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ABSTRACT 

_. ,. . .. . ... ,.. 

In this dissertation, we have undertaken the challenge to understand the unusual propa- 

gation properties of the photonic crystal (PC). Thc photonic crystal is a medium where the 

dielectric function is periodically modulated. These types of structures are characterized by 

bands and gaps. In other words, thcy are charactcrized by frequency regions were propagation 

is prohibited (gaps) and regions wherc propagation is allowed (bands). In this study we focus 

on two-dimensional photonic crystals, i.e., structures with periodic dielectric patterns on a 

plane and translational symmetry in the perpendicular direction. 

We start by studying a two-dimensional photonic crystal system for frequencies inside thc 

band gap. The inclusion of a line defect introduces allowed states in thc otherwise prohibitcd 

frequency spectrum. The dependence of the defect resonancc state on different parameters such 

as size of the structure, profile of incoming source, etc., is investigated in detail. For this study, 

we used two popular computational methods in photonic crystal research, the Finite Differencc 

Time Domain method (FDTD) and the Transfer Matrix Mcthod (TMM). The rcsults for thc 

one-dimcnsiunal defect system are analyzcd, and the two methods, FDTD and TMM, are 

compared. 

Thcn, wc shift our attcntioii only to periodic two-dimensional crystals, conccntrate on their 

band propertics, and study their unusual refractivc bchavior. Anomalous rchactive phcnomena 

in photonic crystals included cases whcrc the beam refracts on the "wrong" sidc of the surface 

normal. The latter phcnomenon, is known as negative refraction and was previously observcd 

in materials where the wave vector, the electric field, and thc magnetic field form a left-handed 

sct of vectors. These materials arc generally callcd left-handcd materials (LHM) or negative 

index materials (NIM). We invcstigated thc possibility that the photonic crystal behaves as a 





... 
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LHM, and how this bchavior relates with the observed negatively refractive phenomcna. 

We found that in the PC system, negative refraction is neither a prcrequisitc nor guarantees 

left-banded bchavior. Wc examined carefully the condition to obtain left-handed behavior in 

the PC. We proposed a wcdge type of experiment, in accordancc with the experiment performed 

on the traditioiial LHM, to test these conditions. We found that for certain frequencies the 

PC shows lcft-handed bchavior and acts in some rcspects likc a homogeneous medium with a 

negative rcfractive index. We used thc realistic PC system for this case to show how negative 

refraction occurs at the intcrface between a material with a positive and a material with a 

negative refractive index. Our findings indicate that the formation of the negatively refracted 

beam is not instantaneous and involves a transient time. With this time-dependent analysis, 

we werc able to address prcvious controversial issues about negative refraction concerning 

causality and thc speed of light limit. 

Finally, wc attempt a systematic study of anomalous refractctivc phenomena that can occur 

at thc air-PC interface. We observe cases where only a single refracted bcam (in the positive 

or negative direction) is present, as well as cases with birefringcncc. We classify these diEerent 

effects according to their origin and type of propagation (left-handcd or not). For a complete 

study of the system, we also obtain cxpressions for thc energy and group velocities, and show 

thcir equality. For cascs with very low indcx contrast, band folding becomes an artificiality. 

We discuss the validity of our findings when we move to the limit of photonic crystals with a 

low index modulation. 
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CHAPTER 1. INTRODUCTION 

History of electromagnetic wave propagation in periodic structures and 

photonic crystals 

The photonic crystal lattice [l, 2, 3, 4, 51 is a periodic arrangemcnt of dielectric units in thc 

two or thrce dimensional space. Unlikc semiconductor crystals that are available in abundancc, 

photonic crystals -with thc cxception of a few recent discovcries in live organisms [6,7,8]- do 

not exist in nature. Photonic crystals can mold and control the flow of light like semiconductor 

crystals control the flow of clcctrons. Photonic crystals arc characterized by hequency regions 

wherc 110 clectromagnctic (EM) wave propagation is allowed for any anglc of incidence. These 

regions arc known as com~rlctc photonic band gaps or stop bands. For othcr frequency regions 

propagation is allowcd in some or all directions. 

The realization that gaps can cxist in tlic propagation of EM wavcs actually dates back 

to 1913 [9, lO], Tlic obscrved reflcctance spectrum in x-ray diffraction expcriments on crystal 

structures has narrow width gaps around specific incident angles. In othcr words the propaga- 

tion inside thc crystal is prohibitcd for a certain part of the wave vector space. F’urthcrrnore, 

Brillouin [113 had investigated classical wavc propagation in pcriodic dielectric structures. 

Specifically, BrilIouin studied the propagation of classical waves in a homogeneous medium 

in the prcscncc of a small pcriodic perturbation. Hc studied cascs where thc sitcs of the pc- 

riodic pcrturbatioii form a Bravais lattice in the two- or thrccdimensional space. For the 

two-dimcnsional cac ,  lie considercd thc scalar wavc equation. Subsequently, lie calculated the 

frequency dispersion of thc system. Brillouin found that for wave vectors that lie away from 

thc Brillouin zone boundary, this dispersion rclation is close to the one for the hornogciieous 

medium. HOWCVCT, as one approaches the zonc boundary, the dispersion starts to deviate from 
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thc homogeneous medium. Exactly at thc zone boundary, it experiences a discontinuity that 

is proportional to the magnitude of the pcriodic perturbation. Essentially, Brillouin predicted 

the existcnce of gaps in the propagation of classical waves in periodic structures. Brillouin’s 

calculations for the three-dimensional case empjoyed a full vector wave cquation. Like the 

twc-dimensional case, he found that the frequency dispersion relation exhibits discontinuities 

at the zone boundary. However, in this case he also observed that the dispersion breaks into 

three branches (within the limits of a certain zone). Brillouin’s work suggests that the propa- 

gation of classical waves in periodic media is characterized by frequency regions of prohibited 

propagation (band gaps) and, in some cases, the existence of multiple propagation modes for 

a certain frequency. 

Since the pioneering work of Brillouin in wave propagation in periodic media, the subject 

matter for the spccific casc of electromagnetic (EM) waves was further investigated for a 

layered medium of alternating stacks of different dielectric constants (periodic medium in one 

dimension). The work of Abeles (1950) 1121 was followed by the systematic study by Yeh, Yariv 

and Hong (1977) [13]. The layered medium is widely known in the Iiterature as 1D diffraction 

grating or Bragg reflector and is the precursor of the photonic crystal. The motivation for 

thcsc systematic studies of the 1D periodic medium camc partly from the great potential it 

showed for lasing applications. In fact, Kogclnik and Shank [14], proposed a periodic lasing 

structure in which feedback is not provided by end-mirrors as in conventional lasers, but is 

distributcd across thc structure. In these structures - known as distributcd feedback lasers 

(DFB) [14, 15]--, feedback comes from Bragg scattering, duc to periodic spatial variation of 

thc refractive index and gain (active medium). Moreover, Yariv [le] proposed a natural crystal 

could be used as an x-ray DFB laser. In tbcir Systematic study, Yeh, Yariv, and Hong [13] 

considered EM waves incident to thc ID stack with different angles. They found peaks in the 

reflectance spectrum €or a structure consisting of a finitc number of layers, which in somc cases, 

have magnitudes as high as 1. The peaks in the reflectance spectrum arc indicative of ficquency 

regions, whcrc propagation is forbidden inside the structure. Hence, the namc Bragg reflector 

for the ID periodic layered medium [13]. Thc band gap properties of the Bragg reflector were 
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utilized in applications as early as 1974. Lasing devices, where the layered medium plays the 

role of the cnd-mirrors around thc gain medium, were proposed, studied, and fabricated in thc 

mid-70s [17, 18, 19, 201. These structures came to be known as “Distributed B r a g  Reflection 

Lasers” (DBR) and arc studied and used in optical applications till today [21, 22, 231. The gap 

properties of the Bragg reflector are the basis of operation of other resonator t y p e  of devices 

such as Bragg reflection laser diodes [24, 251 and “Vcrtical Cavity Surface Emitting Lasers” 

(VCSELs) [26, 27, 28,29, 30, 311. Other applications of the periodic layered medium are based 

on its propagation propertics and not its band gap properties. In fact, the periodicity of the 1D 

grating allows coupling betwccii two waveguide channels. Both forward (parallel to the input 

signal) and backwards (antiparallel to thc input signal) coupled waves were reported [32]. 

Despite the numerous studies of 1D gratings, interest towards propagation of EM waves in 

periodic dielectric structures in three dimensions did not occur until 1987. This interest led 

eventually to the advancement of the photonic crystal area and was triggered by the indepen- 

dent discoveries of Eli Yablonovitch I331 and Sajeev John [34]. Yablonovitch was attempting 

to create a periodic dielectric environment around scmiconductor laser devices that would 

suppress spontaneous emission and therefore enhance the dcvice’s performance. The short- 

coming of the Bragg reflector, which is periodic only in one direction, becomes apparent in 

such a casc. These systems inhibit light propagation only along the stacking direction [33]. 

In addition, metallic wweguidcs that can suppress spontaneous emission become vcry lossy at  

high-ficquencies [35]. Clearly, a three-dimensional periodic dielectric structurc that suppresses 

EM wave propagation in any direction would be thc most appropriate [33, 353. On the other 

hand Sajeev John [34] inspired by thc work of P. W. Anderson [36] on electron localization un- 

dertook the challenge to irivestigatc whether such localization can exist for photons. Maxwell’s 

equations govern the propagation of thc photon vs. Schrodingccr’s equation for the elcctron. 

Comparison of the two equations yiclds, that thc role of a pcriodic dielectric constant for the 

photon is analogous to the role of thc periodic potential for the electron. Sajeev John [34] 

employed a nearly free photon approximation for a pcriodic dielectric structurc, whcre taking 

the vector naturc of the electromagnetic field was takcn into account. He found a gap in thc 
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frequency dispersion, occurring at the Brillouin zone (BZ) boundary. He further investigated 

for the existence of photon localization and found this is possible in the presence of a periodic 

dielectric environment with small random disorder [34]. The works of Yablonovitch and John 

predicted the existence of the full omni-directional photonic bmd gap and set the grounds for 

the photonic crystal arca. 

John [37] argucd that thc formation of the photonic band gap is basically an interplay 

bctween the microscopic and macroscopic resonance characteristics of the periodic dielectric 

system. The macroscopic resonance (Bragg resonance) is related to the periodicity of the 

system, while the microscopic resonance is related to the site characteristics (Mie rcsonance). 

One should expect a maximum width for the photonic band gap in the case where the frcquency 

of the two types of rcsonanccs coincide. We note at this point that a more recent study 

by Lidorikis ct al. [38] in twedimcnsional structures indicated that one mechanism may 

prcvail ovcr thc other, depcnding on the structural characteristics and propagation parametcrs 

(polarization). Moreovcr, Yablonovitch’s intuition [35] was that the photonic band gap appears 

every time the propagation modes havc wave vectors that in reciprocal space reach the limits of 

thc first 3rillouin xonc. Correspondingly, structures that have a close to spherical BZ would bc 

most likely to posses a complete band gap, and therefore inhibit propagation in any direction. 

John’s and Yablonovitch’s works ignited research towards finding and fabricating the three- 

dimensional structure that possesses a completc stop band. First attempts were targetcd t e  

wards fcc (facc ccntcrcd cubic) [39j typc of structurcs. The Iatter are characterized by a close 

to sphcrical Brillouin xonc, and would be a good candidate for a photonic band gap in all 

directions of propagation. Due to the lack of developed theoretical tools for band structure 

calculations at the time, Yablonovitch adopted a “cut and dry approach” [39] in his experi- 

mental search of the predicted photonic band gap. In fact, he considered many diffcrcnt fcc 

structurc with splicrical atoms for diffcrciit filling ratios as wcll as diffcrcnt indcx contrast val- 

ues bctwccn atoms and background. Both c scs  of air atoms in high dielectric background and 

dielectric sphcrcs in air background wcrc considcrcd. Rom these tedious cxperimental efforts, 

it was determined that an fcc structure of air spheres in background dielectric with index 3.5 
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and volume fiaction 86% possesscs a full photonic band gap. 

Swayed by tlic analogy with thc clcctronic system, rcscarchers employcd the scalar wavc 

approximation [40, 411 for the elcctrornagnetic field in the early band structure calculations 

for EM wave propagation in periodic structures. The dispersion relation in this approximation 

was obtained either with the use of the Korringa-Kohn-Rostoker method (KKR) [40,41] or the 

plane wavc method [40]. Both thcse methods gave actually similar results. It was later realized 

by theorists [42,43, 441 that thc neglect of the full vectorial nature of the electromagnetic field, 

leads to miscalculations. In fact, these calculations [42, 43, 441 showed that the fcc structure 

possesses no full photonic band gap, in disagrccrncnt with the expcrirnental results [39]. In 

particular, Ho, Chan and Soukoulis [42] argued that the observed cxperimental gap is only a 

“pseudogap,” a region of low density of statcs. Moreover, their findings indicated that although 

the fcc lattice does not possess a completc stop band, the diamond structure - a fcc lattice with 

a basis- does. Actually, both cases of air spheres in high diclcctric background or dielectric 

spheres in air background, in a diamond lattice arrangcment exhibit a completc stop gap when 

the index contrast exceeds the valuc of 2 1421. In addition, Leung and Liu [43, 451 argued 

that it is the sphcrical shape of the atoms causing a pcrsistcnt frequency degeneracy at the W 

symmetry point and Iiciice no band gap for the fcc structurc. Later in 1992, the systematic 

work by Sozuer and Haus [46] showed that after all thc fcc did possess a full band gap, for tlic 

case of air sphcrcs suspended in diclcctric background. However, the location of this gap was in 

the higher bands (between thc cighth and ninth band) and is present only when the dielcctric 

contrast bctwccn thc constitucnts exceeds thc valuc of 2.8 [47]. Band structure calculations 

for two- or three- dimcnsional photonic crystals to datc are actually bascd on the plane wave 

method with the full vcctor nature of the EM ficld taken into account. We providc thc details 

of this method in a subscqucnt section. 

The thcoretical grounds were now sct for the search, fabrication, and expcrimcntal study 

of photonic band gap structures and devices. 
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Photonic crystal structures 

In thc initial stages, photonic crystal research mainly targeted the experimental realization 

of the diamond structure. This structure possesses a robust complete stop band, that persists 

over a wide range of structural parameters [42]. Maxwell’s equations for the photonic crystal 

system, in the absence of dispersive dielectric components, are completely scalable in space [l]. 

This means that any calculation or experimental observation for a structure operating in the 

microwave regime would carry on to the optical frequencies when the respective features are 

miniaturized to submicron sizes. Naturally, the first experimental efforts were oriented towards 

structurcs with a gap in the microwave frequency regime. Fabrication of the periodic structures 

in this relevant sizc range is easier. For the desircd applications in communications and optical 

devices, the appropriatc frequency regime of opcration lies in the infrared or visible spectrum. 

The rapid development of technology provided scientists with sophisticated fabrication tools. 

These aided in realizing photonic structures with smaller and smaller sizes, and consequently 

in achieving the initial goal: structures operating in the infiared and optical spectrum as the 

technological dcmands dictate. For historical purposes we begin our review with the early mm 

scale photonic crystals and follow through with the progress in miniaturization. We review 

different structures as wcll as the main fabrication techniques. 

Two classes of structures prevailed in thc initial stages that followcd thc first cxperi- 

mental efforts of Yablonovitch with the different fcc structures. The first was fabricated by 

Yablonovitch [35, 48, 491, following the suggestion by the Iowa State group for the diamond 

structurc [42, SO]. A mask of triangular holes was pattcrned in a slab of material with a dielec- 

tric constant cqual to 12 (Emcrson & Cumming Stycast 12). The choice of material was not 

by chance. The long-tcrrn objcctivc was always a structurc operable in thc optical. Therefore 

the chosen material should havc a diclectric constant close to the corresponding om of typical 

high dielectric constant materiak used in optical frcqucncics (such as Si and GaAs). Each 

holc in the triangular array would be drilled three times with the use of a carbide tool bit. 

The three drilling directions lie on a conical surface at 35.26 deg. with the surface normal, 

and at  120 deg. in rcspcct to each other. The resulting structurc has non-spherical atoms in 
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a diamond-like arrangement and is known as the “yablononite” or LLthree-cylinder” structure. 

The experiments [35, 39, $91 verified preceding calculations by Chan et aI. [51]. Indeed, thc 

‘‘yablonovitc” possesses a full gap wherc EM wave propagation is forbidden for any angle. 

The observed gap in the experiments showed dependence on the volume fraction of the drilIcd 

air voids with maximum width near volume fraction of - 78%, in agreement with theoretical 

predictions [ 5 11. 

Thc Iowa State group [52, 531 proceeded with a more elegant, easier to fabricate structure, 

known as the layer-by-layer or “woodpile” structure. It consists of Iayers of rectangular (or 

alternativcly circuIar or elliptical) cross section dielectric rods that are stacked sequentially 

in the following manner. The (i + l ) l h  layer is oriented at  90’ in respect to the iLh layer 

and the (i + 2) lh  layer is misaligned by half the rod separation distance in respect to the 

ilh layer. So actually the period c of this arrangement is four layers. This stacking sequence 

produces a face centered tctragonal lattice. The diamond lattice is obtained for thc special case 

that c/a=&, with a bcing the planar rod separation distance. The layer by layer structure 

possesses a complete band gap over a wide range of structural parameters (dielectric constant, 

cross section of rods, filling ratio, ratio of period c over planar rod separation distance a etc.). 

It is better than the CLyablonovite” because of easier fabrication and defect manipulation. Both 

these properties are important for the appIicability of a certain structure. This cxplains why 

the layer by layer structurcs became so attractive, and still remains a very popular structure 

in the photonic crystal community. The first experimental realization of the layer by layer 

structure came in 1994 by Ozbay et al. [54], with the use of rnm sized stacked alumina 

rods. The observed band gap lics in the microwave regime (12-14 GHx) [54, 551. By employing 

semiconductor etching techniques on silicon wafers [55], the rcscarchers succeeded in fabricating 

structures with micron feature sines, operable in the millimetcr [SS] and sub millimeter (far- 

infrared) [57] wavelength scale. 

Researchers in the PC community persisted to achieve the desircd diamond structure with 

a gap at highcr frequencies (infrared and optical). They continued attcmpting to miniaturixc 

further the two popular diamond structures: the “yablonovite” and the laycr-by-layer. Fciertag 
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et al. [58, 591 employed a decp x-ray lithographic technique to fabricatc a yablononite. In par- 

ticular, they used x-ray irradiation through a Au mask of holes in triangular arrangement onto 

a polymethylmethacrylatc (PMMA) resist. Multiple irradiations produce holes in the PMMA, 

like the holes produced by the carbon drill in the Stycast diclectric in the original “yablonovite,” 

but with smaller (micron) sizes. The resulting templatc is infiltrated and chemically treated. 

After the chemical reactions take place, a lattice of ceramic remains, with sites positioned at the 

holes of the initial irradiated PMMA. More recently, Cuisin et al. [60] employed high-resolution 

x-ray lithography to achieve a “yablonovite” PMMA template, with submicron feature sizes. 

The measured rcflcctancc and transmittance spectrum of the fabricated tcmplate indicated 

thc existence of a gap in the midinhared. Finally, a combination of macroporous silicon tech- 

niques and focused ion-beam micromachining led to a “yab1onovitc”-like structure operable at 

the infrared [Sl]. 

In addition, the laycr-by-layer structure rcceived further attention by experimentalists with 

the goal to achicvc smallcr feature sizes. Layer-by-layer structures operable in the infrared 

rcgimc wcrc rcalizcd by Noda 162, 63, 641 and Lin [65, 661. Both groups used elaborate fab- 

rication mcthods with each layer patterned separately. As a result, the fabricated woodpiles 

consist only of a few layers equal or barely exceeding one period, which consists of four layers. 

Meanwhile, rcscarchers turned their attention to otlicr structures with a full band gap that 

could potentially operate in the optical regimc. The observation that an inverse fcc structure, 

commonly refcrrcd to as an “inverse opal,” exhibits a gap between the eighth and the ninth 

band [46,47] prompted thc rcsearchcrs to rcsolve into self-assembly methods of fabrication [67]. 

Fcc is a prcfcrrcd structure in nature. Actually, submicron sized particlcs of monodisperse silica 

or polymer can order in an fcc arrangement in a colloidal solution [67]. The fcc lattice of these 

nanoparticlcs scrvcs as the template that will produce the inverse opal structure. Depending 

on the composition of the template, different infiltration techniques [67] are employed to form 

the high-dielectric matrix. Subscqucntly, the ordered particles are etched or burned off [67]. 

The rcmaining air sphere sites, in the high index matrix constitute the inverse opal, which 

has a gap in the optical regime. However, the main disadvantage of this method, is that 



9 

the applicable gap is locatcd in the bighcr bands. It is therefore highly sensitive to disorder, 

inevitably present in the sclf-assembled structures. In fact, cveii a disorder of about - 2% 

in the lattice constant can potcntially destroy the gap [67]. Another disadvantage is that the 

self-assembled particles do not exhibit long range order. As a result, the maximum size of a 

single inverse opal crystaI that can obtain is restricted [67]. 

Thc achievement of photonic crystal structures that operate at optical and near-inhared 

frequencies is enormous. The ultimate goal remains to use the structures in optical dcvices 

and in communications. As we mentioned earlier, the gap for the inverse opal structures is not 

robust. Moreover, thc layer-by-layer structures operating in the infrared are actually a fairly 

recent advancement. The relevant fabrication techniques are highly sophisticated, which makes 

defect manipulation a challenge. Naturally, two-dimensional patterning is far less elaboratc and 

a variety of defects can be easily incorporated. In addition, two-dimensional structures can be 

useful in certain applications such its optical fibers. These factors led many rescarchers in thc 

photonic crystal community to turn their attention to two-dimensional structures. However, 

the relevant available tcchniques do not always allow fabrication of 2D structures with high 

aspect ratios. The latter is the ratio of the height of the structure over the feature size. In 

many cases thin slabs with planar patterns of holes in high index dielectric were fabricated 

[68]. Twdimensional structures with a small aspect ratio arc frequently rcfcrred to as two- 

dimensional slabs. Howcvcr, as we will see structures with a high aspect ratio were also 

realized. Two-dimensional structures have received criticism regarding their ability to provide 

full confinement in all three-dimensions, and not only in the periodic plane. For slab structures, 

index guiding mcchanisms similar to the ones applied in traditional optical fibers werc proposed 

[68, 691. Alternatively, in certain structures with a high aspect ratio, researchers investigated 

for the optimum overlap betwccn the band gaps for propagation in and out of the pcriodic 

plane [70]. Two-dimensional photonic crystal structures (slabs or with high aspect ratio) 

are receiving great attention till today. We note that for a high enough index contrast and 

certain filling ratios, both thc square and triangular arrangements possess a band gap for the 

two polarizations. We review, the basic two-dimensional structures and relevant fabrication 
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techniques in the following paragraph. In a following section, we will see that many of the 

proposed applications implemented and tested photonic crystals in simple two-dimensional 

lattices. 

Simple realization of a two-dimensional structure comes in the microwave regimc by arrang- 

ing mm sized alumina rods in square [71] or triangular lattices. Structures with high dielectric 

rods in air background have also a limit in miniaturization due to fabrication constraints. A 

structure consisting of small rods with diameter 0.508 mm in air was implemented by Lin 

[72, 731. This structure possesses a gap in the mm wave regime. Other two-dimensional struc- 

tures with smaller (submicron) feature sizes where fabricated with the use of channel array 

glass [74, 751. These arc low index contrast dielectric structures (glass sites in glass or air 

holes in glass), havc high aspect ratio and can have a gap in the near-inhared frequencies [75]. 

To achieve smaller feature sizcs researchers turned into semiconductor processing techniques. 

The fabricated structures are twedimensional arrays of air holes in a thin slab made typically 

of a dielectric material, e.g., GaAs, Si or Si02 168, 761. Various groups [68, 77, 78, 79, SO] 

fabricated two-dimensional PC slabs structures with submicron feature sizes, and applicable 

band gaps in the near-infrared. Different types of 2D PC slab structures were realized: thin 

mcmbrancs suspended in air (also known as “air bridge’’ structures) (e.g., in Refs. [80, 81]), 

thin slabs on a diclcctric substratc (e.g. ,  in Refs. [82, 83]), or thin 2D PC slabs “sandwiched” 

bctwecn dielcctrics (c.g., in Refs. [69, 841). These different altcrnativcs were engineered with 

the objective to provide sufficient 2D planar confincmcnt and reduce out-of-plane losscs. Wc 

will comment further on this issue, when we discuss wavcguiding applications. There are dif- 

ferent fabrication methods, for the twedimensional slab structures. Without going into the 

dctails, typically these rncthods comprise of a two-step process [SSJ. First, holes a,re patterned 

in a mask by utilizing a lithographic technique. Subsequently, the block of dielectric is sub- 

jcctcd through thc mask to a dry etching process (e.g., reactive ion etching) [68]. Usually, thc 

patterned region is not cleaved away but remains surrounded by the background dielectric. An 

array of quantum dots located outsidc thc patterned region is what serves as the sourcc of EM 

waves [78]. Alternatively, the group in Max Plank Institute, Hallc E761 achieved fabrication of 
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two-dimensional structures with a high aspect ratio. They employcd electrochemical etching 

techiquc in macroporous Si and achieved quite uniform cylindrical holes with a high aspect 

ratio. Thc main drawback of the latter structurc is the difficulty to couplc light efficiently into 

the sample, which is cleaved away from the dielectric block. Conscqucntly, the applicability of 

the fabricated sarnplcs is limitcd. 

S tructurcs that have hybrid twc- and three-dimensional charactcristics have also been con- 

sidered. Hybrid signifies that there a n  planes with twedirnensiond patterns, but there is no 

translational symmetry in the perpcndicular dircction. One example is a structure proposcd 

by the MIT group. Finite hcight, two-dimensional arrays of holes in dielectric background and 

rods in air background in altcrnate stacks form the three-dimensional structurc [85, 861. This 

structure has a full thrcc-dimensional gap but its defect modes emulate the characteristics of 

the corrcspoiidiiig twc-dimcnsional ones [86]. Moreover the Halle group [87] fabricated cylin- 

drical holc arrays in macroporous Si. The .radii of the cylindrical holes are moddated in the 

vertical direction, providing tlircedimensional characteristics in the two-dimensional patterned 

structures. In this particular structurc, thc band gap €or out-of the pcriodic plane propagation 

does not overlap with thc band gap for propagation in the 2D periodic plane. Howevcr, the 

latter docs not show high sensitivity to the characteristics of the cylindrical hole modulation. 

Thus, this structurc sliows prornisc in obtaining a PC lattice where the in and out of plane 

band gaps ovcrlap. 

Laser liologl-spliy [88, 89, $01, is a mctliod increasingly implcmcnted in photonic crystal 

fabrications. This mctliod is clcgant, shows high flexibility in bcarn directivity, and thereforc, 

holds great prornisc in  realixing many morc thrcc-dimensional structures in thc future. The 

general fabrication proccdurc is bascd on crcatiiig a certain intcrfercnce pattern using multiple 

laser bcams. Tlic intcrfcrcncc pattcrn cxposes parts of the dielcctric slab madc of a certain 

kind of rcsist. Clicmical treatment of the exposcd rcsist will produce a templatc. The templatc 

servcs as a mold. Subscquent stcps of infiltration and furthcr chemical or hcat treatment yields 

thc photonic crystal. Notc in somc cases thc band-gap propcrties of the templatc itself are 

studied [90]. 
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Photonic crystals as devices and applications 

The basic property that characterizes the photonic crystal is that it can prohibit propaga- 

tion in the entire 47r space, in the case of three-dimensional structures, or prohibit propagation 

in the plane of periodicity for the case of two-dimensional structures. This is a valuable prop- 

erty of these structures, which most of the proposed/intended applications utilize. 

Obviously the threedimensional structures can serve as mirrors [l]. An EM wave with 

a frequcncy inside the band gap will get all back-reflected. Antennas mounted on standard 

semiconductor substrates radiate only about 2-3% of their power into frcc space [91]. If EM 

waves were not allowed to propagated within the substrate, the radiation losses of the antenna 

would be reduced and its performance enhanced. Photonic crystal structures for frequencies 

in their band gap were proposed as antenna substrates [91, 921. 

The existence of a band gap, in thc periodic photonic crystal structure can also be used 

in wavcguiding. The waveguide is formed by introducing a line defect in the periodic crystal. 

The defect introduccs propagation modes for frequencies inside the band gap. These are the 

wavcguide modes [l, 931 and are confined in the defect region. There a c  no propagation 

modes in the bulk crystal. This means that a mode launched inside the defect region wilI 

continue to propagate without leaking into the surrounding crystal. Thus, guiding is achieved. 

The theoretical predictions for the waveguiding properties of a squarc array of rods in air 

[93], were experimentally confirmed by Lin et aI. [72] for rnm waves. Subsequcntly, othcr 

two-dimensional slab structures wcrc proposed and studied as a waveguide [Sl, 83, 84, 941, 

in thc ncar-infrared frequency regimc. As mentioned before, two-dimensional slab structures 

cannot confine light out of the periodic plane and are plagued with out-of-planc losses. Tlicsc 

losses are highly undesirable, since they can severely damage the pcrformancc of the waveguide 

device. Nevertheless, the index contrast between thc PC slab and thc surrounding laycrs (that 

could be air), can provide guiding in the third dirncnsion, in a manncr analogous to that of 

traditional dielcctric wavcguidcs [%I. Different cases of index guiding, and its role in waveguide 

efficiency were theorctically invcstigatcd [SS, 961. Howcvcr, it was generally found that the 

best performance is achieved for either 2D PC slabs suspended in ail- for the lower filling ratios 
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[95] or alternativcly, 2D PC slabs on a low index substrate [96]- So far, three-dimensional 

waveguiding remains within the realm of the microwave frequencies [97], and remains to be 

exhibited for the higher frequencies. A recent theoretical study, analyzes systcrnatically thc 

waveguiding properties of the layer-by-layer structure 1981. Great technological benefits are 

expected, with the realization of waveguiding in near-infrared and optical frequencies. It is 

known that traditional metallic waveguides are lossy for the higher frequencies [35]. 

We note that PC waveguides have another interesting property. They exhibit small fie- 

quency regions, where dips are observed in their transmission [99]. The wavcguide modes inside 

thc line defect are not it continuum, but rather have complicated dispersion characteristics. 

Multiple bands exist and correspond to propagating modes with a different symmetry. These 

bands may cross, indicating a degeneracy point between propagation modes with a different 

symmetry. However different bands may also anti-cross, indicating thcir respective syrnmctry 

is not orthogonal [99, 1001. Whcn such anti-crossings occur, a small frequency region may be 

present where no propagating modes exist inside the linc-defect (waveguide). Such a gap in 

frequencies is called a rnini-stop band to distinguish it from the regular stop bands present in 

the bulk crystals. [99, lOO] .  

