain general solutions for the radiation force in standing 

and traveling waves without restriction on particle size. He additionally 

differentiated between the viscosities of the medium and the particle. 

Doinikov determined that for a standing wave in a low viscosity fluid, and a 

dilute suspension in an arbitrary field, Gorkov’s theory for non-interacting 

particles still provides a good description of the equilibrium particle 

distribution, but the effect of viscosity becomes significant for traveling 

waves, higher viscosity liquids, high particle concentrations or cases where 

Brownian motion is dominant. The viscosity compensation term decreases 

rapidly with increasing frequency and particle size. The ideal fluid 

approximation generates a good estimate of the radiation force any time the 

particle radius is much smaller than the wavelength and much greater than 

the viscous boundary layer thickness.  

Under most conditions of practical interest, the radiation force in a 

traveling wave will be much smaller than in a standing wave of comparable 

energy density. The existing theories of acoustic radiation pressure on 

particles in a fluid neglect both dissipative effects, viscous and thermal. 

Doinikov obtained a general expression for radiation force including both 

viscous and thermal dissipative mechanisms for arbitrary dimension particles 

in an arbitrary field. For the case of a particle much smaller than a 
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wavelength and much bigger than the viscous and thermal wavelengths in 

the fluid in a planar standing wave, the equation can be simplified into the 

form in Eq. 3.5. The variables CF, ZBv B and ZBt B are defined in 3.6, 3.7, and 3.8 

respectively. The viscous “wavelengths” in the fluid and particle, respectively, 

are defined as written in equations 3.9 and 3.10 respectively by Doinikov. 
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(3.9) 
 
 
(3.10) 

where ω is angular frequency, η refers to shear viscosity, c refers to sound 

speed, κ refers to thermal conductivity, RB0 B is particle radius, C is heat 

capacity, γ is the ratio of specific heats, the subscripts p and f indicate 

particle and fluid properties respectively, and ε is energy density of the field. 
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The additional force in attenuating fluids induces acoustic streaming and 

consequently additional drag forces on the particles leading to increased 

scattered field amplitude. Viscous effects can be treated as a change in 

phase and amplitude relations between primary and scattered fields. The 

four terms in the definition of the contrast factor, CF, correspond to four 

sources of the acoustic forces on particles in the field; density contrast, 

compressibility contrast, fluid viscosity, and thermal conductivity respectively. 

Barmatz and Collas TP

108
PT derived an expression for the force on a fluid-

suspended particle in a cylindrical or spherical acoustic wavefield. They 

assumed a rigid boundary between the fluid and solid. Utilizing the 

expressions for pressure and velocity of the wave from Ricks and Schmidt��, 

an expression for the force on a particle in a cylindrical tube with an elastic 

boundary condition can be obtained. The expression is 
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(3.14) 
 
 
 
 
(3.15) 
 
 
 
 
 
 
(3.16) 

where ω is angular frequency, η refers to shear viscosity, γ refers to the ratio 

of specific heats, c is sound speed, κ is thermal conductivity, C refers to heat 

capacity, α refers to coefficient of volumetric thermal expansion, kBrB is radial 

wavenumber, kBz B is axial wavenumber, RB0 B is particle radius, ε is energy 

density of the field in the fluid, and ZBv B and ZBt B are given in Eq. 3.7 and Eq. 3.8. 

The subscripts p and f refer to particle and fluid properties respectively. 
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Figure 3-1 shows the calculated trajectories of particles in the cavity of 

soft glass tube during excitation at the coupled dipole resonance frequency. 

The trajectories are found by numerically integrating the force equation given 

above for the coupled dipole mode described in the previous chapter. The 

vertical axis is distance from the center of the cavity. A horizontal line is 

visible on both plots at radius equal to zero. This is due to the numerical 

breakdown of the trajectory solutions at that point. Figure 3-1A showed the 

trajectories of particles along the axis normal to the drive transducer. Figure 

3-1B presented the trajectories of particles along the axis parallel to the drive 

transducer. Gravity is assumed to act along the axis of the tube such as 

would be the case for a vertical tube. As can be seen in Fig. 3-1, the particles 

move to the central axis quicker along the normal to the transducer. 

Experimentally, this would yield a tighter concentration pattern normal to the 

transducers and faster particle movement to the pressure node along the 

normal axis.  
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Figure 3-1.  Calculated trajectories of particles in the cavity of soft glass 
tube during dipole excitation. The vertical axis is distance from the 
center of the cavity.in the specified direction. (A) Orthogonal (B) 
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Parallel.  

Higashitani�� determined the number density of particles subjected to a 

one dimensional plane standing wave can be expressed in terms of particle 

and fluid compressibility as  

22 (1 )
2

(sin(2 ))
26 (3 2 )f f f f
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K T fBn n n x

p p pt r c x cx
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β ω
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−
∂ ∂ ∂

= −
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(3.17) 

The variable T is temperature, nBp B is the number particle density, ξ is 

the bulk viscosity of the fluid, η is the shear viscosity of the fluid, µ is the net 

viscosity of the fluid, x is the distance from the face of the drive transducer, 

and KBB B is the Boltzmann constant. In the case of a standing wave, the time 

dependence disappears and Eq. 3.17 can be rewritten as shown in Eq. 3.18. 

Equation 3.18 defines the variable q as a measure of the potential well 

experienced by the particles. The variable n B0 B is the initial distribution density 

in particles per unit area normal to the standing wave axis; IB0 B is the modified 

Bessel function of zero order, to account for particle number conservation 

under changing values of q. 
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In any real sound field there are non-uniformities in the field 

distribution, giving rise to components to the acoustic force perpendicular to 

the acoustic transmission direction or standing wave direction. This force is 

called the primary transverse force. It is due to inhomogeneous radiation 

from the transducer, divergence and interference effects within the cavity and 

viscosity of the fluid.  It is only present at velocity antinodes, and thus only 

acts on particles that concentrate at those points. It has been shown by 

Hager and BenesTP

109
PT, Gaida et al.TP

 110
PTP

 
Pand Doblhoff-Dier et al.TP

 111
PT to further 

concentrate particles into clusters adjacent to the local velocity maxima. 

WhitworthTP

112
PT, and Whitworth et al. TP

113
PT investigated the relative amplitude of 

acoustic forces in a concentration tube. In order to do so, they rotated an 

ultrasonic concentration tube, driven parallel to and rotated about the central 

axis of the tube while observing particle trajectories.  

3.3-Nonlinear and Second Order Forces 

Nonlinear effects can give rise to time-independent flow, also called 
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acoustic streaming, in the fluid. Viscous drag forces exerted on the particles 

are due to two factors; acoustically induced flow velocity due to streaming 

and fluid velocity present in the absence of the sound field. The force exerted 

is proportional to the cross section of the particles and particle velocity, 

including fluid drag arising from fluid flow. Gould and Coakley TP

114
PTP

 
Pfurther 

expanded the analysis to include buoyancy, and acoustic streaming. 

Acoustic streaming is a generic term to describe time-averaged streaming 

induced in any fluid flow that is dominated by the fluctuating components.   

Doinikov P

101-105
P extended the analysis of acoustic radiation pressure to 

spherical particles of arbitrary radius and elasticity that takes fluid viscous 

and thermal dissipative mechanisms into account. He showed that the 

magnitudes of viscous and thermal dissipative effects in an axisymmetric 

traveling wave, such as a progressive plane wave, are of comparable 

magnitudes, but both dissipative effects can be several orders of magnitude 

smaller in a standing wave. The total radiation force can be expressed as the 

sum of the acoustic radiation pressure and the drag force caused by the 

stationary fluid flow induced by the sound field in the absence of particles. 

Doinikov found that for standing wave fields in low viscosity liquids, the 

second order terms could be neglected. Hilpert and Miller TP

115
PT argued for the 

inclusion of viscous dissipation and contact angle compensation for 
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determining resonance frequencies of systems where surface effects are of 

comparable magnitude to volume effects, such as for axially driven liquid 

columns in capillary tubes when the reflecting surface is a meniscus even in 

the case of inviscid liquids.  

So far, only the interaction between the primary sound field and a 

single particle has been considered. As noted previously, in the case of two 

particles, the total sound field includes the primary field and a secondary 

scattered field from the other particle. This interaction was first investigated 

by Konig��, who used hydrodynamic principles to develop an expression for 

the force between two spheres in an acoustic field including the primary field. 

Bjerknes�� later calculated the forces between oscillating spheres without the 

primary sound field. Thus the force between particles in an acoustic field is 

alternately known as Bjerknes force or Konig force. In a separate analysis 

Embleton TP

116
PT also evaluated the interaction force between two particles in a 

planar sound field. Expressions for the secondary radiation force between 

two particles in an ideal fluid and a uniform acoustic field are also derived for 

incompressible spheres by Weiser et al.TP

 
PTTP

117
PT and compressible spheres by 

Crum TP

118
PT. DoinikovTP

119
PTP

, 
T

120
PPTP later compensated for viscous fluid. Most 

researchers studying the interaction of particles in a sound field have 

restricted the investigation to a wavelength much greater than the radii or 
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spacing of the particles in an inviscid fluid. Zheng and ApfelTP

121
PT however, 

calculated the interaction force without this restriction. The interaction force 

for two identical compressible spheres with radii r can be expressed as  

0
6 2 2 2 24 ( ) (3cos 1) ( )

2 2( ) ( )int 4 26 9

R p f p p fF v x p x
d df

π ρ ρ θ ω ρ β β

ρ

− − −
= −

 

 
 
(3.20) 

where FBint B is the interaction force, θ is the angle between the centerline of the 

particles and the propagation direction of the incident sound wave, v(x) and 

p(x) are the velocity and pressure respectively of the unperturbed incident 

field at the position of the particles and d is the inter-particle distance. The 

first term is a repulsive force term unless the particles are lined up in the 

direction of sound propagation. The second term represents an attractive 

force term and is independent of particle orientation. The first term vanishes 

at pressure antinodes; the second term vanishes at pressure nodes.  For 

particles attracted to the pressure nodes in a standing wave aligned parallel 

to the nodal planes the secondary radiation force is attractive and can be re-

expressed as  
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In general the interaction force becomes significant only when the 

particles are in very close proximity, defined as within 2 to 3 particle radii. It 

typically causes the particles to form clusters within the nodal or anti-nodal 

planes of the acoustic field. Since the secondary radiation force between 

particles is dependent on incident field strength, it is affected by viscosity in 

qualitatively the same way as the primary force.  

Hasegawa TP

122
PT investigated the change in radiation force caused by 

ultrasonic absorption by elastic spheres in a standing wave. In his analysis 

he only considered the frequency independent hysteresis type of absorption. 

The absorption is accounted for in the imaginary part of the wave number. 

Hasegawa found that the sound absorption by the particles could be 

neglected if the dimensions of the particles are small as compared to 1/k B, 

also called the acoustic wavelength, and the volume fraction of particles is 

small.  

The particles up to this point have been assumed as compressible, 

potentially absorptive elastic spheres. The angular alignment of particles was 

referred to briefly in the description of inter-particle forces due to scattering of 
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the primary sound field. However, in a sound field, there are also primary 

acoustic forces that exert torque on particles, inducing spin or alignment. 

AwataniTP

123
PTP

, 
T

124
PPTP first derived an expression for the radiation pressure on a 

cylinder. Wu et alTP

125
PT and Woodside et al.TP

 
PTTP

126
PTP

,
T

127
T

,
PP

 
Pseparately derived an 

expression for acoustic force on an infinite cylinder with diameter much less 

than a wavelength in a standing wave. The expression is limited to the case 

of an infinitely long immovable cylinder with the axis perpendicular to the 

direction of wave propagation. Yamahira et al�� later derived expressions for 

the motion of finite cylindrical fibers in an ensonified liquid.  The translational 

and rotational acoustic forces on a neutrally buoyant cylindrical fiber in a fluid 

are 
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(3.26) 

The variables GBrB and G Ba B are density-compressibility coefficients. The 

subscripts “r” and “a” indicate the material properties in the radial and axial 

directions respectively. The subscripts “trans” and “rot” refer to the 

translational and rotational or torsional motions of the cylindrical particles 

respectively. The variable α is used to enhance readability of the equations. 

The variables RB0 B, l and θ refer to the radius of the particle, length of the 

particle and angle from parallel to the wave propagation direction 
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respectively.  

The primary acoustic force typically has the greatest magnitude of the 

acoustically induced forces present in a standing wave. For 10-micron 

polystyrene beads in water, the acoustic force due to inhomogeneities in the 

acoustic field and secondary acoustic force, also known as the Konig or 

Bjerknes force, are approximately two orders of magnitude and six orders of 

magnitude smaller than the primary acoustic radiation force respectively. In a 

dilute suspension, where inter-particle distances are much larger than the 

particle radii and interactions are negligible, the secondary force is virtually 

nonexistent. Haar and WyardTP

128
PT also studied the response of suspended 

particles with radii on the order of a few microns to a combination of acoustic, 

hydrodynamic, gravitational and diffusion forces. 

3.4- Conclusion 

The central focus of this research is the ability to concentrate particles 

in aqueous suspensions. The acoustic forces experienced by the particles 

were detailed. Viscous and thermal dissipative mechanisms were accounted 

for. Expressions for the primary acoustic force on a particle in a planar and 

cylindrical wave field are presented. Differences in acoustic force exerted on 

particles in the direction normal to the transducer face versus parallel to the 
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transducer face were predicted. Rotational forces on nonspherical particles 

due to the acoustic field were also described. 
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4-EXPERIMENTAL 

The previous chapter dealt with the acoustic forces exerted on 

particles in a standing wave. The focus of this chapter rests on the quality 

evaluation and imaging of particle concentration. An experimental parametric 

evaluation of effects on concentration quality, speed, and relative stability is 

described.  

Several experimental methods are used to investigate the 

concentration within the tube. The primary technique and the subject of this 

chapter utilize microscopic imaging. Power evaluations are performed to 

determine input power thresholds for the exhibition of various behaviors. I 

also investigated the effect of spatial and phase relationships for multiple 

transducer excitation of the tube on concentration quality and speed. Several 

aspect ratios and tube types are evaluated. Qualitative particle size effects 

are also determined. Two methods are used in the visualization process. In 

the first method, tube is affixed to a microscope slide near the edges of the 

slide. The slide is placed horizontally on a standard transmission 

stereomicroscope stage.  

4.1-Method 1 

Although the concentration pattern in the tube could be seen by eye, 
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observation of individual 10-micron particles required magnification. Two 

techniques were used for imaging the concentration pattern during the 

course of the research. The first technique utilized an Olympus BX41 bottom-

illuminated microscope and 1280 x 1024 12-bit Cooke 235X50553 digital 

camera, set up as diagrammed in Fig. 4-1. The liquid flowed through the tube 

parallel to the table. The tube is glued at its ends to a microscope slide, for 

ease of mounting. A diagram of the microscope setup is displayed in Fig. 4-

1A. A picture of the microscope and tube is visible Fig. 4-1B. 
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Figure 4-1(A)Diagram of bottom-illuminated microscope used to image 
the concentration pattern in tube.(B) Frontal picture of bottom 
illuminated stereo microscope  

A section of 12 cm long soft glass tube is affixed to the microscope 

slide. Tygon tube is press-fit over approximately 1cm on each end of the tube 

for inflow and outflow of the particle suspension. Experiments were 

performed with both stationary and constant flow of the particle suspension. 

Typical flow rates were between 10-15 centimeters per second.  The tube 

was driven at 0.8-0.9W of electrical power and 417 kHz to concentrate over a 
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10cm length with a single drive transducer.  The concentration pattern, 

exemplified Fig. 4-2b, took approximately 5 seconds to form from an initially 

homogeneous suspension similar to that shown in Fig. 4-2a.  Larger particles 

visible in the micrograph are agglomerations of particles.  

 

Figure 4-2 (A) Micrograph of un-concentrated 10-micron particles in 
soft glass tube. (B) Micrograph of concentrated 10-micron particles in 
soft glass tube. 

As can be seen in Fig. 4-2b, the concentrating line is only a few 



121 

 

 

 

particle diameters across. The particles are ten microns in diameter.  Various 

concentrations of beads ranging from 0.02% to 0.2% by weight were 

investigated. No significant differences are observed in concentration times, 

but higher concentrations of particles also showed increased agglomeration. 