Since it was dcmonstratcd that photonic crystals can scrve as waveguides, it was natural 

to try to employ the gap properties of such structures to guide light €or lasgc distances. So 

far, traditional optical fibers, rely on a total internal reflection mcchanism to guide light. 

Thcsc consist of a core with high refiactivc index surrounded by a cladding with low rcfractive 

index [loll. Researchers in the optical fiber community turncd to thc photonic crystal in 

an attempt to enhance the guiding properties of such fibers. They introduced holes in thc 

cladding arranged in a periodic manner, thus forming a photonic crystal. The first photonic 

crystal fibers cunsistcd of a material corc, surrounded by the PC cladding [102, 1031. However, 

it was later realized that thc guiding in thesc fibers is basically a total internal reflection 

effect like in the traditional optical fibers [104, 105, 1061. In fact, the PC cladding with the 

holes acted as an effective medium with lower index dielectric, in these cases. Several efforts 

followed that improved thc design of thc initial fibers. The proposed designs consistcd of an 
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air defect surroundcd by thc PC cladding [104, 105, 1061. Since the corc in thesc cases is air, 

the mechanism for guiding cannot bc total internal reflection. The guiding in thcse cases is 

entirely a photonic band gap effect. Other fiber guides that utilize a two-dimensional photonic 

crystal havc been reported. 1107, 108, 1091. We note, that thc crystal surrounding the core 

is periodic in the direction perpendicular to the guiding direction. This means that good 

candidates for photonic crystal-based fibers, arc PC lattices that have a gap for propagation 

out of the periodic plane that ovcrlaps with the respective one for propagation in the periodic 

plane, even for large out-of-plane angles. Conscquently, fiber research initiated many studics 

for band gap propertics of a photonic crystal for cases when propagation does not lie in the 

periodic plane [70, 761. In particular, Sigalas et al. [70] showed that a high-index contrast PC 

has ovcrlapping band gaps for in and out-of-plane propagation, for out of plane angles as high 

as 85'. More recently, Fink et al. [110] proposed another altcraativc for PC-based optical fiber 

guiding. Their design incorporates an onion-likc cladding with alternating layers of high (glass) 

and low (polymcr) rcfi-activc index. Thc cladding structure possesses an omni-directional gap 

and shows potcntial for guiding high-powcr lascr light through a hollow core. The introduction 

of guiding through hollow cores in thc PC bascd fibers reduces intrinsic losses related to the 

matcrial [I051 and avoids non-lineal- cffccts associated with the material core [110]. 

Mctallic waveguides arc not lossy, and traditional optical fibers do not bend light for large 

angles. Ncvcrthclcss, for many applications i t  is necessary to bend light for a largc angle. It 

was shown tlieoretically [I] and confirmed experimentally [72] for the microwave regime, that 

photonic crystal structures can be implementcd to bend light. In fact, a square array of rods 

in air was considcrcd. Thc rcrnoval of two rows of rods perpendicular to each other provides 

thc path that bcnds thc light. hrthcrmorc, 60' bends [lll, 112, 1131 as wcll as 120' bcnds 

[SZ] wcrc dcnionstratcd in licxagonal two-dimcnsional PC slabs for the near-infrared. As a 

variation of bciids, structurcs that can split thc path of light were also investigated [97, 1141. 

In such cases, multiple line defects were introduced. Tbc vision of the researchers in the 

photonic crystal community is to obtain an integatcd circuit bascd entirely on optical signal. 

Undoubtedly, thc study and rcalization of wavcguides, bends, and splitters is a major step 
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towards this direction. 

An integrated circuit bascd entirely on optical signal would require additional operatiom 

besides manipulatiug the direction of the signal flow. Filtering and channel-drop operations 

would most certainly play a kcy role. Highcr symmetry (e .g . ,  six-fold) defects [115], and com- 

binations of linear and highcr symmetry dcfects enable the realization of filtering and channel- 

drop operations [116, 117, 118, 1191. Dcfccts have bcen mostly studied for two-dimcnsional 

structures both cxperimcntally (mostly in slabs) (c.g. [120]) and theoretically 11211. There 

are two ways to introduce defects in an othcrwise periodic structurc, by adding or subtracting 

dielectric material. Accordingly, defect states are classified as “dropping from the air band” 

or as “raising from the diclectric band” [122]. The defect states in the photonic crystal are 

analogous to thc donor or acceptor statcs in doped scrniconductors [123]. A certain defect 

structurc can introducc multiple dcfcct states in thc band gap that have different frcquencics. 

Alternatively, two different defect states may correspond to the same frequency in the band 

gap (dcgeneracy). It is the high frequency selective profile of the defects that makes them 

attractive units for devicc application. This interesting propcrties of dcfect PC structures have 

ignited numcrous cxpcrimental and theoretical studies. The usc of a chain of defects in a PC 

structurc that opcrates in thc band gap allows coupling from one defect state to the neigh- 

boring one. Such structures arc known as coupled-cavity waveguides [124, 125, 1261. Outside 

the fiamcwork of thc optical intcgratcd circuits and optical dcvices, it was recently found that 

photonic crystal dcfcct structures can also be irnplemcntcd ZM chemical sensing devices [127]. 

All the aforcmciitioncd applications rely on tlic band gap propcrtics of the photonic crystal. 

Rccently, photonic crystals have attractcd a lot of attcntion for their band properties. This 

aspect was somewhat overlooked in thc first dccadc of photonic crystal research. In fact, a 

photonic crystal can cxhibi t highly anomalous refiactive behavior controllable by thc band 

structurc. Already applications such as frequcncy multiplexing, based on this anomalous rc- 

fractivc behavior, wcre suggested and studied [128, 1291. In thc following, section we provide 

a background for thc refractive behavior of the photonic crystal. 
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The refractive behavior of the photonic crystal 

The first attempts to describe the refractive properties of the photonic crystal were focus- 

ing on the homogenization scenarios by employing effective medium theories valid in the long 

wavelength limit. In particular, Datta et al. [130] employed the planc wavc method to deter- 

mine the dispersion relation for the system. Subscqucntly they considered the long wavelength 

limit to obtain the effective dielectric constant. In Ref. [130] different structures in the long 

wavelength limit were analyzed. Their findings indicated that many PC lattices, €or example 

the simple cubic (SC), behaved as an isotropic medium in the long wavelength limit. How- 

ever, the “yablonovite” structure behaved as a uniaxially anisotropic crystal. Furthermore, 

Born and Wolf [131] adopted a simple approach to determine the effective dielectric constant 

of a periodic medium. They considered a grading-like structure and two cases -electric field 

parallel and perpendicular to the periodic direction-. Thcy calculated an average dielectric 

constant value fiom the average values of the electric field E and displacement D. They found a 

different value of effective dielectric constant for the two directions under consideration. Their 

results indicated an effective optical anisotropy. In optically anisotropic materials, the eigen- 

value equation has two roots, i.e., two solutions for the dispersion relation and correspondingly 

two propagating waves in the anisotropic medium [131]. The first solution corresponds to a 

spherical dispersion relation likc in a homogeneous medium, and is called ordinary. The second 

solution, yields usually an ellipsoid-like dispersion relation and is caIled extraordinary [131]. 

The phenomcnon that describes thc cocxistencc of two different beams, obeying two different 

dispersion relations, is widely known as “birefringence” [131]. Although the components of the 

periodic medium did not contain optically anisotropic material, Born and Wolf’s calculations 

[131] suggest that thc effcctive bchavior of the periodic medium would be that of an optically 

anisotropic medium. Consequently, in such a system birefringcnce is expected. To distinguish 

it from the onc observed in  hornogencous optically anisotropic rnatcrials, thcy tcrmcd it “form 

birefringence.” 

In fact, such “cffectivc optical anisotropy,” €or thc periodic stratified medium was first 

derived by Rytov [132]. Yariv and Yeh [133] adopted a somewhat different approach, which 
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is similar to that of Datta et al. [130], but for the om-dimensional layered medium. They 

took thc long wavelength limit in the calculated dispersion relation, and found a different 

dielectric constant for the two-different polarizations. Correspondingly, an incident wavc of 

mixed polarization would split into two wavcs when entering the layered medium 11331. 

Such approximations are a simplification and fail to describe thc real rich refractive behav- 

ior of the periodic medium throughout all frcqusncies. For the layered medium, such behavior 

was studied systematically by Zcngerle 11341 and Russell [135, 1361. Thcir experimental ob- 

servations barc evidence of birefringent and multi-fringent behavior, with beams sometimes 

present in either side of the surface normal [134]. Thcy analyzed their rcsults with the use of 

thc wave vcctor diagram formalism [135], that we dcscribe briefly in a following section of this 

introduction. 

Recently, a widc variety of anomalous refractivc phenomena were observed in two-dimensic- 

nal photonic crystals. Kosaka et al. [137] observcd that a very small incident angle results in a 

very large refracted angle in the photonic crystal. medium, which actually lies on the wrong side 

of thc surface normal. Thcy called such highly unusual rcfractive behavior as the “superprism 

phenomcnon.’’ Furthermore, Notomi [138] investigated the rcfractivc behavior of the photonic 

crystal and found that it is controllable by the band structure. He identified the existence 

frequcncy regions where the dispersion is almost isotropic, as it would be in a homogeneous 

dispcrsivc medium. In somc of the latter cases he observed that rcfraction occurred on the 

“wrong” side of the surface normal, as it would be if the PC possessed a negative index of 

rcfraction. In addition Luo et al. f1301 predicted a ncgative refractive behavior for a photonic 

crystal €or frcquencics lying in thc band cdgc of the first band for a square array photonic crys- 

tal. Such negative rcfractivc bchavior in a similar system was later experimentally verified by 

E. Cubucku ct al. [140]. Furthermore Kosaks et al. [141] experimcntally observcd birefiingcnt 

behavior in the photonic crystal. Thcy called such phenorncnon “form birefringence” to be 

consistcnt with the analysis by Born and Wolf [131]. 
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Left-handed behavior in EM-wave propagat ion and negative rell’action 

When light bends the opposite way, as it occurs in natural matcrials, wc spcak about 

negative refi-action. As discussed in the preceding section, negative refraction was recently 

observed theoretically and experimentally in many cases in photonic crystal systems. The 

unusual phenomenon of ncgative refraction was predicted by Russian physicist Veselago, in 1967 

[142], to occur in a homogeneous medium that possesses a simultaneous negative permittivity 

and negative permcability. Maxwell’s equations for such a medium yield that the electric 

field vector, magnetic field vector, and wave vcctor obey a left-handed instead of a riglit- 

handed rule. Therefore, S a k, where S the Poynting vector, is negative in this case. A beam 

incident from air will refract negatively in this medium. In order for the encrgy flow, given 

by the pointing vector S, to remain causal, the perpendicular component of the wave vector 

reverses sign whcn mccting the Vcselago medium, which results in S pointing in the negative 

direction. Wc show this graphically, whcn wc discuss thc wave vector diagram formalism in 

Fig. 1.2. Correspondingly this medium posscsscs a ncgative refractive index and hence, the 

name negative index medium (NIM). Veselago 11421 introduced a quantity, thc “rightness” that 

is negativc when E, H, k observe thc left-handed rule and positivc otherwise. The condition 

that the energy dcnsity must always be positive definite led to the conclusion that if such a 

medium existed, it would have to be dispersive in nature [142j. Many known metals have 

a negative Permittivity, but there were no known materials in nature that would posscss a 

negative pcrmcability. Thcrcforc Vcselago’s work about the negative index medium was quickly 

dismissed. 

Reccnt studies by Pcndry [143] indicated that a composite medium could behave as having 

an effective permeability that is negative. Pendry’s work was the first step to bring the Vcsclago 

medium out of the realm of fiction and inspirc its realization. The UCSD group (University 

of California, San Dicgo) [144] envisioned a composite medium that consists of an array of 

copper wircs and an array of a two con-ccntering rings cut at opposite sides. They called the 

latter structurc a split ring rcsonator (SRR). Thcir pioneering work, published in Science [144], 

showed that their composite structure behaved like a medium with a negative rcfractive index, 
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like thc Veselago medium. Thc scientists demonstrated this experimentally, with scattering of 

E M  waves by two diffcrent wedged structures, one made of a block of dielectric (Teflon) and the 

other of their cornpositc medium. The two deflected beams rcsultcd in opposite hemispheres. 

Thc block of the composite medium behaved as it possesses a negative refractive index n. The 

presence of the beam in the negative hemisphere is unambiguous evidence of the wave vector 

flipping sign when meeting the interface of the composite medium. Consequently, inside the 

wedge, S - k < 0. In othcr words, the propagating wave inside the composite medium obeys 

the left-handed rule, Le., is Ieft-handed. A wave with S . k < 0, is also frequently referred to as 

a backwaxds wave [145] to illustrate the directional relation between the Poynting vector and 

wave vector in the left-handed cases. 

The work of the UCSD group [I@, 1461 prompted the thrust in the area of left-handed 

materials (LHM) that are characterized by backwards wave propagation (S - k < 0) and posses 

a negative rekactive index. Their findings initiatcd many studies with the intent to verify the 

existence of a negative indcx both experimentally and theoretically. Nowadays, left-handed 

materials arc thc subject matter of numerous studies motivated by their novel properties 

and potential in applications. Researchers confirmed theoretically the negative index of the 

composite medium by other means as well. In fact, the scattering data from a block of material 

contain informatioil for both the respective refractive indcx and impedance. With the use of 

such scattering data Smith et al. [147] verified unambiguously the negative rcfractive index of 

the compositc medium. Also, further cxperimentd and thcoretical invcstigations by Paraxolli 

[148] et al. gave firm cvidcnce for thc rcality of negative index and left-handed behavior. 

More rccent studics by Smith ct al. [149] resolve that the composite medium, exhibits 

cffectivcly optical anisotropy and that only onc direction is cliaracterized by the negative 

index. In addition, Bclov [145] studied a homogeneous medium with uniaxial anisotropy, 

allowing some of thc tensor elements for the diclcctric constant to be negativc. He showed, 

that in such a medium negative refraction is possible without the preseiicc of a backwards 

wavc. His work indicates that negative refraction and left-handcd behavior arc not necessarily 

synonymous in any case. Thc first refers to the sign of refraction at thc interface between two 
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media and the second to the directional relation between phase and energy velocity of the EM 

waves propagating in the medium. (The direction of the Poynting vector coincides with the 

direction of the energy velocity). 

Moreover, Pendry [ E O ]  showed that a flat slab made of a material with refractive in- 

dex n=-1 will have perfect, aberration free, focusing properties. In addition, the evanescent 

components of the object become fully restored. The resulting image would have resolution 

and clarity surpassing the one of any conventional lens known today. Pendry’s observations, 

in addition to the many negatively refracted effects seen in photonic crystals, motivated the 

investigation of the focusing properties for photonic crystal slabs. Luo et al. E139, 1511 the- 

oretically demonstrated the focusing capability of periodic twedimensional arrays consisting 

of dielectric or metallic cylinders. The formed image has resolution 1/3 of the wavelength, 

which is below the diffraction limit. Luo et al. [139, 1521 argued that in photonic crystals the 

resolution is limitcd rather by the inter-site distance along the surface and not the wavelength, 

and may be connected to surface states [152]. 

Undoubtedly, the paths of the periodic photonic crystal medium and the negatively refract- 

ing backwards medium cross in some ways. The phenomenon of negative refraction stirred up 

a lot of controversy in the scientific community. Valanju ct al. (1531 claimed that it is pro- 

hibited in nature because its occurrence would require violation of causality and the speed of 

light limit. They also argued that the phase velocity can uadcrgo negative refraction but the 

group (energy) vcloci ty always undcrgocs positive refraction. In this dissertation, wc study 

thc anomalous refractive behavior for the photonic crystal and intend to address some of these 

controversial points . 

Research objectives and motivation 

The great intcrcst drawn to the unusual properties of propagation in photonic crystal 

structures is certainly due to their potential in devices and applications. This remains the 

driving force in the field and fuels the theoretical studies for thc behavior of various defect 

configurations introduced in an otherwise periodic photonic crystal lattice. We havc seen in 
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thc previous sections that appropriate engineering of these dcfccts provides the control of the 

light flow. This makes these structures good candidates for active components of an integrated 

circuit based entirely on optical signal. The defect in the photonic crystal, for frequencies insidc 

the bulk crystal stop band, acts as a Fabl-y Perot resonator [131]. However, the photonic crystal 

“mirrors” are not necessarily hard, like thc convcntional mirrors. Therefore, understanding 

the confinement characteristics of light inside a defect cavity becomes very important. In 

fact, dcfect states, in the absence of the input signal will decay aftcr a certain time T .  The 

inverse of this time relates to the quality factor of the e1ectromag;netic resonant state that is 

confined in the defect. The higher the quality factor value, the bettcr the performance of the 

cavity resonator, and the corresponding device. A multi-scattering mechanism is responsible 

for the formation of such a defect state. It is naturd, therefore, to assumc that structural 

characteristics of the PC lattice and the dcfect will influence the defect state. In fact, the 

quality factor of a resonator embedded in the PC is a highly sensitive quantity. Defects in two- 

dimensional slab structures dominated the field, because of their easier fabrication. We chose 

to study a particular kind of defect, a line defect, in a two-dimensional hexagonal crystal. 

Linear dcfects have mostly been considered for wavcguiding applications. In this case E M  

waves arc launchcd parallel to the direction of the line defect. However, thc identical structure 

can act as a cavity resonator when wavcs are launched perpendicularly to the defect direction 

[154]. Conditions in a real experimcntal structwc are not always ideal. In fact, real structures 

are never true two-dimcnsional structures, since the third dimcnsion has unavoidably a finite 

height. EM wave sources in experiments are not an ideal plane wave and are not really confined 

on the planc of periodicity. Wc undertook the task to theoretically investigate how thc finite 

size of the PC and source profile of the launched EM wave influence the characteristics of thc 

cavity resonance. This stady will be presented in Chapter 2. 

The early eEorts in the photonic crystal research targeted towards the search and fabrication 

of the structure with a full three-dimensional band gap. Because of the intricate difficulties in 

fabrication techniques in three-dimensional structures gradually the attention shifted towards 

experimental and theorctical studies of two-dimensional structures that incorporate different 
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types of defects. The focus of transmission studies and band structure calculations was to 

identify thc complete stop band region. The behavior of the photonic crystal in the band 

regions, where EM wave propagation is allowed, has been actually greatly overlooked until 

recently. Kosaka and Notomi’s [137, 1381 work indicated that the photonic crystal can have 

a highly unusual refractive behavior, controllable by the band structure. The refracted beam 

can actually be in thc opposite direction of how it normally occurs in natural materials. In 

parallel, Veselago’s predictions for the negatively refracting left-handed medium [142] came into 

reahation with the composite metallic structure by the UCSD group [144]. Understanding thc 

nature of negative rehction in photonic crystals and how this relates with negative refraction 

occurring in the traditional left-handed medium was certainly lacking in the literature. The 

new field of left-handed materials introduced also some controversial issucs - whethcr or 

not negative refraction can occur or it violates physical principlcs [153]. Also, both in the 

photonic crystal and left-handed literature, there was still confusion regarding the appropriate 

definitions and signs for thc phase and group rcfractivc index. We were motivated to study and 

understand negative refraction in photonic crystals. We devised a wedge type of simulation 

cxpcriment analogous to the UCSD wedge experirncnt for the traditional LHM. This wedge 

type of simulation can unambiguously decidc for the left-handed or not nature of propagation 

inside the photonic crystal. We present our analysis and results in Chapter 3. 

In accordance with Notomi [138] we found that €or certain frequencies, the dispersion rela- 

tion in photonic crystals can be almost isotropic (circular) in the two-dimensional wave vector 

space. In addition, for certain cases with almost isotropic dispcrsion, the wedge simulation 

showed left-handed behavior. This rncans that for these cases, the photonic crystal medium 

would resemble in some but not all respects a homogcneous medium with a negative re&activc 

index. We therefore had at  hand a realistic, inherently lossless left-handed, negatively refract- 

ing medium. This system would be ideal to test the validity of the claims posed by Walscr’s 

group [153] regarding the reality of negative rehaction. We present our study in Chapter 4. 

Apparcntly, the photonic crystal can show very complicated refractive behavior. System- 

atic study of superrefractive phenomena is absent in the 2D photonic crystal literature. Such 
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phenomcna were studied systematically only for 1D pcriodic systems (the familiar Bragg reflec- 

tor). The existence of the second dimension, howcver, adds complexity to the problem. Also, 

in the ID literature the unusual propagation phenomena were not charactcrized in rcgarding 

the “rightncss” of propagation. We havc undertaken the task to study cxtensivcly the prop- 

agation of EM wavcs in two-dimensional photonic crystals, find cases of negative refraction 

different in origin/nature, and cliaractcrize them in regards to the “riglitness.” We also were 

motivated to study “biref?ingent” effects in the photonic crystals and iuvestigatc the diffcrent 

rncchanisms that can lead to such eEects. In many cases, a single propagating beam in the 

photonic crystal is desired. In this context, we thought that it is also worthwhile to examine 

carefully the necessary conditions to obtain single beam propagation in the positive or negative 

direction. Apparcntly, thc role of pcriodicity in the photonic crystal cannot possibly bc the 

same in cases with high indcx contrast and in cases with infinitesimally small index contrast 

between constituent diclcctrics. Wc were also motivated to study how the rcfractive response 

of the photonic crystal alters whcn moving from the limit of high to low indcx modulation in 

photonic crystals. Our systematic and detailed study is presented in Chaptcr 5. 

Overview of the numerical techniques and methods 

We prcsent in thc following a brief description of thc numerical methods and techniques used 

in our studies in Chapters 2 through 5.  Thc transfer matrix method (TMM) [155, 156, 1571, fi- 

nite difference timc domain technique (FDTD) [158], and plane wave expansion method (PWE) 

[42, 1591, are standard techniques used widely in thc photonic crystal community to analyze 

and interpret the properties of both two-dimensional and thcc-dimensional structures. We 

present tliesc rncthods in thc following and outlinc their respective advantages and disadvan- 

tages. In addition, our interpretation and analysis of the rchacted properties of the photonic 

crystal relics heavily on thc wave vector diagram formalism 1134, 135, 1361. For didactic rea- 

sons, we also present a couple of instructivc examples, where thc latter formalism is applicd 

to diagrammatically determine refraction. We treat the more complex cascs for tlic photonic 

crystal in Chapters 3 and 5. 
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Transfer matrix method 

This method [155, 156, 1571 has been applied extensively in photonic crystal structures to 

calculate transmission. Accordingly, the respective band gap propertics axe indirectly deter- 

mined. Mostly, it is appropriate for structures that are periodic across the lateral direction, 

Le., across the interface, since periodic boundary conditions arc applied in this dircction. We 

note, however, with consideration of an appropriate supercell, the method can be extended to 

more complicated defect structures as wcll. Thc size of thc superceIl depends on the particulars 

of thc dcfcct. Wc uscd tlic transfer matrix technique in Chapter 2 to calculate transmission 

through a PC slab structurc with a line defect, acting likc a Fabry-Perot resonator. However, 

in our case the defect is oriented parallel to the lateral direction, and a single PC cell suffices. 

We launch EM fields with a plane-wave profile onto the PC structure, from the medium 

that the structure to bc studied is embedded in. This medium is, in gcneral, a homogeneous 

mcdium with diclcctric constant E. The computational space, that includes the structure is 

discretizcd with thc use of a square grid (in our two-dimensional case). To ensure accurate 

results, thc sixc of thc numcrical cell nccds to be “sufficicntly” small in comparison with the 

wavclciigth. Thcrc is no rule of thumb to quantify “sufficiently.” Convergence depends on 

the particulars of tlic structure under corisidcration and thc frequency of the incoming fields. 

We cornmcnt further on the convergence issue of the method for sensitive quantities, such as 

the quality factor, in Chapter 2. Subscqucntly, the time-indcpcndcnt Maxwell’s equations are 

discretizcd on this grid lattice. The discrctisation schcmc yields the equations that provide 

rccursivcly tlic valucs of the ficlds in a. certain cell, from the field values in the preceding 

numerical cell. 

In addition, a sccond stcp, that involves slicing the entire structure along the propagation 

direction, bccomcs necessary. These slices consist only of a small number of numerical cells, 

in ordcr for thc solution to be numerically stable. Growing field solutions may arise when 

Maxwell’s equations arc iterated for a large number of numcrical cells. Following this process, 

ficlds that arc iiicidciit on eitlicr side of the slab (left and right side), are integrated throughout 

tlic slab slice in both directions, forwards and backwards respectively, with the use of thc 
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recursive relations. The resulting fields are Fourier traiisforrncd to obtain thcir valucs in 

wave vector space. To determine thc transmission coefficients, a plane wavc basis is needed. 

This plane wave basis consists of thc left and right eigenvectors of the transfer matrix in the 

embedding medium. Afterwards, the Fourier transformed values are projected OR this basis. 

In this way, the transmission and reflection coefficients of a certain slab slice of the structure 

arc obtained. The combinatory transmission and reflection coefficents of two adjacent slabs is 

calculated from the individual values, with the use of a multiscattcring formula [155]. Following 

a step-by-step process, the transmission (and reflection) of the entire structure is acquircd. 

The transfer matrix mcthod is easily implemented for most PC structures. It is fiequcntly 

used to identify the frcquency limits of the respective directional gap. In some cases, these 

limits may not agrce with the thc band structure predictions. In fact, these are cases that were 

observed in cxperimcnts [35, 1601, and were attributed to the low density of states for a specific 

frequency range [42]. In such cases, the attenuation in the transmission is called a “pseudogap,” 

to distinguish it from cases where propagation modes do not exist at  all (band gap). In addition, 

thc symmctry mismatch between thc incident EM waves and the field patterns inside the PC 

can also lead to attenuation in the transmission [161]. The great advantage of the TMM is that 

it can predict all thcsc effccts. Thus it can bc directly compared with experiments. Different 

interface cuts and surface tcrminatioiis cart bc considered that simulate as dose as possible the 

actual structures. Another intcresting feature of the TMM is that each frequency component is 

trcated separately. Corrcspondingly, dispersive components (e.g., metallic structures) can be 

casily included. Noncthclcss, certain rcstrictions apply in the extcnt thc TMM results can be 

compared with cxperimcnts. Tlicsc mainly relate to finite size cffects in the latcraI direction. 

In addition, cffects stemming from thc source profile (that, in general, may not be a plane 

wave) cannot bc taken into account. Othcr disadvantages are that that the method is difficult 

and/or computationalIy costly to use for complicated dcfcct structurcs, and cannot be used to 

study time-dcpendcnt effects. 
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Figure 1.1 Two possibilities for the spatial grid that can be used 
to discretize Maxwell’s equations in the FDTD method 
(H-polarization m e )  [158, 1621. 

The finite different time domain (FDTD) method 

The finite difference time. domain technique 11581 is an ab initio method, which relies on 

the numerical solution of Maxwell’s equations on a space-time computational grid. In the 

following we review the method for the two-dimensional w e ,  Le., when the fields do not vary 

in the third dimension, and H- (TE) polarization. We also consider a non-magnetic loss-free 

medium. Incidentally, the photonic crystal structures that we study in the subsequent chapters 

fall into this category. With H-polarization we mean that the electric field lies on the plane of 

incidence, the computational plane, while the magnetic Geld is perpendicula;r to this. (This is 

the customary notation widely used in the field of photonic crystals). The electric and magnetic 

field components are not all d e h e d  simultaneously at the same position of the numerical grid. 

Only for this type of grid (yee grid) [162], the divergence-free nature of the E M  field in the 

absence of sources is preserved. Let Ax, Ag represent the discretization in space and At the 

time-step. In Fig. l.l(a) and l.l(b) we show two alternative spatial discretization schemes. 

Both grids can be used to successfully iterate the fields in spaice and time, however, certain 
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boundary conditions (PML) [16;3] require the use of the grid shown in Fig. l.l(a)* 

The FDTD discrctization sclieme [I581 of Maxwell's equation in time domain, with the usc 

of the grid shown in Fig. l.l(a) 11621 for our photonic crystal case gives 

-D,[%(i + 1,j + 1/2) - E p , j  + 1/2)] + D, [ J q i  + 1 / 2 , j  + 1)  - EF(i + 1/2'j)], (1.1) 

-cmz [H,"+1/2(i + 1 / 2 , j  + 1/2) - H,n+1/2(i - 1p, j  + 1/21]. 

Thc coordinate (i, j )  is indicated in the figure. Also, 

with 

E ( i  + 1p,j + 1/2) + r ( i  - l / Z , j  + 1/2) 
2 Emz = €0 ? 

(1.5) 
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and 

EO and p~g are the vacuum permittivity and permeability, respectively, and ~ ( i  + 1/2, j + 1/2) 

the relative permittivity inside the grid cell (i, j ) .  Note, the numerical equations are expressed 

in MKS units. 

As we can see in the numerical equations, thc electric and magnetic fields are riot defined 

simultaneously in time but with a shift that equals half the time step. This is known as a 

leapfrog arrangement, which allows the equations to be expressed in a fully explicit form [158]. 

It can be proven El581 that the method is stable when the tirne-step and spatial grid observe 

the following condition, 

1 
dt  5 (1.10) 

This condition is generally known as the Courant condition [164]. 

Terminating the computational space, is a challenge. Several methods trcating the bound- 

ary cnclosing thc computational domain have been proposed [163, 165, 166, 167, 1681. Thc 

cnclosing boundary should rcAcct as little as possible. Rcflcctions originating from the bound- 

ary can potcntially skew the computational results. Popular boundary conditions are LIAO 

[165] and PML [163, 1661. We used these in Chapters 2 and 3-5 respectively. Nevertheless, 

periodic (Bloch) boundary conditions have also been used with the FDTD method in stud- 

ies of periodic and disordered systems [38]. For transmission properties, periodic boundary 

conditions in the lateral direction [158] can be used in conjunction with LIAO boundary con- 

ditions in thc propagation direction [15&, 1691. In the latter cases, plane wavc sourccs can be 

implcmcntcd, but only for normal incidence. We applicd this type of boundary conditions to 

compare results between the FDTD method and the T M M  in Chapter 2. 

Anothcr important aspect is the choicc of thc sourcc, gencratiug the fields that will prop- 

agate inside the structure under consideration. The FDTD method allows high flcxibility in 

the choice of type and location of source and even permits the inclusion of multiplc sourccs. 

One can introduce point sources, plane waves (for periodic boundaxy conditions), or sourccs 
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with a Gaussian profile in space. Thc latter is widely used in thc literaturc f96, 170, 1711. In 

Chapters 3-5, wc uscd a sourcc with a Gaussian profile for both cases of normal and oblique 

incidencc. For the general case of oblique incidence, the amplitude has a spatial profile given 

by: 

-d' /2a2 
A p  = Ap,e p p o  (1.11) 

Points P and Po lie on a line oriented perpendicularly to thc angle of incidence, and passing 

Gorn Po, the ccnter of thc Gaussian beam source. d p p ,  represents the distance between points 

P and Po. Such a sourcc launches waves in both directions along the angle of incidence. 

Parameter a in expression (1.11) is connected with the source width; if chosen small, the 

source will bc point sourcclike, Le. will comprise of many anglcs. If chosen large, the source 

will bc collimatcd-like, with a small angle span. 

Depending on thc particulars and goals of a certain problem, different time profiles can 

be assigned easily to the sourcc. For example, in the case we are interested to calculate 

transmission, a sourcc with Gaussian time profile is appropriate. 

Expression (1.12) reprcscnts a Gaussian pulse in time centered around t d  with a width equal 

to ot. The larger 0 1  the broader the pulsed signal. The broader the pulsed signal, the smaller 

the width of the rclcvant frequcncy region. After the pulsed signal has propagated through thc 

structure, we apply fast Fourier transform (FFT) [172] to thc timc series of the fields to obtain 

thc corresponding field amplitudcs in frequcncy domain [lti9]. The transmission through thc 

structurc is calculated with thc use of thesc values for all frcquencies contributing to the pulscd 

input signal. In this way, wc acquire thc transmission for many frequencies in a single run. 

On the othcr hand, if wc are interested in monitoring the field configuration, a monochromatic 

source becomes appropriatc. The introduction of a monochromatic source, involves turning 

the fields on abruptly from a zero vaIue. This causcs field fluctuations that carry on thc entire 

computational time. Therefore, i t  is ixnperativc to assign a profile that ensures a smooth turn 

on of the source field [173]. In the cases we study in Chaptcrs 3-5, wc utilized a timc-profile 
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for the source, given by the following expression: 

(1.13) 

The factor before the cosine ensures the smooth turn on of the fields for largc cnough a. The 

input signal in this casc will be “quasi-monochromatic,” with predominant frequency wo. The 

span of additional frequencies that are introduced with this profile will be very small €or largc 

a. Moreover, there are cases where we are interested in the Fourier transformed ampIitudes of 

the fields inside the structure, excited by a monochromatic signal [170] (see also Chapter 6). 

In such cacs,  a very broad input pulse train in time is used for the input signal. Thc fields 

are smoothly turned on from zero to a maximum value and subsequently turned off again from 

this value to zero. This pulse train corresponds to a small width around the central value wg 

in the fiequency domain. 

From the analysis above it becomcs apparcnt that thc FDTD method bears many advan- 

tages. It can provide the fields at any instant of time as they progress in thc structurc of interest 

and therefore give insight to time-dependent phenomena. It allows the choice of different types 

of sourccs, as wcll as as the inclusion of multiplc sources. In addition, the different available 

boundary conditions that can bc implcmcntcd, enable the study of finite-size effects when this 

is dcsircd. Also, when thc method is applied in the three-dimensiona1 space it can also take 

into account effects that are related to the third dimension in two-dimensional photonic crystal 

slabs [96]. Evidently, many different structures and propcrtics can bc studied with the use of 

this method, including actual cxpcrimcntal structures. For examplc, we can study transmis- 

sion vs. frequency as well as electric, magnetic, and Poynting vector field maps. Howevcr, 

when we arc interested only in the transmission properties of periodic structures, in gcncral, 

the TMM is implcmcntcd casicr and is morc appropriate (especially for oblique incidence). 

Another disadvantage of the method is that dispersive componcnts are not incorporated easily, 

because the method operatcs in time domain. To incorporate dispersive components in the 

FDTD method, one would need to introduce polarization currcnts in Maxwell’s equations, and 

update both fields and currents in time domain [170, 1711. By far the FDTD method remains 

the most powerful tool in photonic crystal research. 
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The plane wave expansion method 

The planc wave expansion method [42) 1591 relies on the solution of Maxwell’s equations, 

under periodic (Bloch) boundary conditions. In the following we develop the details of this 

method for the H-polarization case. Incidentally, this is the case for the PC systems that we 

researched and prescnt in Chapters 2-6 of this dissertation. We start from the second and 

fourth of Maxwell’s equations (in Gaussian units.)[42, 1591. 

and 

16’E 
c at 

V x H = E(r)--, 

(1.14) 

(1.15) 

with c being the velocity of light. We use the time dependence of thc fields (e-zML) to derive 

the time-indcpcndent exprcssions: 

iw V x E = - - H  
c 

E - i W  
7/(r) V x H = - 

c 

(1.16) 

(1.17) 

with 7j(r) = l / e ( r ) .  Eq. 1.17, after applying V x  on both sides, and using Eq. 1.16 yields: 

w2 
C2 

V x (ql(r)V x H) = - H (1.18) 

Our structurc is periodic in thc x-y planc, i x . ,  c(r) = ~ ( x ,  yv). Also, wc focus on cases with no 

intcriial sources. Wc trcst the casc of H- (TE) polarization, i.c., magnetic field perpcndicular 

to tlic periodic plane. In otlicr words the magnetic field is parallel to the z direction. Because 

of the translation symmetry in tlic z direction, we cxpect d H / B z  = 0. We also treat cases 

where propagation is cntircly confined in the plane of periodicity, Le., cascs with k ‘ i=0. 

Correspondingly, 

and 

(1.20) 
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Thus, we confirmcd that if the magnetic field satisfies Eq. (1.16)-(1.17) with the restrictions 

that we specified in thc previous paragraph, the remaining Maxwell's equations (first and 

third) are satisfied as well. In thc two-dimcnsional periodic case, when the plane of incidence 

is chosen to be thc periodic plane, there is no polaxization coupling. In other words, if a wave 

starts as H-(TE) polarized, it will remain H-(TE) polarized as it propagates inside the 2D 

PC. This property of the two-dimensional photonic crystals comes as a virtue of Maxwell's 

equations (expressions (1.14) and (1.15)). 

Eq. (1.18) is essentiaIly an eigcnvaluc equation, which will provide the eigenvalues. The 

operator 0 = V x ( ~ ( r ) V x )  is Hermitian [l]. Since the medium is periodic, the solution of 

the field should satisfy Bloch's theorem. Accordingly, we set 

H(r,t) =r eikrvk e-'WL (1.21) 

with 

HG eiGr i. (1.22) 1 
vk = - G G  

wherc Aws is thc area of the Wigner-Seita unit cell, k the wave vector chosen in thc first 

Brillouin zone (BZ), and G a reciprocal lattice vector. It can be easily shown that the field 

given by expressions (1.21)-(1.22) satisfy Bloch's theorem. Eq. (1.18) with the use of expression 

(1.22) yields 

[ 1.23) w2 
CL 

[-iVT/ . k + ~)k? - 2irj k 7 v - vv - v - 7v2] Vk = 7 Vk. 

We then cxpand thc invcrsc of the dielectric in a plane wave basis, Le., 

(1.24) 

we insert cxprcssion (1.22) for Vk and expression (1.24) for the inverse diclcctric function into 

Eq- (1.23). After performing the math and gathering all terms togcther, we obtain 

(1.25) 
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Now we set GI + Gz = G and Gz = GI. After index manipulation we obtain [159] 

or alternatively, 

Y 

G' 

(1.26) 

(1.27) 

(1.28) 

and 

(1.29) 

The coefficients qG,G~= q(G - G') are the coefficicnts of thc cxpansion of the inverse of 

the dielectric function q(r) (inverse expansion method, see expression (1-24)}. For configu- 

rations that are symmetric around the origin of the Wigaer-Seitz unit cell, the matrix ~ , - , ~ t  

is symrnctric. To numcricdly solve eigenvalue Eq. (1.27) the matrix A G , G ' ( ~ )  needs to be 

truncated. Convergencc issues apply relatcd to the truncation of this matrix. Ho et al. [174], 

proposed to usc €or 77G,G~, thc inverse of the matrix that corresponds to the expansion of 

the diclectric function c(r) instead. This method, known as Ho's method, was shown to have 

faster convergcnce [159, 1'741. In our band structurc calculations in Chapters 3-5 we uscd Ho's 

method. Note that thc matrix elements q(-.Gf dcpcnd on the shapc of the scatterers under 

consideration. In fact, for thc case of circular scatterers, wc have 

with (see [159]) 

(1.30) 

(1.31) 

where J I ,  is the first order Bessel function, R, is the radius of the circular rods, E, the dielectric 

constant of the rods that are embedded in a material with dielectric constant Eb. fa is the f i b g  



34 

ratio defined as the arca of the circular rods over the area of the unit cell. For the triangulax 

(hexagonal) PC lattice the filling ratio is 

27rR: 
f a =  75’ (1.32) 

with a being the lattice constant. Formula (1.31) is applicable only for configurations that 

are not close-packed. In other words, (1.31) can be used for a triangular PC, with circular 

scatterers, if R, < d / 4 .  

To resume, thc nth cigexivalue of Eq. (1.27) gives the frequency of the nth band for a 

certain wave vector value k. Thus, by solving eigenvalue Eq. (1.27) for different wave vectors 

along symmetry directions of the crystal, we obtain the dispersion relation wn(k )  , Le., thc band 

structmc. Maxwcll’s equations are completely scalable in the absence of dispersive components 

[l], therefore it is customary to express the frequency in dimensionless units fu/c  (where u 

is the latticc constant). As wc mentioned earlier in the introduction, with the aid of this 

method -applied for thc tlircc dimensional case-, the first true full three-dimensional gap 

was demonstrated for the diamond structurc [42]. In the earlier years in photonic crystal 

research, tlic primary usc of this method was to obtain the band structure. However, recently 

in Rcfs. 1137, 138,1391 interest was drawn towards thc collection of the propagating modes, that 

lic withiii thc first BZ and correspond to a certain frcquency. These modes are characterized 

with tlic wave vector k, and constitute the equihequency surface (EFS), which can be vcry 

uscful in detcrmiriing tlic rcfractivc properties of the crystal [137, 138, 1391. Lately, the planc 

wave expansion mcthod is also used to calculate the equifrequcncy surfaces of thc PC systcm. 

Note, the cquifrequency surfaccs for tbc two-dirncnsional crystal reduce to contours. 

In addition, the ylanc wave cxpansion inethods provides the spatial field profile inside the 

crystal. In fact, the eigenvcctor components HG are the plane wave coefficients in expression 

(1.22), for the frcqucncy UT,,&. Rewriting expressions (1.21) ,(1.22) 

with 

(1.34) 
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Eq (1.34) providcs thc spatial ficld profile for a case with wave vector k and frequency wn,k. 

Thc wave described with Eq. (1.34) is gencrally known as a Floquet-Bloch (FB) wave [135], 

with k being its fundamciital wave vcctor (SCC also Chapter 6). Note, there are caes  where 

more than one FB wave is present for a certain frequency w. We discuss in detail about the 

properties of thc FB wave, such as phase and group velocity, in Chapter 6. In Chapter 8 

we also derive simple expressions for the group (energy) velocity, in terms of the coefficients 

HG(k, w,,k), which are obtaincd with thc PWE method. 

The cigenvectors given by Eq. (1.26) arc orthonormal. Equivalently, 

G 

Using 

we get (see also Ref. [176]) 

Note the intcgration is within the Wigncr-Seitz unit ccll. 

(1.35) 

(1.36) 

(1.37) 

Summarizing, the PWE method is a very uscful method. I yields the band structure, 

equifrequency contours, thc spatial ficld profile, the cncrgy velocity of a propagating wave etc. 

With an appropriatc supercell, it can be applicd also in systems with defects. However, the 

more complicated the defect, the morc computationally costly thc method gcts. The main 

disadvantage of this mcthod, is that it dcscribes thc properties of the system that is infinitc. 

It is not always dircctly comparablc with cxpcrimcntal and/or computational transmission 

spectra, and cannot predict any finite size cffccts. In fact in some particular cases, dccoupling 

of part or the whole band was observed 142, 161, 1751. Nonetheless, thc information the EFS 

conveys, can bc utilized to a priori prcdict the refi-activc properties of the photonic crystal. Wc 

havc done so in Chapters 3-6, and always found very good agreement with the FDTD results. 

In order to inakc this type of predictions, additional parameters of the PC systcm must bc 

taken into account. Thc whole process is known as the wave vcctor diagram mcthod, which 

we will discuss in detail in the following section. 
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The wave vector diagram formalism 
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Figure 1.2 Refiaction at a medium with a positive refractive index. 

The band structure provides the bands and gaps along symmetry directions of the photonic 

crystal lattice. The band structure gives the regions where propagation is prohibited or allowed. 

However, in the band regions the band structure does not provide any information about how 

the wave will propagate inside the structure. Note that the band structure diagram in the 

photonic crystal system just like for the electronic system, are in terms of the wave vector 

in the first Brillouin zone. An important difference between the electronic system and the 

photonic system is that although electrons are present in the crystal, the EM waves couple 

into the crystal fkom outside. Consequently, in the photonic crystal the wave vector cannot 

take any value and is subject to boundary conditions, The wave vector diagram, consists of 

the equifrequency surfaces and the restriction posed by the boundary conditions [135]. The 

equifrequency surface is a surface (contour in the two-dimensional space) that consists of all 
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allowed wave vectors within the first Brillouin zone €or a certain frequency. The latter are 

determined fiom the plane wave expansion method. The EFS is the photonic crystal analogue 

of the Fermi surface €or the electronic system. 

Figure 1.3 RRhxtion at a medium with a negative refractive index. 

For didactic purposes, we preknt first the wave vector diagram formalism for refiaction 

at the interface between air and a homogeneous dielectric slab for two cases. One when the 

homogeneous slab is a regular right-handed medium, while in the other case it is a left-handed 

medium. We show these in Figs. 1.2 and 1.3 respectively. The wave vector diagram in these 

cases is nothing but the graphical representation of Snell’s law. The intersection of the EFS 

with the plane of incidence is always a circle with radius equal to 1n[w/c, where n is the 

refractive index and w the frequency. In Figs. 1.2 and 1.3, the black circle represent the EFS is 

air, the red circle represents the EFS in the dielectric slab, and the green vertical line represents 

the conservation of the parallel component of the incident wave vector. In both cases of Figs. 

1.2 and 1.3 there are two choices for the wave vector inside the dielectric medium, either point 
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towards A or point towards B. The additional constraint C O ~ C S  from requiring the direction 

of flow inside the dielectric to bc causal, i.e., to point away fiom thc source. In Fig. 1.2 the 

medium is right-handed, Le., S 1 k is positive. This means that the appropriate choice for the 

wave vector insidc the crystal (bluc arrow) would be to point towards point B. The direction 

of the wave vector in this casc is the direction of the Poynting vector (orange arrow). The 

latter represents the direction of the propagating signal. Thus in this casc, we observe regular 

refraction as it occurs in most natural materials. However, in Fig. 1.3 thc wave vector that 

points towards A is the onc that givcs a causal signal. In this case the Poynting vector (orange 

arrow) is antiparallel to thc wave vector (blue arrow). A wave vector that points towards A 

corresponds to a Poynting vector (orangc arrow) that points away from the source. Note in this 

case the propagating signal is on the “wrong side” of thc surface normal. In other words, wc see 

negative rekaction. Fig. 1.3 provides a pictorial explanation why negative refraction occurs in 

the left-handed homogeneous Vesclago medium, also known as negative index medium (NIM) 

11421. The Vesclago medium obeys Snell’s law with a negative index. 

We apply the same principles in determining the refractive behavior of the periodic medium. 

Therc are several differences though between the homogeneous mcdiurn and the periodic 

mcdiurn. First, thc EFS are usually not circular and can have a quite complicated shape. 

We have drawn a general casc in Fig. 1.4. Thcn, in the periodic medium, the spatial average 

of the time-avcraged Poynting vector defines the propagation direction rather than the Poynt- 

ing vector itself. In fact, thc latter has the samc direction as the energy velocity. The energy 

velocity is 

< s >  v, = - < U > ’  (1 3 8 )  

where S is thc poynting vector, U the encrgy dcnsity and <> denotes the spatial average 

within thc unit cell of thc time averaged quantities. Morcovcr, the directional relation between 

< S > and the wave vector is not necessarily parallel or antiparallel. In gencral < S > is at  

an acute or obtuse angle with k. When thc former is thc case, < S > -k > 0 and we havc 

forward (“right-handcd”) propagation. When the latter is the case, wc have < S > .k < 0 and 

we havc backwards (“left-handed”) propagation. Moreover, an important difference is that for 
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4 

\ 

Figure 1.4 Refraction at  the photonic crystal (PC) interface. The group 
velocity vector vg represents the direction of the propagating 
SigIld. 

the periodic crystal, the EFS modes repeat themselves periodically in reciprocal space. 

The equality between the group and energy velocity for a general periodic threedimensional 

system with non-dispersive components has been shown by Sakoda [2]. In addition, we show 

this equality for the two-dimensional case in Chapter 5. The group velocity is given by Vkw. 

This means that the group velocity is perpendicular at a certain point of the equifrequency 

surfaces and points towards increasing values of hequency. Thus, it points outwards for a band 

with positive curvature and inwards for a band with negative curvature. Since group and energy 

velocity are equal, the group velocity vector shows the direction of < S >, Le., the direction 

of the propagating signal. The photonic crystal cases are in general very complicated because 

of the repetition of the propagation modes in reciprocal space. We have undertaken the task 

of a complete study, with all higher order effects that may arise, in Chapter 5. Here, we show 

only a general example of refraction for a photonic crystal w e  and for modes originating only 
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from the first BZ. We assumed that the EFS (red “star-shaped” curve) in Fig. 1.4 corresponds 

to a band with positive curvature. As in Figs. 1.2 and 1.3, the black circle is the EFS in air 

and the green vertical line represents the parallel component of the incident wave vector. The 

refracted wave vector inside the crystal at point 3 (blue vector), corresponds to a group velocity 

indicated with the orange arrow. The latter points away fkom the source and represents the 

direction of the propagating signal. 

Dissertation organization 

In this dissertation an alternative thesis format is followed, which allows the inclusion of 

papers published or submitted in scholarly journals. Each subsequent chapter consists of a 

singlc paper presented exactly the way it was published or submitted. 

In Chapter 1 we presented an introduction for propagation of EM waves in periodic struc- 

tures. We gave an overview of the history and development of the photonic crystal field. Wc 

described diffcrcnt photonic crystal structures studied over time as well as thcir respective 

fabrication methods. We outlined the different proposed applications that motivated many 

studies. We also provided backgrounds for the observed anomalous refractive phcnornena in 

photonic crystals and for lcft-handed behavior in propagation of EM waves. Under this context, 

we developed the fkmcwork and motivation of our investigations that follow in the subsequent 

chapters. Finally, wc provided a brief overview of the numerical techniques and methods that 

we have used in our studies. 

In Chaptcr 2 wc study a periodic hcxagonal structure in the presencc of a line defect. 

The linc defect is introduced by shifting a number of rows by a certain distance in the same 

direction. This structure acts as a Fabry-Perot rcsonator for frequencies that lic in the band 

gap of the bulk crystal. We investigate the charactcristics of this resonance such as wavelength 

and quality factor, for diffcrcnt widths of thc introduced line defect. In addition, we examine 

the cffect of finite size on the cavity rcsonance charactcristics. We found that both the Iatcral 

size as well as the sizc of the sourcc , which has a Gaussian profile in space, influence thc quality 

factor. ]Furthermore, we research how the quality factor of this cavity rcsonator depends on 
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the thickness of thc photonic crystal mirrors that trap the resonance. 

In Chapter 3 we invcstigatc how negative refraction in photonic crystals relates to left- 

handed behavior obscrvcd in the traditional left-handed medium. We also discuss the a p p r e  

priate definitions for phase and group index for the photonic crystal to be consistent with those 

of the left-handed medium. 

In Chapter 4 we study how negative refraction occurs at the intcrfacc bctwccn air and the 

photonic crystal when the latter resemblcs a homogeneous medium with ncgative refractive 

index. We use time-dcpcndent analysis with the FDTD technique to snapshot the field at 

different times. 

In Chapter 5 wc invcstigatc extensively the propagation of E M  waves in two-dimensional 

photonic crystals. We research for cases of negative refraction that are different in origin/nature 

and characterize them in regards to the “rightness.” We also discuss the origin of different 

“birehingent” effects. We give proper definitions for phase velocity and phase refractive index, 

as well as for thc group rcfiactivc index. Wc derive expressions for the energy and group 

velocity and prow thcir equality. We test the validity of our findings as we approach the 

limit of a crystal with low indcx contrast bctwecn the constitucnt dielcctrics. We also make 

a comparison regarding the left-handed behavior with thc 1D layered medium, the familiar 

Bragg rcflcctor. 

Finally, in Chaptcr 6 wc present our conclusions and suggestions for future work. 

Chapter 2 has been published as an article in the feature section on photonic crystal 

structures and applications of Journal of Quantum Electronics 38, 844 (2002); Chapter 3 has 

been published as a regular articlc in Physicd Rcvicw B 67, 235107 (2003); Chapter 4 has been 

published in Physical Rcvicw Letters 90, 107402 (2003); Chaptcr 5 is submitted for publication 

as a regular article in Pliysical Rcvicw B. 
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CHAPTER 2. THEORETICAL INVESTIGATION OF 

ONE-DIMENSIONAL CAVITIES IN TWO-DIMENSIONAL PROTONIC 

CRYSTALS 

A paper published in the IEEE Journal of Quantum Elcctronics 

S. Foteinopoulou and C. M. Soukoulis 

Abstract 

We study numerically thc features of the resonant peak of om-dirncnsional (1-D) dielectric 

cavities in a twc-dimensional (2-D) hexagonal lattice. We use both the transfer matrix method 

and the finite difference timc-domain (FDTD) method to calculatc thc transmission cocfficicnt. 

We compare thc two methods and discuss their results for the transmission and quality factor 

Q of thc resonant peak. Wc also cxaminc the dependence of Q on absorption and losses, the 

thickness of the sample and the lateral width of thc cavity. Tlic Q- factor dependence on the 

width of tlic sourcc in thc FDTD calculations is also givcn. 

I. Introduction 

In semiconductor crystals thc presence of the periodic potential aff’ects the properties of 

the elcctrons. Likewise in photonic crystals (PCs), that are periodic dielectric arrangements 

in onc, two or thrce dimcnsions thc properties of the photon can be controlled. For certain 

frequency rcgioiis known as “the photonic band gap”, propagation of clcctromagnctic (EM) 

waves is prohibited in the PC [l, 2, 3, 41. A defect present in an otlicrwisc periodic crystal 

’IEEE J .  Quantum Electron. 38, 844 (2002). 
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may introducc one or more propagation modes in the band gap and forms a cavity. Cavitics 

of different gcomctries can exist in a photonic crystal and the resulting resonant mode can 

be  classified into two gcncral typcs indicating whether it drops from the “air” (higher) band 

or raises from the “dielectric” (lower) band [SI. The first type is associated with defects 

corresponding to the rcmoval of dielectric material while the second corresponds to defects 

involving the addition of dielectric material. The features of the resonant mode will depend on 

both the bulk crystal and the cavity characteristics and can so be tuned accordingly [l, 3, 51. 

An important virtue of the PC cavity is that it can control the atomic spontaneous emission, 

while metallic cavities for the related frequency range are generally lossy [6, 7, 81. Spontaneous 

emission is important for a number of semiconductor dcvices [9]. Resonant cavities have 

undergone extensive studies [8, 10, 11, 12, 131, both theoretical and expcrimental. A varicty 

of applications incorporating a PC cavity have been suggcsted or reported [14, 15, 161, such as 

optical laser cornponcnts [l, 2, 31, optical filters [SI, single modc Iight cmitting diode (SMLED) 

[9, 171 and optical imaging [MI. 

In this paper wc focus 011 the theoretical study of an l-D dielcctric cavity in between a 

hexagonal patkcriicd rcgion of air cylinders in a dielectric matrix for thc case of H polarization 

(magnetic ficld along tlic cylinder axis). We will present the cavity mode frequency versus 

the cavity lcngth (Lc)  (scc Fig. 2.1), as well as thc quality factor (Q) of the modes versus 

their corrcsponding frcqucncy. The quality factor is defined as Xp/8X where A, the 6-cquency 

of the resoiiaiit pcak and 6X the width of the resonance at transmission half of its maximum 

value. In OUT casc thc quality factor Q of the resoiiance is rclativcly small (-2001, and other 

ways of dctcrniining tlic factor (such as from thc encrgy decay of the resonance [19]) give 

similar rcaults. Thc dcpciidencc of the rcsonant modc on the size of thc system (in thc lateral 

direction and in the direction of propagation) will bc also shown. In our calculations, two 

different ~iumcrical tcchniqucs (thc transfcr matrix and the FDTD) are used and thc resuIts 

of tlic two inctliods arc compared and discusscd. With both techniques we calculate thc 

transmission tlirough tlic structure and from that wc obtain all thc relevant features of the 

resonant modc. 
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In Section I1 wc describe briefly the two calculational methods. In Section I11 wc prescnt 

and discuss our calculational results concerning the quality factor and position of thc cavity 

resonance. We also comparc tlic latter with the values obtained from the experiment previously 

performed on the structure under study [20]. In Section IV we give a summary of our results. 

11. Calculational methods 

The first teclinique we use is the transfer matrix method (TMM) developed by Pendry 

[21, 221. In the TMM a grid lattice is used to discrctize the space, and the structure is divided 

into finite blocks along the propagation direction. With the use of the Maxwell’s equations, that 

are solved on the grid lattice, thc electric and magnetic field can be integrated throughout the 

blocks and so the respective transmission coefficient can be calculated. The final transmission 

will result by combining the ones of the individual blocks. In the TMM the modeled structure is 

finite in the propagation direction (y) but infinite in the x,z directions (whcrc z is the direction 

of the air cylinders), and tbc incoming electromagnetic wave is a plane wave. The structurc is 

cmbcddcd in a mcdium with dielectric constant cqual to the background dielectric constant to 

simulate the experiment [20]. 

The second method we usc is the finite diffcrencc time domain (FDTD) technique [19, 231. 

The real space is discrctixcd on a grid lattice and Maxwcll’s equations are solvcd in timc 

domain. The electric and magnctic ficlds arc updated in every point of the grid lattice in finite 

time steps. The structure is infinite in the direction of the cylinders (z direction) but has finite 

size in both x and y direction and is embedded in a finite sizcd (in x and y )  diclcctric slab with 

dielectric constant equal to that of the matrix medium. Liao absorbing boundary conditions 

[24] are applied at the walls of thc slab to avovoid rcflcctions. The source is a pulse, located closc 

to x=O, y=O ( y being thc direction of propagation), has finite length and gcneratcs ficlds with 

a trapezoidal (cxtcnded with gaussian tails) profile in spacc. To calculate thc transmission, a 

Iinc dctcctor is placcd along the lateral direction right aftcr thc structure. The component that 
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is perpendicula to the detector of tlie Poynting vector (for the Fourier transformcd fields) is 

taken and averaged over the detector. This is normalized with the respective value for the samc 

detcctor but positioned closc to the source in the absence of the structure (to avoid corrupting 

the data with reflcctions) and yiclds thc transmission of the structure. 

In both methods the quality factor is calculated from the data of transmission versus 

where A, the frequency of the resonant peak and SA the width of frequency data horn 

the resonance at transmission half of its maximum. 

The two methods diffcr not only in. the calculational approach but also in the characteristics 

of the source of the incoming EM waves, and in the lateral size of the sample that is simulated. 

We also performed calculations using the FDTD method but applying Bloc11 (periodic) bound- 

ary conditions in the lateral (x) direction to have conditions similar to those for the transfer 

matrix. The sourcc that is used in the latter casc is still a pulse but with a plane-wavc front. 

1x1. Results 

1x1 Fig. 2.1 the cross section of thc cavity structurc under study with thc x-y plane can be 

secn. It corresponds to air cylindcrs (fa= 1.0) in a GaAs background (q= 11.3) (the value of 

the GaAs dielcctric constant for -1000 nrn is taken in the calculations for simplicity). The 

whole cavity structurc is embedded in GaAs (E= 11.3). Thc symmctry dircctions of the bulk 

crystal are also shown. With Lc, we will refer to the cavity width that corresponds to the 

length of the dielectric defect introduced along thc propagation direction. With L,, wc will 

refer to the lstcral width of thc cavity (which is the same as the sample’s lafcral width). N, will 

be thc nurnbcr of rows in each side of the cavity (N ,  = 4 for both cdcuIations and cxperiment). 

Thc thickness of thc sample then along thc propagation direction would be L t h  = 2Ncb + L,, 

where 2b=&a ( but is approximated with 1.7a in the TMM for numerical reasons). (Such 

an approximation introduces an error of at most 3% in thc position of thc resonancc and 

does not affcct the quality factor). The radius R of the sir holm is R-0.2803a (a being 

the lattice constant) that corresponds to a filling factor of -0.285. (Actually in the TMM 

because of tlic approximation mentioned above tlic simulated structurc will have a slightly 
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larger filling factor). No specific value for the latticc constant a is assumed. All the band gap 

and transmission propertics in a photonic crystal scale with the lattice constant a, so all the 

subsequcnt rcsults will bc prcscntcd in dimcnsionlcss units of frequency (reduced frequency 

u=a/X) and length. 

From the transfer matrix results for the various L, we observed that thc spectral gap when 

the cavity is introduccd is widcr than the one for the periodic crystal. Such widening of the gap 

was also obscrvcd in [13] whcn a dcfcct is introduccd by removal of 2 rows of sites in a periodic 

2-D system of dielectric rods in air background. TMM calculation have been performed for 

cavity structurcs with dimcnsionlcss L,/a ranging from -0.15 to 2.0. At a certain frequency 

different rcsonances (peaks) can occur corresponding to different L, values. Each of thcsc 

peaks is characterized by an order, that basically indicates the order at which a resonant peak 

appears at this specific frequency while L, is increasing. 

In Fig. 2.2 cvcry cavity width (in units of a) is plottcd as a function of the corresponding 

reduccd frcqucncy of thc obscrvcd pcak and thrcc diffcrcnt curves are recovered for the three 

orders of thc rcsonant peaks. Starting from thc lower to the higher curve in Fig. 2.2 the peaks 

arc tlic first-, sccond- and third- ordcr, rcspcctivcly. It will bc scen later that peaks of the same 

frequency but diffcrcnt order can havc diffcrcnt featurcs (e.g., quality factor). It is evident from 

Fig. 2.2 that for certain L, values more than one resonant peaks can appear within the gap. 

The expcrimcrital results [20] for the resonant peaks for various lattice constants (a=200 nm, 

ZlOnm, 220nm, 23Onm, 240nm) arc also included in thc figure. Tbc agrccmcnt is generally 

good but, thcrc sccrns l o  bc a small discrepancy that incrcascs with thc frcquency. This can 

be attributcd to tlic fact that wc havc takcn thc GaAs diclcctric constant not to vary with 

thc frcqucncy (for simplicity the valuc at -1000 nm is taken in our calculations) whilc this 

is not thc casc in  thc actual systcm. This differencc in the dielectric will alter slightly the 

position of the peaks [ZO].  This is consistent with the fact that thc discrepancy at thc higher 

end of thc reduced frcqucncies scems to be a little larger for tlic smallcr latticc constant (the 

corresponding wavclcngth difkrs morc from thc valuc of a 1000 nm). Therc are also some 

cxpcrimcntd peaks for a=200 nm that are falling abovc the theoretical curves, as for cxamplc, 
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the first order peaks with L,/a from -0.60 to 0.85. Wc havc not numcrically calculatcd thc Qs 

for these, because thcy lie too close to the band edges and the determination of their quality 

factor can be vague and so we have not included them in Fig. 2.2. 