The agglomerations are driven to the center faster than individual particles 

due to the larger acoustic force. This effect could potentially be useful for 

accelerating the concentration process. The agglomerations did not 

disassociate to individual particles at power levels less than 1W, well above 

the threshold of particle concentration. If this technique is used, the 

concentrated agglomerations can be quickly separated from the suspending 

fluid, then subjected to higher field strengths to recover individual particles. 

Alternately, a small amount of surfactant would significantly reduce 

aggregation of particles. 

A section of thick-walled quartz tube, designated QQ was obtained for 

comparison with the soft glass tube. As with soft glass, particles are fed 

through the quartz tube and the concentration pattern at the predicted 

coupled dipolar resonance of 435 kHz was imaged using the bottom-

illuminated microscope. A micrograph of the concentration pattern is shown 

in Fig. 4-3. As can be seen in the micrograph, the dipole does indicate a 

frequency at which concentration takes place and furthermore, the 
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concentrated particles did form a narrower line in the quartz as compared to 

the soft glass tube for the same power input of approximately 0.1W. The 

differences could be explained by either better transducer/tube coupling in 

quartz due to the larger radius of curvature, or mass loading effect on soft 

glass. Replacement of the drive transducers on both types of glass tube with 

narrower, and thereby less massive transducers did not affect the tightness 

of concentration. Furthermore, minimization of air bubbles in glue used for 

transducer attachment led to better concentration within the tube, thus 

confirming the importance of coupling. Coaxial alignment was found to be 

less important than the bond quality. The relative lower importance could 

attributed to the small variation in quality of cyanoacrylate glue joints inherent 

to surface-moisture curing glues. Small deviations in transducer angle with 

tube surface, up to approximately 25 degrees showed negligible effect on 

concentration quality. Angular vibration amplitudes supported this assertion, 

further emphasizing the importance of energy coupling into the tube.  
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Figure 4-3 (A) Micrograph of un-concentrated 10-micron particles in QQ 
quartz tube. (B) Micrograph of concentrated 10-micron particles in QQ 
quartz tube. 

4.2-Method 2 

The narrow depth of field and limited range of motion available with 

the stereomicroscope made it necessary to find an alternative means of 

imaging the particles in the tube. The second imaging process used three 

finger clamps with foam inserts to assure non-rigid clamping. To replace the 

stereomicroscope, a Model KC Infinity Optics long distance microscope 

objective lens is attached to the Cooke camera, which is then mounted to an 

XY positioner on a Velmax MB2515WIJ54E linear slide for positioning. In 
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these experiments, the camera is positioned using Superior Electronics 

M062-LS09 stepper motors shown in Fig. 4-4, attached to a Velmax VP9000 

controller, shown in Fig. 4-5.  
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Figure 4-4.  Picture of linear scanning stepper motor with long distance 
lens on CCD camera. 

 

Figure 4-5.  Picture of Velmex VP9000 stepper motor controller. 

Fine adjustments to the position and focus were made using the XY 

stage. The tube is mounted using three finger clamps or foam-lined optics 
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mounts. The linear slide stepper motor is scanned manually using the hand 

control visible in the upper left portion of Figure 4-5. Commercial software 

accompanying the Cooke camera is used to capture single frame pictures 

and multi-frame movies. As with the stereomicroscope experiments, still and 

constant flow cases are investigated. Single images are taken without flow to 

allow resolution of individual particles for aesthetic rather than technical 

reasons. Two types and two aspect ratios of glass were imaged using the 

distance microscope. The additional freedom of motion conferred by the 

range of the linear slide removed the tube length limitations on imaging.   

Vertical and horizontal drive orientations were tried with approximately 

equal success. The main differences arose due to greater acoustic force 

exerted perpendicular to the face of the transducer. Suspension of particles 

against gravitational settling required less power when the horizontally 

aligned tube is driven perpendicular to the table.  
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Particles 

 

Figure 4-6.  Concentrated particles in soft glass at 417 kHz with 
distance microscope.  

Figure 4-6 shows a typical concentration pattern in a soft glass tube 

taken using the distance microscope. The single driving transducer can be 
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seen on the upper right side of the image. The transducer is approximately 

3mm in thickness; the tube has an outer diameter of 4mm. The line down the 

center of the tube is approximately 25 microns in diameter, consisting of 

acoustically concentrated 10-micron polystyrene beads. The three finger 

clamp is visible at the bottom of the image. A standard desk lamp is used for 

illumination. As before, the transducer is driven at the soft glass resonance of 

417 kHz. The soft glass tube is approximately 12 cm long.  

4.3-Orientation 

Longer sections of tube were characterized in a horizontal orientation. 

The tube is mounted on vertical mirror mounts using foam lined optical angle 

brackets. A typical setup is shown Figure 4-7. The optical mounting rods on 

either end of the tube incorporated a gear rack for rack and pinion vertical 

adjustment. The rods are mounted to XY stages to allow three-axis fine 

adjustment. Tubes ranged in length from 30 to 42cm based on availability. 

Particles, 3.5% by volume in deionized water are passed through the tube 

from right to left. At the dipole resonance of the coupled system consisting of 

the structure and cavity, the particles are observed to concentrate on the 

central axis along the entire length of the tube.  
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Figure 4-7.  Foam lined optical mounting method for distance 
microscopy.  

Figure 4-7 specifically shows a 40cm section of soft glass. Three 

transducers are visible on the right side of the tube. Another transducer is 

attached orthogonal to the other three, but is hidden in the photograph by the 

tube. Initially only one transducer was driven. A typical concentration pattern 

in soft glass is displayed in Fig. 4-8. The pattern took approximately five 

seconds to form at 0.25 watts and 417 kHz. The imaging point is 15 cm down 

axis from the drive transducer. The particles concentrated with approximately 

equal radial deviation for the entire visible length of the tube. No perturbation 

is seen to occur due to the foam inserts used for clamping of the tube. 

Acoustic concentration is only nominally faster in the region adjacent to the 

transducers, with almost simultaneous concentration throughout the tube. 

The progression to tighter concentration appeared logarithmic in time.  
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Figure 4-8.  (A) Micrograph of un-concentrated 10-micron particles in 
soft glass tube. (B) Micrograph of concentrated 10-micron particles in 
soft glass tube  

The tube was also imaged when the particles suspended in the fluid 

were passed through the cavity at approximately 25m m/second. A typical 

pattern is presented in Fig. 4-9.  

It was predicted, in chapter 3, the coupled dipole mode would yield a 

tighter concentration pattern normal to the transducers and faster particle 

movement to the pressure node along the normal axis, than along the axis 

parallel to the transducer face. The horizontal geometry provided a method 

for verification of that assertion through determining the required input power 

for concentration and prevention of sedimentation. Balancing acoustic force 
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opposite gravity such that once a concentration pattern formed, it remained 

stable against gravitational settling provided a quantitative method of 

correlating electrical input power to acoustic radiation pressure on the 

particles suspended in the fluid-filled cavity. Diagrams of the two alignment 

directions of the excitation transducer are displayed in figure 4-9A and 4-9B. 

Orientation of the drive transducer parallel to the table required 0.12W of 

electrical power to prevent sedimentation and yield the concentration pattern 

shown in Fig. 4-10. When the transducer is aligned perpendicular to the table 

such that the transducer normal is parallel to the gravitational force, 0.086W 

of electrical power is required to concentrate and maintain suspension. A 

micrograph is presented in Fig. 4-11. As can be seen in the micrographs, the 

particle spread is greater when the transducer is aligned and driven parallel 

to the tabletop than when it is driven perpendicular to the table.  
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Figure 4-9. Diagram of alignment directions (A) Perpendicular to table . 
(B) Parallel to table.  

No difference is observed between driving downward versus upward. 

Additionally, power consumption is approximately 27% lower when the drive 

transducer is perpendicular to the table. It could therefore be argued that the 

model prediction is supported by the experimental results.  
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Figure 4-10.  (A) Micrograph of un-concentrated 10-micron particles in 
soft glass tube. (B) Micrograph of concentrated 10-micron particles in 
soft glass tube. (Both) After five seconds 15cm from drive transducer 
parallel to the table.  
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Figure 4-11.  (A) Micrograph of un-concentrated 10-micron particles in 
soft glass tube. (B) Micrograph of concentrated 10-micron particles in 
soft glass tube. (Both) After five seconds 15cm from drive transducer 
perpendicular to the table.  

4.4-Axial Standing Wave 

When the tube is driven for longer periods of time, or at higher 

powers, another concentration pattern is observed. The line broke into 

discrete nodes along the central axis of the tube. The most likely cause of the 

nodal character is a weakly coupled standing wave along the cylinder central 

axis. This would cause some energy to be pumped into the mode but unless 

power or experiment duration is increased, the particles did not separate into 

nodes during the course of the experiment. Figure 4-12a showed a typical 
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nodal pattern. Excitation frequency, naturally, is observed to affect the nodal 

spacing. tube length and end clamping conditions are also observed to 

change the nodal spacing. An o-ring is placed at a nodal and an anti-nodal 

position on the tube in hopes of determining the perturbative effect of 

changing the outer boundary conditions. Figure 4-12b and Figure 4-12c 

present the micrograph results of that investigation.  
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Figure 4-12.  (A) Micrograph of nodal concentrated 10-micron particles 
in soft glass tube. (B) Micrograph of nodal perturbation by an o-ring on 
soft glass tube. (C) Micrograph of anti-nodal perturbation of an o-ring 
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on soft glass tube.  

When the o-ring is placed at a nodal position, several of the 

neighboring nodes are partially converted back into the central linear pattern 

with some remnants of the unperturbed nodal spacing. Conversely, when the 

o-ring is placed at an anti-nodal position, the particles remained concentrated 

in nodes, but are distributed to central and wall positions. While the 

concentration to nodes at 0.12W of electrical power took approximately 30 

seconds, the effect of the perturbation is seen almost immediately. As 

expected, with the exception of directly in front of the drive transducer, the o-

ring affected concentration throughout the whole tube.  

4.5-Vortex Formation 

Stable concentration is observed until approximately 1.17W to 2W. If 

the electrical power is increased suddenly, the lower limit is applicable; 

slower ramping of input power allowed up to 2W before degrading to a series 

of vortices. A typical vortex pattern is shown in Fig. 4-13.  
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Figure 4-13.  (A) Micrograph of un-concentrated 10-micron particles in 
soft glass tube. (B) Micrograph of vortices in soft glass tube.  

Higher power input continued forming vortices until sufficient heating 

of the transducer occurred, inducing thermal convective currents and 

eventual boiling of the fluid or melting of the glue used to attach the 

transducer to the tube. Power limits for heating are dependent on 

effectiveness of cooling mechanisms. Figure 4-14 presents the creation and 

propagation of vortices in soft glass. The time delay between the sequential 

frames is about 2ms. Unlike the vortices in Fig. 4-13, the concentration 
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pattern had already partially formed when the threshold power is exceeded, 

thus providing slightly better contrast of the vortices.  

 

Figure 4-14.  (A-F) Steps in creation and spreading of vortices of 10-
micron particles in soft glass tube. Approximately 2 milliseconds 
between frames.  

4.6-Material Dependence 

Two other types of glass with similar radial dimensions were 

characterized for comparison with the soft glass. The first of these is a 43cm 

section of borosilicate glass also known as regular glass, designated RG. It 

possessed a coupled structure-cavity dipole resonance at 380 kHz as 

predicted by theory and experimentally verified. A similar arrangement of four 
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transducers as used for the soft glass case is utilized. Figure 4-15A presents 

a typical initial homogeneous distribution of particles within the tube, as 

imaged with the distance microscope. Figure 4-15B displays a typical 

concentration pattern as photographed approximately 20 seconds after 

application of the ultrasonic field.  

 

Figure 4-15.  (A) Micrograph of un-concentrated 10-micron particles in 
borosilicate glass tube. (B) Micrograph of concentrated 10-micron 
particles in borosilicate glass tube. 

As can be seen in the micrographs, the concentration pattern 

exhibited a semi-nodal character. This is caused by larger agglomerations of 

particles. Some axial forces are present, causing a “wavy” appearance to the 

pattern, but unlike later investigations, there did not appear to be any 
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appreciable axial standing wave. As in the soft glass case, the power limits 

for initial particle concentration to first vortex appearance are measured. 

Regular glass required 450mW of electrical power to initiate concentration 

within the tube. Relatively uniform concentration is observed until the input 

power approached about 1.2W, at which point vortices became visible within 

the cavity. As with the soft glass case, the vortices propagated throughout 

the tube, destroying the concentration pattern. When the electrical power is 

ramped up quickly, a lower threshold of approximately 900mW-1W is 

capable of inducing vortices. The higher electrical power thresholds are 

probably due to the mismatch between the resonance of the system and the 

resonance of the driving transducers.  

4.7-Aspect Ratio 

The tubes characterized thus far are of comparable radial dimensions. 

For comparison, a 42cm long section of thicker walled quartz was 

investigated. It had a similar inner radius to the other tubes, but had double 

the wall thickness. The coupled dipole resonance is located at 435 kHz, 

identical to the thin quartz tube, which indicated the greater importance of 

inner radius on the frequency of concentration. A similar arrangement of four 

transducers as in the soft glass case is attached to one end of the tube. As 
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before, the electrical power dependence of the concentration pattern from 

minimum formation electrical power to maximum electrical power before 

dissociation was investigated. Figure 4-16 displays a comparative plot at 

three electrical power levels. Figure 4-16A was taken as a reference at 0W 

input electrical power. When the electrical power is increased to 

approximately 102mW, the linear pattern shown in Fig. 4-16B began to form. 

Approximately 30 seconds elapsed between initial application of the field to a 

homogeneous suspension such as shown in Fig. 4-16A to the concentration 

shown in Fig. 4-16B at 102mW of electrical power. Figure 4-16C presents a 

distance micrograph of the pattern induced by electrical power levels greater 

than approximately 0.32W. The particles concentrated into distinct nodal 

positions. It could be argued that nodal concentration is also evidenced Fig. 

4-16B, however, the particles did not form distinct nodes before settling 

occurred. The only reliable demarcation of linear versus nodal concentration 

occurred at 0.32W.  
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Figure 4-16.  Distance micrographs of tube at three electrical power 
levels. (A)No power input (B) 102mW (C) 320mW.  
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The horizontal geometry again provided a method for verification of 

the assertion through determination of the required input electrical power for 

concentration and prevention of sedimentation. Sedimentation is prevented 

with 516mW of input electrical power to the drive transducer when the drive 

transducer is parallel to the table. Orientation of the transducer perpendicular 

to the table required 168mW of input electrical power to prevent 

sedimentation. The larger electrical power requirements for the thick quartz 

tube as compared to the soft glass tube could have been explained by 

several factors. Since the quartz is thicker, any attenuation of the signal 

within the glass would be magnified. The larger mass probably also required 

greater energy to excite the structural modes of the tube. 

It was observed that the thick quartz had a very prominent elliptical 

cross-section and large number of bubble occlusions in the quartz walls of 

the tube. To investigate the importance of coupling versus system symmetry, 

one side of the tube was flattened to approximately one-half of the wall 

thickness as shown in Fig. 4-17 to determine the magnitude of dipole 

perturbation by asymmetries. The transducer, visible at the bottom of the 

picture is affixed to the rounded side of the tube directly across from the 

flattened portion to maintain left-right symmetry of the system. Neither 

minimum electrical power input for concentration nor resonance frequency 
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changed significantly when the quartz was flattened until the wall thickness at 

the flat face of the tube became less than about 75% of the inner tube 

diameter. No difference is observed from flattening the entire length of tube 

versus tapering from round to flat along the length of the tube. Although not 

shown in Fig. 4-17, a drive transducer is also placed on the flat face of the 

tube for determination of coupling effects. Required minimum input electrical 

power for concentration dropped to approximately 90mW when the flat 

portion of the tube is equal-to or greater-than the width of the driving 

transducer. This would be expected based on the previously observed 

sensitivity of concentration speed and quality to transducer-tubing coupling 

efficiency.  
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Figure 4-17.  (A) Diagram of flattened thick quartz (QQ) tube. (B) 
Micrograph of flattened thick quartz (QQ) tube.  