We compare now the two computational methods ( TMM and FDTD) that arc used to 

simulate the cavity structure. There are basically three fundamental differences between the 

two methods. The first one is that the transfcr matrix technique is a time indcpendcnt method 

while in thc FDTD the fields are solved in time domain. Also, in the TMM, the structure is 

infinitc in x by virtue of the periodic boundary conditions applied along this direction, while 

in the FDTD the system is finite in the x-y plane bounded by absorbing boundary conditions. 

Finally, the incoming EM fields in the TMM framcwork are extended plane waves incident 

on the whole x-;5 boundary (corresponding to a source infinite in width) while in the FDTD 

a pulse emitted from a source with finite width is considered. Also the way thc transmission 

cocfkicnt is obtained is differcnt in the two methods. In the. TMM it is calculated from thc 

transfer matrix using the ficld values while in the FDTD it is calculated fiom the cnergy 

ratio that passes through the crystal along the propagation direction. In order to make thc 

comparison bctween the two methods in this particular FDTD calculation, thc 2-D space is 

discretizcd as in transfer matrix which gives 2b=1.7a instead of &a . The results for onc 

particular cavity width are shown in Fig. 2.3. Good agreement is found bctween the two 

mcthods regarding thc positions of tlic resonant peak and the band gap edges but therc is a 

small discrcpancy in tlic quality factor of thc peak. 

It is interesting thercfore to scc how thc quality factor of the resonant pcak is affected by 

the finitcncss of the sizc of the system and the width of thc source, in our FDTD calculations. 

This can be sccn in Fig. 2.4(a) and 2.4(b) whcrc the quality factor versus the lateral width 

of the sample (L,) and vcrsus thc source width are shown respcctively. In Fig. 2.4(a) the 

ratio of the source width over the lateral extent of thc structure L, (defined in Fig. 2.1) 

is kept constant (equal to 0.5). It can be seen that as the lateral width approaches 20a, Q 

saturates at a value-170. In Fig. 2.4(b) we present results of the Q versus thc source width 

for a system with a lateral width of L,  = 40a . The width L, is Iargc enough for thc quality 
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factor to have reached it’s saturation value (which is related to the lateral size) so that onc 

can sce thc dcpcndcnce on the source width only. It is clearly seen that for a small source 

width the quality factor drops significantly. €+om the data shown in Fig. 2.4(a) and 2.4(b) it 

can therefore be argued that the finiteness of the source or the system’s lateral size or both 

give 2-D characteristics in what would essentially be a 1-D resonance for the infinite system 

and result in a reduced quality factor. By an infinite system we mean infinitc lateral sizc and 

that the incoming waves have plane wave front. In our system when the lateral sizc is small 

the resonance is supported by a smaller numbcr of scatterers and is forced to terminate at thc 

edges. Also, when the system is large but the source is small the resonance occupies a smaller 

€?action of thc cavity area and has magnitude that decrcases as one moves away from the center 

of the resonance. Tlic resonance can decay in time not only along the propagation direction 

y as the true 1-D resonance docs but also along the lateral direction. In both cases (small 

lateral width or small source) the rcsult would be a smaller quality factor. Now, for the case 

when both the system and the source is vcry hrge thc resonance can be extended in tlic cavity 

region and bc vcry close to the 1-D resonancc. As sccn in Fig. 2.4(b) for source width equal 

to 30a and L, = 4011 the quality factor is - 174. That value is close to - 180 which is the 

valuc of the quality factor as obtained from tlic FDTD that models the infinite system (Bloch 

boundary conditions) (dotted horizontal line in  Fig. 2.4). The solid horizontal lines in Fig. 

2.4(a) and 2.4(b) givc thc quality factor for the infinite system as obtained from the TMM. 

The rcspcctive value is -230. Wc havc also looked at  the dependence of the quality factor on 

tlic lateral width and kept the width of thc source constant and equal to 2a. What wc found 

was that the quality factor increases as thc lateral width increases, reachcs a maximum value 

, then starts to dccrcasc and eventually saturates. This is the result of a combined effect. As 

describcd prcviously when the lateral width is small this causes the resonant pcak to terminate 

at  thc edges. As the lateral width increases the resonance occupies thc maximum area it call 

-according to thc specific sourcc width. Further increasing thc lateral width will not cause the 

resonance to occupy more area of the cavity along the lateral direction x. It only allows it to 

decay in tiinc along the x direction as well and thcrcfore the quality factor starts to lessen. 
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Another component that can cause thc quality factor to decrease with decreasing source width 

is thc angle span of tfic sourcc that increases with decreasing source width. This would causc 

the pcak to shift and broaden {towards the higher frequcncies). We have numerically checkcd 

that the magnitude for the off normal components of the incoming wave is relatively small. 

Also, we have not observed significant shift in frequency with dccreasing source width in the 

FDTD results. Wc have observed though that the height of thc transmission peak decreases 

as the source width decreases. It approaches the value of one as the source width approaches 

the lateral sizc of the system (for the large system E ,  = 4th). It becomes one for the infinite 

system modeled either through the TMM or the FDTD with Bloch boundary conditions in the 

lateral direction of the crystal. 

Fig. 2.5(a) shows tllc transmission calculated with the TMM method versus the reduced 

frequcncy u=a/X for a l-D cavity of width L,/a=0.985 and Nc=4, for different imaginary parts 

in thc air diclcctric constant. Introducing imaginary parts with values of 0.02-0.05 in the air 

diclcctric constant in the TMM system, has been suggested as a mcchanism to model out of 

plane losses in [20]. This leads a s  well to a reduced Q factor value. N, is tllc numbcr of rows 

of air cylinders in each side of the l-D dielectric cavity. As expected the transmission peak 

dccrcases with Im while the width of the transmission increases with Irn E. We have aIso 

cxarnined how the sizc of the system along the propagation direction affects the characteristics 

of the resonance. In Fig. 2.5(b) the dimensionless linewidth A l a  - whicb is defined as SX/a 

(where dX is the width in wavelength of the resonance at the half maximum value) - is plotted 

vcrsus N, (the number of rows of cylinders on each side of the dielcctric cavity) in scmi- 

logarithmic scale. As mentioned prcviously N, is related with the thickness of thc system Llh 

through the rclation Lit, = 2Ncb + L, (Lth is shown in Fig. 2.1). A linear relation in the 

scmi-log scale bctween A/a with N ,  is obtained, meaning that the quality factor Q, which is 

invcrscly proportional to Ala  would incrcasc exponcntially with Nc. That is consistent with 

results for other defect cavities [13, 251. In Sigalas ct. al. [13], where an sir dcfcct in a diclectric 

array is studied, it was shown that when absorption is introduced in the diclectric the quality 

factor saturates and does not increasc any further as thc size of the systcm incrcases. Such 
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saturation with thc introduction of an imaginary part in the dielectric of thc holes is observed 

in our case also, as can bc sccn in Fig. 2.5(b). Wc also obscrvc (as in [13]) that the saturation 

value of the linewidth A is smaller the larger the imaginary part in the dielectric. 

In Fig. 2.6 we present the results achieved with the T M M  of the transmission height versus 

N, for l-D cavity of width L,/a=0.985 for three differcnt values of Im E of thc air dielectric. 

Notice that for Im E=O the height is always one, i.e perfect transmission. However for nonzero 

Im E ,  the transmission height drops as N, increases. Two experimental values are shown for 

almost the same width of L J a  as the onc in tlic calculations. Notice that this suggests that 

the ImE that can fit the experimental data [ZO] can have a value close to 0.04. 

For the idcal casc with no losses present the quality factor was calculated by the TMM 

€or various cavity widths L, that led to pcaks that span most of the bandgap. In Fig. 2.7 

the quality factor is plotted versus the reduced frequency of the peak. (Peaks too closc to thc 

edges of the bandgap were not used because the determination of their Q would be vague as 

statcd earlier in this papcr). For every hequency in the plot there are three peaks that are 

charactcrised by different orders and correspond to different L, values (see Fig. 2.7) . So three 

different curves arc recovered when grouping the peaks according to order. Higher order pcaks 

are characterized by a highcr valuc of the quality factor. For every order, the quality factor 

is maximum for a ficquency closc to thc ccntcr of the band gap and rcduces as the frequency 

approaches either edgc of the band gap. The calculations above wcrc pcrforrned with a grid 

lattice dividing the lattice constant a into ten intervals. Wc havc investigated thc dcpcndence 

of the quality factor with the accuracy of the TMM given by tlic number N of intervals tbc 

lattice constant is divided to, i.e. N is the number of grid points. It was done for thrcc 

different pcaks. Oiic closc to the band gap ccntcr and thc others close to the lower and higher 

frequency band edge rcspcctively. It is secn from Fig. 2.8(a) that the quality factor increases 

with increasiiig accuracy and cvcntualIy saturatcs at a valuc. Thc samc holds for the quaIity 

factor calculated from the FDTD method. This is shown on Fig. 2.8(b) for cavity spacer valuc 

Lc/b-1. Thc FDTD data of Fig. 2.8(b) are obtained with Bloch boundary conditions applied 

in tlic latcral (x) direction. This way one bas an infinite source with a plane wave eont as in 
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the TMM. The saturation valucs of the Q-factor for the T M M  and FDTD arc -230 and -250 

respcctively. This diffcreiice might be duc the different way of calculating the transmission 

cocfficicnt in the two methods as was mentioned bcfore in Section 111. 

IV. Conclusions 

We have studied tlic yropcrtics of 1-D dielectric cavity structure in a 2-D hexagonal array 

with the transfer matrix method and thc finite differencc time domain method. Both methods 

agree in the position of the defect peak and both yield good agreement (for the peak’s position) 

with thc experimcnt [20] as well. The quality factor though shows scnsitivity to a lot of 

parameters such as the sizc of the system (both lateral and along the propagation direction), 

the type of thc incoming EM fields and losscs out of the plane of periodicity. In that context 

the two numerical methods (FDTD and TMM) were compared. 
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Figure 2.1 The cavity structure under study. The bulk crystah symmetry 
directions r M  and l?K are shown. L, refers to the cavity width. 
For the actual crystal, 2b=&, but in the TMM due to nec- 
essary approximations, 2b=1.7a. L, is the lateral width of the 
cavity while Lth is the thickness of the cavity system. 
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Figure 2.2 The cavity width versus tlic reduced frcqucncy of the corre- 
sponding observed cavity resonant peaks. The results are ob- 
taincd with the TMM (solid dotted and dot-dashcd linc). The 
cxpcrimcntal results for various lattice constants a are shown 
for comparioson. Thc stars, circles, squares, triangles (left), and 
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Figure 2.3 Comparison between transmission results obtained with the 
transfer matrix technique (solid line) and the FDTD (dotted 
line with circles), for L,/a=0.85. In order to makc thc com- 
parison in this particular casc we considered an approximate 
triangular structure (2b=1.7a) in thc FDTD mcthod too. 
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Figurc 2.4 a) Quality factor Q €or a structure with a width L,/b= 1. 
(2b=& is taken) calculatcd with thc FDTD versus L, (in 
units of a) (sec Fig. 2.1). The source is choosen to have length 
approximately half of thc latteral length of the structure for all 
L,. b) Quality factor Q calculated with the FDTD (solid line 
with circles) with the same L,/b as in (a), versus the sourcc 
width (in units of a). L,  is kept constant and equal to 40a. 
In both (a) and (b) the bold dotted line represents thc valuc 
of the quality factor calculated with the same method but with 
periodic (Bloch) boundary conditions dong the lateral direc- 
tion (i.e. perpendicularly to the propagation direction), The 
source uscd in the cdculations corresponding to that case is a 
pulse but with plane wave front. The horizontal solid line is the 
TMM result. 
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CHAPTER 3. NEGATIVE REFRACTION AND LEFT-HANDED 

BEHAVIOR IN TWO-DIMENSIONAL PHOTONIC CRYSTALS 

A paper published in the Journal of Physical Review €3 

S. Foteinopoulou and C. M. Soukoulis 

Abstract 

Wc systematically cxamine the conditions of obtaining left-handcd (LH) behavior in ph+ 

tonic crystals. Detailed studies of the phase and group velocities as well as the phase np and 

group ng refractive indices are given. The existence of negative refraction does not guarantee 

the existence of negative index of refraction and so LH behavior. A wedge type of experiment 

is suggested, which can unambiguously distinguish between cases of negative refraction that 

occur wbcn left-handcd behavior is prescnt, from cases that show negative refraction without 

LH behavior. 

Introduction 

Rccently, thcre have been many studies about materials that have a negative index of 

refiaction n [I, 2, 3, 4, 51. Thcsc materials, thcorctically discussed by Veselago [ti], have 

simultaneous negative permittivity E and pcrmcability p .  Pendry [7, 81 has studied structures 

that they can have both E and p negative and suggested that they can be used to fabricatc a 

perfect lcns. In these materials, c, 2, form a left-handed (LH) sct of vcctors (Le., S - k < 
0, where s' is the Poynting vector) and, thcrcforc, arc callcd lcft-handed materials (LHM). 

d - +  

'Phys. Rev. B 67, 235107 (2003). 
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Futhermore, MarkoG and Soukoulis 191 used the transfer matrix technique to calculate thc 

transmission and reflection properties of left-handed materials. These scattering data were 

uscd [IO] to dctcrminc the effcctive permittivity and permcability of thc LHM and the index 

of refraction was found [lo] to be unambiguously negative in the frequcncy region where both 

of the retrieved values of 6 and ,u are negative. All experiments [l, 2, 3, 4, 51 that showed 

left-handed behavior were performed in the microwave or millimeter regime. 

In addition, Notomi [ll] studied light propagation in strongly modulated two dimcnsional 

(2D) photonic crystals (PCs). Such a photonic crystal behaves as a material having an effective 

refractive indcx n,ff controllable by thc band structure. In these PC structures, the permittivity 

is periodically modulated in space and is positive. The permeability p is equal to one. Negativc 

n,f~ for a Gcquency range was found. The existence of negative n was demonstrated [ll] by a 

finite differcnce time domain (FDTD) simulation. Negative rcfiaction on thc interface of a 3D 

PC structure has been cxperimcntally obscrved by Kosaka ct al. [12]. A ncgativc refractive 

index associated with tbc negative refraction was reported. Also in Ref. 12, large beam steering 

was obscrved that was called thc “superprism phcnomenon” . Similar unusual light propagation 

was observed [I31 in ID and 2D diffraction gratings. In addition, Luo et. al. showed that the 

phcnomcnon of ncgativc refraction in the PC can be utilized to makc a superlens [14]. Finally 

a theoretical work [15] prcdictcd a negative refractive index in PCs. 

Both in thc PC and LRM literaturc thcre is a lot of confusion about what arc the correct 

definitions of the phase and group refractive index and what is their rclstion to negative 

refraction. I t  is important to examinc if left-handed behavior can be observcd in photonic 

crystals at optical frcquencics. In addition, it is instructive to sce how the latter relates with 

thc sign of the phase and group refractive indices for thc PC system. 

Phase, group index and left-handed behavior 

In this paper we will attempt to clarify the diffcrenccs betwecn pliasc refractive index nP 

and gronp refractive indcx ng in PC structures. Wc show that left-handed bchavior in photonic 

crystals is possible and a comparison of this LH behavior to regular LH materials is givcn. We 
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will also show that a frequency range exists for which negative refraction can occur while it 

does not correspond to regular LH behavior- A wedge type of experiment is suggested that 

can unveil the sign of s’ - [lS] (i.e-, the “rightness”) in thc PC and so the correct sign for 

the “effcctive” index (phase index np as we will see in the following). In this way, we can 

unambiguously distinguish between the case of “negative refraction" that corresponds to LH 

behavior in thc PC structure (np and s’ - $ [16] are negative), &om cases that show “negative 

refraction” without LH bchavior (np and 3 - FDTD [17] simulations are 

presented which support our claims that left-handed behavior can bc secn in the the PC only 

in the cases where the predicted valuc for np (for the infinite system) is negative. In all FDTD 

simulations we used perfcctly matched layer (PML) [lS] boundary conditions. 

arc positive). 

Our results arc general but for completeness and for comparison with the results of Notomi 

[ll], we studicd a 2D hexagonal lattice of dielectric rods with dielectric constant 12.96 (e.g., 

GaAs or Si at  1-55 microns) for the H (TE) polarization. The radius of the dielectric rods is 

= 0.35u, whcrc u is tlic lattice constant. In Fig. 3.l(a) the band structure of the system 

is shown. In the figurc as well as in tlic following thc quantity is the frequency normalized 

as wa/27rc, whcrc c is thc velocity of light. To study the system the surfaces (contours in the 

2D system) of equal frequcncy in ,hpacc,- called cquifrequcncy surfaccs (EFS)-, axe needed. 

The EFS basically consists of thc allowed propagation modcs within thc crystal for a ccrtain 

hequency. For both thc band structure and the EFS plots, the plane wave expansion method 

[19, 201 with 1003 plane wavcs was used. Thc EFS can have different shapes for various 

frequcncics. Wc noticc that in some cases their shape can be almost circular (i-e., w - A k ,  

where A a constant). Basically, thcsc cases arc for frequencies close to the band edges and we 

will refcr to tlicir dispcrsioii rclation w ( k )  as normal dispersion from now on. 

Before wc proceed in prcscnting the FDTD simulation results, it is uscful to discuss the 

appropriate expressions for the pliasc (GP) and group (Gg) vclocitics and tlicir associated phasc 

(np) and group (ng) refractive indices for the infinitc photonic crystal system. The analysis 

that follows is not used in the interpretation of thc FDTD results, that we discuss later in 

this paper. Howcver it docs servc as a tbcorctical prediction to be compared with the FDTD 
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A +  

data. For any gciieral case CP = lGgl=lVkwl=L. The value of 

Inp( for a certain angle of incidence 0 will be c$f(O) \ /u  (the refiacctcd wavc-vector Gj can be 

determined from thc EFS as it will be discussed later). The sign of np is determined from thc 

behavior of EFS. If the cquifrequcncy contours move outwards with increasing hequency then 

i& 1 k. >O; if thcy move inwards Gg - <O.  It can be proven analytically that for the infinite 

PC system the group vclocity coincides with the energy velocity [Zl, 221. Therefore the sign of 

i& 5 is equivalcnt to the sign of s’ $ [16], wherc is in the first BZ. So, to be in accordance 

with the LH Iiteraturc[G] the sign of np will be the sign of Gg - z. In the special case of normal 

dispcrsion, np is independent of the angle of incidence . For the cases with dispersion closc to 

, with k. = k / k  . Also 1% I 

4 

normal np vs. i for up to the sixth band has been calculated and the results can bc seen in Fig. 

3.l(b). We observe in Fig. 3.l(b) that ]npl can have valucs less than one (i.e., superluminal 

phase velocity). However lngl has to be always greater than one, because the group velocity is 

the energy velocity in the PC, which is less than c. We have calculated the group velocity with 

thc i.$’pcrturbation method [23] and checked that indeed Ing( >1 . For the cascs with normal 

dispersion Cg=+k with ng=wdlnp//dw + Inp/ 12.41. From this relation and from the graph of np 

versus fiequcncy (sec Fig. Xl(b)) ,  it can be checked that indeed, ng >O whcn np >O and ng <O 

whcn np <O. This means that for the normal dispersion cases, negative rcfractioii occurs when 

thc phase index is negative. We notc this finding is diffcrent of that statcd in Ref. 25. For the 

anisotropic dispersion cases Cg and are not along thc same direction. In these cases we choosc 

the sign of ng to manifests the sign of‘ refraction at thc interface and therefore ng will have the 

sign of (Gg - & I r  (x being the direction along the interface and ,& the incidcnt wavc vector). 

We would likc to stress that nB cannot bc used in a Sncll-likc formula to obtain the signal’s 

propagation direction in the crystal. Howcvcr, np can bc used in Sncll’s law to detcrminc tlic 

signal’s propagation angle in thc normal dispersion case, under certain conditions [21]. 

Results and discussion 

There are two characteristic cases for which au EM wavc refracts in thc LLwrong way” 

(negativcly) when it hits the PC interface. Onc can predict the direction of thc refractcd 
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signal from the equifrequciicy contours in thc air and PC media. This metliology has been used 

widely in 1D diffraction gratings [26]. Thc EFS for two frequcncies, f = 0.58 and f = 0.535, 

which are representative for these two cascs, are seen in Figs. 3.2(a) and Fig. 3.2(b). The CII 
conservation condition given by the dashed vertical line in the figures determines the allowed 

refracted wave vector 61. In both cases therc arc two choices for i~ (to point either towards A 

or towards B). For every chosen ZJ, the corresponding Cg will be perpendicular to the EFS at 

that point and point towards increasing values of fkequency. The correct choice for 21 will bc 

thc onc that gives a Gg that points away from the source. After checking the EFS for a rcgion 

around f = 0.58 and f = 0.535 we determine that the frequency increases inwa.rds for the casc 

of Fig. 3.2(a) (i.e., ~7~ < 0 and np <O ) while it increases outwards for the case of Fig. 3.2(b) 

(Le., Cg - > 0 and np > 0). Taking this into consideration the correct choice for i j  is to point 

towaxds A for thc case of Fig. 3.2(a) and towards B for the casc of Fig. 3.2(b). For an infinite 

PC the group and thc energy vclocity arc equal, so thc group velocity vector (orange vector) 

in the figures represents the direction of propagation for the EM signal in the PC. We have 

confirmed the theoretical prediction of negative refraction with a FDTD simulation for both 

cases. In other words, we havc determined both theoretically and numerically that the group 

index ng for both the cases is negative [27]. However, this type of FDTD simulation cannot 

decide what is the ‘Lrightness” of the system. 

Thereforc we considcr an incoming EM wave incident normally on a wedged structurc, as 

was the case of the UCSD cxperimcnt [4]. Wc should mention that couplings to highcr-order 

Bragg wavcs [22], whcn tlic wave hits the wedged intcrface are unavoidable in some cases. 

However, the sign of the angle of the zeroth order outgoing Bragg wave coincides with the sign 

of 3. i  inside the wedge, and determines the “rightness”[6] (positive for the right- and negative 

for the left-handed case) and so the sign of np of the PC. 

In particular, we show the results for this type of simulation for f” = 0.58 (casc of Fig. 3.2(a)) 

and f” = 0.535 (casc of Fig. 3.2(b)) in Figs 3.3(b) and 3.4(b), respcctivcly. For each of thcse 

cases, thc symrnctry directions of the first and tlic wcdgcd interface are chosen appropriately 

[21]. Naturally, the ,411 wave vector wilI be conserved across both interfaces. In Fig. 3.3(b) 
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tlie final outgoing beam is in the negative hemisphere (negative in respect to what is expected 

for a regular homogcneous material with positive index). This mcans that the pcrpcndicular 

t o  the first interface component of thc wave vector has reverscd sign when crossing the ail- 

P C  interface. Since s' is always pointing away from the source 3 - ; will be negative in the 

P C  for the case of Fig. 3.3(b). We note that the second outgoing beam in Fig. 3.3(b) is duc 

to consequent multi-reflection on the upper corner (onc can determine that by lookiiig at thc 

field inside the wedge). To extract the sign of s'. I;' in Fig. 3.4(b), because of the presence 

of the second beam (higher order Bragg wavc [28]) we need the additional knowledge of the 

theoretically expected magnitude of the angle for thc zeroth order Bragg wave. We use the 

EFS contours for the infinite system to determine thc magnitude of the refracted wave vector 

and from that the magnitude of the zeroth order Bragg wavc. (We obtained a value of 57'). 

Although thc actual magnitude of the refracted wavc vector may differ from the predicted one, 

no dramatic differencc is expccted. Wc then observe in thc FDTD simulation of Fig. 3.4(b) 

that the bcam with dcflection angle of magnitude close to 57' lies in. the positive hemisphere. 

So, in the case of Fig. 3.4(b) s'. > 0. 

The ray schcmatics in Figs. 3.3(a) and 3.4(a) - that accompany the simulations of Figs. 

3.3(b) and 3.4(b)- show the theoretically predicted refracted and final outgoing beams by 

using the properties of the infinite systcrn. The beams are determined in a sirnilas manner 

as in the ray schematics of Fig. 3.2. In the following wc compare the thcoretical expected 

angles (magnitude and sign) with the ones measured in the FDTD simulation. Thc expected 

outgoing anglc for the casc of Fig. 3.3(b) is -36', whilc the FDTD onc is N -30'. Likewise 

for the case of Fig. 3.4 thc formula in  Ref. 28 predicts an outgoing wave at 57' and a first 

order Bragg wavc at; -14'. These values arc close to those of - 80' and - -10' measured in 

the FDTD simulation. 

By looking on other bands wc can find cases with np > 0 and ng > 0, as well as np < 0 

and ng > 0 , so all combinations of signs for thc group and phase indices are possiblc. By 

pcrforrning FDTD simulations [of both types (slab and wedge)], wc have shown that in all 

cases, the L'rigliGness'' of the PC - i.c., the sign of s". [IS]- coincides with thc thc thcoretical 
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prediction for thc sign of nP , as dcfined earlier in thc paper for thc infinite PC system, and 

is irrelevant to the sign of ng. For the case of Fig. 3.2(a), the PC is left-handed and the 

perpendicular component of the wave vector reverses sign in the air PC interface. In addition 

it has closc to normal dispersion and a negative cffectivc indcx. So onc could say that the 

ncgative rcfraction in this case is similar to thc one occurring in a regular LH matcrial that 

11% both e and ,u negative.[l, 2, 3, 4, 5,  6, 7, 8, 9, 101 

Conclusions 

In conclusion, wc havc systematically examined the conditions of obtaining left-handed 

behavior in photonic crystals. Wc have demonstrated that the cxistencc of negative rcfraction 

is neither a prcrequisite nor does it guarantee a negative effective index and thus LH behavior. 

Although we have focused on the presentation of 2D photonic crystals, the results are general 

enough and are expected to be correct for 3D PCs. Special care must be taken for the couplings 

of the TE modes and T M  modes in the 3D systems. We have suggested experiments to check 

our theoretical predictions both in the microwave regime as well as in the optical regime. The 

present work will help in the understanding and design of the optical devices. 

Acknowledgments 

Wc thank K. Buscli for useful discussions rcgardiiig the group velocity calculation with 

the r;' - @ perturbation method. We would also like to thank Mario Agio for useful discussions. 

Amcs Laboratory is opcratcd by thc U.S Dcpartment of Encrgy by Iowa Statc Univcrsity under 

Contract No. W-7405-Eng-82. This work was partially supported by DARPA, and IST-FET 

EU Project DALHM. 



83 

Bibliography 

[l] For a recent review see the articles of ID. R. Smith and J. Pendry in Photonic crgstals 

and Lighqht Localization in the 2lst Century, Vol. 563 of NATO Advanced Studies Insti- 

tute, Series C:MuthematicaZ and PhysicaE Sciences, edited by C. M. Soukoulis (Kluwcr, 

Dordrcclit 2001, pp. 329 and 351. 

[2] D. R. Smith, W. J. Padilla, D. C. Vier, S. C. Nemat-Nasser, and S. Schultz, Phys. Rev. 

Lett. 84, 4184 (2000). 

[3] R. A. Shelby, D. R. Smith, S. C. Nemat-Nasser and S. Schultz, Appl. Phys. Lett. 78, 

489 (2001) 

[4] R. A. Shelby, D. R. Smith and S. Schultz, Science (Washington DC, U.S.) 77, 292 

(2001). 

[5] M. Bayindir ct. al., Appl. Phys. Lett. 81, 120 (2002) 

[6] V. G. Veselago, Usp. Fix. Nauk 92, 517 (1964) (SOY. Phys. Usp. 10, 509 (1968)) 

[7] J. B. Pendry, A. 6. Holden, W. J. Stewart, and I. Youngs, Phys. Rev. Lett. 76, 4773 

(1996); J B Pendry, A. J. Holden, D. J. Robbins and W. J. Stewart, J. Phys.: Condens. 

Msttcr 10, 4785 (1998); .I. B. Pcndry, A. J. Holden, D.J. Robbins, W.J and Stewart, 

IEEE Trans. Microwave Theory Tech. 47, 2075 (1999). 

[SI J. B. Pendry, Phys. Rev. Lett. 85, 3966 (2000). 

[9] P. Mark05 and C. M. Soukoulis, Phys. Rev 3 65, 033401 (2001); P. Mark03 and C. M. 

Soukoulis, Phys. Rev. E 65, 036622 (2002). 



84 

[lo] D. R. Smith, S. Schultz, P. Markos and C. M. Soukoulis, Phys. Rev. B 65, 195104 

(2002). 

[ll] M. Notomi, Phys. Rev. 3 62, 10696 (2000). 

[12] H. Kosaka et al., Pliys. Rev. B 58,  R10096 (1998). 

[13] P. St. J. Russell, Phys. Rev. A 33, 3232 (1986); P. St. Russell and T. A. Birks in 

Photonic Band Gap Materiah, Vol. 315 of NATO Advanced Studies Institute, Series E: 

Applied Sciences, edited by C.  M. Soukoulis (Kluwer-Dordrecht, 1996), p. 71. 

[14] C. Luo, S. G. Johnson, J. D- Joannopoulos, J. B. Pendry, Phys. Rev. B. 65, 201104(R) 

(2002). 

[E] B. Gralak, S. Enoch and G. Tayeb, J. Opt. SOC. Am. A 17, 1012 (2000). 

[16] The PC structure is periodic in spacc. Thcreforc whenever we refer to s' in the PC the 

spatial avcragc within thc unit cell of the tim*averaged Poynting vector is considered. 

[17] A. Taflovc, Computational Electrodynamics - The Finite Diflerence Time-Domain 

(Artcch Rouse, Boston, 1995); K. S. Yee, IEEE Trans. Antennas Propag. Method 

14, 302 (1966). 

[18] J--P. Berenger, J. Cornp. Phys. 114, 185 (1994); J. P. Bcrengcr, IEEE Trans. Antennas 

Propag. 44, 110 (1996); 

[19] K.M. Ho, C. T. Chaii and C. M. Soukoulis, Phys. Rev. Let. 65, 3152 (1990). 

[ZO] P. R. Villencuve and. M. Piche, Prog. of Quantum Electron. 18, 153 (1994). 

[21] S. Foteinopoulou and C. M. Soukoulis (unpublishcd). 

[22] K. Sakoda Optical properties of photonic crystals (Springer, Berlin, 2001). 

[23] D. Hermann, M. Frank, K. Busch and P. Wolfle, Optics Express 8, 167 (2001) 

[24] 
-4 

= 4- == R ( w )  (where R the radius of the circular EFS). Since Ii$pl = w/lkl = 

c/lnpl, w = cR(w)/lnpl. so Gg =; d k w  = L/(dB/dw) = cf/(wd]n,I/dw + inp[). 



85 
u - -  

[E] P. M. Valaiiju, R. M. Walser and A. P. Valanju, Phys. Rev. Lett. 88, 187401 (2002). 

[26] P. St. Russel, T. A. Birks and F. Dominic Lloyd-Lucas in Confined Electrons and Pho- 

tons, New Physics and Applications, VoZ. 340 of NATO Advanced Studies Institute, 

Series B: Physics, editcd by E. Burstein and C. Weisbucli, (Plenum, New York, 1996), 

p. 585. 

[27] ng for the case of Fig. 3.2(b) is a function of the angle of incidence 0. The sign quoted 

in the text for ng for this case is applicable for a certain angle span around the normal 

direct ion. 

with kzp,, = k'jY cos(B,) + k z p m  [28] The outgoing angle &u~,m is: tan(Bout,m)= 1 / (w2 ,c2 ) -k~ , ,m 

where m is the order of the Bragg wave, 0, = 30' and b = a for Fig. 3.3 and v'h for 

Fig. 3.4. k ju  is the projection of the wave vector in the wedged structure along the y 

direction [see Figs. 3.3(a) and 3.4(a)]. 



86 

0.6 

0.4 

H 

0.2 

0 
K 

1 I I I 
-1 -0.5 0 0.5 

M r 1 
K 

-0.4 -0.2 0 0.2 0.4 

I 1 

- 
3 

P n 1.7 I .9 

Figure 3.1 a) The band structure for the H (TE) polarization for the PC 
structure under study. b) The effective phase index np plotted 
for the frequency regions where the dispersion is close to normal. 



87 

Figure 3.2 Schematics of refraction at the PC interface for the two different 
cases. The initial (&) and refracted (if) wave vectors as well 
as the group velocity (5’) of the refracted wave are drawn. The 
dashed line represents the conservation of the parallel compc~ 
nent of the wave vector. 
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Figure 3.3 Refraction of monochromatic EM wave with 1 = 0.58 incident 
normdy on a PC crystal wedge. In (a) the expected ray-paths 
are shown. The wave vectors of the incident (&) as well as the 
refiacted (zf) and the outgoing (zff) EM waves are shown. In 
(b) the actual FDTD simulation with the incident and outgoing 
beam is shown. The bold solid line is the normal to the wedged 
intexfxe. 
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Figure 3.4 The same m figure 3.3 but for fl = 0.535 
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CHAPTER 4. REFRACTION TN MEDIA WITH A NEGATIVE 

REFRACTIVE INDEX 

A paper pubIished in the Journal of Physical Review Letters 

S. Foteinopoulou, E. N. Economou, and C. M. Soukoulis 

Abstract 

We show that an electromagnetic (EM) wave undergoes negative refraction at the interface 

between a positivc and ncgative refractive indcx material, the latter being a properly chosen 

photonic crystal. Finite difference time domain (FDTD) simulations arc used to study thc 

time cvolution of an E M  wave as it hits thc interface. The wave is trapped temporarily at the 

interface, reorganixcs, and after a long time, the wave front moves eventually in the negative 

dircction. This particular examplc shows how causality and speed of light are not violated in 

spite of the negative refraction always present in a negative index material. 

Introduction 

Veselago [l] predicted that lossless materials, which posscss simultaneously negative per- 

mittivity, E ,  and negative pcrrneability, p? would exhibit unusual propertics such as negative 

index of refraction, n = -m, antiparallel wave vector, k, and Poynting vector, S, antiparallcl 

phase, vp, and group, vg, velocities, and time-averaged energy flux, ( S )  = (u)vg, opposite to 

the time-averaged momcntum density ( p )  = {u)k/w [2], where (u) is the time-averaged energy 

density. Furtlicrmore if these matcrids arc uniform, k, E, H form a left-handed set of vectors. 

'Phys. Rev. Lett. 90, 107402 (2003). 
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Therefore, these materials are called left-handed materials (LHM) or ncgative index of refrac- 

tion materials (NIM). The quantities, S ,  u, p, refer to the composite system consisting of E M  

field and material. As a result of k and S being antiparallel, the refraction of an EM wave 

at the interface between a positive n and a negative n material would be at the “wrong” side 

relative to the normal (negative refraction). In addition, the optical length, J ndE, is negative 

in a LHM. 

Following Pendry’s suggcstions [3, 41 for specific structures which can havc both E ~ J J  and 

pef l  negative (over a range of frequencies), thcre have been numerous theoretical and expcri- 

mental studies [5 ,  6 ,  7, 81. In particular, Markoj: and Soukoulis [9] havc cmploycd the transfer 

matrix technique to calculate the transmission and reflection properties of the structure sug- 

gested by Pendry [3] and realized experimentally by Smith et al. [6, 71. Subsequently, Smith 

et al. [lo] proved that the data of Ref. [9] can be Etted by length independent and frequency 

dcpcndent, e e j j ,  and ,ue j j .  They found that in a frequency region both eeff and pelf were 

negative with negligible imaginary parts. In this negative region, n was found to be unambigu- 

ously negative. Thesc unusual results [3-101 havc raised objections both to the interpretation 

of the expcrimcntal data and to the realizability of negative refraction [ll, 121. 

Results and discussion 

In this lettcr wc report numerical simulation results, which clarify some of the controversial 

issues, espccially the negative rcfraction considered as violating causality and the speed of 

light [12]. Our numerical calculations were performed on a well understood realistic system, 

which is csscntially inhcrcntly lossless, namely, a 2D photonic crystal (PC). The dielectric 

constant E is modulated in spacc and both the permittivity E and pcrmcability p arc locally 

positive. Specifically, the photonic crystal consists of an hexagonal lattice of dielectric rods 

with dielectric constant, E = 12.96. The radius of the dielectric rods is r = 0.35a, where 

a is thc lattice constant of the system. A frequency range exists for which the EM wave 

dispersion is LLalmost” isotropic. For that range the group velocity, vg, is antiparallel to the 

crystal momentum k, where k is in the first Brillouin zone (BZ) [U]. In particular, for the 
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frequency of our simulations the angle between the group velocity and thc phasc velocity e,, 
varics bctwccxi 176’ and 180’. We have studied systematically the equifrequency contours of 

the system [14] and have obtained thc effective refractive index, n, as a function of frequency, 

The absolute value of n, 1721 = cIkf/w? the phasc velocity, vp = (c/lnl)ko, where ~G-J = k/lkl, 

and the group velocity vg = &/ilk are defined the usual way. Then, it can be easily shown 

that vg = vP/a, where LY = 1 + (w /n ) (dn /dw)  = 1 + dlnInl/dlnw; given this last relation 

is natural to identify thc sign of n with the sign of a in order to associate negative n with 

antiparallel vp and vg [15]- Furthcrmore, it can be shown that (S) = (u)vg, where the syrnboI 

{ } denotes averagcd value over time and over thc unit cell. Thus, vp and vg being antiparallel 

leads to some but not all of the pcculiar and interesting properties associated with LHM. 

Essentially, this means that for the PC system a frequency range exists for which the 

effective refractive index is negative, frequency dispcrsion is almost isotropic and ( S )  .k < 
0; Le., the PC bchavcs in thcsc respccts its a left-handed (LH) system. Consequently, a wave 

hitting the PC interfacc for that frequency will undcrgo negative refraction for the same reason 

a wavc undergoes negative refraction when it hits the interface of a homogeneous medium with 

ncgativc indcx n (thc component of k along thc normal to thc interface reverses direction). In 

Fig. 4.1, we plot our results for the effective refractive indcx n for the PC system versus thc 

dimensionless frequency i, where f = wa/Znc = a/A and X is thc wavclength in air. Noticc 

that tlic cffcctivc refractive iiidcx n passes continuously fiom negative to positive values as 

f incrcascs. At this point we alert the rcader about other conditions under whicli negative 

refraction can occur in thc air PC interfacc. For example, for some particular k, light bcnds 

“the wrong way” at tlic PC intcrfacc as a result of thc curvature of thc equifrequcncy surfaces 

[16] in spite of ( S )  . k, - and tlicrcfore tlic effcctive refractive index-, being positive. Also in 

a PC system with ( S )  . k > I) coupling to a higher ordcr Bragg wave can lead to a negatively 

rcfractcd bcam. We strcss that in both cases rncntioncd above, the PC is right-handed (RH). 

In contrast, in our case, (S) and k arc almost opposite to each other €or all the values of 

k corresponding to thc same frcquency, w ,  such that .(w) < 0; furthermore almost perfect 

isotropy is cxhibitcd. Thus, our case resembles in these respects a uniform LHM. 
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In our simulations a finite extent line source was placed outside a slab of PC at an an- 

gle of 30' as shown in Fig. 4.2. The source starts gradually emitting at t = 0 an almost 

monochromatic (half-width Aw N 0.02~)  TE wave (thc E ficld in the plane of incidence) of 

dimensionless frequency, f = wa/2nc = 0.58, with a Gaussian amplitudc parallcl to the line 

source. Employing a finitedifference timodomain (FDTD) [17, 18, 191 technique, wc follow 

the time and space evolution of the emitted EM waves as they reach the surface of the PC and 

they propagate eventually within the PC. The real space is discretized in a fine rectangular 

grid, (of a/31 and a/54 for the x and y axes, respectively), that stores the dielectric constant, 

and the electric and magnetic field values. By use of a finitc time step, St=O.O128a/c, thc 

fields are recursivcly updated on every grid point. This algorithm numerically reproduces the 

propagation of the electromagnetic field in real space and time through the interface. In Fig. 

4.2 we present the results for our FDTD simulation after 200 simulation steps. (The pcriod 

T = 27r/w corresponds to 135 time steps, T - 13565). 

- 

Wc found, as expected for a negative index n, that the incidcnt bcam is eventually refracted 

in the negativc dircction (sinBpC 5 0). However, the most interesting finding is that each ray 

does not refract in the final direction immcdiatcly upon hitting the surface of the PC. Instead, 

the whole wavefront is trapped in the surface region for a relatively long timc (of the order of 

a few tens of the wavc pcriod, T ,  in OUT simulations); and then, gradually after this transient 

time, the wave reorganizes itsclf and starts propagating in the negative direction as cxpectcd 

from the steady state solution. Thus, thc interface between the vacuum (positive n = 1) 

and the PC (negative n) acts as a strong rcsonancc scattcring ccnter which traps temporarily 

the wavc bcforc gradually reemitting it. This time dclay (which is much longer that the time 

difference, 2to 4006t, between the arrival at the interface of thc inncr and outcr rays) cxplains 

satisfactorily tlic apparent paradox of the outer ray propagating much fastcr than the velocity 

of light [12]. 

In Fig. 4.3, we present a timc sequence of the amplitude of the magnetic field of thc 

Gaussian bcam undergoing reflection and refraction at the interface between vacuum (n = 1) 

and it ncgativc index (n = -0.7) material. We stress that despite tlic fact that the fronts are 
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obscured by thc Blocb modulation the refiaction of the wave (aftcr a transient timc) is clearly 

in the negative direction. We have also calculated the Poynting vector (Fig. 4.4) which shows 

that (in the steady state) thc energy fiows in the same negative dircction as shown in Fig. 

4.3(e). Since one can prove in gencral that (S) = (u>vg, it is clear that the group velocity 

in the PC is along thc direction indicated in Fig. 4.3(e). We present the results in terms of 

the time difference, 2to, between the arrival of thc outer and the inncr rays at the interface. 

Figure 4.3(a) shows the results for t = 2.5to N 3.7T N 50068- Notice that no refracted front 

has developcd yet. Fig. 4.3(b) shows thc results for t =4.5 t o .  Notice that the wave front has 

crossed the interfacc and sccrns to move dong positive angles. Figure 4.3(c) shows the results 

for t =10.6 t o ,  whcre both the reflected and refracted wave fronts are shown. Notice there 

seem to appear two fronts for the refi-acted beam, one moving towards positive angles and 

one towards negative angles. Figure 4.3(d) clcarly shuws that the wavefiont at t = 1 s t ~  along 

positive angles has diminished and the wavefront along the ncgativc angles is more pronounced. 

Also, notice the clear reflected wavcfront. Finally, Fig. 4.3(e) for t =31 to clearly shows that 

the wavefront moves along negative angles, a behavior that continues for t 2 31to. This shows 

that in our system and for frequcncies such that (S) and k (whcre k is the first BZ) are opposite 

to each other, ncgativc rcfraction exists without violating thc speed of light or causality; more 

specifically, once the one end of the Gaussian wavcfront bits the interface, it does not mean 

that the other side of the wavcfront must move in“xero time” or “at infinite spced” to refract 

negatively (scc Fig. 4.l(b) of Ref. 12). Thcre is a transient time of the order of 30to E 45T 

iieeded for the refracted wave to reorganize and move cvcntually along the negative directions 

(see Figs 4.3(e) and 4.4). Notice that thc wavefronts move finally along negative angles [see 

Fig 4.3(e)]. The same is true for the directions perpendicular to thc wavefronts, which can be 

considered parallel to the group velocity. 

Wc note that Ziolkowski and Heyman[20] have observed a similar transient time cfiect 

numerically in a 1D model system with homogeneous negativc permittivity e and permeability 

p. In [20] i t  was shown that therc exists a time lag between the wave hitting the interfacc and 

the medium rcsponding with negativc effective indcx n indicating that causality is maintained. 
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In the prcsent Lettcr, we havc shown that in a realistic structure transient effect precedes thc 

establishment of stcady state propagation in thc negative refracted dircction [Zl]. 

We note in passing that our timc-dependent results are unrehted with the steady state 

solution obtained by Valanju et d. [12]. In Ref. 12, a modulated plane wave, composed of 

two plane wavcs with different frequencies, is incident on the interface with a certain anglc. 

Indccd, this stcady state solution of propagation of a modulated plane wave, shows the inter- 

ference fronts refiacting in the positive direction, while the phase konts refract in the negative 

direction. However Smith and Pcndry [22] have demonstrated that when two frequencies are 

superimposed in the NIM with wavevectors that are not parallel - which is thc case in [12]- 

propagation is crabwise mcaniiig that the interference fronts are not thc group fronts and 

should not be associated with the dircction of propagation. In addition, Smith et al. 1233 have 

considered an incident modulated beam with a finite Gaussian profile. The steady state solu- 

tion shows that the group velocity moves along negative angles, despite the distortion in thc 

modulated fronts. Negative refraction is also obtained by Lu et al. [24], where they consider 

more than two frcqucncy components for thc incident wave. 

Conclusions 

In conclusion, wc have shown by a FDTD simulation in a specific realistic PC case (resem- 

bling in several respects an homogeneous LHM) that an EM wave coming from a positive n 

region and hitting a plaiic intcrfacc of a negative n material (in thc sense that (S) and k arc 

aiitiparallcl) rcfracts cvcntually in the negative angle direction. Our detailed time-dependent 

sequeiicc shows that the wave is trapped initially at the interface, gradually reorganizes itself, 

and finally propagates along thc negative anglc dircction. This transient timc providcs an 

cxplariatio~i for thc occurrciicc of negative refraction (at lcast in our rcalistic system) without 

violating causality or light specd. 
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Figure 4.1 The cffcctive index of refraction, n, vcrsus dimensionless he- 
qucncy a/A for a 2D photonic crystal. 
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Figure 4.2 An incident EM wave is propagating along a 30° direction. The 
time is 200 simulation steps. 
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Figure 4.3 The magnetic field of the Gaussian bean undergoing reflection 
and refraction for (a) t = 2.5t0, (b) t = 4.5t0, (c) t = 10.5t0, (d) 
t = 15t0, and (e) i! = 31to. 2to is the time difference between 
the outer and the inner rays to r e d  the interface; t o  11 1.577, 
where T is the period 2n/w. 





103 

x 10" 

Figure 4.4 The magnitude of the Poynting vector for an EM wave props 
gating along a 30° direction. The time is 6200 simulation steps, 
and is the same as the one shown in Fig. 4.3(e). 





104 

CHAPTER 5. ELECTROMAGNETIC WAVE PROPAGATION IN TWO 

DIMENSIONAL PHOTONIC CRYSTALS: A STUDY OF ANOMALOUS 

RSEFRACTIVE EFFECTS 

A paper submitted to the Journal of Physical Review B 

S. Foteinopoulou and C. M. Soukoulis 

Abstract 

We systematicalIy study a collection of refiactive phcnomena that can possibly occur at 

the interface of a two-dimensional photonic crystd, with the use of the wave vector diagram 

formalism. Cases with a single propagating beam (in the positive or the negative direction) as 

wcll as cascs with birefringence were observed, We cxaminc carefully the conditions to obtain 

a single propagating bcam inside the photonic crystal lattice. Our results indicate, that the 

presence of multiple rcfiectcd beams in the medium of incidence is neithcr a prerequisite nor 

does it imply rnultiplc refracted beams. Wc characterizc our results in respect to the origin of 

the propagating beam and the nature of propagation (left-handed or not). Wc identified four 

distinct cases that lcad to a negatively rcfracted beam. Under these findings, the definition of 

phase vclocity in a pcriodic medium is rcvisited and its physical iritcrprctation discussed. To 

determine thc “rightness” of propagation, we proposc a wedge-type experiment. We discuss 

the intricate dctails for an appropriate wedge design for different types of cases in triangular 

and square structures. We extend OUT theoretical analysis, and cxaminc our conclusions as one 

moves from tlic limit of photonic crystals with high index contrast between the constituent 

dielectrics to photonic crystals with low modulation of the rcfractive index. Finally, we ex- 
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amine the “rightncss” of propagation in the oncdimensional multilayer medium, and obtain 

conditions that arc different horn those of two-dimcnsional systcms. 

I. Introduction 

Photonic crystals (PC’s) are dielectric structures with two- or three dimensional periodic- 

ity. They are known as the semiconductor counterpart for light, since they exhibit the ability, 

-when engineered appropriately- to mold and control the propagation of EM waves. Among 

their unusual properties lies thcir ability to exhibit a wide varicty of anomalous refractive ef- 

fects, which recently attracted a great deal of interest, both theoretically [I, 2, 3, 4, 51 and 

experimentally [6, 71. The observed refractive effects can be quite complicated, and, in most 

cases, the direction of the propagating signal cannot be interpreted with the use of a sim- 

ple Snell-like formula. In particular, Kosaka et al. [6] observed a large swung of angle for 

thc refracted bcam, for a small angle of incidcncc. Thcy called this eEccts the ‘‘supcrprism 

phenomenon.” 

Anomalous rcfractivc phenomena arc known in the ficld of optics and are commonly asso- 

ciated with anisotropy in the optical propertics of the matcrial (permittivity) [8]. Two propa- 

gating solutions exist, having a different dispersion relation. One of them is extraordinary, i.e., 

non-spherical. As a result, in some cases two refracted beams are observed in these media, a 

phenomenon known as “birekingence”[S, 91. Numerous studies [lo, 11, 12,13, 141 on diffraction 

gratings, essentially the onc-dimensional (ID) counterpart for the PC structures, led to thc 

observation of a vast  variety of anomalous refracted effects, including ‘Lbirefi-ingence.” These 

systcms have undergone cxtensivc and systcmatic study [lo, 11, 12, 13, 141, based on the wave 

vector diagram formalism. This formalism was proven to be an cxccllcnt tool in explaining 

the unusual refractive properties for the 1D diffraction grating system. The reader can find a 

didactic description of these diagrams and their use in Refs. [ l O J  and [ll]. 

Despite the recent intcrcst focused on the superrefractive effects in twedimensional crystals, 

a systcmatic study is ccrtainly lacking in thc literature for these systcms and only a fcw effects 

were studied and discussed 11, 2, 3, 5, 6, 151. So far, all studies on the two-dimensional 



(2D) photonic crystals arc restricted to effects that can be explained with the study of the 

corresponding propagating modes within thc first Brillouin zone (BZ). However, as we wilI 

demonstrate in this paper, a class of unusuaI propagation phenomena in PC’s can be expIained 

only by a careful study of all allowed propagation modes in all zones. Our anaIysis indicates 

that, contrary to one’s intuition, the multiplicity of reflected beams in the incoming medium 

does not necessarily imply the presence of multiple beams in the PC medium and vice versa. 

In this context, we also investigate carefully the conditions necessary to obtain single beam 

propagation inside a 2D square or triangular PC lattice. 

The anomalous refractive effects observed in both the 1D grating and PC literatme include 

cases where the light bends “the wrong way,” i.e., is refracted negatively at the air-PC interface. 

Such a phenomenon was observed and widely discussed in the left-handed materials literature 

[16, 17, 18, 191. In the left-handed medium (LHM), homogeneous [16] or composite [17], the 

electric field vector E, the magnetic field vector H, and the wave vector k form a left-handed 

sct of vectors. The sign of the product S . k -S bcing the Poynting vector- reflects the 

sign of the LCrightncss” for the system [16], and is negative for the left-handed medium (LHM). 

It is also customary to refer to a left-handed propagating wavc as a backwards wave [Zo]. The 

refractive index for such a medium was calculated with the usc of thc scattering data and was 

found to be unambiguously negative [El]. However, the characterization of the left-handed or 

right-handed naturc of propagation is a point somewhat overlooked both in the 1D gratings 

and PC literature. Only in Rcf. IS] the sign of thc product S - k [21], with k in the first 

BZ, was determiiicd for a two-dimcnsional hexagonal PC with a finite difference time domain 

simulation (FDTD) [22]. Thc simulation cxperimcnt, pcrformed on a wedged PC structure, 

is in accordancc with the UCSD experiment [23, 241. In the latter, the negative index was 

expcrimeiitaIly verified for thc traditional compositc LHM. Left-handed behavior in photonic 

crystals reIates to thc origin and nature of a certain propagating beam. We intend to study 

this for differcnt cases with thc wave vector diagram formalism. In any case, the assignment 

of a proper refractive index, should carry the information regarding the rightness of the PC 

medium in its sign and bc consistent with the left-handed literature. 
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Moreover, the phase velocity for an EM wave propagating in a periodic structure is a subject 

of some controversy in the literature. Yaiv defined the phase velocity for a propagating E M  

wave in the 1D layered medium as the phase velocity that corresponds to the dominant plane 

wave component [25]. Recently thc phase velocity has been associatcd with the Bloch’s crystal 

momentum k, where k is in the first BZ [I, 5, 261. Spccifically, in Ref. [l] the phase velocity and 

appropriate phase iiidcx were discussed for both limits of indcx contrast between constituent 

dielectrics (high and low). Considering this controversy, the subject of phase velocity in a 

periodic mcdium should be revisited. It is certainly worthwhile to reexamine the physical 

meaning of each definition in both limits of refractive index modulation (high and low). 

In an attempt to make the study of the PC system simpler, in some cases the PC system 

was homogenized appropriately with the use of an effective medium theory [27]. Howcvcr these 

theories mainly apply to the long wavelength limit. However, as wc will show in our subsequent 

analysis, €or some cascs that lie in thc highcr bands, it is still possible to characterize the 

refractive and propagation properties with an effective index n(w)  under certain conditions. It 

is important to examine carefully such conditions, since the study of the PC can be greatly 

simplificd. Wc will sec that in these cases, both phasc and energy velocities can be derived by 

simple formulas. 

In this work, we attempt a systematic study for the anomalous refractive phenomena oc- 

curring in two-dimensional PC systems. We focus on various cases that have substantially 

different origins and nature. The charactcristics of each case arc analyzcd. For this purposc, 

wc discuss thc propcrtics of phasc and cncrgy vclocities, as wcll as typcs of propagation (lcft- 

or riglit-liandcd). In particular, in Sec. I1 we prcscnt four distinct cases of anomalous refrac- 

tive effects, where a negatively refracted beam is present. We explain and analyze the origin 

of the refracted beam with the wave vector diagrams in Sec. 111. Using the same formalism, 

we characterize birefringent phenomena in photonic crystals that we observed. We also dis- 

cuss how these rclatc to the presence of Bragg reflections in thc medium of incidence. We 

discuss all relevant propcrtics for an EM wave propagating in thc crystal. In particular, we 

dcfiiie appropriately a phase velocity, calculatc it numerically, and discuss the meaning of the 
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associated effective phase index in Secs. IV , V and VI, rcspectivcly. Morcover, in Sec. VI 

we discuss the conditions necessary to obtain single beam propagation. We derive expressions 

for both group and energy velocities, and show their equality in Sec. VII. In Sec. VIII, we 

discuss the group refractive index associated with the group velocity. In Scc. IX we focus 

our discussion on the Icft- or right-handed naturc of propagation. In this section, we discuss 

the details oE tlie appropriate wedge cxperiment design, that unveils the sign of “rightness” 

for propagation insidc the PC for different cascs of triangular and square lattices. In Sec. X, 

we discuss thc validity of our theoretical analysis ns one moves from the limit of high-index 

modulated crystals to tlie limit of photonic crystals with low index modulation. Finally, we 

make a comparison between the two-dimensional PC medium and the 1D layered medium in 

Sec. XI. We present our conclusions in Sec. XII. 

11. Anomalous refractive phenomena at the air PC interface 

Wc present in Fig. 5.1 four characteristic cases where a negatively refracted beam appears 

when light is iiicidcnt at a PC slab interfacc. The cases shown in Fig. 5.1 basically outline 

the differciit possible reasons for which a iicgatively rcfracted beam can appear inside the 

photonic crystal. In the casc of Fig. S.l(b), two distinct beams propagating in opposite 

dircctioiis (positive and negative) arc present (birefringence). To study the various super- 

refractive cffccts, wc cmploycd the Finitc Diffcrcnce Time Domain tcchniquc (FDTD) [22, 281 

with Pcrfcct Mat-chcd Layer (PML) [29] boundary conditions. Wc study various triangular 

PC structurcs of‘ diclcctric cylindrical pillars in air for the H (TE)-polarization case (magnetic 

field aligned dong thc cylinder’s axis). Wliencvcr possible, wc used the value of 12.96 for thc 

diclcctric coilstant and r=0.35 for thc radius of the rods for consistcncy and comparison with 

thc rcsults in Rcf. [5] and tlic results of Notomi [l]. Howcvcr sornctimes for the purpose of 

isolating and observing clearly specific cffccts, it becomes necessary to employ PC structures 

with different parametcrs. Thc presencc of a negatively refracted bcam is clear in all four 

cascs as seen in Figs. Ll(a)-(d). Bcforc we cxpand our analysis, wc discuss the wave vector 

diagrams. Carcfd usc of such diagrams in thc PC system can always explain/determine the 
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direction(s) of the rehacted beam(s). Then, we will be able to comment on the nature/origin 

of each different supcrrefractive effect shown in Fig. 5.1. 

HI. Wave vector diagrams and interpretation of the FDTD results 

The wave vcctor diagram contains the equifrequency surfaccs (EFS) for the photonic crys- 

tal that apply for the frequency of operation. Actually, for OUT two-dimensional system the 

surfaces rcducc to contours. These contours consist of all allowed propagation modes in wave 

vector space that exist in the PC system for a certain frequency. One or multiple contours can 

be relevant for a certain frequency, depending on the number of bands corresponding to the 

fiequency of interest. To isolate the different cffccts, wc focus our study on cases with only 

one band corresponding to the frequency of interest. Thus, we have only a single EFS within 

thc first BZ in k-space, closed or broken (with six-fold symmctry for the hexagonal lattice). 

The corresponding analogue of the EFS for the electronic case would be the Fermi surface. 

However, unlike electronic states that exist inside the crystal, an E M  wave propagating insidc 

the photonic crystal is excited with an E M  wave incident from the outside. This implies the 

following: 1) the propagating statc insidc the crystal has the same hequency as the frequency 

of the source. 2) the causal direction of propagation inside the crystal points away fiom the 

source. 3) the wave vector of the propagating wavc inside the crystal is subject to additional 

rcstrictions, imposed by the boundary. Specifically, the parallcl component of the wave vector 

is givcii by tlic following formula [3Oj. 

(5.1) 

where we consider EM wavcs incident fiom air with angle Bin, measured from the surface 

normal. m is an integer equal to 0, fl, f2 and bstT,at represents the periodicity of the interface. 
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For different interface cuts and lattice arrangerncnts, we have the following cases: 

a 

f i a  for triangular cut along r M  , ( A l )  

1/za for square cut along TM 

a for square cut along r X  

for triangular cut aloiig r K  

with a bcing the lattice constant. 

Basically, formuIa (5.1) is the generalization of the phase matching condition at a periodic 

boundary [31]. So, the kll conservation condition as expressed with Eq. (5.1) is an integral 

part of the wave vector diagram. Diagrammatically, Eq. (5.1) can be represented by m parallel 

lines, all perpendicular to the interface and separated by 2n/bs~r,cut. We refer to these lines as 

construction lines in accordance with existing nomenclature in the literature (see for example 

Ref. [lo]). 

The EM wave that propagates in the photonic crystal is a superposition of many plane 

waves, called Floquct-Bloch wave (FB wave) [lo, 321. It is characterized by the wave vector in 

the first Brillouin xonc, referred to in the following as the fundamental wave vcctor [33]. We 

will discuss the characteristics of the FB wave in detail in SCC. IV. The intersections between 

EFS and construction lines represent the possiblc wave vector values for the FB propagating 

beam(s). Howevcr, not all of thcse interscctions correspond to a signal pointing away fkom the 

source (causal signal). So, for each wavc vector intersection we need to determine the direction 

of the corresponding signal, which is nothing but the direction of the corresponding energy 

velocity. We will show in Sec. VI1 that the energy velocity v, is equal to the group velocity 

vg for the photonic crystal. Now, vg is Vkw. Thus, the geometric properties of the gradient 

require the propagating signal to  have a direction normal to thc EFS at a certain wave vcctor 

point in k-space and to point towards incrcasing frequciicies w. Accordingly, before we proceed 

with a wave vcctor diagram analysis, additional knowlcdge for the sign of the product V k w  - k 
is necessary. Essentially, we nccd to know the curvature of thc relevant band. 

As alrcady mentioned in the introduction, wave vcctor diagrams have been used before in 

the PC litcrature [l, 2, 3, 5, 6, 151, but wcrc drawn in the first BriIlouin zone only. Although in 
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many cases this methodology suffices, for a complete treatment such diagrams should iacludc 

thc EFS shown in tlic repeated zone scheme. A complete treatment yiclds all possible waves 

that can couple inside the photonic crystal. All intersections between the construction. lines 

and the EFS in the repeated zone scheme should be accounted. Apparently, in our repeated 

zone treatment, some intersections may have wave vectors falling outside the first BZ. These, 

should bc foldcd back to thc first zone, in order to obtain the fundamental wave vector of 

the FB wavc. Thc folding process involvcs adding or subtracting an appropriate reciprocal 

lattice vector. Actually, in our study cases, where thc interface is chosen along a symmetry 

direction, only thc primary construction line (thc onc with m=O) is sufEcicnt. We refer to it, as 

simply construction linc or kll conservation line. To convince the reader, we show an cxample 

(see Fig. 5.2) with all the construction lines present. However, for simplicity, in all thc other 

diagrams the higher ordcr construction lines are dropped. Summarizing, in any case we have 

fixed frcqucncy (EFS contour), fixcd sign V k W  - k, and fixed paxallcl component of wave vector 

(construction linc). Our mcthodology stcms from thc properties of the FB wave, which we 

discuss in morc dctail in SCC. IV. Following thc folding process many points may fall onto thc 

same point in tlic first zonc. Wc crnpliasizc that in this casc, all points give rise to one beam 

only. We rcfcr to thcsc points as "equivalent" points. Only different wave vector points in the 

first zone (aftcr the folding process) yield different beams, provided thc corresponding signal is 

causal. Wc distinguish between effects that stem from the first and the higher Brillouin zones. 