The benefits of the observed relative weak dependence on 

perturbations to the symmetry of the tube are threefold. First, the circularity 

and tolerances on the tube could be loosened with no deleterious effects. 

Next, the tube could be modified to allow for reproducible and more efficient 

coupling of drive transducers to the system. Third, while optical probing 

through the internal cylindrical fluid-tubing boundary still remains, the 

cylindrical lens effect of the outer boundary of the tube could apparently be 

eliminated through preparing optically flat external tube walls while still 

maintaining the coupled system dipole resonance conditions, as long as 

drive symmetry is maintained. 
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4.8-Particle Size Dependence 

A 50cm section of thin walled quartz tube, designated TQ was 

characterized for further comparison. The coupled system dipole resonance 

of the TQ tube is at 435 kHz, again theoretically predicted and experimentally 

verified. A similar arrangement of four transducers as in the soft glass and 

regular glass cases was attached to one end of the tube. As before, the 

power dependence of the concentration pattern from minimum formation 

electrical power to maximum electrical power before dissociation was 

investigated. Two sizes of particles were investigated: 10 micron and 3.5 

micron. Both types of particles concentrated and formed vortices at the same 

electrical power levels. Two main differences are observed between the two 

sizes of particles. The first of these is increase of the concentration time 

when 4-micron particles are substituted for 10-micron particles. Second, the 

concentration line for the 4-micron particles is wider than the 10-micron 

particles. Both of these effects could be explained by noting the 

proportionality of the acoustic force on the particles to their volume. 

Approximate time of concentration is about 3 seconds for 10-micron particles 

and 80 seconds for 4-micron particles. The spatial spread of the line of 

particles is about 3 to 4 particle diameters for 10-micron particles and about 

15 particle diameters for 4-micron particles. The relative closeness of the two 
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spatial deviations is probably due to particle agglomeration and consequent 

greater force on the particles. Figure 4-18 displays a comparative plot of 

typical homogeneous distribution before application of the ultrasonic field and 

typical concentration pattern. Figure 4-18A is taken at 0W input power. When 

the electrical power is increased to approximately 88mW, the linear pattern 

shown in Fig. 4-18B begins to form. Approximately 30 seconds elapsed 

between initial application of the field to a homogeneous suspension such as 

shown in Fig. 4-18A to the concentration shown in Fig. 4-18B at 88mW of 

electrical power.  
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Figure 4-18.  (A) Micrograph of un-concentrated 4-micron particles in 
thin quartz tube. (B) Micrograph of concentrated 4-micron particles in 
thin quartz tube.  

No vortices are observed at higher electrical power levels, the 

concentration simply dissociated above approximately 500mW. As before, I 

determined the required input electrical power for concentration and 

prevention of sedimentation. Orientation of the drive transducer parallel to 

the table required 110mW of electrical power to prevent sedimentation. 

When the tube is aligned perpendicular to the table such that the transducer 

normal is parallel to the gravitational force, 74mW of electrical power is 

required to concentrate and maintain suspension. No difference is observed 



150 

 

 

 

between driving downward versus upward.  

For the four types of tube characterized so far, all of the inner 

diameters are approximately the same. Each has coupled dipole resonances 

between 380 kHz and 435 kHz. The particular resonance of each tube is 

highly dependent on the inner diameter of the tube. A section of glass 

capillary tube 100mm long was selected for comparison. The inner and outer 

diameters are 1mm and 1.1mm respectively. Following the previous 

assertion, it would be expected that with a halving of the inner diameter 

would induce a requisite doubling of the resonance frequency.  

Experimentally, the resonance is found at 841 kHz. The thickness 

resonance of the transducer was tuned to around 860 kHz. Using the method 

of Kwiatkowski and MarstonTP

129
PT, the predicted shift in frequency due to 

concentration of particles from a homogeneous suspension is 3.8 kHz for 10-

micron particles, but only 0.022 kHz for 1-micron particles. Experimentally 

observed frequency shifts are 3 kHz for 10-micron particles and 0.02 kHz for 

1-micron particles. Figure 4-19A presented the initial homogeneous 

distribution of 1-micron particles. A typical linear concentration pattern is 

shown in Fig. 4-19B. Due to the tighter curvature of the tube, and small size 

of the particles, only agglomerations of several 1-micron particles are 

optically resolved in the micrograph. Unlike previous tube, only two 
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transducers are attached to the tube; they are placed opposite one another. 

One of the drive transducers attached to the capillary tube was cut at an 

angle such that the thickness varied slightly over the length of the transducer. 

The angular transducer exhibited a much wider bandwidth and lower Q than 

it’s rectangular mate on the opposite side of the capillary tube. When the 

angular transducer is driven, the concentration pattern yielded possessed an 

axial component, as shown in Fig. 4-19C. Each pattern took approximately 4-

5 seconds to form from an initially homogeneous suspension. 

 

Figure 4-19.  (A) Micrograph of un-concentrated 10-micron particles in 
glass capillary tube. (B) Power level 1 in glass capillary tube (C) Power 
level 2 in glass capillary tube. 

The particle distributions of 1-micron particles observed in the glass 
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capillary tube are comparable to the 10-micron particle concentration 

patterns seen in the soft glass and thick quartz tube, and much sharper than 

the 4-micron particle distribution seen in thin quartz tube. This is expected 

due to the higher frequency structure-cavity coupled dipole resonance of the 

capillary tube. Slightly smaller inner diameter tube would be expected to 

exhibit even tighter concentration of 1-micron particles due to the cubic 

frequency dependence of acoustic radiation pressure. The tube would exhibit 

a fundamental lower scaling limit. If the particle size is kept constant while 

the tube diameter is decreased, a point would be reached when the particles 

would significantly perturb the cavity and the long wavelength limit could not 

be assumed. Conversely, if the particle size is decreased below a micron, 

Brownian motion would begin to dominate over acoustic radiation pressure, 

as mass decreased and the acoustic force exerted on the particle would drop 

in proportion to the particle volume.  

4.9-Fluid Selection 

Water was the medium of choice for these experiments for its ease-of-

handling, abundance and ease of application to flow cytometry. However, it 

should be noted that the fluid used in our acoustic concentration apparatus is 

not limited to water. As proof of the applicability of the method to other 
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suspending fluids, reagent grade 4-propanol was used to suspend 0.25% by 

volume 10-micron polystyrene beads. As is expected, the replacement of 

water with 4-propanol caused a change in the coupled dipole resonance 

frequency in TQ quartz from 435 kHz to 446 kHz. A typical initial 

homogeneous suspension and concentration pattern are displayed in Fig. 4-

20.  
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Figure 4-20.  (A) Micrograph of un-concentrated alcohol-suspended 10-
micron particles in thin quartz tube. (B) Micrograph of concentrated 
alcohol-suspended 10-micron particles in thin quartz tube.  

The pattern shown in Fig. 4-20B took approximately 10 seconds to 

form from an initially homogenous distribution similar to that shown in Fig. 4-

20A. Minimum input electrical power to achieve particle concentration is 

10mW. No upper limit to applied power was observed, in that no vortex 

formation occurred up to the 35W power limit of the RF amplifier. A 



155 

 

 

 

reasonable explanation for this behavior is the greater acoustic impedance 

mismatch of both particles with fluid and fluid with walls. The fluid/particle 

acoustic contrast ratio is 880% larger for 2-propanol as compared to water. 

The increased contrast between the fluid and particles led to a lower power 

concentration threshold through greater acoustic force exerted on the 

particles, while the fluid-wall impedance mismatch led to less efficient 

coupling of energy from the wall into the liquid. Larger particles in the 

micrograph are agglomerations of particles. Although for aesthetic reasons, 

the tube is pictured horizontally, the tube was vertical for this experiment.  

4.10-Multiple Transducers 

The next set of experiments investigated the effect of driving pairs of 

transducers in several relative spatial and phase relationships. The 

motivation and results to the position and phase relationships for the 

investigation could be explained by the dipole and quadrupole modes 

diagrammed in Fig. 4-21a and 21b respectively. Figure 4-21a is the 

externally rigidly bound (1,1) Bessel mode; Figure 4-21b is the externally 

rigidly bound (2,1) Bessel mode. Vertical amplitude represented the 

displacement amplitude within the cavity demarcated by the circular external 

boundary. It can be observed that the opposite sides of the cavity would be 
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180 degrees out of phase in the dipole mode, and in-phase in the quadrupole 

mode, which occurred at a higher frequency than the coupled dipole 

resonance. These assertions are confirmed by the multiple transducer 

excitation experiments. As discussed in a previous chapter, the dipolar 

coupled mode is preferred for particle concentration, a point that is further 

confirmed by the results discussed above.  

 

Figure 4-21.  Diagram of (A) Dipole (B) Quadrupole vibrational modes.  

  

A photograph of the apparatus used for the experiments is displayed 

in Fig. 4-22. Transducers on the same side and in-line with each other 

showed minimum power consumption when driven in phase with each other. 

When separately driven transducers are placed with their ends within 10mm 

of each other in-line, vortices are created in front of and between the 

transducers when the sum of the power input into each transducer exceeded 
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the threshold established with one transducer for the tube. When the 

distance between the transducers is greater than 10mm, vortices only 

appeared in front of each transducer. Vortices reproducibly appeared at the 

same points each time they are induced and reoccurred at approximately 

one-wavelength intervals along the axis.  Neighboring vortices rotated 

counter to each other. Rayleigh streaming provides the most likely 

explanation for this behavior. No acoustic streaming of less than or greater 

than one wavelength scale is observed. When coaxial, collinear transducers 

are excited at 180 degrees out of phase, no particle concentration is 

observed between or in front of the transducers, but is present outside of this 

region.  

 

Figure 4-22.  Photograph of thick quartz tube used for multiple 
transducer spatial and temporal relationship investigation.  

Transducers on opposite sides, even when axially offset, yielded the 

greatest efficiency when driven 180 degrees out of phase with one another. 
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Again, the sum of input power to each transducer is required to be less than 

the vortex threshold for stable particle concentration to occur. When the 

transducers are at 90 degrees, driving the transducers at a phase 

relationship of other than 90 degrees relative phase causes destructive 

interference between the driven transducer signals and hence reduction in 

concentration quality. Driving at 90 degrees relative phase exhibited much 

weaker concentration than the coaxial, collinear or coaxial, opposing 

transducer arrangements.  

For the spatial and phase relationship investigation above, the power 

input into the two transducers was identical. When one of the transducers is 

driven at a significantly greater power level, the same effects are visible, but 

power levels are not additive in the induction of vortices. Another assumption 

made in the above multiple transducer investigation described in the previous 

section was identical frequency for the driven transducers. When the 

transducers are driven at different frequencies, the power differences 

became most evident. The transducer with slightly higher power dominated 

the standing wave, and thus the quality of concentration. Additionally, a 

traveling wave is generated along the tube central axis that served to drive 

the particles along the axis of the tube. Very little sum and difference 

frequency generation is observed.  Power consumption is equal to or greater 
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than the single driven transducer case for any of the multiple source trials. 

Concentration speed and quality improved only when the distantly separated 

transducers matched the local resonances of the tube and the phase 

relationships described above are obeyed.  

4.11-Conclusion 

Two microscopy methods were utilized to image the concentration 

pattern.  Four types of tube, three sizes of particles, and two types of fluid 

were utilized in the process of the investigation. 

The tube-cavity coupled dipole resonance of the tubes is shown to 

efficiently concentrate particles to the central axis of the tube. Additionally, it 

was demonstrated that the inner diameter of the tube was the dominant 

factor in determining the frequency of coupled dipole resonance. 

Perturbations to the exterior of the tube only appeared to affect axial standing 

waves. Coupling quality of the transducer to the tube is shown to be the 

primary factor in concentration speed and quality.  

An investigation of the efficacy of multiple transducer excitation of the 

tube was performed. The results demonstrated a 180-degree phase 

difference between the opposite sides of the tube down the entire length of 

tube at concentration resonances, further supporting the hypothesis of dipole 
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dominance in generating concentration. Driving transducers down the length 

of the tube collinearly did not increase concentration quality, but did increase 

concentration speed. Driving multiple transducers generated greater power 

consumption. The primary benefit of collinear drive transducers is the 

avoidance of vortices or thermal convection at higher input powers.  No 

limitation was observed to structural excitation distance with a single 

transducer. The vibration phase, when no axial standing wave is present, 

remained the same down the length of the tube.   

It is shown both theoretically, in chapter 3, and experimentally, in the 

present chapter, that greater acoustic forces are exerted on the particles 

perpendicular to the face of the drive transducer along the phase symmetry 

line along the normal to the transducer face as compared to parallel to the 

transducer face. An investigation of limitations on excitation power 

demonstrated critical points beyond which vortex formation significantly 

disturbed the concentration pattern. Axial standing waves manifestation 

occurred at any power level capable of concentration, so long as the 

necessary power is reached for maintaining suspension. Powers at which 

thermal convection or cavitation occurred exceeded the power necessary to 

induce vortices in the fluid. 

An investigation was performed into the experimental limitation on 
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particle size for concentration. Since the force on the particles is proportional 

to the cube of the product of the particle radius and the wavenumber, smaller 

particles would concentrate slower than larger particles at the same 

frequency. As expected, decreasing the chamber radius thereby increasing 

the resonant frequency, or increasing particle size consequently increased 

acoustic radiation pressure on the particles. .  

Changing the suspending fluid from water to isopropanol, and thereby 

the acoustic contrast ratio 880% between the fluid and the particles caused 

an expected shift in resonant frequency while slightly lowering the necessary 

input power for particle concentration. The expected lowering of power 

consumption is less than expected based on the fluid-particle concentration 

ratio most likely due to the change in acoustic contrast between the fluid and 

the structure.  
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5-INHERENT LIMITATIONS 

5.1-Introduction 

The limitations of concentration by structural excitation inherent in the 

method arise predominately through: acoustic contrast ratio, higher power 

disruptive effects, cavity size/excitation frequency, thermal resonance 

perturbation, and particle resonance perturbation. The inherent limitations on 

the method are discussed in order of magnitude with contrast ratio having the 

greatest effect and particle resonance perturbation having the least. Methods 

for extending the usable range of the method will also be discussed.  

5.2-Acoustic Contrast Ratio 

The acoustic contrast ratio consists of four terms corresponding to the 

four acoustic forces on particles in the field; density contrast, compressibility 

contrast, viscosity contrast, and thermal conductivity contrast respectively. 

The first term is familiar from King��; the compressibility term was put forth 

separately but equivalently by Yosioka and Kawasima��, and Gorkov��. 

Danilov P

101,102
P introduced the fluid viscosity compensation term, which was 

later modified by Doinikov��� to include force contribution of the viscosity 

contrast between the fluid and the particles.  Doinikov102-105 also introduced 
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the last term to account for thermal dissipative effects.   

Doinikov obtained the full expressions for acoustic force by solving for 

the linear scattering coefficients for a particle of arbitrary radius, density, 

compressibility, thermal conductivity, and viscosity including both viscous 

and thermal dissipative mechanisms. Equations 5.1 through 5.6 describe the 

motion and thermodynamics of a viscous heat-conducting fluid. The variables 

are as follows: v, ρ, and p are the fluid velocity, density, and pressure 

respectively. Absolute temperature is expressed as T, s is the specific 

entropy, κ represents thermal conductivity of the fluid , δBik B is the Krohnecker 

delta, η and  ξ are shear and bulk viscosity of the fluid respectively. 