A beam that originatcs from k points in the first BZ is thc “transmitted” beam, while wc refer 

to bcams corniiig from k points in thc higher ordcr zones, as higher order beams. 

The PC mcdiuni can also givc risc to multiplc rcflcctcd bcarns appearing in the medium 

of incidencc. Wc can choosc to dctcrminc tlicsc graphically. In this case, one would need to 

keep all construction liiics dctcrmincd by Eq. (5.1). Altcrnstivcly, tlic anglc of an order m rc- 

flected beam, wlicn the medium of incidence is air, is given by the following simplc formula [30]: 

(5.2) 
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provided 

2 2  ki,m < w / c  . (5.3) 

(with klllrn given by Eq. (5.1)). If condition (5.3) is not satisfied Vm # 0, then no additional 

higher ordcr reflected beams exist. To avoid confusion with thc higher order waves in the PC 

medium, we refer to the latter as higher order Bragg reflected beams. Notice that formula 

(5.2) also provides the angle for the ordcr rn outgoing beam, in the case that air succeeds the 

PC slab material. 

In Fig. 5.2 we show the wave vector diagram for the case of Fig. 5.l(a) drawn in the 

repeated zonc schemc. Note that all the EFS are calculatcd with the use of thc plane wave 

expansion method. Wc note that whenever we refer to the PWE method 134, 35, 361 for the 

H-polarization casc, we applied Ho’s method instcad of tbc inverse expansion mcthod, since 

the former is provcn to show faster convergence [35, 361. The bold green dot-dashed line in 

Fig. 5.2 represents the construction linc. It intersects points A, B of the EFS in the first 

zone (black circle) and points A2, B2, A3, B3 of the EFSs in the higher order zones. Wc fold 

points A2, B2, A3, I33 back to the first zone by adding G,=n Goy (see figure) (where n=-2 

€or points A2, B2 and n=+2 for A3 and B3). Notice they all fall back onto points A and 

B. The case of Fig. 5-2 corresponds to a band with negative curvature. Therefore, A has ve 

pointing away &om thc source, while B has v, pointing towards the source. This means that 

only point A contributes to a propagating bcarn, thc “transmitted” beam. We indicate the 

propagating bcarn with the bold orange arrow in Fig. 5.2, and the bold solid arrow in thc 

FDTD simulation in Fig. 5.l(a). As wc mcntioiied earlier, only thc zeroth order construction 

line is really necessary in thc determination of the propagating beams. However, in Fig. 5.2 for 

didactic rcxions, wc plottcd the higher construction lincs as wcll (dotted cyan vertical lines). 

Each is displaced in respect to thc zeroth ordcr one (bold green vertical line) by Gin,= X Go, 

(where X = &l, 2 2  e.t.c). We plotted in the figure only the higher order construction lines 

with 1x1 = 1 . We account €or d l  iiitcrsections of tlicsc lines. Subsequently, we fold them 

back to the first zonc by addinglsubtracting an appropriate reciprocal lattice vector (G--a 
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G,+X G, with n f 1, X f 1). All fall back onto either A or B. Evidently, only the zeroth 

order construction line is sufficient. We checked and dctcrmined this generally holds for any 

two-dimensional PC slab, provided that thc interface is cut along a symmetry direction. From 

now on we draw only the zeroth order construction line. In the insert of Fig. 5.2 we show a 

wave vector diagram for the same case, but drawn in the first xonc only. Apparently, in this 

case an anaIysis in the first BZ givcs identical results with an analysis with the modes drawn 

in the repeated zone scheme. 

In Fig. 5.l(b) we see that two beams coexist (birefringence). This case corresponds to a 

band with positive curvature (ve a k > 0) .  A wave vector diagram in the repeated zone scheme 

is secn in Fig. 5.3. The green bold solid line in the diagram is the zeroth order construction 

line for this case. We mark the intersections of this line with the modes in all the zones and 

fold back those falling outsidc of the first zone (by adding G= -G,+n G, with n = &l). 

Notice, points A2, B2, A3, B3 when folded back in the first zone, fall onto points A’, B’ that 

are different from A and B. From the set of wave vector points resulting in the first zone (A, 

B, A’, B’) only B and B’ give a signal that propagates away from the source. The respective 

signals are indicated with the bold (point B) and dotted (point B’) orange vector in Fig. 5.3. 

They correspond to the bold and dotted black axrows in the FDTD simulation of Fig. 5.l(b). 

Actually, thc first beam (solid arrow in Fig. 5.l(b)) can be explained with an analysis in the 

first zone (see insert of Fig. 5.3) and is thc transmitted beam. Nevertheless, the beam that 

corresponds to thc dotted arrow clearly stems from a higher order zone, i.c., a highcr order 

effect. The latter would bc irnpossiblc to predict with an analysis within the first Brillouin 

zone. 

In Fig. 5.4 wc sec the EFS plotted in thc rcpcatcd zone scheme for the case of Fig. 5.l(c). 

Thc construction line (bold green solid line) intcrsccts point A and B in the first Brillouin 

xone and points A l ,  Bl, A2, I32 in the higher ordcr zoncs. These fall onto points A’ and B’ 

when they are folded back to the first zone (with a similar proccss as in Fig. 5.3). Taking 

into account the sign of v, - k, in this case positive, from all iiitcrscctions A, B, A’, B’ only 

B and By yield a propagating beam (FB wave) (bold and dotted orange arrow in Fig. 5.4). 
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The one that corresponds to point B can be determined with an analysis within the first 

BZ (see insert) and is the transmitted beam. The second one is a higher order effect. Thc 

origin for this higher order wave is similar to that of Fig. 5.3. Howevcr, because the EFS are 

anisotropic in this case, both beams (transmitted and higher order) are negatively refracted 

beams. These types of higher order waves, when EFS are anisotropic and broken, are unique 

to the triangular structure. They stem from the six-fold symmetry of the modes in the wave 

vector space. For square structures with equifkequency contours broken (4fold symmetrical in 

this case), birefringent effects of this kind cannot be observed. 

In Fig. 5.5 we show the wave vector diagrams in the repeated zone schcmc that corresponds 

to the case of Fig. 5.l(d). The kll conservation line intersects several points (A2, B2, A3, B3). 

However all of the points, when folded back in the first zone, fall onto either point A’ or B’ 

(are equivalent to A’ and B’ respectively). Since v, . k >0, only the wave vector at B gives a 

propagating FB wavc, with energy velocity indicatcd by an orange solid arrow in the figure. 

This is the solc propagating beam shown with a black dotted arrow in the corresponding FDTD 

simulation in Fig. 5.l(d) and is essentially a higher order beam. Note, an analysis within thc 

first BZ (see insert of Fig. 5-5) predicts no propagating beam in this case. A wave vcctor 

analysis in the repeated zone is needed. 

Our preceding analysis shows that in any general 2D PC system, the dircction(s) of the 

propagation beam($) can always be determined with careful use of thc wave vector diagrams in 

tlic repeated zone scheme. Notice thc cxcellcnt agreement between the theoretical prcdiction 

-derived from thc wave vcctor diagrams- and the actual FDTD simulations seen in Fig. 

5.1. We do not discuss thc aspect for the “riglitness” of propagation in  this section. We will see 

in Sec. IX that cascs with v,.k < 0 represent a backwards (left-handed) wavc. Wc note at this 

point that only the negatively refracted beam in Fig. 5.l(a) is a backwards wavc. Actually, 

thc mechanisms that lead to the formation of a negatively refracted beam in the cases of Figs. 

5.l(a) through (d) arc distinctly different. In particular, in Fig. 5.l(a) a negatively refracted 

beam is formed, because the pcrpendicular component of the wave vector reverses sign when 

meeting the air-PC interface. In fact, this is the same mechanism leading to a formation of a 
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negatively refracted beam in the homogeneous negative i dex medium (NIM). However, this 

is not the case for Figs. 5.1 (b) through (d). Notice that in all these cases the perpendicular 

component of the wave vector does not reverse sign at the PC interface. For the case of Fig. 

5.l(c), the negatively refi-acted beam , indicated with thc solid arrow, is due to the anisotropy 

of the EFS in k-spacc. The negatively refracted bcams in Figs. 5.l(b) and 5.l(d) stern from 

modes in the higher ordcr zones. In other words, both are a higher order effect. Thc same 

holds for the second negatively refracted beam in Fig. 5.1(c) (dotted line). Nevertheless, still 

the nature of the higher order waves in Figs. 5.l(b) and 5.l(d) (dotted lines) is different. In 

the case of Fig. 5.l(b), the component of the incident wave vector parallel to the interface kll 

falls within the limits of the surface 1D BZ. This zone extends betwcen - ~ / b ~ t ~ , ~ t ,  R / ~ , L ~ , ~ L ,  

with 6str,cut being the interface periodicity given by exprcssion (Al) .  On the contrary, in the 

citsc of Fig. 5.l(d), kll falls outsidc the 1D surface BZ limits. In order to distinguish between 

the two waves, we refer to them as type I and type 11, respectively. Type I1 higher ordcr 

waves are present because of the periodicity across the interface. Type I higher order waves 

are present because of the periodicity of the whole bulk photonic crystal. Hybrid highcr order 

effects of type I and I1 can also be observed in some cases. Type I1 waves are generic and can 

be observed for any case, provided that frequency and/or angle of incidence is high enough. 

Type I higher order waves are particular to the specific lattice typc, symmetry direction of 

interface, and EFS fcaturcs. 

We cmphasizc that higher ordcr waves of typc I always coexist with a beam deriving fiom 

tlic first BZ (transmitted beam). Thus, whenever a type I wave is present, birefringence is 

observed. This is the case of Figs. 5.1(b) and 5.l(c). Birefringent effects in photonic crystals 

were observed experimentally by Kosaka et al. (151. In their study, for the frcqucncy whcrc 

the double branching of the beam was observed, two-band solutions exist. In other words, two 

different equifrcqucncy contours cxist within the first Brillouin zoiic for thc relevant frequency. 

Whcn multiple bands cxist for a certain frequency, thc procedure we just described in detail 

must be repeated for each separate band. Many more beams can propagate in these cases. 

We note that Born and Wolf [8] (as well as Yariv and Yeh [37]) adopted an effective medium 
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approach to describe thc 1D layered medium. Thcy found that it effectively behaves as a 

homogeneous medium with optical anisotropy. Therefore, the 1D layered medium is capable 

of showing birefiingent effects. They termed these effects as “form” birefringence to stress 

the fact that these originate from anisotropy on a much larger scale than the moleculc. In 

optically anisotropic materids, the tensor property of the permittivity introduces two solutions 

for the dispersion relation (ordinary and extraordinary). The two different dispersion relations 

give two different equifrequency surfaces in the wave vector space and lead to the familia 

birefiingcnt phenomena in these mcdia. In a way, we can say that multi-fringent phenomena 

in PC’s arising from multiple bands appear for similar reasons as the ones in the optically 

anisotropic materials. In essence, multiple bands imply multiple dispersion relations for a 

certain frequency region, and, therefore, multiple EFS within the first BZ. However, all may 

be extraordinary (non-circular in 2D). In this paper, we observe in Figs. 5-1(b) and 5.l(c) 

birchingent efects that have a totaIly different origin. In these cases, there is a single band for 

the operation kequency, i.c., a single branch for the dispcrsion relation,and, therefore, a single 

EFS exists in the first BZ. The two beams arisc because the modcs, reprcsented by the EFS, 

repcat themselves periodically in the wave vector k-space. This means that the periodicity of 

thc PC lattice comcs into play in two different ways as far as birefringent effects are concerned. 

It introduccs thc possibiIity of having multiple dispersion rclations within the first BZ for a 

certain frequcncy region, a s  in the casc of Kosaka ct al. [E]. On the other hand, the periodicity 

causes the modcs to repcst themselves in reciprocal space. This is responsible for the beam 

doubling effects we obscrvcd in Figs. 5.l(b) and 5.l(c). 

Thc existcncc of multiple bcarns in thc medium of incidence and the medium succccding 

the PC! slab, as well as how these relate to tlie transmission properties, wcre previously studied 

[30]. Despite these studies, the relation bctwccn thc existence of multiple beams in tlie medium 

of incidence and inside tlic PC has nut yet been carcfully examined. Incidentally, Luo et al. 

[3] state that the condition iiccessary to obtain single beam propagation inside tlic PC is 

w < 0.5 x 27rc/u, , whcrc a, is the intcrfacc period. The quoted condition can bc rewritten as 

f 6 u/2bStT,C2L1, with bslr,mt given by (Al ) .  In fact, if EM waves arc incident in the PC slab from 
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air, this condition guarantees the absence of any higher order Bragg reflected beams for any 

angle of incidence (see Appendix I(a)). For a triangular lattice cut along r M ,  this condition 

becomes 7 6 0.289. However, FDTD simulation results that we present in the following 

show this condition does not guarantee single beam propagation inside the PC medium. We 

consider tlic case of dielectric rods with permittivity E = 60. and radius r=0.37 a. This is a 

case qualitatively similar to that of Fig. 5.l(b) (Fig. 5.3)) but with a much lower relevant 

frequency (f = 0.275). We strcss that one band only corresponds to  this operation frequency. 

Evidently f” = 0.275 is below the quoted limit, which means no higher order B r a g  reflected 

beams exist for any angle of incidence. Indeed, in Fig. 5.6 we observed only one reflected 

bcarn. Notice, however, the clear presence of two propagating beams (solid and dotted arrow). 

The sccond beam (dotted arrow) is a higher order wave of type I, like the one shown in Fig. 

5.1(b). 

A single beam propagation condition cannot be derived always in a simple manner and one 

should, in general, carefully examine the wave vector diagrams in the repeated zone scheme. 

When after the folding process, only a sole wavc vector in the first BZ gives a causal FB wave, 

only then do we have single beam propagation. Consequently, the presence of only a single 

reflected beam is neither a prercquisitc nor docs it guarantee the presence of a single bcarn 

coupling into the PC medium. Also, note in Fig. 5.l(d) thc clear presence of a higher order 

rcflectcd bcam, while there is only one propagating beam. For certain simple cases of isotropic 

EFS, we will discuss the conditions for single beam propagation in Sec. VI. 

IV. Floquet Bloch wave and phase velocity 

Consider tlic magnetic field of an H-polarizcd wavc insidc a two-dimensional periodic phu  

tonic crystal structure for the case of H (TE) -polarization. 

(5.4) 

Aws is t l ~  arca of thc Wigner-Seitz cell, 2 is the unit vector in thc direction out of the 

plane of periodicity (i.c., thc direction of the cylindrical rods) and G is a rcciprocal lattice 
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vector. The coefficients HG are determined from the eigenvalue equations obtained from 

the PWE method [34, 35, 361. Apparently thc abovc expression for the field satisfies the 

Floquct-Bloch theorcm 1321 for a periodic mcdium. A field that propagates according to 

expression (5.4) is known as a Floquet-Bloch wave [32, 101 with k lying in the first zone. Any 

attempt to express the propagation solution in terms of wave vectors k‘ lying outside the 

first BZ results in an expression equivalent to Eq. (5.4) (see Appendix I(b)). So, the wave 

vcctor chosen in thc first zone is what characterizes a propagating FB wave. We call this the 

fundamental wave vcctor [lo, 331. Hence the term, “equivalent points,” describing points in 

k-space separated by a reciprocal lattice vector. This property of the FB wave explains the 

general recipe that we followed in thc preceding section to determine the propagating waves. 

Clearly in the 2D pcriodic system, all plane wave components contributing to the FB wave 

with fundamental wave vector k (cxpression (5.4)) propagatc togethcr, not scparatcly, with a 

common energy velocity, v,. Note, no individual plane wave components serve as a separate 

solution of Maxwcll’s equations. As a result we do not scc clear phase fronts, but rather have 

phase-like fronts with a “wiggly” profile (see for example the FDTD simulation presented in 

Fig. 5.1). This typc of profile manifcsts a strong planc wave component mixing [I], prcsent in 

PC crystals with high rcfractivc index modulation. 

Thc qucstions of how one should approach the subject of defining a phase velocity for thc 

FB wavc is still unanswcrcd. What would rcdly bc the physical meaning for such dcfinition. 

Yariv [25] dcfiricd a phasc velocity for a 1D periodic system (see Appendix I(c)). Equivalently, 

for the two diincnsional system this dcfinition would bc 

W 
vp = -KO, K,“ (5.5) 

with KO = k + Go bcing thc plane wave component that has the larger amplitude HG, in 

cxpressiori (5.4). In other words, it is the wavc vector of the predominant plane wave com- 

ponent. Many PC studies [27, 37, 381 focused on the long wave length limit, where such a 

dcfinition would bc appropriate [25]. Nonetheless, thc interesting refractive bchavior of the 

photonic crystal reveals itscIf in thc higher bands. Unavoidably, the subject of phase velocity 

in the photonic crystal requires some rethinking. As a matter of fact, Notomi [l], as wcll as 
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Kosaka [26], defined a phase index that corresponds to the fundamental wave vector within 

the first BZ, of the FB wave. Accordingly, the phase velocity would be: 

W 
vp = JE2k (5.6)  

where k is in the first BZ. 

There is an apparent contradiction between these two definitions as given by expressions 

(5.5) and (5.6), respectively. To investigate for the physical meaning of the phase velocity in a 

periodic medium, we will study numerically the field patterns of the propagating wave in the 

next section. 

V. Numerical determination of the phase velocity 

We consider two cases of almost isotropic EFS. In both cases the fundamental wave vector 

of the propagating FB wave is chosen to lie along a symmetry direction- We choose again the 

structure of Notomi (i-e., the same structure as in Fig. rj.l(a)) and two frequencies a) w1=0.58 

2 m / a  lying in a band with negative curvature and b) w2=0.48 27rrclu lying in a band with 

positive curvature. In order to extract information about the phase velocity in the system, we 

need to compare the timc-independent fields at various points along the propagation direction. 

This methodology is analogous to the onc foIlowed by Ziolkowski and Heyman [XI], where the 

negative phase index was numerically confirmed for a homogeneous slab material with E = -1 

and 1.1 = -1. 

For this purposc, we consider a pulsed signal f ( t )  cos(wot) with 

i f t  < t l  

if tl < t < t2  - (1- t l )Z 
a”( 1--11)2 

i f t 2  < t < t 3  -1 a f (k-13) I f ( t )  = 

1 0  i f t  > t3  
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The paramctcrs are choscn to give a broad pulsed signal in time, with a small dw around 

the operation frcquency wo. For operation frcquency w1 the parameters arc a=21.9 T, tl=19.6 

T, t2=499.7 T, and t3=979.9 T. For Operation frequcncy w2 they are a=18.1 T, tl=16.2 T, 

t2=413.6 T, and t3=810.9 T. The period T of the EM wave is different for the two cases and the 

parameters are chosen to correspond to the same actual time. The pulse is launched normally 

to thc photonic crystal structure, with an interface cut along the r K  symmetry direction. We 

monitor the magnetic field H for each time step for a long timc, for certain points along the 

propagation direction. We refer to these points as detector or sampling points. The Fourier 

transform of the timc series H(y,t), where y thc coordinate of a detector point, yields the 

corresponding amplitude H(y, w ) .  

Before we proceed with our analysis, we should mention that in order to make any as- 

sessment regarding the pliase velocity the field patterns insidc the slab should be as closc as 

possible to the infinite system patterns, given by thc FB wave expressed in (5.4). For this 

purpose, our structurc should emulate a semi-infinite PC slab. Any wave that couples into the 

slab will undergo multi-reflections between thc two interfaces. In order to achieve our god, 

Le., a structure acting similar to a semi-infinitc slab, we must somehow eliminate or reduce 

substantially thc amplitude of any reflected bcam originating from the second interface. For 

this purpose, wc consider a periodic structurc consisting of 30 sites along the lateral direction 

and 100 rows along the propagation direction. Of these 100 rows, 30 rows consist of rods with 

dielectric constant 12.96 embcdded in air. This part of thc structure is the arca of concen- 

tration. Wc take dctcctor points that monitor thc field as a function of time in this arca. In 

the rcrnaining 70 layers, wc introducc absorption (both in the sites and in thc background) 

so that thc field is attenuated before exiting the crystal. We introducc electric and magnctic 

conductivity (cr, and a,, respectively) to cadi numerical cell, so that the impedance of thc 

each grid ccll in the absorptive laycr would be thc samc as the corresponding one in the nou- 

absorptive layer. It is cqual to ,/e, where EO and po are the vacuum permittivity and 

permeability, and ~ i , j  is the relative permittivity of the 2D grid cell located at the point with 

grid coordinates (i, j). This is possible when the conductivities that we introduced follow the 
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relations: at = cz,jo0 and a, = $ b o  , wbcre 00 is a conductivity paramcter. If the paramctcr 

00 is chosen very low (10-5R-1m-2), the reflections of the beam whcn cntering the absorptive 

layer arc low. In order to make a rough estimate of the EM wave energy that gets reflected 

back to the non-absorptive layer where we monitor the fields, wc look at the attenuation profile 

of the fields inside the absorptive laycr. In addition, reflections can occur when the EM wave 

meets the absorptive boundary. To check these, we considered oblique incidence. Overall, we 

find the amplitudc of the field that gets reflected back into the non-absorptive layer is about 

10% of thc amptitudc of thc refracted EM wave. 

Thc sct of points that serve as detectors are chosen normal to the sur€acc, which coincides 

with the propagation direction e, chosen along the I'M symmetry direction. Their respective 

locations are a distance b = f i a  apart, esscntially the periodicity for the propagation direction. 

We take the Fourier transform of tlic timc series representing the evolutioii of the magnetic field 

at a certain point [40]. Afterwards, we calculate the ratio's H ( w ,  d;+l) /H(w,  dz).  w rcprescnts 

thc frequency of thc input pulse train and di the location of the iLh detector point. Since the 

distancc between the detectors is one period along the propagation direction, this ratio should 

bc equal to cxp(ikb), with k restricted in the first BZ. Therefore, by studying the field patterns, 

we can extract information about the phase velocity, defined in accordancc with Notomi [l] 

(exprcssion (5.6)) - 

We calculate the field ratio at adjacciit dctcctor points and extract the wave vector from 

the following formula 

(5.7) 

where i stsiids for thc 8" dctcctor point. Noticc that the Fourier transformed fields are cornplcx 

and thcrcforc thc logarithmic function is complex and multivalued. Wc record all possiblc 

values with tlic rcal parts falling inside the first BZ. Taking the average for the various detector 

points for the case of w = w l ,  we find that two possible solutions exist €or k: 1) k=(1.47 + 
0.0054 f (0.01 + 0.00Si) u-' and 2) k=(-2.16 + 0.OOSi) f (0.01 + 0.00%) a- l .  In order to 

choose the correct solution, we furthcr study the field pattcrns. Wc also consider the ratio 
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of two observation points located around the middle of the 30-cell PC layer, separated by 

Ay = b/31. The field ratio determined by the FDTD simulation is 3.06 - 0.63i. Now we 

calculate thc same ratio theoretically with the PWE expansion method [34, 35, 361 for thc 

two possible wave vector solutions determined from Eq. (5.7). Using solution (1) for the wave 

vector (real part only) in PWE we obtain a field ratio of 4.3 + 2.3i. For the second solution, 

we obtain a field ratio of 2.98 - 0.52i. Apparently only solution (2) gives a ratio that agrccs 

well with the FDTD results. We notc that in order to eliminate any discrepancies resulting 

merely from the discretization, we used in the PWE the actual numerical dielectric grid used 

in the FDTD. However, there is still a small discrepancy between the PWE field ratio and 

numerical FDTD ratio that may stem from a combination of the following -angle span of 

incident source, Fourier transform zero padding errors, rcflectious from absorptive boundary 

layer, etc. This is thc same reason for which a small imaginary part is present in the wave 

vector valuc. Also note thcrc exists some ambiguity associated with the exact location of the 

first interface, sincc we arc dealing with a pcriodic medium [31]. In the boundary layer the field 

valucs may deviate from tlic valucs given by the FB wave expression (Eq. (5-4)). Therefore, 

we place the first dctcctor point at the center of the second row of cylinders and assign dl  = 0. 

In the analysis abovc wc used thc FDTD field patterns in the “semi-infinite” slab to de- 

termine that the wavc vcctor inside tlie photonic crystal for the case with frequency w = 

0.58 x 2 m / a  is k. = -2.16 a-’. This valuc is in good agreement with the corresponding value 

from an EFS analysis ( k  = -2.48 u-’)  [41]. Exprcssion ( 5 4 ,  with the use of the wavc vector 

obtained from thc ficld pattern analysis, gives vp - -1.89 c 6 (c being the vclocity of light). 

Following the samc procedure but for thc case with frequency w2 = 0.48 x 2nc/a, we calculate 

a phasc velocity vp - 2.23 c 6. In both cases, wc determined the magnitude and thc sign of the 

phase vclocity. The field pattern analysis for a scmi-infinite slab gives a negative phasc velocity 

(Le., oppositc to thc propagation direction) for tlie casc with frequcncy (WI = 0.58 x 27rrcla). 

This result implies that thc “riglitncss” of thc propagating beam is negative in this casc. So, 

a ficld pattern analysis with the FDTD mcthod for a semi-infinite slab confirms the rcsults wc 

obtained from thc wedgc simulation experiment [5]. We will discuss more about the “rightness” 
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of propagation in Sec. IX. 

In order to visualize the physical meaning for the phase velocity defined in Eq. (5.6) we 

plot the imaginaxy part of the magnetic field H ( w )  for various detector points. We show the 

results for both cases with frequencies w1 and wz in Figs. 5.7(a) and 5.7(b), respectively (open 

circles). The solid line is Asinky where k is the wave vector as determined from the field 

pattern analysis above and y is the distance from the first detector point. Also, we choose 

an additional set of detector points, closely spaced and around the middle of the 30-row PC 

layer. We indicate the imaginary part of thc corresponding Fourier transformed field of these 

points with stars in Fig. 5.7. We see that the solid sinusoidal line passes closely to the field 

values corrcsponding to the first set of detector points (circles). However, the field values for 

the second set of detector points (stars) deviate substantially from the sinusoidal line and show 

very high variations. 

From the FB wave expression we obtain (see Appendix I(d)): 

where R is a Bravais lattice vector and <> the spatial average within the unit cell. All d e  

tectors points of the first sct are Bravais lattice vectors along the I'M symmetry direction. 

Our numerical results shown in Fig. 5.7 and expression (5.8) suggest that the phase velocity 

describes how fast the phase of thc EM wave travels from period to period in the PC lattice. 

However, information of how fast the phase travels between adjacent points cannot be deter- 

mined. Thus, it is clear why it is necessary to fold the wave vector in thc first zone and defiiic 

the phase vclocity as in expression (5.6). We will return to the same subject and the appro- 

priateness of definition (5.5) when we discuss photonic crystals with low index modulation in 

Sec. X. 

VI. Effective phase index 

It is desirable to define an effective phase indcx that is correlated with the phase velocity 

as defined in Sec. IV with Eq. (5.6). Correspondingly, 
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c *  
vp = -k. 

1% I (5.9) 

The  sign of lnpl is chosen to reflect the behavior left- or right-handed of the PC system [5] and 

in accordance with the left-handed literatme [].SI. This definition for the index is consistent 

with the analysis by Notorni 111. However, we have sccn in Secs. I1 and TI1 that thc photonic 

crystal system can be quite complicated and various higher order effects may arise under certain 

conditions. One must bear in mind dl these effects when interpreting the cffective index for 

the photonic crystal system. Next, we anaIyze what this index represents, as well as what 

properties can be inferrcd from this index. 

Let’s consider a Snell-like formula, 

(5.10) 

for EM waves incident from air, into a PC medium with phasc index np (in general depcnds 

on the refracted angle O r C j ) -  Sometimes, it is assumed that Snell’s formula gives the direc- 

tion of thc propagating wave. This is nut true, because, in general, in the photonic crystal 

the direction of the refracted wave vector and the direction of the propagating signal do not 

coincide. We discussed this in Sec. 111. Note again, that thc direction of propagation is always 

the dircction of thc energy velocity v,. Nevertheless, provided that certain conditions apply, 

there will bc only a single refractcd beam in the photonic crystal, which propagates with an 

angle given by Sncll’s formula (Eq. (5.10)). Thcsc conditions are thc following: 

1) Interface cut along a symmetry dircction of the crystal. 

2) Almost isotropic equifrcquency contours. 

3) kincll falling bctwccn - K /  bstr,cut ,. . . ,7r/bstr,cul 

4) Inpl < ~ / I ~ C , L ~ , C U L J ~  

with bslr,cul given by (Al l  and 
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f i  for triangular cut along I'M. (AS) 

Jz for square cut along r M  

0 for square cut along I'X 

for triangular cut along TK 

CStT,rnt = 

Cases with slanted interfaces are more complicated to analyze, and higher order waves are 

more likely to occur, hencc the first condition. The second condition guarantees that v, and 

k are about coaxial. This impIies that the angle derived from hell 's  formula represents the 

propagating angle. The third condition guarantees that the wave is not a higher order wave 

(specifically type I1 as described in Sec 111). If the wave is a higher order wave of type TI and 

the EFS arc isotropic, it will propagate with an angle that may be opposite in sign to the sign 

of the effcctivc index. Finally, the last condition, in combination with the first and second 

condition, guarantccs thc absence of higher order waves of type I for any angle of incidence, 

Le., it guarantccs singlc beam propagation. However, if we dcsirc a single reflected beam as 

well, then the condition (sec Appendix I(a)), 

U einc < 0lirn = sin-'( - - 11, (5.11) 
f bslr,ntt 

with f" < a/bst.r,cnL, should also be obscrvcd. Notice that if f exceeds the value of a/b,t,,,t 

then higher order reflected bcarns occur for any angle of incidence. 

Even in thc absence of condition thrcc, if thc rest of the conditions are valid we still obtain 

single beam propagation. In this case, a modified Sncll-likc formula can be used to determine 

the singlc rcfractcd beam, 

whcre 

(5.12) 

(5.13) 
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To summarizc the purpose of defining an cffectivc index is that it gives qualitative and/or 

quantitative insight into the PC properties such as thc magnitude and direction of thc wave 

vector, the “rightness” of the medium conveyed in the sign of the index and, under ccrtain 

conditions the encrgy velocity. However, caution should be taken by the use of such a phase 

index. It does not contaiu information about higher order bcams that can couple inside the 

crystal or in the air medium (reflected beams) or both. A wave vector diagram type of analysis 

always offers a more complete treatment for the system. We also alert the rcader that in no 

way should this phase index be used in Rcsnel type formulas [9] to determine the transmission 

and reflection coefficients of an EM wave incident on the fC structure. 

VII. Energy and group velocity 

We havc seen in Ref. [5] that the sign of the product ve. k servcs as a theoretical prediction 

for the sign of the “rightness” for the PC system. Such theoretical predictions agree we11 with 

the FDTD wedge simulation results [SI. We used the equality between the energy vclocity 

and the group velocity to casily identify the frequency regions with negative “rightness” [5].  

These would be the regions that correspond to a band with negative curvature. In Ref. [30] 

the equality between group and energy velocity is shown for 3D periodic dielectric structures. 

It is important to show that such equaIity holds in our 2D photonic crystal as well. In order 

to show this, we dcrive exprcssions for both the group velocity vg and energy vclocity v,. 

In the following we dcrive an expression for the cnergy velocity v, for thc PC system for 

thc H-polarization case. We start with the definitioii of the energy velocity, 

< S >  
ve = - 

< U > ’  (5.14) 

wherc the brackets <> refer to thc spatial average within the unit ccll of’ thc time averaged 

quantities. S is the Poynting vector and U is the energy density. Thus, we calculate the spatial 

average of the timc averaged quantitics for the Poynting vector S and the energy density U. 

Thc Poyntiiig vector is dcfiiicd as 

(5.15) 
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where E, is the real electric field lying in the plane of periodicity and H, is the real magnetic 

field along the cylinder axis. The timc averaged Poynting vector, if E and H are the respcctive 

complex quantities of the fields, is given then by the expression, 

C s = --E x H*, 
87r 

with 

and 

where 

and 

(5.16) 

(5.17) 

(5.18) 

(5.19) 

(5.20) 

Evidently the fields E and H satisfy Blocb's theorem. Note that HG = HG 2. The eigenvectors 

EG and HG are determined from the PWE method [34, 35, 361. From (5.16), (5.17) and (5.18) 

we have 

with 

%,k = Un,k x 

Maxwell's cquatioii for the magnetic field is 

iw V x H = -.e(r) E. 
C 

(5.21) 

(5.22) 

(5.23) 

By substituting Eqs. (5.17) and (5.18) into Eq. (5.23) and by taking the cross product with 

vL,k,  we obtain 

(5.24) 
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k is the fundamental wave vector of the FB wavc lying in the first BZ. Then using expressions 

(5.19) and (5.24) we gct 

(5.25) 

where q,y are the Fourier expansion coefficients for the inverse of the dielectric function. 

Now, taking thc spatial average of Sn,k and using the delta function expression (see 

Eq(5.80) in appcndix 11), we calculate the spatial average of the time averaged Poynting 

vector. So 

(5.26) 

For the timc avcragcd cncrgy density we have 

1 
16T 

u = - (  E(r)Re(EE*) -k Re(HH*)). (5.27) 

Taking tlic spatial avcragc of the timed averagc quantity given in Eq. (5.13) and using the 

normalization condi tioils, 

(5.28) 
Q,G' 

and 

HGHG = 1. 
G 

(5.29) 

We find for thc spatial avcragc of the timed averaged cncrgy density that 

(5.30) 
1 < U > = - .  

aT 

Finally, after index manipulation, 
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(5.31) 

We also calculated the group velocity for this case with the use of the k A p [42, 43, 441 

perturbation method (see Appendix 11). We found that the group velocity is given by the same 

expression. Thus, we showcd the equality between the energy velocity and the group velocity 

for our 2D system. In fact, we also followed the same methodology for the case with the 

electric field aligned along the cylindrical rods (E- or TM-polarization). In this case too, we 

confirmed the equality between the group and energy velocity as well. The energy velocity for 

the E-polarization case is given by the following expression 

(5.32) 

Evidently, the energy velocity for our 2D photonic crystal can be calculated with the use of 

the formulas (5.31) and (5.32) for the H and E-polarization cases respectively. One needs 

to know the fundamental wavc vcctor, the index of the band of interest, and the FB wavc 

cocEcients (Hc; and EG, rcspcctivcly). The latter are determined easily from thc PWE method 

[34, 35, 361. 

VIII. Group refractive index 

A group index ng can be defined [5]  in accordance with traditional waveguide and optical 

fiber literaturc [45J 

(5.33) 

(5.34) 

For a PC structure with the same parameters as the one in Fig. 5.l(a), we calculated the group 

velocity vector for the S t h  band (band with negative curvaturc) and the 41h band (band with 

positive curvature) for a rangc of frequcncics wIicrc thc EFS contours arc “almost” isotropic. 
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We used the k - p perturbation method [42, 43, 441 result given in expression (5.82) of App. 

I1 a (which is equivalent to expression (5.31))- The rcsults for the magnitude of the group 

velocity are shown in Fig. 5.8 for both bands and both symmetry directions ( r M  and I'K). 

Notice that the closer to the band edge, the better thc agreement bctween the group velocities 

for the two symmetry directions. This is cxpected, sincc the degree of anisotropy increases as 

one moves away from the band edge. Alternatively, we can consider the PC as an isotropic 

system with effcctive dispersive phase index n p ( w ) .  In this case, 

with, 

(5.35) 

(5.36) 

We also show in Fig. 5.8 thc results obtained from formulas (5.35)-(5.36) for comparison. 

Becausc of the small anisotropy in the EFS shape, we usc for np thc average value of the two 

symmetry directions. For both bands the results givcn from Eq. (5.36) are shown as a soIid 

line with circles. We sec that the results from exprcssion (5.36) are in very good agrccment 

with thc corresponding ones calculated from the k . p pcrturbation mcthod. This is especially 

truc for frequcncies very close to the band edgc. So, in the cases that conditions 1-4 of Sec. 

VI arc satisficd, cxprcssion (5.35) (with the use of (5.36)) provides a good estirnatc for the 

group/cnergy velocity of thc single transmitted beam. 

Thc sign of the group indcx manifests the sign of rcfractioii at the air-PC interfacc. As in the 

casc of the phase index np though, caution must be exercised with the usc and intcrprctations 

of the group index. We stress that the sign ng relates only to the sign of refraction for the 

transmitted beam. It does not contain any information for higher order wavcs of any of thc 

two types discussed in Sec. 111. 
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IX. The “rightness” of the PC system: Designing the wedge-type 

exp er i rnent 

We observed different negative refraction effects shown in Fig. 5.1 in Scc. I. It is important 

to be able to characterize thc nature of propagation (lcft-handed or not) for thc finite PC 

structure. In Re€. [5] we found that thc presence of a negatively refracted beam docs not 

necessasily imply left-handed behavior. Wc confirmed [5] that indeed the sign of the “rightness” 

follows thc theoretical prediction for thc sign of np from the band structure. A wedge type of 

expcriment that can determine unambiguously the PC’s “rightnessJJ can be designed in most 

cases. However, in Sec. I11 we observed different higher order effects that can potentially 

complicate the interpretation of such an experiment. It is important to take into consideration 

the symmetry propcrtics of thc crystal, as they revcd thcmsclvcs in the cuts of the interfaces 

and in thc cigcnmodcs in k-spacc for the frequency of operation. In the following, we go 

over thc intricate details of tlic wedge design. Wc start our analysis with the hcxagonal PC, 

whcrc wc identify two gcncral classes: thosc with “almost” isotropic EFS and those with 

anisotropic EFS (brokcn curvcs with &fold symmetry) in k-space. Note that limiting cases 

betwccn the two classes mentioned abovc exist. However, their respective frequency range 

is generally quite small and wc will not treat such cases. It becomes evident that some a 

priori general knowlcdgc €or thc sys tem is nccessary before designing and/or interpreting thc 

wcdge simu~ation/cxpcriment. This knowledge can bc extracted from the band structure. Onc 

locates “almost isotropic cases” at, the band cdge, wherc thc band structure is bell-shape like. 

Away from tlic band cdgc, anisotropic EFS are cxpcctcd, which lie at thc cdgc of thc Brillouin 

zonc. It is ncccssary to know a priori in what general category the shape of the EFS falls 

into. In fact, in some cascs an estimatc for the magnitude of the transmitted wave vector may 

be needed as wcll. This knowledge can be obtained from the plane wave expansion mcthod 

for the infiiiitc system. We stress though, that in any casc thc “rightiicss” for thc PC from 

such a simuIation/expcrimcnt is dctcrmincd indcpcndcntly and no information regarding this 

quantity is borrowcd from thc infinite system analysis. 

Wc first consider a casc with an almost isotropic EFS for the hexagonal lattices. An ex- 
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ample is the case in Fig. 5.3 of Ref. [5] which corresponds to thc system  own in Fig. 5.l(a) 

of this paper. Another example is the case of Fig. 5.l(b), that we choose to describe in this 

section. In Fig. S.l[b) we observed the coexistencc of a negatively and a positively refracted 

beam when thc wave refracts on the PC interface. The EFS for such a case in the extended 

zone are shown again in Fig. 5.9. Thc direction for both interfaces, first and wedged, are 

indicated with the turquoisc lines. Wc chose rK as the symmetry direction for both the in- 

terfaces. n o m  now on we will refer to a certain wedge design as (syml)-(sym2) where syml 

is the symrnctry direction of the first interface, while sym2 is the symrnctry directions of thc 

second interface. So, in this case wc consider a FK-I'K wedgc design. Notice that the wedgc 

separates the space iiito three diffcrcnt areas. The area whcrc the fields come from (area X ) ,  

thc area inside the wcdgc (area Z), and the area after the fields experience scattcring (area 

3). In Fig. 5.9 we draw the traiismitted vector inside arca 2 as it would be for a system with 

v, - k positive, which, by the way, is the tbcoretical prcdiction. The Iight is normal to thc first 

interface. According to thc analysis in SCC. 111, it is fairly obvious that thcre will be only one 

transmitted wavc vector (indicated in Fig. 5.9 with the blue arrow). Naturally, in order to  

determine the outgoing bcam wc must apply the kll conscrvation at  the wedged interface. We 

also checked in this case, as wc did in Fig. 5.2, that only the zeroth order construction line 

(bluc bold liiic in Fig. 5.9) suffices. Wc scc this linc intersects points P1, P2 in the first zone 

and points El, E2, ..., E6 in the higher ordcr zone. Howcver, all points (El, E2, ..., E6), when 

folded back to the first zone, fall onto cither PI or P2. In othcr words, they are equivalent to 

points P1 and P2, rcspcctivcly. Conscquently, thcy do not givc rise to additional kli values that 

would causc additioiid beams in area 3. This is true for any rK-rK design, provided that 

lnpi < l / ( Z f ) .  We notc this condition is satisfied by the vast majority of cases with isotropic 

EFS. Our subsequciit analysis conccrris these cases. The fact that all intersections El, E2, ..., 

E6 arc equivalent points comes as a virtuc of the chosen symmetry direction for the wedged 

interface (FK). Wc bring to the readers attention that this is not, in general, the casc for 

any design. In particular, I'K-I'M or r M - r M  designs and for typical cases in this category, 

the k'll construction linc on the wedged interface intersects points in the higher ordcr zone not 
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equivalent to the intersections in the first zone. However, we notice these intersections, when 

folded back to the first zone, yield a kll value equal to kt cos Odes + 2 7 ~ m / b ~ ~ ~ , ~ ~  with m equal to 

-1 and bStT,mt given by (Al) .  The angle @des is different €or different designs. It has the value 

of 60’ for the r K  - r M  or rM - rK designs, and Odes = 30’ for thc FK - r K  and PM - r M  

designs. Consequently, in all forementioned designs, all possible kll values are predicted by the 

Bragg formula. Accordingly, their outgoing angle is 

for m that satisfy the condition, 

(5.37) 

(5.38) 

Wc alert thc reader that only for a design with interfaces along symmctry directions can such 

simple formulas be implemcnted. If a design is considered with either one or both interfaces cut 

along a direction that docs not coincide with a symmetry direction, then many more outgoing 

beams should be expected. 

Notice that itL is positive when parallcl to the +y-direction and negative when anti-parallel 

to the +y direction. Apparently, from formula (5.37), the sign of the zeroth order outgoing 

beam coincides with the sign of kt .  Consequently, it is the position of the zeroth order outgoing 

beam that determines the ‘4ightness” of the PC. Since the presence of more than one beam in 

area 3 may complicate the interpretation of the results, it is desirablc to work with a design 

that can avoid thcsc. In fact, for designs I‘K-rK and I‘M-I’K, a single beam in area 3 will 

be present for frequencics bclow fo - 0.56. From thesc two designs it is better to choose the 

rK-T’K. In higher bands it is very likely a part of the energy to get reflected back inside the 

PC. The result of these consequent multi-reflections may introduce an additional beam. If we 

choose a 60’ wedge, the multi-reflected beam will always be along the normal to thc wcdgc. 

Thercforc, it is casily identifiable and should be ignorcd when prcscnt. This is the reason 

that the I’K - r K  should be used to study cases in this catcgory. Wc perforrncd a FDTD 
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sirnulation using this design for the system of Fig. 5.9. The results are shown in Fig. 5-10. We 

obscrvc one outgoing beam in thc positive hemisphere. Thus, the theoretical prediction that 

the PC is “right-handed” is confirmed. The second beam around the normal is just the rcsult 

of multi-reflections. As we mentioned abovc, if the frequency exceeds 0.56, additional beam(s) 

may be present in area 3. Very high frequcncies for which multiple m’s can satisfy Eq. (5.38) 

should be avoided in experimental studies. We suggest, as an upper frequency limit, the value 

of J = 0.75. For frequencies below this limit, when using the wedge design indicated above 

and typical cases in this category, the first order Bragg wave has an outgoing angle still quite 

different in magnitude from the Oth order outgoing beam. Therefore, we can clearly identify 

the position of the latter in area 3. 

We proceed in our discussion with cases that have anisotropic EFS, Le., broken curves with 

&fold symmetry in k-space. Cases that fall in this category are more complicated and extra 

caution must be exercised in designing and interpreting the wedge typc simulation results. An 

examplc for these cases, is that of Fig. 4 in Ref. [5], which is the same case as the one shown in 

Fig. 5.l(c) of Sec. I1 of this manuscript. We choose to analyze another examplc belonging to 

this category. We consider rods wit11 dielectric constant 12.96 and radius 0.30a in air, magnetic 

ficld along the cylinders (H-polarixation), and operation frequency of f = 0.50. Note, thesc 

cases have propagation modcs only along TK. One can scc in Fig. 5.4, for example, that a 

horizontal line across FM does not intersect any modes, neitlicr in the first nor in the higher 

zones. This lcavcs us with two possible designs to work with: r M -  FiM and T M -  T K  design. 

Bctween the two we choosc the first one, for reasons that we discuss later in this section. With 

the help of a wave vector analysis, it is easy to see that when the first interface is crossed, 

three different beams, having threc different wave vectors, couplc into the PC (area 2). One is 

the transmitted kt (bluc bold arrow) in Fig. 5.11, whilc the othcr two arc higher order beams 

(kdl, kd2). We draw the wave vectors in Figs. 5.11(a) as they would bc €or a “right-handed” 

PC and in 5.11(b) as they would be for a “lcft-handed” PC. At the wedged interface 12, we 

draw a linc representing kll for each of them. Thc blue line represents thc kll value of k,, and 

the green dotted lines reprcscnt the kll values of kdl and kd2. Howcvcr, in order to determine 



135 

the outgoing angles in area 3, corresponding to the the three wave vectors in area 2, a simple 

phase matching condition represented by the three lines in Fig. 5.11, is not sufficient. To 

predict all possible outgoing beams for each of the three kll values in area 2 (k,II, kdlll, kdzll), 

we must perform an analysis in the repeated zone scheme, a s  we did in Fig. 5.9. In fact, we 

should include all construction lines for each kll value to make sure that no possible outgoing 

beam is omitted. This is quite an elaborate process and we will not go over all the details. 

From this process, we observed, it$ a virtue of the symmetry the possible kyi values at the 

interface I2 ( k - l ~ , ~ , ~ ) ,  are given by the Bragg formulas corresponding to each of the three wave 

vectors (kt, kdl, kd2). Accordingly, 

(5.39) 

where the index i ,  represents thc three possible wavc vcctors kt kdl and kd2, and bstT,cut = f i u .  

Again, we restrict ourselves, at the lowcr frequencies, where at most thc first order Bragg wavcs 

(for m=-1) can couple. An interesting observation is the first order Bragg wave corresponding 

to kdl has kll value equal to kd211 and vice versa. In fact, this result is due to the hexagonal 

lattice symmctry. So, in Fig. 5-11 wc nced only to add one more klI value (blue dotted line), 

that corresponds to tlic first order Bragg wave related to ktll. The red circle in Fig. 5-11 

represents the EFS in air. Wc indicatc in Fig. 5.11 all possiblc outgoing beams for both cascs 

of “right-handed” in (a) and “left-handed” in (b) photonic crystal. The bold solid and dotted 

blue arrows, and the bold dotted grecn arrows rcprcsent the directions of all four outgoing 

beams. Notice that the outgoing angles in each side of the normal to interface I2 are close. In 

addition, their values arc quite diffcrent than the respective one in the opposite hemisphere. 

This is gcncrally truc for typical cascs in this category, if we restrict ourselves to frequencies 

below - 0.60. Thcrcforc, cascs with frcquciicics cxcccding - 0.60 should bc avoided. Figurc 

5.11 indicates, that the position of the larger in magnitudc angles detcrmincs thc 

of the P C  system. In Fig. 5.12 we show thc corrcsponding simulation for thc system we chosc 

as an example. We observe that the outgoing bcam, with the larger in magnitude angle, lies 

in the negative hcmispherc. This mcans that the PC is “left-handed” in this case. This agrees 

with the sign of v, 7 k obtained horn the band structure. Since anisotropic modes reside at the 
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cdge of the Brillouin zone, the magnitude of kt will be quite large. Therefore, if the frequency 

is low, ktll may not yield an outgoing beam (total internal reflection). Cases with frequencies 

below - 0.50 should also bc avoided for study. These give total internal reflection even for 

smalI comparatively kls. If one draws Fig. 5.11 with a 30’ wedgc (FM-rK design), we would 

scc that wc obtain outgoing beams with comparable angles in the two hemispheres. Thus, 

interpretation of the results is vague for this dcsign, which led us to use the r M - r M  design. 

We focused our analysis above for the hexagonal lattices. In the following paragraph we 

discuss a corresponding appropriate wedge design for the square structures. Our criteria arc the 

same as in the analysis of the hexagonal structures. Then, given the choice, one should always 

prefer the interface cut for thc wedged interface with thc smaller periodicity, as Bragg waves 

(see formula 37) will begin to appear in such cases for larger frequencies in area 3. Taking this 

into consideration and studying the modcs in the extended zone for the square latticc, we have 

determined that for both classes of cases (isotropic and anisotropic) the appropriate wedge 

dcsign is I’M-I’X. We note that thc anisotropic cases for the square lattice have four-fold 

symmetry instead [3]. Thc four-fold symmetry does not create higher order beams of type I, so 

only one -not three as in the hexagonal c a s e  wavc vector couples into area 2. In addition, 

thc wedged intcrface is r X  in both cases and has periodicity a (lattice constant). For the 

anisotropic cases and square latticc PC wedge, possibly we can have only one outgoing beam 

in arcit. 3. Typical cases may also s d c r  from total internal reflection, i f f ”  smaller than - 0.46. 

We notc there may be “almost” isotropic cascs that suffer fiom internal reflection. Thew will 

be cases that have an effective phase index with magnitude larger than Z / f i  for a hexagonal 

rK-l?K PC wedge and larger than 2 / 4  for a square l[‘M-FX PC wcdgc. However, both of 

thew cases are vcry rare (especially in the higher bands), since “isotropic” modes do not reside 

closc to the edges of the Brillouiii xone. 

Wc note that our analysis applies for frequency regions wherc onIy a single band solution 

exists and w(k) is monotonic. In cases where either of these do not hold, multiple beams of 

diffcrcnt “rightness” may bc present. 
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X. High index vs. low index modulation 

In the previous sections we focused our analysis in describing the propagation properties 

of EM waves for 2D crystals with high-index contrast between the constituents dielectrics. We 

have seen anomalous refractive effects that include birefringence. We provided a consistent 

recipe based on the wave vector diagram and band structure properties of the system, which 

determines all properties of each propagating beam such as refracted angle, phase, energy 

velocity and “rightness.” Since the analysis in the preceding section focuses on PC’s with 

high index modulation, it is important to investigate the limits of validity of our theoretical 

analysis. We will now examine photonic crystals with low index modulation in the context of 

all the properties that characterize the propagating beam discussed in the previous sections. 

We consider a 2D photonic crystal lattice that consists of dielectric rods in air with radius 

0.35 a in triangular arrangemcnt for the H-polarization case. We let the dielectric constant 

of the rods vary, starting from the value of 1.05 (value close to the diclectric constant of air), 

and iavcstigate the photonic crystal’s response as the dielectric constant of thc rods increases. 

Unavoidably for the low index contrast cases it is not possiblc to isolatc cases where there is 

only one band solution for a certain Gcquency. For thc five different cases that we examine 

in our comparative analysis, we choose thc operation frcqucncy to lic approximately in the 

middle of the spectrum that corrcsponds to thc Znd and 3’“ band. The cases that we analyze 

are the following, a) with dielcctric constant E = 1.05, b) with E = 1.2, c )  with 6 = 1.5, d] 

with E = 2.0, and c )  with E = 5.0. The operation operation f” = f a / c  is 0.80, 0.78, 0.75, 

0.70, and 0.54 for the cases (a) tlnough (e), respectively. We first consider the casc with I’K 

as thc symmetry direction of the interface. Tlie fields from thc FDTD simulation for oblique 

incidence with angle 8’ with the surfacc normal arc shown in Fig. 5.13. 

We notice that in case [a) thc wave cntcrs essentially undisturbed inside the PC with the 

angle of propagation prctty much the same as the anglc of incidence. As the index contrastst 

increases, the propagating angle still remains close to 8’, but “wiggly” features start to appcar 

in the phase fronts. Refraction angle remains positive. For index contrast 5.0 (case (c)) wc see 

a bcam in the negative direction. Wc have plotted the EFS for all fivc cases in the first zone 
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in Fig. 5.14. In Fig. 5.15 wc show the band structure for the two limiting cases ((a) and (e)). 

The solid lines corrcspond to the second band, while the dashed lines correspond to tlic third 

band. In Fig. 5.14 the EFS that are closed curves bclong to the second band, while the ones 

that arc broken with a six-fold symmetry belong to thc third band. Notice that the second 

band EFS are highly anisotropic for case (a) and becomc more and more isotropic as the indcx 

contrast increases. They become eventually “almost” circular €or case (e ) .  If we check the FB 

wave components in expression (5.4), we see that for cases (a) through (c) there is mainly ORC 

prcdominant FB wave coefficient. Mixing starts to appear in case (d) and becomes stronger 

in case (e). 

Suppose that we could describe our periodic system as an effective medium that has a 

dielectric constant given by the average value of its componcnts and, therefore, an effective 

index n,jf. 

(5.40) 

with f being the filling ration and e the rod dielectric constant. We notc at this point that an 

n, /~ corresponding to Maxwell-Garnett theory [38] yields a similar propagating anglc to the 

one predicted by the n , ~ f  of Eq. (5.40). The field solution will then be a plane wave, thercforc: 

(5.41) 

with K having thc value that corresponds to a hornogcncous medium with refractive index 

n,jj i.e., K = nc j Iw/c .  

Alternatively, one can consider the system as a periodic medium, with the field solution 

an FB wavc given by expression (5.4). For cases (a) through (c) in the sum there is only one 

predominant term. Therefore, 

(5.42) 
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We found that kpred=k + Go, k in the first BZ and GO = 4 7 r / 6  u-' e, with y the propa- 

gation direction (I'M in this case) (x represents the lateral direction). In Table I, we show for 

all cases (a) through (e), the wave vector K, assuming an effective medium with index given 

by Eq. (5.40) and the wave vector of the predominant component kpred of the FB sum, that 

we determined from the PWE method. For cases (d) and (e) there are more than one plane 

wave components in the FB sum with significant magnitude. In these cascs, for kpred, we 

chose the one with the larger amplitude. In Table I, we also show the angle of propagation 

0, if we treat the system as a homogeneous system with index n e j j -  Moreover, wc show the 

angle of propagation Bpred assuming that in the PC thc predominant plane wave component 

propagates by itself. We notice a good agreement between K and kpred. A small discrepancy, 

becomes larger as the index contrast increases and mixing becomes stronger. We observe that 

in the cascs with almost no mixing ((a) through (c)), the angles 0 and Oped agree with the 

refracted angles obscrved in the simulations in Figs. 5.13(a) through ( c ) .  Ncvcrtheless, in case 

(e) where mixing is quite strong, although 0 and 6Jpred axe close, both arc quite different from 

the actual refracted angle seen in the simulation (Fig. 5,13(e)). The refracted angle in case 

(e) is negative. This can be undcrstood if wc look at thc cncrgy vclocity expressions in Sec 

VII. For cases (a) through (c), there is only onc surviving term in cxpression (5.31) for G1 and 

Gz = Go. Therefore, the energy velocity becomes, 
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So, when tlic index contrast is very low (cases (a) through (c)), only one component has a 

significant magnitude in the FB sum. Then, the direction of thc energy velocity is very close 

to the dircction of thc predominant wave vector. Howevcr, as the mixing becomcs stronger, 

the directions of thc predominant wave vector and energy velocity can be very different (case 

(c ) ) .  Notice, in the latter cases, other wave vectors contributing to the FB sum can have an 

amplitude quite close to the predominant one. Alternatively, if we would like to describc the 

system graphically, for cases (a) through (c), we could accomplish this in two different ways. 

We could trcat the systcrn as a homogeneous system and draw its EFS as a circle in wave 

vector spacc with radius equal to K = n , ~ ~ w / c .  But, we can consider also the medium as a 

periodic mcdium and follow the recipc of See. 111. Both treatments in these cases give almost 

the same angk of propagation. This is in cxcellent agreement with what was observed in the 

FDTD simulation. 

One might bc tcmptcd to describe a photonic crystal medium for cascs with a low indcx 

contrast as a homogeiicous medium with an index given by Eq. (5.40). However, the results 

we prcscnt in thc following suggest that such a treatment would be erroncous. In fact, consider 

the five diflcrents caxs of Fig. 5.13. I11 this casc wc take the same angle of incidence, but choose 

the interface along r M  and, tliercforc, the propagation direction y along FK. Wc present the 

results in Fig. 5.16. Contrary to one’s expcctations for a homogeneous medium with index 

n,pJ, cvcn for an index contrast as low as 1.2:l.O (case b), wc see t lme distinct refracted beams. 

Thcsc beams havc propagating aiigles in cxcellcnt agrccment with tlic predictions of a wave 

vector typc of analysis in tlic rcpeatcd xonc schcmc. Thercfore we can infcr that thc wavc 

“sccs” thc periodicity of the mcdium cvcn when tlic indcx contrast is low. The periodicity 

may introduce multiple bands for a certain frcqucncy (see Fig. 5.15). In addition, because thc 

system is pcriodic, the modcs repeat thcmsclves in wave vcctor space. Our results indicate, 

that the pcriodicity of thc systcm should be takcn into account even for the low indcx contrast 

cases. An effective mcdium approach may give inadequatc results (predicts a bcam closc to 

the position of tlic middle bcam in cascs of Fig. 5.1B(b) through (e)) or, in many cascs, totally 

inaccurate for the high index contrast cascs. For example, for case of Fig. 5.13(e), it predicts 
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a positive instead of a ncgativc refracted beam. For infinitcsirnally small indcx modulation, 

however, a wave vector analysis may predict additional beams. In such a case thc pcriodicity 

and band folding are a mere artificiality and the medium is essentially homogeneous and should 

be trcatcd as such. 

We noticc also, that in Fig. 5.16, for cases (b) through (c), although three beams are 

present, each has almost clear wavefronts. Actually we checked the field solution with the 

PWE method and we found that the FB wave describing each of these beams consists of only 

one predominant coefficient. Therefore, in these cases for each beam, we have information of 

bow fast the phase given by k - r travels from point to point in space. So, in such cases, Yariv’s 

picture (definition (5.5)) [25] is appropriate for the phase velocity. Therefore, it is natural 

to ask, when does Yariv’s picture begin to fall apart? To answer this, we consider a similar 

numerical experiment as in SCC. V. For dctcctor/sampling points, we use adjacent points in 

the numerical grid space. We take normal incidence and r M  as the propagation direction y. 

Let gi represent the location of a point in the numerical grid space where we sample the field. 

We calculate the Fourier transformed field ratio at adjacent points, H ( w ,  y;+l)/H(w, yi). From 

this ratio, we extract k which will be 

(5.44) 

where Ay = yi+l-gi = a / 6 2 u ,  is the size of the numerical grid along the propagation direction 

Cj. Sincc Ay is small in this casc, we take the principal value of the complex logarithm in Eq. 

(5.44). For a homogciicous system, thc extractcd wavc vector valuc would be indcpcndcnt 

of the Zocation of thc pair of detector points. Wc plot thc cxtractcd wave vcctor valuc for 

different sample points along the propagation directions. In this way, we can check how much 

thc systcm divcrges from the homogeneous case with increasing index contrast. For differcnt 

pair of sampling points located at yz, we plot the cxtracted rcal k ‘ ~  and imaginary part of k.1 of 

thc wave vcctor k, €or all fivc cases in Figs. 5.17(a) and 5.17(b) respectively. We find that for 

case (a) this valuc is almost constant. Tbc small imaginary part present, is duc to nurncrical 

errors. Nonetheless, as the index contrast incrcases, deviations appear from a constant value 
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k ~ ,  that become larger and larger. In addition, an increasingly large imaginaxy part appears, 

contradictory to the fact that the photonic crystal is an inherently lossless system. Obviously, 

a phase velocity defined in the 2D crystal according to Yariv’s picturc [25] quickly breaks down 

as thc index contrast increases. Thus, for tlic large index contrast cases, the dcfinition in Sec. 

IV for the phase velocity according to Notomi’s picture [l] becomes appropriate. 

We now discuss thc definition of “rightiicss” for the low index cases. This property was 

found to have a sign that coincides with the curvature of the band €or the cases where we 

have a strong mixing (high index contrast). As we havc already mentioned, the band folding 

is just an artificiality when the medium is homogeneous or when the indcx contrast is very 

low. Negative curvature in such a case can by no means imply the existence of a left-handed 

(backwards) beam. The question arises when is it appropriate to associate the sign of band 

curvature with tlic sign of the “rightness”? All bcams in Figs. 5.13 (a) through (c) and Figs. 