Summation of repeated indices is implied. The sound speed in the fluid is 

represented by c, CBp B is the specific heat of the fluid at constant pressure, γ is 

the ratio of specific heats of the fluid, and α represented the coefficient of 

volumetric thermal expansion of the fluid.  
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(5.1) 
 
 
(5.2) 
 
 
 
(5.3) 
 
 
 
(5.4) 
 
 
 
(5.5) 
 
 
(5.6) 
 

The stress tensor for a perfect fluid can be expressed in terms of first 

order quantities. Solving for an imperfect fluid requires solution of the time-

averaged equations of the fluid motion to accuracy in the second-order terms 

of the incident wave amplitude. Doinikov chose to approach the problem by 

first solving in the linear approximation and then, after averaging over time, 

determining the solutions in the second approximation. The velocity could be 

separated into the scalar(ψ) and vorticity(Ψ) velocity potentials of first order 

as  
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(5.7) 

The incident sound field is assumed to possess temporal variation of 

the form, eP

iω
P P

t
P. If no vorticity is present in the incident field, then the general 

form of the first-order solution after linearizing  can be expressed in terms of 

the scalar velocity potential and temperature as  
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(5.8) 
 
 
 
 
(5.9) 
 
 
 
(5.10) 
 
 
 
 
(5.11) 
 
 
 
.( 5.12) 

Equations 5.8 through 5.12 describe the transmission of an acoustic 

wave through a viscous heat-conducting fluid when inclusions such as 

particles are absent, and thus describe the incident acoustic wave and 

(1) (1) (1)( )v ψ= ∇ + ∇ × Ψ
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possess a subscript I. The function PBn B(cos(θ)) is the associated Legendre 

polynomial. The equations also included a spherical Bessel function jBn B.  

The scattered wave is described as written in equations 5.13 through 

5.18. The equations contain spherical Hankel functions of the first kind and a 

vortical component. The coefficients αB1n B, αB2n B, and αB3n B are the dimensionless 

linear scattering coefficients, determined by the boundary conditions at the 

particle surface, and the conditions of continuity of velocity, stress, 

temperature, and heat flux. Although, some of the material properties such 

as viscosity, thermal conductivity and volumetric thermal expansion 

coefficient show a weak temperature dependence, they are assumed to be 

independent of temperature for small temperature variations.  
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By time averaging equations 5.1 through 5.3, Doinikov obtained 

equations 5.19 through 5.21, which describe stationary temperature 

distribution and acoustic streaming.  
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The time-averaged velocity could be broken into fluid velocity in the 

absence of the particle and velocity of the acoustic streaming arising around 

the particle as written in Eq. 5.21. The fluid flow defined by the velocity in the 

absence of the particle, vBI B gives rise to an analogue to Stokes’ drag force 

arising from acoustic streaming. The scattered field can be written in terms of 

the scalar and vorticity velocity potentials of the acoustic streaming as  

Axial symmetry of the problem dictated that the vorticity velocity 

potential of acoustic streaming must be of the form Ψ=eBεBf(r,θ) and thus the 

divergence of Ψ equals zero. The expressions for Φ and Ψ are  
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After solving for the velocity potentials, Doinikov obtained an 

expression for radiation force on a sphere in a fluid. The results are 

summarized in equations 5.26 through 5.29, where F is the total force, FBrB is 

the radiation force on the particle, F Bd B is the drag force due to acoustically 

generated fluid flow in the absence of the particle, RB0 B is the equilibrium 

particle radius, v BIzB is the acoustically-driven fluid velocity in the absence of 

particles, η is the coefficient of shear viscosity of the liquid, and the 

subscripts f and p refer to the fluid and particle respectively.  
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The function Z Bn B is defined in Eq. 5.29. The exact expressions for FBn B, 

expressed in equations 5.30 through 5.44, below, hold true for any values of 

xB1 B, xB2 B, or xB3 B.  

( )3 1 * * *
1 12 (2 1)(2 3)0

2(2)3 sin 30 1
0

* 2 21 * ' '1Re ( ) ( )1 1 1 1 12(2 1)(2 3)0 3

(0 ) ( 0) ( )*
1

r

d

F F Fr d
nF Z A A Z A Af n n n n n nn nn

F R v d xf Iz fr R

A An n n x j x x j xn nn n xn

j j jkZ F F Fn n jn n jn n jn

π ρ

πη θ θ πρ

α α α

= +

∞ +
= × +∑ + ++ +=

= −
=

⎧ ⎫∞ ⎡ ⎤+ ⎪ ⎪+× × +∑ ⎢ ⎥⎨ ⎬++ + ⎢ ⎥⎪ ⎪= ⎣ ⎦⎩ ⎭

= ++

∫

3 3 *
11 1 knj k

α
⎛ ⎞

∑ ∑⎜ ⎟⎜ ⎟+= =⎝ ⎠



171 

 

 

 

 

 
(5.30) 
 
(5.31) 
 
 
(5.32) 
 
(5.33) 
 
(5.34) 
 
(5.35) 
 
(5.36) 
 
 
(5.37) 
 
(5.38) 
 
(5.39) 
 
(5.40) 
 
 
(5.41) 
 
 
(5.42) 
 
(5.43) 
 
 
(5.44) 
 

1(01) (11) (21)( , ) ( , )
1 1 1 12

1(02) (11) (21)( , ) ( , )
1 2 1 22

1(03) (110) (210)( ) ( )
1 12

1(10) (11) (12)( , ) ( , )
1 1 1 12

(11) (11) ( , )
1 1

(12) (11) (
1

F X x x X x x
n n n

F X x x X x x
n n n

F Y x Y x
n n n

F X x x X x x
n n n

F X x x
n n

F X x
n n

= +

= +

= +

= +

=

=

⎡ ⎤
⎢ ⎥⎣ ⎦

⎡ ⎤
⎢ ⎥⎣ ⎦

⎡ ⎤
⎢ ⎥⎣ ⎦

⎡ ⎤
⎢ ⎥⎣ ⎦

, )
2

*(13) (110) ( )
1

1(20) (11) (12)( , ) ( , )
2 1 2 12

(21) (11) ( , )
2 1

(22) (11) ( , )
2 2

*(23) (110) ( )
2

1(30) (101) (201)( ) ( )
1 12

(31) (101) ( )
1

(32)

x

F Y x
n n

F X x x X x x
n n n

F X x x
n n

F X x x
n n

F Y x
n n

F Y x Y x
n n n

F Y x
n n

F Y
n

=

= +

=

=

=

= +

=

=

⎡ ⎤
⎢ ⎥⎣ ⎦

⎡ ⎤
⎢ ⎥⎣ ⎦

⎡ ⎤
⎢ ⎥⎣ ⎦

⎡ ⎤
⎢ ⎥⎣ ⎦

*(101) ( )
2

(33) (011) (211)2( 2){( 1) ( , ) ( , )
3 1 3 3 1 3 3

(011) (211)2 ( , ) ( , )
3 1 3 3 1 3 3

(1) (1) (1) (1)* *( 1) ( )( '( )) (( ( )) '( ) }
3 3 1 3 1 3

x
n

F n n n x H x x H x x
n n n n n

ix H x x H x x
n n n n

n h x h x h x h x
n n n n

= + + − ×
+ +

+ − ×
+ +

+ + +
+ +

⎡ ⎤
⎢ ⎥⎣ ⎦

⎡ ⎤
⎢ ⎥⎣ ⎦

⎡ ⎤
⎢ ⎥⎣ ⎦

⎡ ⎤
⎢ ⎥⎣ ⎦



172 

 

 

 

The variables xB1 B, xB2 B, or xB3 B are defined as 

where the identities of the other variables are, ω is angular frequency, 

ρ Bf B is fluid density, ηBf B refers to fluid shear viscosity, cBf B is fluid sound speed, κ Bf B  

is thermal conductivity, C is isobaric specific heat, γBf B is the specific heat under 

constant pressure divided by the specific heat at a constant volume. 

The functions X and Y are defined in terms of H functions in Cartesian 

coordinates as  
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Equation 5.50 defines the H function in terms of spherical Hankel 

functions. The function hBm PB

(k)
P is the spherical Hankel function of the k-th kind 

and the prime denotes differentiation.  

While the above equations are applicable to a spherical particle of 

arbitrary radius, density, compressibility, and thermal conductivity, it is 

instructive to calculate the linear scattering coefficients for the case of a 

compressible particle much smaller than a wavelength and much bigger than 

the viscous and thermal wavelengths in the fluid as a means of qualitatively 

estimating inherent limitations of the method. The resulting equation, derived 

by Barmatz and CollasTP

130
PT, for a compressible spherical particle in a 

cylindrical standing wave is 
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where FBd B is defined in Eq. 5.28, and , ω is angular frequency, η refers to 

shear viscosity, γ refers to the ratio of specific heats, c is sound speed, κ is 

thermal conductivity, C refers to heat capacity, α refers to coefficient of 

volumetric thermal expansion, kBrB is radial wavenumber, kBz B is axial 

wavenumber, RB0 B is particle radius, and ε is energy density of the field in the 

fluid. The subscripts p and f refer to particle and fluid properties respectively. 

Viscous effects can be treated as a change in phase and amplitude relations 

between primary and scattered fields. The number of cross terms makes 

determination of contrast factor limitations unclear.  

The algebraic separability of the planar standing wave system as 

compared to the inseparability of the cylindrical standing wave system 

simplifies the analysis of the contrast terms. Although the equations below 

described a sinusoidal planar standing wave, the same limitations on the 

contrast terms contained in square brackets remain true for cylindrical 

standing wave problems. The resulting simplification is  
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(5.60) 
 

The four terms in the contrast factor(CF) correspond to the four 

acoustic forces on particles in the field; density contrast, compressibility 

contrast, fluid viscosity, and thermal conductivity respectively. The viscous 

and thermal terms, ZBv B and Z Bt B respectively are defined in equations 5.57 and 

5.58.  

It can be seen in Eq. 5.59 that the force exerted on the particles is 

proportional to the cube of the frequency divided by the wavenumber in the 

suspending fluid multiplied by a term proportional to particle volume. This 

explains the inability to tightly concentrate 3-micron particles at 417 kHz in 

thin quartz, but easily concentrate 2-micron particles at 840 kHz in 

borosilicate capillary tube. 

It is instructive to compare the effect of particle material properties to 

establish applicability limits to this concentration method.  
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The relative magnitudes of the four acoustic forces are compared 

individually as the particle density, compressional sound speed, fluid 

viscosity, thermal conductivity, and heat capacity are varied.  Figure 5-1 

showed the magnitude of the first two terms in Eq. 5.60 as a function of 

particle density and compressibility for materials from cork through gold. The 

medium is assumed to be water. The upper left corner shows a blue region 

corresponding to particles with densities and compressibilities near that of 

water. The area above and to the left of the blue region corresponds to 

materials with negative acoustic contrast, while the area below and to the 

right of the blue region corresponded to positive acoustic contrast. Negative 

contrast translates to particles that would be driven pressure antinodes, as 

they are more compressible and/or less dense than the suspending fluid. 

Positive contrast translates to particles that would be driven to pressure 

nodes, as they are less compressible and/or more dense than the 

suspending fluid. The dark red region in the upper left corner is a gradient, 

but for ease of visibility of the larger plot, is clipped. The actual magnitudes in 

that region are approximately ten times larger at the farthest top left corner 

than the gray bar scale indicated, corresponding to cork. The region below 

and to the right of the blue region corresponded to plastics, glasses, and 

metals.  Particle materials of industrial interest would be plastics and metals.  
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Figure 5-1. Calculations of acoustic contrast factor due to density and 
compressibility for large range of materials. 

Table 5-1 summarizes the material properties of some common solids 

of industrial interest. The table is grouped into plastics, glasses, and metals 

separated by double line demarcations. The longitudinal and shear sound 

speeds are designated CBlong B and CBshear. B. As expected, the acoustic contrast 

factor is greatest for metals, and least for plastics. The acoustic contrast 

factor only includes the density and compressibility, not frequency or particle 
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radius. As can be seen in the figure, the denser and less compressible 

particles are expected to experience greater acoustic force.  
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Material ρ(kg/mP

3
P) CBlong B( m/s)CBshearB( m/s)

Acoustic Contrast 
Factor 

LDPE 920 1950 540 0.0945 
HDPE 960 2430 1117 0.1896 
Styrene 1050 2400 1120 0.2276 
PVC 1380 2380 1094 0.3401 
Neoprene 1330 1550 713 0.1928 
Polycarbonate 1200 2300 1100 0.276 
Pyrex 2320 5640 3280 0.5574 
Flint 3880 3980 2380 0.6501 
Crown 2240 5100 2840 0.547 
Aluminum 2700 6420 3040 0.5923 
Copper 8930 5010 2325 0.7505 
Gold 19700 3240 1200 0.7926 
Lead 11400 1960 690 0.7535 
Nickel 8900 6040 3000 0.7513 
Silver 10400 3650 1610 0.7592 
Steel 7900 5960 3220 0.7414 
Titanium 4500 6070 3125 0.6789 
Zinc 7100 4210 2440 0.7288 
Table  5-1. Table of common material properties, and relative acoustic 
contrast factor values to water.   
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Figure 5-2. Calculations of acoustic contrast factor due to density and 
compressibility for plastic particles. 

Figure 5-2 shows a magnified view of the region corresponding to 

plastics and glasses. Figure 5-3 displays the magnitudes of the viscous force 

term for a range of particle densities covering cork to common metals, 

against a range of fluid viscosities from just below water to pure glycerin. A 

table containing the viscosity of various liquids is presented in table 5-2. As 

can be seen in the graph, all of the values are positive, and would therefore 

only serve to push particles to the pressure nodes. As the viscosity 
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approaches that of glycerin the force due to fluid viscosity approaches the 

same order of magnitude as the density compressibility force terms. The 

viscous contribution to the acoustic force is proportional to the wavelength in 

the liquid and cross sectional area of the particles.  
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Figure 5-3. Calculations of acoustic contrast factor due to fluid 
viscosity for large range of materials.  

Liquid ρ(kg/mP

3
P) CBfluid B( m/s) η(Ns/mP

2
P) S.H.(J/kgK) κ(W/mK) 

Ethyl Ether 710 1010 2.30E-04 2290 0.14 
Acetone 790 1170 3.00E-04 2150 0.17 
Octane 700 1193 5.50E-04 2230 0.12 
Methanol 790 1197 5.50E-04 2610 0.22 
Water 1000 1487 1.00E-03 4182 0.59 
Ethanol 810 1150 1.20E-03 2470 0.16 
Glycerin 1260 1904 1.50E-02 2430 0.29 
Olive Oil 900 1440 8.40E-02 2000 0.19 
Table  5-2. Table of common fluid properties: density, sound speed, 
viscosity, specific heat, and thermal conductivity.   
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For ease of visualization within the range of particle materials such as 

plastic, or biological cells, Figure 5-4 presents the viscous force term 

magnitude over a smaller density range. A small region is visible at the top of 

Figure 5-4, which would seem to be indicative of a change of sign, but this is 

not the case. The viscous force term remains positive for all densities. Within 

the range of densities corresponding to plastics or biological cells, the 

viscosity contrast term does not exceed 0.007, or approximately one tenth of 

the density and compressibility terms.  
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Figure 5-4. Calculations of acoustic contrast factor due to suspending 
fluid viscosity for plastic particles. 

The last of the four terms in equation 5.60 is due to thermal 

conductivity contrast between the particles and liquid. Since the solvent of 

interest in this research is water, it is used for the following calculations. 

Figure 5-5 displays the thermal conductivity force magnitude as density and 

thermal conductivity are varied.  
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Figure 5-5. Calculations of acoustic contrast factor due to thermal 
conductivity for plastic particles in water while varying density relative 
to thermal conductivity. 

On both plots, all magnitudes are listed as negative due to the action 

of the thermal conduction force terms in driving the particles towards the 

pressure antinodes. It should be noted that the magnitude of the thermal 

force is at least four orders of magnitude smaller than the 

density/compressibility term and at least 2 orders of magnitude smaller than 
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the viscosity force term even when calculated for higher specific heat and 

lower density particles or different fluids. The results displayed here are 

indicative of all other permutations investigated.  

For further comparison of relative magnitudes of the four acoustic 

force terms, an array of fluid/particle material pairings are made. Particle/fluid 

material incompatibility is noted for blood cells in octane or acetone. The 

approximate values for blood cell properties are found from Apfel et alP

11
P. The 

results of the acoustic contrast calculations for each pairing are presented in 

tables 5-3, 5-4, and 5-5.  
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Liquid Blood Cell LDPE HDPE Aluminum Nickel 
Ethyl Ether 0.364 0.3467 3.86E-01 0.6376 0.7751 
Octane --------- 0.325 3.74E-01 0.6391 0.7756 
Acetone --------- 0.2797 3.33E-01 0.6177 0.7685 
Methanol 0.2821 0.2749 3.30E-01 0.6175 0.7684 
Water 0.0735 0.0945 1.90E-01 0.5673 0.7513 
Ethanol 0.2821 0.2728 3.25E-01 0.6131 0.7669 
Glycerin -0.2992 -0.212 -2.96E-02 0.5061 0.7295 
Olive Oil 0.1505 0.1628 2.45E-01 0.5902 0.7592 
Table  5-3. Table of acoustic contrast factor values for common fluid-
particle material pairings due to density and compressibility.   

Liquid Blood Cell LDPE HDPE Aluminum Nickel 
Ethyl Ether 0.0022 0.001 1.30E-03 0.014 0.0292 
Octane --------- 0.0017 2.30E-03 0.0222 0.0456 
Acetone --------- 0.0004 6.00E-04 0.0134 0.0307 
Methanol 0.0018 0.0005 9.00E-04 0.0181 0.0416 
Water 0.0001 0.0002 0.00E+00 0.0152 0.0462 
Ethanol 0.0022 0.0005 1.00E-03 0.0256 0.0602 
Glycerin 0.0035 0.0107 7.90E-03 0.0317 0.1446 
Olive Oil 0.0062 0.0001 1.10E-03 0.1723 0.4592 
Table  5-4. Table of acoustic contrast factor values for common fluid-
particle material pairings due to viscosity.   
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Liquid Blood Cell LDPE HDPE Aluminum Nickel 
Ethyl Ether -2.194E-06 -2E-06 -1.88E-06 -1.7E-06 -2E-06 
Octane --------------- -2E-06 -1.83E-06 -1.67E-06 -2E-06 
Acetone --------------- -2E-06 -1.94E-06 -1.75E-06 -2E-06 
Methanol -2.234E-06 -2E-06 -1.83E-06 -1.63E-06 -2E-06 
Water -1.847E-06 -1E-06 -1.35E-06 -1.14E-06 -1E-06 
Ethanol -2.029E-06 -2E-06 -1.70E-06 -1.53E-06 -1E-06 
Glycerin -1.884E-06 -1E-06 -1.48E-06 -1.29E-06 -1E-06 
Olive Oil -2.311E-06 -2E-06 -1.93E-06 -1.73E-06 -2E-06 
Table  5-5. Table of acoustic contrast factor values for common fluid-
particle material pairings due to thermal conductivity.   

As can be seen when comparing tables 5-3, 5-4, and 5-5, density and 

compressibility contrast provided the largest contribution to the acoustic 

force, but for cases of higher density contrast and/or greater fluid viscosity, 

viscous terms become comparable to the density and compressibility terms. 

It should also be noted that the density and compressibility contrast terms 

become negative for certain liquid/solid pairings. This indicates that in such 

material pairings, the particles would be driven to pressure antinodes, or if 

the fluid were mixed with a fluid of positive contrast, a point would exist 

where the particles would not experience any acoustic force due to density 

and compressibility. Acoustic forces arising from viscosity or thermal 

conductivity could still be exhibited in such a case. The force due to thermal 

conductivity is always negative and the force due to viscosity is always 

positive.  
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The emerging pattern indicates the possibility of a dimensionless 

number for the characterization of the system. While the four terms described 

above do provide dimensionless contrast factors, they did not adequately 

account for the effect of particle radius or excitation frequency. When the four 

terms are summed and multiplied by the ratio of particle radius to wavelength 

of sound, I obtain a dimensionless contrast factor that more adequately 

represents the system. Concentration is experimentally possible when the 

absolute value of the contrast factor exceeded 1.5E-6 for 1W power input.  

Example values for 3-micron particles/cells of the previous material pairings 

are summarized in Table 5-6.  

Liquid Blood Cell LDPE HDPE Aluminum Nickel 
Ethyl Ether 5.731E-06 5E-06 5.98E-06 1.11E-05 1E-05 
Octane --------------- 4E-06 4.22E-06 8.54E-06 1E-05 
Acetone --------------- 3E-06 3.80E-06 7.98E-06 1E-05 
Methanol 3.167E-06 3E-06 3.61E-06 7.96E-06 1E-05 
Water 5.17E-07 7E-07 1.33E-06 4.67E-06 7E-06 
Ethanol 3.463E-06 3E-06 3.87E-06 9.15E-06 1E-05 
Glycerin -1.176E-06 -6E-07 9.90E-08 3.06E-06 7E-06 
Olive Oil 1.427E-06 1E-06 1.88E-06 1.3E-05 3E-05 
Table  5-6. Table of acoustic contrast factor values for common fluid-
particle material pairings at 417 kHz for 3-micron particles.   

Values highlighted in bold fall below the threshold level and thus 

would not be expected to concentrate. Increasing the excitation frequency 

increases the contrast factor. Table 5-7 presents the contrast factor if the 
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frequency are doubled from 417 kHz to 834 kHz and consequently reducing 

the tube radius to maintain dipole character of the resonance. The necessity 

of maintaining a dipolar resonance is discussed in a previous chapter. 

Particles that would not concentrate at 417 kHz would concentrate at 834 

kHz as evidenced in the comparison of tables 5-6 and 5-7.  

Liquid Blood Cell LDPE HDPE Aluminum Nickel 
Ethyl Ether 2.267E-05 2E-05 2.38E-05 4.26E-05 6E-05 
Octane --------------- 1E-05 1.67E-05 3.23E-05 4E-05 
Acetone --------------- 1E-05 1.51E-05 3.07E-05 4E-05 
Methanol 1.252E-05 1E-05 1.44E-05 3.03E-05 4E-05 
Water 2.06E-06 3E-06 5.30E-06 1.79E-05 3E-05 
Ethanol 1.366E-05 1E-05 1.54E-05 3.43E-05 5E-05 
Glycerin -4.82E-06 -3E-06 1.30E-07 1.12E-05 2E-05 
Olive Oil 5.35E-06 5E-06 7.45E-06 4.18E-05 9E-05 
Table  5-7. Table of acoustic contrast factor values for common fluid-
particle material pairings at 834 kHz for 3-micron particles.   

5.3-Disruptive Effects  

The primary radial and secondary axial acoustic forces are functions 

of the acoustic energy density ε, a measure of the energy residing in the 

wave field. A common method of energy density estimation is equilibrating 

gravitational force with the primary acoustic force on particles whose 

properties are well known. A linear proportionality relationship can then be 

assumed for energy density to voltage. This method cannot be applied to 

resonant systems due to disturbance of the sound field. A slight change in 
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resonance hugely perturbs the energy density in the system. At resonance, 

the electrical impedance of the system reaches a local minimum while power 

and current reach a local maximum for constant input voltage. The unitless 

quality factor, Q is a common characterization method for oscillatory 

systems.TP

 
PTTP

131
PT It is defined as the ratio of the product of energy density and 

angular frequency divided by the power input which can also be expressed in 

terms of an experimentally determined absorption coefficient α which also 

included the effective sound pressure and compressibility. The definition is TP

132  

α
εω

2
k

P
Q ==  (5.61) 

Resonators driven at frequencies with high values of Q require lower 

power input to generate a given energy density. Driving a cavity at lower 

“quality” resonances leads to inefficient concentration, inhomogeneous 

heating of the resonator, temperature gradients and consequent convective 

flow within the cavity. According to Shutilov133 PT, the absorption coefficient for 

liquids in terms of the viscosity of the liquid µ is described by  

)
3
4'(

2 3

2

µµ
ρ
ωα +=

c
 

(5.62) 

Since the acoustic energy density is a measure of energy in the wave 

field, it can be expressed in terms of the time-averaged potential and kinetic 

energy densities, EBpo BBt B and EBkin B respectively which are expressed in Eq. 5.26. 
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Consequently, the energy density can be rewritten as  
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(5.63) 
 
 
(5.64) 
 
 
(5.65) 

Since the rate of particle movement to fixed nodal or anti-nodal 

positions within the fluid is directly proportional to the applied standing wave 

pressure amplitude, increasing sound pressure might be used as a method 

to accelerate the segregation process. However, increased sound pressure 

also increases the potential for acoustic cavitation and streaming, which 

interferes with efficient particle concentration in standing wave fields. The last 

term outside of the brackets in Eq. 5.59 arises from the solution of the time-

averaged equations of second order. The additional force due to attenuation 

in the fluids or absorption in the particles induces acoustic streaming and 

consequently additional drag forces on the particles leading to increased 

scattered field amplitude. It induces stationary fluid flow in the absence of 

particles and is also known as acoustic streaming.  

Acoustic streaming is defined as non-oscillatory steady fluid motion 

originating from spatial non-uniformity of the sound field or from energy 
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dissipation at the interfaces. There are four general classifications of 

streaming; Rayleigh��, SchlichtingTP

133
PT, EckartTP

134
PT, also called “quartz wind”, and 

cavitation streaming. Rayleigh streaming results from vortex flow outside of 

the boundary layer on the order of a wavelength. Schlichting streaming is 

caused by vortex flow inside the boundary layer of the solid-liquid interface 

and is restricted to a region much less than a wavelength. Eckart streaming 

is due to attenuation of the sound field in the bulk fluid and thus extends over 

much larger than a wavelength. Cavitation streaming is caused by the 

pulsation of non-inertial bubble oscillation and is typically restricted to a 

region less than a wavelength.  

The last term in Eq. 5.59 accounts for acoustic streaming. In the 

derivation of the equation, it is assumed that no thermal gradient is present. 

The following discussion will be restricted to Rayleigh, Schlichting, and 

Eckart streaming. Streaming can be further broken into streaming around 

particles and acoustically driven steady fluid motion in the absence of 

particles. Both types of streaming arise from the second order terms in the 

time-averaged equations of the fluid motion.  

The total acoustic force on the particle is defined as the sum of the 

acoustic radiation pressure on particles and the drag force. In order for 

concentration to occur, the force on the particles must be greater than the 
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drag force from streaming. The inequality can be expressed as  

If the common terms on each side of the inequality are cancelled and 

the remaining terms are rearranged, Eq. 5.66 could be rewritten as  

The resulting dimensionless inequality establishes the point at which 

streaming dominates. The other acoustic effect that disrupts efficient 

concentration is acoustic cavitation. Acoustic cavitation is the generation of 

bubbles or vapor cavities in fluids in response to an alternating pressure field. 

In a pure fluid with no nucleation sites under ideal unperturbed conditions, 

the cavitation threshold is equal to its tensile strength. The formation of 

cavitation bubbles occurs at nucleation sites. Unlike the other three types of 

acoustic streaming, the direction of cavitation jet streaming is stochastic. In a 

fluid with impurities, dissolved gases and nucleation sites, however, the 

cavitation threshold can be two to three orders of magnitude smaller TP

135
PT. The 

bubbles concentrate energy by transforming the low energy density in a 

sound field into a localized high energy density characteristic of the 

 

 
 
(5.66) 
 

22
0

CF f

Rf

η

ωρ
≥  

 
(5.67) 
 

3 3 22 0 0sin 2
0

R Rd fCFf c c c Rf f f

ηω ωωπρ ε πε
ω

⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟≥⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦



197 

 

 

 

surroundings and interior of a collapsing bubble. When the collapse of the 

bubbles is capable of producing high fluid velocities, shock waves, and/or 

jetting, the cavitation is deemed “inertial”. For inertial bubbles, it is not 

uncommon for the bubbles to double their size in a few acoustic cycles then 

rapidly collapse. For cavitation where the bubble size changes relatively little, 

the term “non-inertial” is applied. Typically inertial cavitation occurs at lower 

frequencies than non-inertial cavitation due to limited time for bubble growth 

at higher frequencies.  

Gould et al. TP

 136
PT investigated the effects of low levels of cavitation on 

the behavior of particles in a fluid. They compared water saturated with 

oxygen to degassed water. They found that the first sign of cavitation 

occurred at approximately eight times the pressure required to concentrate 

the particles with sustained concentration until sound pressures exceeded 

approximately twenty seven times the minimum concentration pressure. 

They also observed that bubbles smaller than the particle size are attracted 

to pressure antinodes, but once the bubbles grew larger than the particle 

size, they are attracted to pressure nodes. Due to transient noise produced 

during rapid collapse of bubbles in the standing wave field, measurement of 

noise could be used to qualitatively estimate cavitation within the cavity.  

During the course of our experiments cavitation is only observed at 
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input power levels exceeding approximately 10 times the minimum energy 

required to concentrate and approximately 5 times the energy required to 

induce disruptive streaming. Hence, the useful power-input threshold 

preceded the cavitation threshold for our system.  

5.4-Cavity Size/Excitation Frequency 

As noted in section 5.2, the acoustic radiation pressure exerted on 

particles is proportional to the product of the wavenumber cubed and particle 

volume. Two methods could be used to compensate for smaller particles; 

increase in energy density, or increase in excitation frequency. Increase in 

energy density would be limited by the power limits discussed in the previous 

section. Since efficient particle concentration occurs at the tube-cavity 

coupled dipole resonance of the system, the resonance frequency would 

have to be shifted up as well. The inner cavity dimension of the tube would 

thus be reduced proportionally. In a previous chapter, the resonance 

frequency is increased from 417 kHz in soft glass to 841 kHz in glass 

capillary tube, allowing concentration of 1-micron polystyrene beads. Three 

limitations exist to the scalability. When the resonance of the transducers is 

tuned by halving the thickness, the acoustic force exerted by the 

piezoceramic drive transducer is reduced. Driving a thicker transducer at a 
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higher harmonic of the thickness resonance can compensate for such an 

effect. The second limitation of higher frequencies and corresponding smaller 

cavity dimension is due to the perturbative effect of large particles in a small 

cavity on the acoustic field. Further discussion of this effect will be presented 

in a later section. The third limitation arises from fluid attenuation of higher 

frequencies. Transmission loss due to attenuation in a fluid is represented in 

terms of an attenuation coefficient 'α' with the units of dB/m. There are two 

primary causes of attenuation, viscous friction, and ionic relaxation137  

Attenuation due to viscous friction refers to the conversion of sound 

energy to heat due to transfer of energy to the internal vibrational modes of 

the fluid molecules. Viscous friction is the dominant mode of attenuation at 

frequencies above 1 MHz. The attenuation coefficient is strongly frequency 

dependent with attenuation increasing rapidly with frequency. An 

approximate expression for the attenuation coefficient (αB1 B) for water due to 

viscous friction only is given by:  

 

(5.68) 
 

where T is the temperature (centigrade) and f is the frequency in kHz. 

The presence of certain dissolved salts in water increase the 

attenuation coefficient further. Ionic relaxation refers to the dissassociation-

2 2(2.1E-10*(T-38) +1.3E-7)f1α =
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reassociation of ions in solution due to the pressure fluctuation in the sound 

wave. A similar empirical absorption coefficient that accounts for the 

cumulative ionic relaxation phenomena is given by:  

 

 
(5.69) 
 

where n is the number of ion disassociation-reassociation reactions, fBiB is an 

empirically derived temperature dependent constant for the i-th reaction, and 

bi is also an empirically derived constant for the i-th reaction. The total 

attenuation in a fluid can be expressed as 

 

(5.70) 
 

where D is the cavity diameter. 

5.5-Thermal Perturbation 

Another deleterious effect that could disrupt acoustic concentration is 

a change in resonance of the system during the concentration process. The 

resonance of the system can be shifted by several phenomena. The largest 

of these is a temperature change of the system. This induces changes in 

sound speed and density of the fluid, tube and piezo-ceramic transducer. 

The combined effects lead to a detuning of the system and consequently, 

higher power consumption to achieve concentration of the particles. The 

fn 2 -1ib f (1+( ) )   2 i i fi=0
α = ∑

( )1 2A Dα α= +
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largest thermal effect is due to the change in sound speed of the fluid.  