5.16 (a) through ( c )  can vcry well be approximatcd by a plane wave. Therefore, clearly all 

the observed bcams in such cases are right-handcd beams. Thc cases of Figs. 5.13(d) and 

5.lG(d) havc some small mixing, while thc cascs of Fig. 5.13(e) and 5.16 (e) have a stronger 

mixing. As inentioncd beforc, only in cases with a strong mixing does the phase velocity of 

the entirc profile of the magnetic field within thc Wigner-Seitz cell have physical meaning. 

Apparently, only cases with a strong mixing, can be candidates for left-handed behavior. In 

fact, wc should attcmpt to discuss “rightncss” only for cases whcrc the real part J;R of the 

wavc vector value (cxtractcd using tlic mcthodology of thc prcccding paragraph) shows such 

large variations, that it ranges from positivc to negative valucs. This is the casc only for casc 

(c) (index contrast 5.O:l.O). 

Conclusivcly, in the low index contrast cases, thc wavc vector diagram analysis is still valid. 

Evcn for a low indcx contrast in the highcr bands, an effcctivc medium cannot always describc 

the rcfractivc propcrtics of the photonic crystal. In an anisotropic homogeneous mcdium, 

at most, two beams would bc expected but ncvcr three, as we observed in Figs. 5.16 (b) 

through (c ) .  However, it is inappropriatc to assign a “rightness”, according to the “sign” of 

thc curvature of thc band structures for PC’s with low indcx modulation. Modulation must 
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be high enough so that no predominant plane wave component exists. 

XI. Comparison with the ID layered medium 

As we have mentioned before the refiactivc properties of the ID layered medium have becn 

cxtensively studied [lo, 11, 12, 13, 141. However, there are significant differences between the 

properties of the 1D layered medium and the two-dimensional photonic crystal we studied in 

this paper. In the two-dimcnsional photonic crystal, when the plane of incidence is chosen to 

be the periodic plane, the entire wavc vector is confined in the first BZ. In contrast, in the 1D 

periodic medium, only the component of the wave vector along the direction of periodicity is 

Bloch confined, i.e., restricted within the first BZ, in this casc. This has several implications. 

First, the modes in k-space repeat themselves pcriodically in one direction only. If the 

interface is chosen along thc 1D periodic direction, modes from the higher order zones, when 

Iklla/7rl < 1, can never be accessed. One can acccss higher order modes for small lklll values 

only when a slanted interface is cmploycd. This is the method used in Refs. [lO] and [ll] to 

access modes lying outsidc thc first 32 with small Iklll. Note, in our 2D system we can access 

higher order modes even when the interface is cut along a symmetry direction and small IkllI. 

In fact, thcsc arc propagating waves indicated with dotted line in the cases of Fig. 5.l(b) and 

5.l(c) (typc I higher order waves). 

Second, the most important implication is regarding the “rightness.” In the 2D system, 

a band with negative curvature corrcsponds to a left-handed (backwards) beam, However, 

this is not true for a one-dimensional system. Wc havc chosen x to represent the direction 

of the periodicity. The curvaturc of a certain band will thcn be given by dw(k,,k,)/aL, or 

equivalently vgZks, whcrc vgs is the component of the group velocity along the direction of 

periodicity. Following thc methods used in App. II for the group velocity and See. VI1 for the 

Poynting vector for the 1D layered system, we obtain, 

(5.45) 

where <> refers to the spatial average within the unit ccll of thc time averaged quantity, 
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w = u ( k z ,  k g )  for the band under consideration, and if the fields are H-polarized 

(5.46) 

q ( z )  = .Ir) 1 and ZI = CG &(k,, kY) eicr for the band under consideration. Since the integrand 

in cxpression (5.46) is positive, A,  is a positive definite quantity 1461. 

Now, for a band with a positive curvature, v& > 0 and so < S > -k > 0. For a band 

with a negative curvature v,,k;, < 0. Then < S > -k < 0, only if 

(5.47) 

whcrc k ,  is within the limits of the 1D BZ. 

In other words, a propagating wavc that corrcsponds to a band with positive curvaturc is 

always a forward wavc. In contrast, a propagating wave that corresponds to a band with a 

ncgative curvature is backwards (left-handed) only when condition (5.47) is satisfied. Note that 

condition (5.47) holds, regardless of the choice of thc interface, provided that x represents the 

stacking (periodic) direction and y thc direction pcrpcndicular to this. If we choose the intcrface 

along y and consider normal incidencc, then A, = 0. Thus, in this particular case, a band with 

negative curvaturc yields a backwards wave. hrthermore, we cxai&ned this condition for a 

case with high index modulation, H-polarization, frequency falling in the second band, and 

intcrface along the x-direction. With N-polarization in this case, we mean that the magnetic 

field is perpcndicular to tlic plsnc of incidencc. We employed tbc PWE method [34, 35, 361 

and found that tlie possibility of left-handcd behavior, is rcstricted only to a small fraction 

of frequcncics of thc second band. In addition, for the applicable frequcncics, one obtains 

backwards waves only for it part of thc wave vector space. So, for the 1D layered medium, 

negativc curvature docs not necessarily imply a backwards bcam. Each individual case should 

bc examined with condition (5.47), to determine thc “rightness” of thc propagating beam. We 

iiotc at this point that backwards coupling [47] obscrved between two waveguides linked with 

1D laycred medium docs not necessarily imply a backwards wave. 
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XII. Conclusions 

We systematically studied EM wavc propagation in two-dimensional photonic crystal struc- 

tures. We based our analysis on thc wavc vector diagram formalism. We observed differcut 

cases where negative refiactcd bcam with distinctly different origins are present. We confirmed 

the condition for single beam propagation does not coincide with the condition for having a 

single reflcctcd bcam in the incoming medium. For simple cases, we determined the conditions 

for single bcam propagation and applicability o€ Snell’s formula. We revisited the controversial 

topic of phase velocity and showed that in a photonic crystal with strong scattering present, 

only thc wavc vector inside the first BZ zonc has physical meaning. We used the symmet- 

rical properties of the photonic crystal to appropriately design a wedge experiment that can 

determine the “rightness” of a general 2D PC system (hexagonal or square). We studied the 

behavior of the PC system as the index contrast transitions fiom high to low values. We used, 

whenever possiblc, the symmetry of the system to determine thc rcflccted beams by inferring a 

simple formula. For the cases in Sec. 111 the rcfractcd beams were dctermined by the use of one 

primary construction line. With the rapid dcvclopmcnt of photonic crystals more complicated 

structures arc now fabricated, for example 12-fold symmetrical quasi-crystals [48]. In more 

complicated structures, or when interfaces arc not cut along crystal symmetry directions, the 

wave vector diagram analysis should be pcrformcd in its general form. All construction lines 

should be kept and all intersections should bc accountcd for to determine all possible reflected 

beams, as well as all possiblc rcfracted beams. Our study wiIl hclp in thc undcrstanding of EM 

propagation in morc Complicated and/or three dimensional structures. In 3D structures, inter- 

csting phcnomcna may arise because of the possibility of polarization coupling. The present 

study will also help in the undcrstanding and making of optical devices such as light deflection 

dcvices [49], waveguide division multiplcxcrs [SO] ctc. 
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Appendix I 

a) Higher order Bragg reflected beams 

The klllm componcnt of an order m Bragg reflected wavc in the air medium is given by Eq. 

(5.1). In order not to  have any Bragg waves for any anglc of incidence the condition, 

must be observed 'if m # 0, V Oi,, E [O, 4. 
But, if 

W 27r 
- sin Oinc > -, 
C bslr,mt 

then 

(5.48) 

(5.49) 

(5.50) 

i.c., a Bragg wavc of ordcr m=-1 couples. Therefore, thc first condition wc must impose is 

W 2n 
- sin&,, < -, 
c bstrIml 

V )&,I < x. Equivalcntly, 

w 2w - < -  
c bstr,cul 

must bc satisficd. Assuming this condition is valid, wc proceed. 

(5.51) 

(5.52) 

(5.53) 
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So, it suffices to find the frequencies to satisfy, 

or equivalently, 

(5.54) 

(5.55) 

with a being the lattice constant. 

No higher order reflected beams appear for any angle of incidence for frequencies satisfying 

(5 .55 ) .  If condition (5.55) (or (5.54)) is valid, condition (5.52) is automatically satisfied. In 

addition, for a certain frequency satisfying (5.52)’ for a certain incident anglc @inc obeying the 

inequality, 

w .  W 

c C 
-- sln@i,c + 2T/bstr,cnt > -, 

no higher order Bragg rcflccted beams appear. 

(5.56) 

b) Equivalent points in wave vector space 

The eigenvaluc equation that results from expression (5.4) and Maxwell’s equation is for 

the H polarization case, 

(5.57) 

Suppose we consider the FB wave for K 7 k + Go with Go a reciprocal lattice vector. 

Then, thc cigenvalue equation becomes 

From Eq. (5.58) after setting G1 = G + Go and Gz = G’ + Go we get 

w2 
C2 

7/G, ,Ga (k + G1) ’ (k -k G2 )HG2-Go (K) = - HGI -GO (K) 
Gz 

By comparison with the original eigenvalue equation, it is cvidcnt that 

(5.59) 

(5.60) 
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Thereforc, the time-indepcndent part of the FB wave (Eq. (5.4)) for K becomes 

(5.61) 
G' G' 

So, thc Floquct-Bloch wave expressions corresponding to wave vectors k and K, separated by 

a reciprocal Iattice vector Go, are equivalent. In other words, k and K are equivalent points 

in wave vector space. 

c )  Yariv's definition for phase velocity 

In the ID system the wavc vector in the plane of incidence is not confined in the first BZ, 

but only the component along the periodicity. Therefore, the FB wave has the form (when 

magnctic field perpciidiculax to the plane of incidence) 

(5.62) 

x is chosen to  represcnt thc direction of periodicity. The phase velocity defined in Ref. [25] for 

the FB wave, given by (5.62) is 

(5.63) 

In this expression (sec Ref.[25]), k is not within the first BZ zonc, but chosen so that lHof >1Hc1 

'dG # 0. 

d) The average of the FB wave in the Wigner-Seitz cell 

where 

used eiG.R=l. 

ranges within the Wigner-Seitx cell around r=R, R a Bravais latticc vector, and we 
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Appendix 11: Calculation of the group velocity 

For the group velocity calculation we employ the k.p perturbation rncthod that was first in- 

traduced for thc photonic crystal by Johnson et al. [42]. Busch et al. [43, 441 implemented this 
- 

method to  determine the group velocity and “photon mass” of a two-dimensional E-polarized 

photonic crystal. In the following, we providc the basic steps of such calculation and derive 

simple expressions in terms of the FB wave’s coefficients. The final expressions are compared 

with the corresponding energy velocity expressions in Sec. VII. 

a) €€-polarization 

From Maxwell’s equations we obtain: 

(5 .65 )  

where Hn,k is thc FB wave that corresponds to a band with index n, wave vector within the 

first BZ k and frequciicy &k. Thc FB wave is given by exprcssion (5.17) with ?&,k given by 

expression (5.19). Since thc wave is H-polarized, the eigenvectors arc parallel to the cylinder 

axis z, and k lies in the plane of periodicity xy. Using expression (5.65), (5.17) and (5.19) we get 

(5.66) 

we Set (q(r) = &), and take into accoullt that k vn,k = 0 and that vn,k = Vn,k(IC,g) (SinCC 

xy is the ylsric of pcriodicity). After manipulations, wc get 

with 

(5.67) 
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O k  = Vq(r) x V x +iV~l(r)  x k x +q(r)[ik x V x +k2 - V2 - i (k  . V)] (5.68) 

and 

(5.69) 

Equation (5.67) represents the eigenvalue equation that yiclds the FB wave states defined 

in Eq. (5.4) for a certain wavc vector k and frequency W,,k. Let us ROW consider the FB wave 

for the wave vector k' = k + q whcre Iql << n / a  . The eigcnvalue equation for wave vector 

value k + q will bc 

I 

Ok+qVn,k+q = hL,k+qVn,kfq- 

Setting k + k + q in Eq. (5.68) wc get: 

6 k + q  = 0, + q * n + O ( 2 )  

with 

(5.70) 

(5.71) 

(5.72) 

So, the cigcnvaluc operator for k + q can be considered as the corrcsponding operator for k 

with 8 pcrturbation q . 0. Thus, 

conscqucntly, 

Apparcntly, 

(5.73) 

(5.74) 

(5.75) 
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Notc that < Vn,ki 6 IV,,k >= JwSc v ~ , ~  U v,,k $Lr. The integral is over the two-dimensional 

Wigner-scita (WS) cell. Each term of the operator is evaluated separately in the numerator 

of thc cxprcssion (5.75). In fact, using expression (5.19) for V,,k we obtain 

and 

(eigenvectors arc normalized to unity). Notc to  derive the above relations we used 

1 eiGrd2r = S(G). 
Awsc wsc 

Finally, lumping all terms together we calculate 

Aftcr indcx manipulation (h, sctting GI = G + G‘ and Gz = G), we obtain 

(5.78) 

(5.79) 

(5.80) 

(5.81) 

(5.82) 

To obtain thc abovc expression, wc used 

sincc thc expression inside the sum is symmetrical for thc pair of rcciprocal vectors GI, Gz. 
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b) E-polarization 

F'rom Maxwcll's cquations, 

2 
wn,k V x V x E = -E(r)E. 
G2 

The electric field satisfies Bloch's theorcm, thereforc, 

with 

(5.84) 

(5.85) 

(5.86) 

Note in this case the electric field E is parallel to the cylinder axis z. This means k.un,k = 0 

and EG = EG 2. Expression (5.84) with (5.85) and (5.86) yields 

with [43, 441 

and Xn,k given by (5A9). After following a similar analysis as in a), wc obtain 

with 

st -2iV + 2k. 

Expression (5.89), aftcr acting 4?, on Un,k yieIds 

" 

(5.88) 

(5.89) 

(5.90) 

(5.91) 
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Figure 5.1 Oblique incidence of EM waves at photonic crystal slabs. The 
PC system consists of dielectric rods in a hexagonal arrange- 
ment. All cases are with magnetic field along the cylinders 
(H-polarization). The parameters for each case (dielectric con- 
stant of rods cy radius of rods r, and dimensionless fiequency 
f) are: a) ~=12.96, r = 0.35a, fl=0.58, b) ~=20.0, r = 0.37u, 
f=0.425, c) ~=12.96, T = 0.35ay f=0.535, and findly in d) 
~=7.0 ,  r = 0.35a , f=O.Sl. Note that f”=fa/c  = a/& with 
a the lattice constant and c the velocity of light and X the 
wavelength of Iight in v;tcuum. The solid arrows indicate the 
transmitted, while the dotted black arrows indicate higher order 
beams inside the PC. 
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Figure 5.2 Wave vector diagram for the m e  of Fig. 5.l(a). The equifre 
quency surfaces rtre plotted (black solid lines) in the repeated 
zone scheme. The red solid circle represents the equifrequency 
surface for the air (incoming) medium. The green dot-dashed 
line is the primary (zeroth order) construction line. The addi- 
tional turquoise lines represent higher order construction lines. 
All intersections are indicated. The blue vector represents the 
fundamental wave vector of the FB wave that corresponds to 
a causal signal. The respective energy velocity that coincides 
with the propagating signals direction is shown as the orange 
vector. In the insert the corresponding wave vector analysis in 
the first zone is shown. Clearly, an analysis in the f i s t  zone is 
suflicient in this case. For this cut G,,= = 2 7 r / ~ ~ , ~  with a, = a 
(lattice constant) and a, = f l u .  A general reciprocal lattice 
vector is (2nl+n2) G ,  + n2 Goy, with nl, n2 integers. 
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Figure 5.3 Wave vector diagram for the case of Fig. 5.l(b). The equifke- 
quency surfaces are plotted (black solid lines) in the repeated 
zone scheme. The red solid circle represents the equifrequency 
surface for the air (incoming) medium. The green dot-dashed 
line is'the primary (zeroth order) construction line. All intersec- 
tions are indicated. The blue vectors represent the intersections 
that result in the first zone after the folding process, that cur- 
respond to causal signal (shown as the orange vectors). In the 
insert, the corresponding wave vector analysis done in the first 
zone is shown,. Thus, the latter fails to predict the second re- 
fracted beam. For this cut G,,, = 27r/~, ,~  with a, = & 
(lattice constant) and ay = a. A general reciprocal lattice vec- 
tor is n l  G ,  + (nlf2n2) Goy, with nl,  n2 integers. 
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Figure 5.4 Same as Fig. 5.3 but for the case of Fig. 5.l(c). 
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Figure 5.5 Wave vector diagram for the case of Fig. 5.l(d) in the extended 
zone scheme. For this cut Gox,y = 2 ~ / a ~ , ~  with a, = a (lattice 
constant) and ay = &a. A general reciprocal lattice vector 
is (2nl-t-n2) G ,  + n2 G,, with nl,  212 integers. Everything 
else is the same as in the previous figures. Notice that in this 
case a wave vector type of analysis in the first zone (see insert) 
predicts no propagating signal. 
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Figure 5,6 Oblique incidence at the photonic crystal slab with r = 60., 
r = 0.37u, for frequency f = 0.275 that is below the B r a g  
condition for no additional reflected beams for any angle of 
incidence. Notice that despite the presence of only one reflected 
beam, there are two propagating beams indicated with the black 
solid and dotted arrows, respectively. 
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Figmc 5.7 The open circles represent the imaginary part of thc Fourier 
transformcd magnctic field, sampled in timc at different points 
along the propagation direction pi. The sampling points are sep- 
aratcd by onc pcriod along the propagation direction which is 
thc I'M direction. PC has rods with E = 12.96 and radius 0.35 a, 
and tlic magnetic ficld Iics along the cylinders (H-polarization). 
In both cases, thc corresponding cquifrequency surfaces arc al- 
most isotropic. Top yancl (a) is for f=0.58 that belongs to a 
band with ncgative curvaturc. Thc bottom panel is for fzO.48 
that belongs to a band with positive curvaturc. Thc solid lines 
are cc siii(kyi), whcrc k is thc real part of the numerically calcu- 
l a t d  wave vector. Thus, k=-2.16 u-' for case (a) and 1.35 u-' 
case (b). Thc stars reprcscnt thc imaginary part of the Fourier 
transformcd magiictic field for points in thc neighborhood of 
!j2 = 7b with b = a. 
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Figure 5.8 Magnitude of the group velocity for cases with almost isotropic 

EFS for a photonic crystal of rods with E = 12.96 and radius 
0.35, for H-polarization. In a) the results of the 51h band (ncga- 
tivc curvature band) are shown. In b) the results of thc 41h band 
(positive curvature band) are shown. The solid and dot-dashed 
lines rcprcscnt thc rcsults from the k . p perturbation mcthod 
for signal along the r K  and I'M direction, rcspectively. The 
solid lincs with circles rcprcscnt the results obtaiiied when con- 
sidering thc system having an effective phasc indcx np. The 
index is cdculatcd from the band structure (EFS surfaces) and 
is frequcncy dcpcndcnt. Agreement between the two results is 
cxccllcnt close to the band edge. Sincc the anisotropy increases 
as one moves away from the band edgc, so does the discrepancy 
between the two values. 
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Incident EM wave 
Wave vector diagrams for the wedge experiment that corre- 
sponds to Fig. 5.l(b). The bIack solid lines represent the EFS 
in the PC medium. The red circle is the EFS in air. The blue 
vector represents the wave vector inside the PC medium. The 
black solid arrow represents the causal direction of the energy 
flow inside the PC. The turquoise lines indicate the directions 
of the &st and wedged interfaces, both chosen dong FK. The 
normal to the wedged interface is indicated with the dot-dashed 
line. The blue solid line indicates the construction line at the 
wedged interface. The green m o w  represents the wave vector 
and direction of the outgoing beam (in air). 
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Figure 5.10 The wedge experiment for the case of Fig. 5.l(b). The oper- 
ation frequency is f” = 0.425. A large positive outgoing angle 
is seen m predicted by the wave vector diagram analysis. The 
second beam is along the normal to the wedge direction and 
is due to multi-reflections in the upper part of the wedge. 
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Figure 5.11 The wave vectors inside the PC wedge (area Z), and the out- 
going wave vectors (area 3) for a case of anisotropic EFS. In 
(a) the wave vectors in area 2 are drawn assuming the PC is 
right-handed and in (b) assuming the PC is left-handed. Three 
different beams couple into the PC with three different wave 
vectors (kt, b1, b2). The red circle represents the EFS in air 
for the relevant frequency (f = 0.50). The bold and dotted 
blue and green lines perpendicular to I2 represent the different 
kll values we obtain from the careful study of the wave vector 
diagram in the repeated zone scheme. We have four different 
outgoing beams. The position of the two is very close to the 
position of the remaining two. Fkom the figure it becomes clear 
that the location of the beam with the larger angle coincides 
with the sign of v, - k inside the PC wedge and so determines 
the “rightness.” 
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Figure 5.13 Refraction at oblique incidence with angle of Bo at a PC lattice 
of rods with radius 0.35 a €or H-polarization. We consider a 
dielectric constant equal to 1.05, 1.2, 1.5, 2.0 and 5.0 for cases 
(a) through (e) respectively. Positive refraction is seen in all 
cases except in case (e) where index contrast is high. 





170 

Figure 5.14 Eyuificqucncy surfaces for 5 valucs of index contrast (1.05, 1.2, 
1.5, 2.0 and 5.0 to 1.0 respectively). The operation frequency 
is choscn around the middle of tlic second and third band. Thc 
closcd curves arc the EFS that correspond to the second band, 
while thc open concavc-like curvcs are those that correspond 
to the third band. Thc EFS are drawn in the first quadrant 
only, so that we are ablc to sec more detail. The third band 
EFS remain anisotropic with increasing index contrast. The 
ones that correspond to tlic second band becoinc increasingly 
isotropic and finally almost circular for an index contrast its 
high as 5.0. In thc right paiicl the EFS arc drawn in thc 
2n-spacc for thc limiting cascs with e= 1.05 (dotted lines) and 
e=5.0. (dashed lines). 
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Figure 5.15 The band structure for the two limiting cases with E= 1.05 
and r=Ei.O. Thc operation frequency is chosen to bc around 
approximately the middle of the second and third band, and 
is indicated in the figure with the dotted line. 
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Figure 5.16 Refraction at oblique incidence with an angle of 8 O  for the same 
cases as in Fig. 5.13, but with r M  as the symmetry direction 
of the interface. Even for an index contrast as low as 1.2, one 
can see three distinct beams (although two of them are faint 
in magnitude). 
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Figure 5.27 (a) Real and (b) imaginary part of the wave vector for the PC 
lattices of Figs. 5.13-16. The wave vector is calculatcd from 
the nurncrical FDTD field patterns at adjaccnt points yi and 
y2ji + A3 (A?/ = a / 6 2  a). We havc taken normal incidence 
along FM and assumed in thc wave vector cxtraction that one 
plane wave compoiiciit dominates tbc propagation. 
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CHAPTER 6. CONCLUSIONS 

Photonic crystal research has attracted s c a t  intcrcst in the scicntific community, due to 

their potential for applications in optics technology. In this dissertation wc studied systcmati- 

cdly thc unusual propagation properties of the photonic crystal for twedimensional structures. 

We focused on two different frequency regions - one where propagation inside the PC is prc- 

hibited (gaps), and thc other wherc it is allowcd (bands). Our results will aid in understanding, 

designing, and enhancing the performance of PC-based optical devices. 

In particular, in Chapter 2 we studied the PC system in the prcscnce of a line defect, acting 

its a Fabry-Pcrot resonator. We found that thc quality factor of thc icsonancc is vcry sensitive 

to many paramctcrs. Thc widcr thc width of the PC mirrors, confining the rcsonancc, the 

larger the quality factor of thc device. Ncvertlicless, losses causc thc quality factor to saturatc 

with increasing width of the end mirrors. Note, the PC system is an inherently lossless system. 

We introduccd in our calculations losses to take into account scattering out of the plane of 

periodicity. Thc lattcr is prcscnt in most experimentally rcalizable 2D PC structures with smaIl 

aspect ratio. Thus, there is a limit to the optimum quaIity factor one can obtain from a certain 

PC structure. Moreovcr, othcr factors that influenccs the quality factor arc the latcral sizc of 

the structure and the profile (width) of thc sourcc. 30th thcsc quantitics must cxcccd a ccrtain 

valuc in ordcr to achicvc a quality factor approaching the optimum value. The optimum, for 

a ccrtain width of thc PC mirror, is obtsincd when the lateral siw is infinite and thc input 

source is a plane wavc. 

In the following chapters we shifted our attention to the behavior of the photonic crystal in 

thc band frequency regions, where E M  wave propagation is allowed. In Chapter 3, we observcd 

that tlic PC systcm is characterixcd by an effcctivc phase index np, controllablc by thc band 
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structure. This effective index describes how the wave vector refracts whcn meeting the air-PC 

interface, and can have both positivc and negativc values. The sign of np convcys the type of 

propagation we have - right-handed (whcn positive) and left-handed (when negative). In the 

traditional LRM, which has a negative refractive index, light refracts in thc negative direction. 

However, in PCs, the effective phase index cannot always be used in a Sncll-like formula to 

yield thc angle of the propagating signal. In fact, our results showed that the sign of refraction 

at the air-PC interface does not always agrec with the sign of the effective phase iadcx. We 

suggested a wedgc type of expcriment that unveils the sign of S.k inside the PC, and, therefore, 

unambiguously dctcrmines the sign of np. We found that the s i p  of np that we obtain from 

the wedge simulation experimcnt, always agrees with that predicted from a band structure 

analysis. 

In Chapter 4, we addressed a controversial issue regarding negative refraction. If negative 

refraction is thought of as an instantancous process, tlicn it would seem that a causal signal 

violates the speed of light limit. To study how negative refraction occurs between the interface 

of a material with a positive index and a material with a negative index, we used the photonic 

crystal systcm. We focused on cases whcrc the modcs in wave vector space are almost isotropic 

and the phasc index np is negative. This system is inherently losslcss and acts, in many respects, 

its a homogeneous systcm with a negative refkactivc index. We observed with a time-dependcnt 

analysis how negative refraction occurs at the interface of a medium with a negative refractive 

indcx. We found that ncgative refraction is not an instantaneous process. Spccifically, thc wavc 

seems initially trapped in the interface) takes time to reorganize, and eventually propagates in 

the negative refraction. Our rcsults provided firm evidence that negative refraction is a reality. 

The long transicnt time wc obscrved {on the order of 45 periods), explained the apparent 

paradox associated with the signal velocity in a steady state type of analysis. 

In Chapter 5, we studied cxtcnsively the anomalous refractive behavior of the photonic crys- 

tal. The pcriodicity of thc photonic crystal is responsiblc for the repetition of the propagation 

modes in the wave vector spacc. We observed different refractive effects in the photonic crys- 

tal systcm, some stcinming from tlic first Brillouiii zone and some stemming from the higher 
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order Brillouin zones (higher order effects). We idcntificd four distinct cases with a negatively 

refiactcd beam. In some cases an additional beam is present (bircfringcncc). We classified 

these different refractive cffccts according to their origin and nature of propagation concerning 

the “riglitne~s.” We based our analysis on the wavc vector diagram formalism and found this 

formalism always predicts accurately all propagating beams. In addition, we investigated the 

conditions necessary to have only a single propagating beam, since this can be desirable in 

some cases. Under thc new findings, we revisited the subject of phase vclocity and discussed 

the mcaning of phase velocity in the periodic PC medium. In addition, we derived simple 

expressions for thc group and energy velocity for the 2D PC system and showed their equality. 

Moreovcr, wc went over the intricate details of the design for thc wedge experiment, suggested 

in Chapter 3, for different cases. Finally, we invcstigated the validity of our findings for thc 

cases where the index contrast was low. Wc found that even in these cases the wave vector 

diagram formalism predicts accurately the direction(s) of the propagating beam(s). Howcver, 

when refractivc indcx contrast is very low, the wave vector diagram formalism may predict 

more beams than the ones that actually couple inside the PC. In thcse cases, an cffective 

medium approach would be more appropriate. Moreover, we found that for thc low index 

contrast cascs, we cannot associate negative band curvature with left-handed behavior. In the 

cnd, we compared our two-dimensional PC system with a onedimensional periodic system - 

the familia- Bragg reflector. We found that for this system, evcn for high indcx modulation, 

negative curvature does not always lead to a backwards (left-handed) wave. 

To summarize, this dissertation has contributed the following in the area of photonic crys- 

tal research. In the first part of the dissertation, when we study thc PC in thc gap rcgion, 

wc saw that it can act as a resonator, with the introduction of an appropriate defect. The 

conditions to obtain the optimum quality factor of such a resonator wcrc discussed. This is 

very uscful, when one intends to design PC-based optical filters. Differcnt factors discussed in 

Chapter 2, such as source profile, should bc take into account to achieve the highest possible 

quality factor. The second part of the dissertation comprises of the study of the propagation 

propertics of the photonic crystal in the band region. We focused on the anomalous rcfracted 
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eflccts and lcft-handed behavior in photonic crystals. Our study in Chaptcr 3 has shown that 

the photonic crystal systcrn can exhibit, under certain conditions, lcft-handed behavior. This 

bchavior was predicted tlieoreticdly by Vesclago for the homogeneous negative index medium 

(NIM), and was recentIy experimentally verified for periodic composite metallic structures. 

Wc suggestcd experimcnts to test our theoretical predictions for lcft-handed behavior for the 

photonic crystal systcrn as wcll. However, the mechanism leading to a backwards wave inside 

a structure has not yet been fully understood. We believe, that our work on photonic crystals 

will aid the understanding of such a mechanism. Note, in thc photonic crystal, both permit- 

tivity and permeability of all components are positive. Moreover, our findings in Chapter 4 

provided firm evidcnce that ncgativc refraction is a reality and existing controversial issues in 

the Icft-handed materials field. Future directions involve the understanding of the cause of 

this transient time effect in negativc refraction. Furtherrnorc, our studies will bc very useful in 

designing an appropriatc PC slab superlens, according to  Pendry’s suggestions for the perfect 

lens slab made of ncgativc index material. Moreover, in the three-dimensional photonic crys- 

tal, polarization coupling plicnomena have not yet been thoroughly investigated. Our work on 

the rcfractivc propcrtics of the twcdimensional system, will help in the investigation for the 

rcfractivc proycrties of three-diincnsional crystal and possibly polarization coupling. In this 

disscrtation wc focuscd on the complete study of propagation modes in the crystal. However, 

the photonic crystals can also allow coupling from a propagating mode to an cvanescent mode, 

coupling of an cvancsccnt mode to a propagating modc in the crystal, and coupling between 

evanescent modcs (surface states). Our work will also be very useful in a careful study of such 

phcnomcna. Othcr possiblc ftiturc dircctions will bc the study of propagation properties insidc 

defcct structurcs in PCs, sucli as couplcd cavities, waveguides, and bcnds. Succcssful coupling 

of an input somcc into a wavcguide and niodc convcrsion in bcnds arc issues that plague thc 

pcrforrnaiicc of thcsc dcviccs. A careful study of tlic propagation propcrties insidc these defcct 

structurcs may shed light in this direction. 
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