The problem of sound speed variation of water as a function of 

temperature has been thoroughly investigated by a number of scientists. The 

best-known measurements are probably those by Greenspan and 

Tschiegg TP

138
PT, WilsonTP

139
PTP

, 
T

140
PPTP, Del Grosso and Mader TP

141
PT, and Del GrossoTP

142
PTP

,
T

143
PPTP.  

Several empirical relations have been proposed for the functional 

dependence of sound speed on temperature. Del Grosso and Mader��� applied 

a fifth order polynomial fit to their data for pure water at atmospheric pressure 

and temperatures between 0 P

o
P C and 100P

o
PC, which is converted to the 1990 

International Temperature Scale by Bilaniuk and WongTP

144
PT.  MarczakTP

145
PT, 

combined the experimental measurements of Del Grosso and Mader���, 

Kroebel and MahrtTP

146
PT and Fujii and MasuiTP

147
PT and produced a fifth order 

polynomial based on the 1990 International Temperature Scale. Lubbers and 

GraaffP
���P produced a second order Eq. with a restricted temperature range of 

10P

o
PC to 40P

o
PC for medical ultrasound applications, including tissue mimicking 

materials and test objects. Within the quoted temperature ranges they claim 

that the maximum error is approximately 0.18 msP

-1
P in comparison with 

experimental data or more detailed equations such as Bilaniuk and Wong���. 

Their empirical formulae for sound speed are:   
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2 3 4 5
0 1 2 3 4 5c a a T a T a T a T a T= + − + − + (5.71) 

 

Model: aB0 B aB1 B aB2 B*10P

-2
P
 aB3 B*10P

-4
P
 aB4 B*10P

-6
P
 aB5 B*10P

-9
P
 

Bilaniuk-
Wong 

1402.382 5.0383 5.8117 3.3463 1.4825 3.1658 

Marczak 1402.385 5.0388 5.7991 3.2871 1.3988 2.7878 

Lubbers-
Graff 

1405.03 4.624 3.83E-2 0 0 0 

where the coefficients are given in the table shown above. 

Belogol’skii et al.TP

 
PTTP

149
PT made measurements of sound speed as a 

function of pressure and temperature combined with the Eq. of Bilaniuk and 

Wong���at atmospheric pressure to develop an algorithm which took pressure 

into account. His equation is written in Eq. 5-72. It is valid for 0P

o
PC to 40 P

o
PC 

and 0.1 MPa to 60 Mpa. The variables T and P are temperature in degrees 

Celsius and pressure in megaPascals respectively.  

2 3
1 2 3

2 3 4 5
00 10 20 30 40 50

2 3
1 01 11 21 31

2 3
2 02 12 22 32

2 3
3 03 13 23 33
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(5.72) 
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Coefficient Numerical Value 
aB00 B 1402.38744 
aB10 B 5.03836171 
aB20 B -5.81172916E-2 
aB30 B 3.34638117E-4 
aB40 B -1.48259672E-6 
aB50 B 3.16585020E-9 
aB01 B 1.49043589 
aB11 B 1.077850609E-2 
aB21 B -2.232794656E-4 
aB31 B 2.718246452E-6 
aB02 B 4.31532833E-3 
aB12 B -2.938590293E-4 
aB22 B 6.822485943E-6 
aB32 B -6.674551162E-8 
aB03 B -1.852993525E-5 
aB13 B 1.481844713E-6 
aB23 B -3.940994021E-8 
aB33 B 3.939902307E-10 

The temperature change also induces dimensional changes of the 

tube and PZT transducer following the linear coefficients of expansion. The 

coefficients of expansion are approximately 8.5E-3 mm/K for soft glass, 3.0E-

3 mm/P

 
PK for quartz glass, and 1.5E-3 mm/P

 
PK for PZT. The radial dimension of 

the inner cavity defined by the tube governs the dimension of the liquid 

column and thus the wavelength of coupled dipole resonance. For 

comparison, the combined effect of fluid and tube temperature variation, 

assuming thermal equilibration, would be 382 Hz/K for soft glass and –1064 

Hz/K for quartz glass. If the fluid flow rate is fast enough to prevent any heat 

transfer to the fluid from the tube, then the frequency shift in soft glass is –
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1136 Hz/K due exclusively to the change in inner tube diameter.  The drive 

transducer resonant frequency shifts approximately 100 Hz/K due to change 

in thickness. 

To establish the thermal limits on concentration, a series of 

experiments are performed at temperatures ranging from 10P

o
PC to 46 P

o
PC. Two 

types of glass are used for the thermal measurements, thick quartz and soft 

glass. A picture of the apparatus including a copper temperature regulation 

coil and heat exchanger with fan is presented in Fig. 5-6.  
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Figure 5-6. Picture of apparatus used for thermally controlled angular 
scan of tube. . 

Angular measurements were performed at 5 angular degree 

increments at 2 thermal degree intervals. A section of soft glass was 

characterized from 10 to 45 degrees Celsius when empty and filled with 

water. Figure 5-7A displays the frequency spectrum as a function of 

temperature for the empty soft glass. The frequency spectrum as a function 

of temperature for the water-filled soft glass tube is shown in Fig. 5-7B. 
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Figure 5-7. Data from thermal and angular scan of soft glass 
tube.(A)Empty (B)Water-filled 
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As can be seen when comparing Fig. 5-7A and 5-7B, the resonance 

shift due to the expansion of glass is approximately –5 kHz over the whole 

temperature range, while the shift when water is present in the cavity is 

approximately +25 kHz. A similar experiment was undertaken with thick 

quartz glass from –10 to 30 degrees Celsius. The result of the water-filled 

spectral measurement is presented in Fig. 5-7B. 

The structure-cavity coupled dipolar resonance of thick quartz tube 

shifts by approximately 20 kHz over the whole temperature range. For both 

types of tube, the concentration capability of the claimed resonance at 

different temperatures was verified with 10-micron particles.  

5.6-Particle Perturbation 

Another mechanism for resonance frequency shift, although smaller 

than the thermal perturbation effect, is a change in sound speed caused by 

the process of concentration of particles in the fluid, leading to a periodic 

variation in the local index of refraction. Leung et al.TP

 
PTT

150calculated the 

frequency shift for rigid spheres in a cavity.  They found that the frequency 

shift for a rigid sphere displaced from the pressure antinode to the pressure 

node could be expressed as  
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where νB0 B is the resonance frequency in the absence of the spheres, VBp B is the 

volume of the particle, and VBcav B is the volume of the resonant cavity.   

Kwiatkowski and Marston��� characterized and modeled this effect for 

the purpose of aqueous suspension characterization using a low intensity 

probe signal. For compressible spheres in an inviscid liquid, they applied the 

principle of adiabatic invariance to obtain the relationship  
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for the frequency shift  
For the case of 0.25% by volume 10-micron polystyrene beads in a 

2mm inner diameter soft glass tube, the resonance shift using the above 

relations would be approximately 180Hz. Experimental measurements 

verified a frequency shift from unconcentrated to concentrated particles of 

200 Hz. P

+
P/B-B 50 Hz. The predicted shift for a change of pure deionized water to 

0.25% by volume 10-micron polystyrene beads is a shift of –180 Hz since 

particles at the pressure node can be approximated as a delta function as 

they minimally interact with the standing wave so long as the particles are 

much smaller than a wavelength.  

Merely tracking and maintaining the resonance of the system could 
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correct this up to the limit when kR Bp B, the resonance wavenumber times the 

particle radius approaches one. Also noted above is the particle size 

limitation of Brownian motion. Greater input power or lower temperatures are 

the most common methods of combating that limitation. The negative effects 

of resonance frequency change by either temperature perturbation or particle 

perturbation on concentration could be mitigated through time varying 

excitation frequency to maintain resonance. Phase lock loops, amplitude lock 

loops, impedance lock loops, or swept frequency excitation are all methods 

for achieving and maintaining resonance of the system and thereby assuring 

successful concentration. 

5.7-Conclusion 

Certain limitations exist to the concentration of particles by structural 

excitation. The limitations discussed are inherent in the method and arose 

predominately through five aspects: acoustic contrast ratio, higher power 

disruptive effects, cavity size/excitation frequency, thermal resonance 

perturbation, and particle resonance perturbation. Although the limitations 

are not completely avoidable, higher power, selection of geometry for higher 

coupled dipole resonance frequency, larger particles or larger 

agglomerations of particles, and resonance maintenance through feedback 
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loops can be used to extend the usable range of structural excitation for 

concentration.  

The acoustic contrast ratio more specifically refers to four terms in the 

acoustic force equations. The terms are dependent on sound speed, density, 

viscosity, and thermal conductivity differences between the fluid and the 

particles. 

In addition to the four contrast terms, there is also a cubic dependence 

of the acoustic force on frequency of resonance and particle size. Hence 

changing the cavity dimensions, and thereby the resonance frequency, or 

increasing the particle size also improved the concentration efficiency. 

Due to the distributed nature of structural excitation, high power is not 

necessary for efficient particle concentration. If higher flow rates, or smaller 

particle increased the power requirements of the system, convective heating 

and acoustic streaming would provide limits on the maximum useful power 

input. Transducer heating of the tube could be reduced by either changing 

the drive transducer, or by utilizing efficient cooling on the excitation 

transducer. An expression was derived for the power limitation imposed by 

acoustic streaming.  

Tracking and maintaining resonance of the system could mitigate the 

remaining two terms, corresponding to thermal perturbation of resonance or 
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particle perturbation of resonance. This could be used up to the limit when 

kRBp B, the resonance wave number times the particle radius approaches one. 

Also noted in chapter 5, another remaining limitation on the minimum particle 

size by competition of acoustic concentration with Brownian motion. Greater 

input power or lower temperatures are the most common methods of 

combating that limitation.  

The negative effects of resonance frequency change by either 

temperature perturbation or particle perturbation on concentration could be 

mitigated through variation of the excitation frequency to maintain resonance. 

Phase lock loops, amplitude lock loops, impedance lock loops, or swept 

frequency excitation are all methods for achieving and maintaining 

resonance of the system and thereby assuring successful concentration. 
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6-APPLICATION 

6.1-Introduction 

The objective of this project is to investigate the use of structural 

excitation as a potentially efficient concentration/fractionation method for 

particles in suspension. It is shown in previous chapters that structural 

excitation of a cylindrically symmetric cavity, such as a tube, allows non-

invasive, fast, and low-power concentration of particles suspended in a fluid.  

Once this was demonstrated, the next logical step is a preliminary 

demonstration of acoustic concentration applicability to a problem of practical 

interest. Such an application is found in replacement of sheath flow in flow 

cytometry.  

Flow cytometers have applications in many areas including medicine 

(HIV and cancer diagnosis), homeland defense (biological point detection, 

bio-surveillance, and forensic analysis) and general biomedical research 

(ligand-receptor studies, molecular assembly analysis, high throughput 

screening and genotyping). The many powerful applications have made flow 

cytometers a fixture in nearly every university, medical school, 

pharmaceutical company, and diagnostic lab.  However, the size, expense 

and requirement for large amounts of consumables have limited their use to 



213 

 

 

 

formal laboratory settings. The elimination of sheath fluid would reduce 

power and consumable requirements, resulting in increased portability of the 

instrument. Our novel technique will allow a sheathless portable flow 

cytometer to achieve conventional particle analysis rates, while using a 

fraction of the power and consumables of a conventional flow cytometer. 

Importantly, it does not damage biological cellsP

117,
T

 151
PTP

,
T

152
TP. 

6.2-Background 

A conventional flow cytometer, such as that shown in Fig. 6-1, injects 

a sample stream into the center of a higher velocity laminar sheath flow. The 

resultant hydrodynamic force generates a narrowly focused sample stream. 

This focused sample stream is interrogated by focused laser beams with spot 

sizes ranging from 10µm to 100µm in diameter, within the very small 

interrogation volume formed by the intersection of the laser spot and the 

sample stream. TP

 51
PT  Scattered light, along with several wavelength bands of 

fluorescence, are collected using sensitive detectors such as photomultiplier 

tubes and avalanche photodiodes.  

The light is scattered into different directions depending on the 

refractive index, size and shape of each particle. Light scattered in small 

angles of the laser beam indicates the particle size. Scattered light collected 
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in a cone in the orthogonal direction of the laser beam is called side scatter. 

It indicates size as well, but is influenced by surface and internal structures.  

Depending on the staining mechanism, fluorescence signals indicate 

various states and functionality. Fluorescence analysis makes it possible to 

quantify fluorescence from single cells up to millions of cells after a single 

sample run. Signals are detected and displayed for cell distribution analysis. 

Statistical data such as mean fluorescent intensity when correlated to shifts 

in time or dependence on cell function has become a standard technique for 

this purpose. 
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Figure 6-1: Schematic of a typical flow cytometer 

With careful design, flow cytometers have achieved typical detection 

limits as low as 100 fluorescent molecules per cell at conventional analysis 

rates and single fluorophores with reduced analysis rates TP

153
PTP

,
T

154
TP. Submicron 

particles such as small bacteria or picoplancton are also well resolved. The 

high linear velocity and small interrogation volume result in transit times of a 

few µs, requiring flow cytometers to use high speed analog to digital 

converters (ADCs) to record the fluorescence and scatter signals. In contrast, 

microscopic analysis is based on a very limited number of cells seen on a 
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slide, typically less than 100. The visualization of submicron particles and 

structures in a microscope is also difficult. 

Particle-by-particle analysis of a high velocity sample stream enables 

the multi-parameter observation of population distributions and provides 

continuous kinetic resolution at analysis rates of greater than 10000 per 

second 51,.  Cells and microspheres under analysis largely exclude free 

fluorophore from the interrogation volume. Therefore, background from 

unbound fluorescent probe is low, which allows sensitive measurement of 

particle-associated probes without separation steps TP

155
PT. Furthermore, the 

high analysis rates of flow cytometry make it suitable for high throughput 

sample analysis TP

156
PT. The flow velocity is in the range of meters per second, 

which results in a stable laminar flow condition and a high event rate of up to 

several thousand cell per second.  

6.3-Value 

The applications of such instruments are numerous as flow cytometry 

is a powerful biomedical assay technology used for many clinical purposes 

including HIV and cancer diagnosis as well as ongoing treatment decisions 

for these diseases. Additionally, flow cytometry is used in many areas of 

biochemistry such as ligand-receptor, cell cycle and molecular assembly 
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studies.  
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PTP

,
T

194
TP
 

Cytokine 
expression analysis 
P

181,
T

 195
PTP

,
T

196
T

,
P
 

Evolution of single 
chain antibodies 
P

155,
T

197
T

,
T

198
T

,
T

199
T

,
T

200
T

,
T

201
T

,
T

202
T

,
T

203
T

,
P
 

Pathogenic bacteria 
detection TP

204
PTP

,
P. 

E. Coli protease 
optimization TP

205
PTP

,
P
 

Table  6-1. Abbreviated flow cytometry application list. 

As can be seen in Table 6-1, flow cytometry is an integral technology 

in nearly every medical discipline including diverse biological assays in 

clinical settings. Perhaps the most important application of flow cytometry is 
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the accurate counting of CD4+ and CD8+ T-cells, which provides for AIDS 

progression assessment and assists treatment decisions. Similar approaches 

have been used to count other specific cell subsets as well as assist in the 

diagnosis of many forms of cancer and assessment treatment effectiveness. 

In addition to these applications flow cytometry is also gaining favor in the 

diagnosis of infectious diseases and as a tool to detect pathogenic bacteria.  

These applications are making it even more important to develop 

instrumentation that is portable for field use and inexpensive for use in third 

world settings. 

The number of biochemical applications of flow cytometry rivals the 

number of clinical applications. Flow cytometry is particularly adept in the 

analysis of molecular assemblies and it has been extensively used in ligand-

receptor studies, where it has unmatched sensitivity and throughput. It is also 

gaining favor in the analysis of enzymatic activities such as endonucleases 

and proteases. Flow cytometry in combination with yeast and bacterial 

cellular display has also become a powerful method to select for improved 

binding molecule by directed evolution. Furthermore, flow cytometry can 

analyze soluble micro sphere arrays containing up to 100 individual 

elements, which allows 100 reactions to be simultaneously analyzed within a 

single sample. This, along with new sample delivery technology, is making 
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flow cytometry a high throughput method to analyze many biochemical 

reactions. 

6.4-Extinction Experiment 

As a preliminary method of verifying optical detection of acoustic 

concentration, a laser extinction experiment was constructed. Figure 6-2 

displays a diagram of the experimental apparatus.  

 

Figure 6-2: Schematic of extinction experimental apparatus. 

A 4.5mW He-Ne laser with a 0.9mm beam diameter is used as a 

source; an amplified photo detector on the opposite side of the tube is 

connected to a digital oscilloscope for light extinction and scattering 



220 

 

 

 

measurements. Since the beam is collimated when exiting the laser and the 

tube acted as a lens to focus the light within the cavity with a net focal length 

of approximately 8mm, no lenses were used in the experiment. The detector 

is placed at 4mm from the tube such that the beam exiting the tube covered 

the majority of the detection area.  

The tube was cleaned and polished to minimize surface scattering of 

the light. To eliminate the effect of ambient light, the light out of the laser was 

chopped at 100Hz locked to the detector. The detector amplification was set 

such that the voltage signal was 10.6Vpp when the tube was filled with 

distilled water, just below the maximum detector output voltage of 11Vpp. A 

0.25% by volume concentration of 10-micron polystyrene beads was mixed 

and used for the experiment.  

The optical beam focusing by the tube was calculated assuming an 

incident Gaussian beam profile with no wave-front curvature and a beam 

diameter of 0.9mm. Launching of optical guided modes in the cylindrical tube 

wall is assumed negligible. Experiments where a narrow wire is placed down 

the center of the cavity to block the direct path of light without contacting the 

internal tube surface yield no detectable level of light, supporting the guided 

wave negligibility assumption. Losses within the water and/or glass tube are 

compensated for by using transmission through the system in the absence of 
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particles as the incident intensity in the calculations. The standard ray 

matrices used were 

1 0

 Curved Dielectric Interface Radius R2 1 1

2 2
1

 Homogenous Medium Length d
0 1

n n n

n R n

d

⎛ ⎞
⎜ ⎟−⎜ ⎟
⎜ ⎟
⎝ ⎠
⎛ ⎞
⎜ ⎟
⎝ ⎠

 

(6.1) 
 
 
 
 
(6.2) 
. 

The matrices are multiplied from right to left by an initial condition 

vector consisting of y-position and y-slope at entry to the system of optical 

elements. The optical elements are chosen to be: 

1) Curved interface of air to glass with radius of curvature -2mm. 

2) Homogeneous glass for a distance of 1mm 

3) Curved interface of glass to water with radius of curvature -

1mm. 

4) Homogeneous water for a distance of 2mm 

5) Curved interface of air to glass with radius of curvature +1mm. 

6) Homogeneous glass for a distance of 1mm 

7) Curved interface of glass to water with radius of curvature 

+2mm. 

8) Homogeneous air for a distance of 10mm 

Calculations were made at evenly sampled 0.1mm intervals through 
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the optical system along the x-axis. A diagram of a cross-section of the tube 

with the laser beam focusing is shown in Fig. 6-3. Due to the focusing of the 

beam by the tube, the beam interrogated a fluid volume of approximately 

1.12ml and had a beam diameter at the center of the cavity of 0.6mm.  

 

Figure 6-3: Cross-section of extinction experimental apparatus with 
approximate position of detector indicated. 

The Beer-Lambert Law describes the proportionality between optical 

absorbance of a solution and concentration. It can be re-expressed to 

calculate number of particles in the interrogation volume from transmitted 

light measurements as 

I V0N=ln( )   
I dσ

 
(6.3) 
 

where N is the number of particles in the interrogation volume V, IB0 B is 

the incident light intensity, I is the exit light intensity, d is the path length of 
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light, and σ is the absorption cross-section also called the extinction 

coefficient. For the purpose of these experiments, the extinction coefficient is 

determined using the first data point corresponding to the homogeneous 

particle distribution for each trial. The coefficients for the three trials are 

summarized in table 6-2.  

Trial 1 9.59566E-07 cm P

2
P/particle 

Trial 2 9.58732E-07 cm P

2
P/particle 

Trial 3 9.56238E-07 cm P

2
P/particle 

Table  6-2. Calculated σ values for the three experiments. 

As can be seen in Table 6-2, the sigma values are nearly equal for the 

three trials. The value of d is taken as the average path-length of the beam, 

approximately 1.84mm. The resulting values for N are normalized against the 

number of particles in the entire cavity, based on the initial 0.25% 

homogeneous distribution in the fluid, equating to approximately 4.55E6 

particles/ml. 

No flow is utilized, so particles are observed to eventually settle out of 

suspension. In the first trial the data, shown in Fig. 6-4, was taken every 30 

seconds; subsequent experiments were taken at 10 second intervals. A 0.1W 

acoustic field was applied just after the time equal to zero point. Each of the 

trials shows approximately the same amount of time for concentration. The 

region to the right of the peak observed in each dataset corresponds to 
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settling of the particles out of solution and thus out of the interrogated beam. 

The settling of particles occurred as a column down the central axis of the 

tube.  

Figure 6-4: Data calculation of number of particles contained in the 
interrogated volume under acoustic excitation normalized against total 
number of particles in the whole cavity. 

6.5-Acoustics in Flow Cytometry 

After successful optical detection of acoustic concentration using the 

extinction apparatus described in the previous section, the next logical step is 
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validation of structural excitation as a method of acoustic focusing in a 

standard flow cytometry optics test bench.  

Commercial flow cytometry sorters use orifice sizes ranging from 50 to 

400 microns in diameter to accommodate analysis and sorting of particles of 

varying sizes. Using the rule of thumb that a channel must have a diameter 

5x greater than the particle under analysis to prevent clogging from 

aggregates and because most particles of interest (microspheres, eukaryotic 

cells, and bacteria) will have less than 30 micron diameters, it will be possible 

to use nearly 150 micron channels (which will significantly limit clogging) to 

analyze samples at concentrations as high as 1 x 10P

6
P particles/ml.  

Furthermore, reducing particle size and channel diameter will allow analysis 

of samples with concentrations as high as 10P

8
P particles/ml.  

Assuming a cylindrical volume element defined by the intersection of 

the 20 µm wide laser beam and a 150 µm diameter flow channel, the volume 

from which particles will be concentrated from is simply the height of the 

laser beam multiplied by the cross sectional area of the channel, or 62.8 

nanoliters.  

Using a low particle concentration of 5 x 10 P

3 
P/ml and given 100% 

concentration efficiency, on average 0.314 particles will be found in the 

cylindrical volume element and thus in the interrogation volume formed by 
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the focused stream and the laser beam.  If 10 µm diameter particles were 

used, they would be spaced by about 60 microns on average along the 

centerline of the channel, which is sufficient separation to clearly distinguish 

optical pulses. If concentrations that generate 0.5 particles within the 

interrogation volume is considered set as the maximum limit before 

coincidence becomes an issue, then decreasing the channel size will allow 

for higher concentrations of particles to be analyzed without coincidence 

effects under slower flow conditions than used in conventional flow systems, 

which use hydrodynamic focusing from sheath flow. 

The average flow velocity for the acoustics experiments was 

approximately 25 m m/sec. The particles migrated to the center of the 

chamber and formed a stream approximately 35µm wide in a 2mm diameter 

channel.  Since the structural excited acoustic system investigated both 

focuses and concentrates particles, it is possible to analyze high numbers of 

particles at low linear velocities. For example, a volumetric sample delivery 

rate of 2.5 ml/minute through a 2 mm diameter channel provides a core 

velocity (2x average velocity) of 8 cm/s (3).  This is much slower than a 

traditionally focused flow cytometer, giving a transit time of about 250 µs 

through a 20 µm interrogation volume but because of the concentration effect 



227 

 

 

 

of the acoustic method, given a concentration of 10P

6
P particles/ml flowing 

through a 2 mm channel this allows approximately 1300 particles per second 

to be analyzed. Importantly, even at this high analysis rate the transit time is 

250 µs. This slow transit time (~20 to 100 times slower than conventional 

systems) allows high particle analysis rates using lower speed data 

acquisition systems that are less expensive, smaller and require less power.  

Furthermore, the extended transit times provides an opportunity to collect 

optical signals for longer times and thus allows high sensitivity 

measurements using lower power light sources, further lowering power 

requirements. 

The sample was delivered into the cell with a precision syringe pump.  

It is very important that the particle stream be positioned as precisely as 

possible through the optical interrogation point (laser spot).  Structural 

excitation of the tube is advantageous for two reasons.  First, the extended 

source formed by the entire test flow structure as the source aperture 

translates into longer residence times of the particles within the acoustic 

positioning field.  The longer residence time allows for the use of lower 

pressure levels to drive the acoustic focusing field.  This alleviates the 

problem associated with cavitation in an ultrasonic field that would be 

responsible for damaging fragile biological particles (e.g. red blood cells or 
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leukocytes).   

Second, by allowing the flow channel structure to serve as a three 

dimensional extended source with circular symmetry, the wave field creating 

the acoustic force potential within the flow chamber will have a predominantly 

radial dependence.  In a wave field driven with a dipole type excitation 

constrained by circular symmetry, the particles are transported to the exact 

center of circular symmetry – the axis of the circular flow chamber.  The high 

degree of radial symmetry equates into a precise position of the particle 

stream down the channel axis and results in a sample stream focused in two 

dimensions (parallel and perpendicular to the drive transducer face). 

The structural acoustic concentrator was placed on a standard flow 

cytometry test bench. Measurements were made of 10-micron fluorescently 

tagged polystyrene spheres. A top-view diagram of the test apparatus is 

shown in Fig. 6-5. Since the laser beam diameter is approximately 1mm at 

the exit of the diode laser, a collimating lens system was used to reduce the 

beam waist to 200µm without introducing wave-front curvature.  A syringe 

pump, not shown in the diagram, was used at 0.5ml/min and 2ml/min flow 

rates to flow particles through the tube at a calibrated volumetric rate. The 

fluorescence detector consisted of a photomultiplier tube (PMT) and 

collection optics. A small light was placed in-line with the PMT to assist in 
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assuring alignment between the laser, tube, and detector, measured with the 

alignment camera. Optical filters are used to select the fluorescence 

wavelengths and ignore the scattered light. The computer designated DAQ at 

the far right of diagram captured the signals. 

 

Figure 6-5. Diagram of test setup used in preliminary application in flow 
cytometry system.  

A photograph of the apparatus is presented in Fig.6-6. The diode laser 

is visible on the far left, while the syringe pump is on the far right. The tube is 

centered in the image at the intersection of the laser, fluorescence detector 

and alignment camera (front-center). Figure 6-7 displays the intersection 

region in greater detail.  
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Figure 6-6. Picture of test setup used in preliminary application in flow 
cytometry system. 
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Figure 6-7. Close up of interrogation region used in preliminary test 
system. (A) Laser & Collimator (B) Fluorescence camera (C) Alignment 
camera 

The tube entering from the bottom left is the laser collimation lens 

system. The fluorescence collection optics are at the top left; the alignment 

camera is at the bottom right. The soft glass tube, including the coupler and 

square cuvette is at the center of the region between the three lenses.  

A

B

C
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Figure 6-8. Diagram of tube setup used in preliminary application in flow 
cytometry system.  

Certain parts of the setup are designated a-e Fig. 6-8. Elements (a) 

and (b) are the driven and tuning transducers respectively. They are both 

approximately 14mm long, 1.5mm wide and 3mm thick (vertical). The soft 

glass tube is designated (c). It is 190mm long with inner and outer diameters 

of 1.9mm and 3.92mm respectively. At the end of the tube, a conical 

transition and connector designated (d), are fashioned with a polystyrene 

tapered tube inside a 1/8 P

th
P inch inner diameter, 1/4P

th
P inch outer diameter 

section of Tygon tube. Element (e) is 10mm long section of 2.2mm wide 

square flow cuvette. The walls are 1mm thick, yielding a 200µm cavity. The 

purpose of the square cuvette is the avoidance of cylindrical focusing of the 

interrogation laser beam by the soft glass tube.  

The 10-micron fluorescent polystyrene particles are diluted to a 

concentration of 0.11% by volume using distilled water. The tubes are 

vortexed before each experiment to break agglomerations of particles. All 
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fluid and experimental apparatus are equilibrated at room temperature. 

Acoustic power levels are approximately 0.5W at 413.4 kHz. The shift of 

coupled dipole resonance frequency is probably due to the differences 

between the sound speeds in the fluid. Resonance is stable throughout the 

experiment. It is measured and maintained using a receive transducer 

opposite the drive transducer. Two pairs of data were captured at 0.5ml/min 

and 2ml/min with and without the acoustic concentrating field.  

The results of the 0.5ml/min flow experiments are presented in Fig.6-

9. The x-axis corresponds to fluorescence intensity bins. The y-axis 

corresponds to number of particles in each of the bins. If particles are evenly 

distributed throughout the cavity, they will intercept varying amounts of the 

excitation laser beam, and will therefore only have some of their fluorophores 

excited. The resulting fluorescence emission intensity from each particle is 

proportional to the number of excited fluorophores. The resulting data would 

be an even distribution of intensities in the bins. If, on the other hand, the 

particles are focused to the center of the cavity and intercept the beam 

completely, then all of the particles would experience equal intensity of the 

exciting laser, and a relatively narrow distribution of fluorescence intensity 

would be observed in the data.  

As can be seen in Fig.6-9a, in the absence of an acoustic field, the 
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noise amplitude is relatively large, and there is no sharply defined peak. In 

the case when an acoustic field is applied, as Fig. 6-9b, there is a very 

sharply defined peak, with much smaller noise amplitude. The coefficient of 

variance of the peak is much smaller, as expected which indicates good 

concentration.  

The next experiment was at 2ml/min flow rate. The results of those 

experiments are displayed in Fig.6-10. As before, Figure 6-10a shows the 

data without an acoustic field and Figure 6-10b shows the data with an 

acoustic field. The coefficient of variation(CV), defined as the standard 

deviation of the particle positions divided by the mean position,  is much 

smaller when acoustic concentration is employed. The width of the peak is 

slightly wider than the 0.5ml/min experiment, which is expected due to 

smaller residence times of particles in the concentration field.  
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Figure 6-9. Results from 0.5ml/min flow experiments. (A) Without 
acoustic field (B) With acoustic field.  
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Figure 6-10. Results from 2ml/min flow experiments. (A) Without 
acoustic field (B) With acoustic field.  

Video capture at the two flow rates yielded a particle stream width of 

40µm to 60µm. The quality of the line could be improved in three ways: 

transducer/tubing coupling, higher power, or higher drive frequency. The 

transducer/tubing coupling could be improved with more careful alignment of 

the transducer, or, as in previous experiments, by flattening one side of the 

tube. The limitations on higher power and higher frequency are discussed in 

a previous chapter. It was observed in these experiments that higher power 

with faster flow rates required less power to disrupt the concentration 

process. If a vortex was generated, it passed through the tube much faster 

than in prior experiments and would thereby disrupt any concentration before 
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the vortex could dissipate. Due to the dependence asserted thus far on 

coupled fluid-structure dipole resonance for axial concentration, increasing 

the frequency would require tube inner diameter reduction. This solution 

offers several benefits. The flow rate is required to be high and/or the 

concentration of particles is required to be low to maintain the detection rates 

used by standard flow cytometers. Although a limitation of clogging or 

resonance perturbation of the cavity would restrict the smallest dimension of 

the cavity, the ideal would be nominally above that limit, as forces would be 

maximized at that point.  

6.6-Technique Evaluation 

Since the experiments are intended as a validation of possible 

applicability of acoustic concentration under standard flow cytometry 

conditions, only standard fluorescent 10-micron beads were measured. 

Hence, the experiment only served as a qualitative validation of applicability.  

For quantitative evaluation of acoustic concentration as a replacement 

for sheath flow, the acoustic focusing flow cell would require evaluation both 

by video imaging of the flowing stream and by collecting fluorescence and 

scatter measurements of flow cytometry calibration and alignment 

microspheres. Alignment microspheres are extremely monodisperse in size 



238 

 

 

 

and fluorescence intensity and the variation of the fluorescence and scatter 

values will quantitatively characterize the fluidic stability of an optimally 

aligned system204. The CV of flow cytometry alignment microspheres flowing 

in the system serves as a metric of system stability 204.  

The fluidic stability of the system could be evaluated by simply flowing 

fluorescent dye in the sample stream and measuring fluorescence intensity 

as a function of time and flow rates as well as observing microspheres in 

flow. Sample steam instability would be revealed as fluctuations in the 

fluorescence measurements and would result in decreased resolution of the 

alignment microspheres and thereby increased coefficient of variation.  

Sensitivity could be evaluated using flow cytometry calibration microspheres 

(84) and other microspheres with precisely determined low levels of surface 

attached fluorophores.  Both of these approaches are common and accurate 

in reporting the measurement sensitivity and precision of flow cytometers.   

The ability of the system to resolve free vs. bound probe molecules 

could be evaluated by placing fluorescein calibration microspheres in 

increasing concentrations of free fluorescein-dextran, which does not bind to 

the calibration microspheres.  The ability of the of the flow cells to 

discriminate free vs. bound would then be quantified by their ability to resolve 

dimly labeled microspheres within a fluorescent background. This is 
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important as acoustic focusing is different than traditional methods and it 

must be ascertained if the acoustic focusing flow cell can maintain resolution 

of free vs. bound fluorophores.  All evaluation parameters (stability, 

sensitivity, and free vs. bound) of the acoustic flow cell would then be 

compared to standard flow cytometry flow cells. 

6.7-Conclusion 

Once structural excitation is shown to be a potentially efficient 

concentration/fractionation method for particles in suspension, the next step 

was a preliminary demonstration of acoustic concentration applicability to the 

replacement of sheath flow in flow cytometry. The high analysis rates, lack of 

separation steps, and varied applications ranging from medicine to homeland 

defense has made flow cytometers a fixture in nearly every research and 

diagnostic lab.  However, the size, expense and requirement for large 

amounts of consumables have limited flow cytometry to formal laboratory 

settings.  

Acoustic concentration can allow a sheathless portable flow cytometer 

to achieve conventional particle analysis rates, maintain excellent optical and 

analytical properties and increase instrument portability, while using a 

fraction of the power and consumables of a conventional flow cytometer.  
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This will allow the construction of a truly portable flow cytometer. Such an 

instrument would make the full range of applications of flow cytometry 

available to all clinicians and researchers, which would have an enormous 

impact on the advancement of world health and research where it has critical 

applications in AIDS progression monitoring and cancer diagnosis. 

Two experiments were performed to verify the feasibility of acoustic 

concentration. In the first experiment, optical extinction was measured to 

approximately determine the efficiency of particle movement to the central 

axis. These experiments showed nearly 100% concentration to within 300µm 

of the central axis. In the second validation experiment, the structural 

acoustic concentrator was placed on a standard flow cytometry test bench. 

Measurements were made of fluorescently tagged polystyrene spheres. The 

coefficient of variation was found to decrease significantly and reproducibly 

when a resonant acoustic field is applied to the system. While the 

concentrated particle stream had a spatial deviation of approximately +/- 15-

microns, further system optimization has improved the stream to +/-5-micron 

deviation for 10-micron spheres and +/-1-micron deviation for 1-micron 

spheres under higher frequency excitation. The relatively tight focus of these 

particles demonstrates the potential utility of this method in eliminating 

sheath from a flow cytometer, thereby greatly reducing the consumables and 



241 

 

 

 

increasing the field portability of the system. Future research directions could 

include further quantification, which would be necessary to accurately 

evaluate stability and resolution of structural acoustic concentration against 

standard hydrodynamic focusing methods currently used in flow cytometers 

in the instrument engineering process.  
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7-CONCLUSION 

The objective of this project was the investigation of structural 

excitation as a potentially efficient concentration/fractionation method for 

particles in suspension. The traditional methods of acoustic concentration 

utilize quarter wave matching layers, half-wavelength cavities and require 

careful alignment for an axially non-symmetric system. Using an inherently 

symmetric geometry for the system eliminates the need for careful alignment. 

Any small imperfections in the tube translate into small perturbations in the 

field, which are usually ameliorated by a small frequency change.  Once the 

appropriate frequency is determined, the system never changes. 

Traditionally, when opposing transducers are used in a cavity, the 

position of the transducer is used to adjust the resonance of the cavity.  Over 

time, the transducers misalign from small jolts to the system. The far more 

intriguing possibility is in the excitation of the field.  In all traditional acoustic 

separation and manipulation techniques, the acoustic field is only present 

directly in line with the exciting transducer.  In flowing systems, the residence 

time of the particles in the acoustic field is limited by the physical size of the 

transducer.  This limitation demands larger amounts of energy be pumped 

into the transducer to compensate for this short interaction time scale. This 
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large energy pumping into the flow volume leads to large temperature 

fluctuations, cavitation and convection. By exciting the entire tube structure, 

the active region is not limited by the size of the transducer, but rather by the 

size of the structure. The acoustic field is dispersed throughout this larger 

volume leading to significantly lower acoustic energy densities within the flow 

stream. Thus, temperature effects are not induced and residence times of the 

particle in the field are dramatically increased. It was demonstrated that 

structural excitation of a cylindrically symmetric cavity, such as a tube, allows 

non-invasive, fast, and low power concentration of particles suspended in a 

fluid.  The following sections are split into summaries of the work described in 

the preceding chapters. 

7.1-Concentration Experiments 

The central focus of this research was the ability to concentrate 

particles in aqueous suspensions. The acoustic forces experienced by the 

particles consisted of primary and secondary components. An expression for 

acoustic forces on particles in the acoustically excited cavity, accounting for 

viscous and thermal dissipative mechanisms, was developed and applied 

predictively. Two microscopy methods were utilized to image the 

concentration pattern.  Four types of tube, three sizes of particles, and two 



244 

 

 

 

types of fluid were utilized in the process of the investigation. 

The coupled tube-cavity dipolar resonance is shown to efficiently 

concentrate particles to the central axis of the tube. Additionally, it was 

demonstrated that the inner diameter of the tube is the dominant factor in 

determining the frequency of coupled dipole resonance. Perturbations to the 

exterior of the tube only appeared to affect axial standing waves. Coupling of 

the transducer to the tube is shown to be the primary factor in determining 

concentration speed and quality.  

An investigation of the efficacy of multiple transducer excitation of the 

tube was performed. Driving transducers attached serially along the length of 

the tube collinearly did not increase concentration quality, but did increase 

concentration speed. Excitation using multiple transducers required greater 

power consumption with the only observed benefit being the avoidance of 

vortices or thermal convection at higher input powers. The net effect was the 

reduction of power input into each transducer, thus further distributing the 

energy throughout the tube.  No limitation is observed to structural excitation 

distance along the tube with a single transducer. The vibration phase and for 

the most part, amplitude, when no axial standing wave is present, remained 

the same down the length of the tube and supported the characterization of 

concentration resonances as dipolar.   
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It is shown both theoretically and experimentally that greater acoustic 

forces are exerted on the particles perpendicular to the face of the drive 

transducer along the phase symmetry line as compared to parallel to the 

transducer face. An investigation of limitations on excitation power 

demonstrated critical points beyond which vortex formation significantly 

disturbed the concentration pattern. Axial standing waves manifestation 

occurred at any power level capable of concentration, so long as the 

necessary power is reached for maintaining suspension. Powers at which 

thermal convection or cavitation occurred exceeded the power necessary to 

induce vortices in the fluid so vorticies are used as indicators of deleterious 

power levels. 

7.2-Model of Structural Excitation 

A general two-dimensional model for a line driven cylindrical tube was 

developed. The validity of the model was experimentally verified for several 

types of empty and fluid-filled glass tube. Dipole vibration of the exterior of 

the tube is predicted and experimentally verified as indicative of efficient 

coupling from the cylindrical structure into the fluid-filled cavity. Furthermore, 

the potential use of alternate tube materials was theoretically evaluated. It is 

argued that while all materials are capable of dipolar vibration, the greatest 
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coupling of energy into the cavity occurred with glass tube. Metals are 

predicted to be a poor choice to replace the glass tube used for these 

experiments. Predictions of asymmetry of acoustic forces within the cavity 

are also made based on the theoretical predictions. Generalization to the 3-

dimensional case was possible, but was not performed in the interest of 

computational efficiency. 

7.3-Limitations on Technique 

Certain limitations exist to the concentration of particles by structural 

excitation. The limitations discussed are inherent in the method and arose 

predominately through five aspects: acoustic contrast ratio, higher power 

disruptive effects, cavity size/excitation frequency, thermal resonance 

perturbation, and particle resonance perturbation. Although the limitations 

are not completely avoidable, higher power, selection of geometry for higher 

coupled dipole resonance frequency; larger particles or larger 

agglomerations of particles, and resonance maintenance through feedback 

loops can be used to extend the usable range of structural excitation for 

concentration.  

The acoustic contrast ratio more specifically refers to four terms in the 

acoustic force equations. The terms are dependent on sound speed, density, 
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viscosity, and thermal conductivity differences between the fluid and the 

particles. For polystyrene beads in water, the density and sound speed 

contrast terms are approximately four orders of magnitude greater than the 

viscosity term and approximately six orders of magnitude greater than the 

thermal conductivity contrast term.  

An experiment was performed which changed the suspending fluid 

material and thereby the acoustic contrast ratio between the particles and the 

fluid causing an expected shift in resonant frequency while slightly lowering 

the necessary input power for particle concentration.  

In addition to the four contrast terms, there is also a cubic dependence 

of the acoustic force on frequency of resonance and particle size. Hence 

changing the cavity dimensions, and thereby the resonance frequency, or 

increasing the particle size also improved the concentration efficiency. 

An experimental investigation was performed into the experimental 

limitation on particle size for concentration. As expected, decreasing the 

chamber radius and thereby increasing the resonant frequency, or increasing 

particle size consequently increased acoustic radiation pressure on the 

particles. . 

Due to the distributed nature of structural excitation high power is not 

necessary for efficient particle concentration. If higher flow rates, or smaller 
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particle increased the power requirements of the system, convective heating 

and acoustic streaming would provide limits on the maximum useful power 

input. Since acoustic attenuation of water is nearly the lowest of any fluid, 

thermal convection would arise predominately through transducer heating of 

the tube. This could be reduced by either changing the drive transducer to a 

higher impedance piezoceramic, or by utilizing efficient cooling on the 

excitation transducer. An expression was derived for the power limitation 

imposed by acoustic streaming.  

The remaining two contrast terms, corresponding to thermal 

perturbation of resonance or particle perturbation of resonance could be 

mitigated by tracking and maintaining resonance of the system. This could be 

used as a compensatory technique up to the limit when kRBp B, the resonance 

wavenumber times the particle radius approaches one. Also noted in chapter 

5, another remaining limitation on the minimum particle size arises through 

the competition of acoustic concentration forces with Brownian motion. 

Greater input power or lower temperatures are the most common methods of 

combating that limitation. The negative effects of resonance frequency 

change by either temperature perturbation or particle perturbation on 

concentration could be mitigated through phase lock loops, amplitude lock 

loops, impedance lock loops, or time-dependent frequency excitation to 
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maintain resonance of the system and thereby assure successful 

concentration. 

7.4-Flow Cytometry Application 

Once structural excitation is shown to be a potentially efficient 

concentration/fractionation method for particles in suspension, the next step 

is a preliminary demonstration of acoustic concentration efficacy towards the 

intended application of sheath flow replacement in flow cytometry.  

The high analysis rates, lack of sample/molecular tag separation 

steps, and varied applications ranging from medicine to homeland defense 

has made flow cytometers a fixture in nearly every research and diagnostic 

lab.  However, the size, expense and requirement for large amounts of 

consumables have limited flow cytometry to formal laboratory settings.  

Acoustic concentration can allow a sheathless portable flow cytometer 

to achieve conventional particle analysis rates, maintain excellent optical and 

analytical properties and increase instrument portability, while using a 

fraction of the power and consumables of a conventional flow cytometer.  

This will allow the construction of a truly portable flow cytometer, making the 

full range of applications of flow cytometry available to all clinicians and 

researchers, which would have an enormous impact on the advancement of 
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world health and research where it has critical applications in AIDS 

progression monitoring and cancer diagnosis. 

Two experiments were performed to verify the feasibility of acoustic 

concentration. In the first experiment, optical extinction was measured to 

approximately determine the efficiency of particle movement to the central 

axis. All of the particles in the cavity were focused to within 300 µm of the 

center of the cavity. In the second validation experiment, the structural 

acoustic concentrator was placed on a standard flow cytometry test bench.  

While the concentrated particle stream had a spatial deviation of 

approximately +/- 15-microns in initial experiments, further system 

optimization has improved the stream to +/-5-micron deviation for 10-micron 

spheres and +/-1-micron deviation for 1-micron spheres under higher 

frequency excitation. Future research directions could include further 

quantification, which would be necessary to accurately evaluate stability and 

resolution of structural acoustic concentration against standard 

hydrodynamic focusing methods currently used in flow cytometers in the 

instrument engineering process.  

7.5-Future Directions 

While the experiments thus far have been successful in proving the 
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efficacy of structural excitation as a method of acoustic concentration, 

several directions would benefit from further exploration beyond the scope of 

this research. These directions are not critical to the understanding of the 

physics behind the method, but whose clarity would allow for easier 

engineering of instruments based on the method. The questions can be 

separated into several categories based on the properties of the system: 

static, computational, and dynamic. While this list is not exhaustive in any 

sense, it does offer directions of particular interest to the author. 

Within the remaining questions about static properties of the system, 

tube materials, coupling efficiency, and pertubative effects are of particular 

interest.  

For the experiments, only variations in type of glass tube were 

investigated. Predictive calculations were performed using the global matrix 

method for resonance frequency and quality for several types of metal and 

plastic tube. Experimental verification of these predictions would be 

instructive for the optimization of the system. Furthermore, only PZT was 

used for these experiments, other piezoelectric, or magnetostrictive materials 

might work more efficiently. Again, this direction focuses on optimization of 

the system.  

The transducer/tubing coupling was achieved using hand alignment 
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and cyanoacrylate glue. It is observed that assuring good contact is 

important not only for power consumption, but also for the preferential 

excitation of particular orthogonal modes of the tube. This direction is also 

primarily focused towards system optimization. 

Although preliminary experiments involving acid, base, and polymer 

coating treatments of soft glass tube into the effects of internal surface 

treatment and coatings to the tube showed no substantial effects, greater 

depth of experimentation would be necessary if the application intended for 

the method required either surface functionalization, or passification, if only 

to verify no effect.  

Another interesting direction of study into static aspects of the system 

is the geometry of the system. Experiments that investigated the effects of 

flattening one side of the tube or asymmetric tube showed resonance 

broadening, but no change was made to the inherent symmetry of the cavity. 

It would be interesting and instructional to determine the limits of geometric 

perturbation, or simply investigate the structural resonances of other 

geometries and the ability of those systems to manipulate particles.  

Future computational directions of investigation can be described as 

generalization of the model to include effects such as fluid viscosity, fluid-

solid interactions, or allow for geometrical variation. The model put forth in 
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this paper made several large assumptions. The first of these is assumption 

of perfectly cylindrical geometry with infinite bandwidth transducer. Modeling 

of the transducer material and the characteristic resonances of the excitation 

source would allow for mass loading and resonance peak width inclusion. No 

significant effects are observed by neglecting any asymmetry in the physical 

system, but the perturbations are relatively small, even for the thick quartz 

tube.  

The fluid is assumed to be inviscid and only possessing radial 

interaction with the internal surface of the tube. Viscosity in this statement is 

referring to the self-interaction effects, while liquid-solid interactions include 

chemical, charge, and boundary layer interactions. Although these inclusions 

add complexity to the equation, they are necessary for a quantitative analysis 

of forces on the particles in the fluid.  

In chapter 2, a model was developed to describe the system. Several 

calculations were done to predict particle trajectories. A quantitative 

comparison to predictions and a correlation of predicted and observed 

concentration speed would be extremely valuable in the system optimization 

process. 

The final category of investigative interest is flow. Relatively low flow 

rates were used for all of the experiments described in previous chapters. 



254 

 

 

 

For the purposes of scaling, it would be important to find the nonlaminar flow 

limit at which acoustic concentration is no longer possible. Another instructive 

point for experimentation is the stability and concentration quality of stepping 

the fluid column radius down using a coupler to accelerate the flow rate and 

decrease radial distribution of the sample stream. 
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