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ABSTRACT 
This paper presents results of an uncertainty and sensitivity analysis for performance of the different barriers of high-
level radioactive waste repositories. SUA is a tool to perform the uncertainty and sensitivity on the output of Wavelet 
Integrated Repository System model (WIRS), which is developed to solve a system of nonlinear partial differential 
equations arising from the model formulation of radionuclide transport through repository. 
SUA performs sensitivity analysis (SA) and uncertainty analysis (UA) on a sample output from Monte Carlo 
simulation. The sample is generated by WIRS and contains the values of the output values of the maximum release 
rate in the form of time series and values of the input variables for a set of different simulations (runs), which are 
realized by varying the model input parameters. The Monte Carlo sample is generated with SUA as a pure random 
sample or using Latin Hypercube sampling technique. Tchebycheff and Kolmogrov confidence bounds are computed 
on the maximum release rate for UA and effective non-parametric statistics to rank the influence of the model input 
parameters SA. 
Based on the results, we point out parameters that have primary influences on the performance of the engineered 
barrier system of a repository. The parameters found to be key contributor to the release rate are selenium and 
Cesium distribution coefficients in both geosphere and major water conducting fault (MWCF), the diffusion depth and 
water flow rate in the excavation-disturbed zone (EDZ).  
 
INTRODUCTION 
Many of the features, events and processes, which control the behavior of a complex system, will not be known with 
certainty. Physics-based analysis of engineered barrier system (EBS) and natural barriers is emerging as an important 
tool for studying reliability in addition to field and laboratory tests. However, new challenges exist because highly 
complicated physics-based models are computationally intensive and involve a large number of parameters. The 
performance assessment of geological repository for high-level radioactive waste (HLW) disposal is an example. The 
performance assessment model has large number of input parameters that are described by probability distribution 
functions representing uncertainty and variability (1). Sensitivity analysis of the performance assessment model is 
conducted to explain the variability in the output due to uncertainties in the model and input parameters and to 
determine the most influential input parameters that control the behavior of the output. Knowledge of the most 
influential input parameters is important because it can provide an insight on where more efforts should be devoted to 
reduce the uncertainties in the output and to significantly improve the understanding of the system 
  
The code is generating the input sample for a Monte Carlo simulation. This sample can be thought of as a matrix, 
which contains for each of the N runs, which compose the Monte Carlo analysis, the sampled values for each of the K 
variables under examination. The sampling strategy can either be purely random number sampling or Latin 
Hypercube sampling (LHS) (2). The input sample is generated in a format to be used by WIRS, which is model to 
solve a system of nonlinear partial differential equations arising from model formulation of radionuclide transport 
through different barrier of a repository using wavelet Galerkin method (WGM) (3). Moreover, SUA code performs 
sensitivity and uncertainty analysis on the sample output. The code uses mostly non-parametric techniques for both 
UA and SA in order to cope with possible model non-linearity. In UA the confidence bounds on the output mean is 
computed using Tchebycheff theorem, which ensure conservative range even when the output is non-normally 
distributed (4,5,6). Similarly SA uses both the linear sensitivity estimators as Pearson correlation coefficient and non-
linear sensitivity estimator as Spearman coefficient (7). Input-output scatter plots are also prepared, which can be used 
to give an initial visual indication of which variables are likely to be important to further sensitivity and uncertainty 
analyses. 
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This paper summarizes the development and application of the SUA code to the performance assessment of high-level 
radioactive waste repository. In the following sections, we present a very brief description of the base case scenario 
involves in the performance assessment model, a brief description to the Monte Carlo simulation technique used for 
UA and SA, and the results from the application of this code to the JAPAN performance assessment model of the 
high-level radioactive waste repository. 
 

PROBLEM FORMULATION, BASE SCENARIO CASE AND MODEL DESCRITION 

The problem of uncertainty analysis is to characterize the true underlying distribution of the output producing for 
instance confidence bounds on the distribution itself or estimate the error associated with the sample mean [5]. 
Furthermore, the objective of sensitivity analysis (SA) is to ascertain the degree of influence of any input variable on 
the output under consideration. In the Monte Carlo simulation, the entire is simulated a large number of times. Each 
simulation is equally likely, and is referred to as a realization of the system. This results in large number of separate 
and independent results, each representing a possible “future” of the system. The results of the independent system 
realizations are assembled into probability distribution function of possible outcomes. A schematic of the Monte Carlo 
method is shown in Fig. 1. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

Fig. 1.  A diagram illustrates the Use of Monte Carlo method in Performance Assessment 

 
 
The reference scenario represents the expected behavior of a robust engineered barrier system (EBS) consisting of a 
vitrified glass waste source within a steel overpack surrounded by a thick Bentonite buffer within a fresh-water, 
moderately high-pH environment. This engineered barrier is emplaced in horizontal drifts within granite or a low 
permeability sedimentary rock. The geological pathway is conservatively estimated to be 100 meters horizontally 
from the edge of the repository, at which point migrating groundwater encounters a vertical migration 800 meters 
path, the major water conducting fault (MWCF) and is immediately transport to a groundwater aquifer. As a result of 
overpack failure the water reaches the waste package and the nuclides are librated as the glass dissolved (congruent 
release) (8). 
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WIRS is capable of representing the dissolution of the glass with the corresponding release of radionuclides, radial 
migration of nuclides and silica away from the waste source along 1D diffusion pathway through Bentonite. 
Moreover, WIRS represents flow and transport of radionuclides through geosphere as a connection of discrete 
pathways. WIRS also accommodates radioactive decay along decay chains at all steps in the simulation process along 
with sorption to the Bentonite clay and precipitation/dissolution along the transport path. In the natural barrier, WIRS 
represents a parallel-plate model, each of which represents a different portion of the distribution of transmissivity 
within fractures.  
 
STATISTICAL METHODS 
This sample can be thought of as a matrix, which contains, for each of the N runs, which compose the Monte Carlo 
analysis, the sampled values for each of the K variables under examination. The sample is taken in such a way as to 
respect the individual distributions of the variables. The sampling strategy can be either “Purely random sampling” or 
“Latin Hypercube Sampling” 
A purely random sample of a given variable jX  from its probability density function )( jXf is computed by solving 
for x the integral  

∫
∞−

=
x

duufRN )(  

where )(uf is the probability density function of the variable under consideration and RN is a real number randomly 
selected between 0 and 1.  
Meanwhile, the Latin Hypercube Sampling technique (LHS) is used when a rationalization of the sampling procedure 
is sought in order to reduce N, the number of runs to be performed. LHS allows un-biased output mean to be 
computed with a smaller number of runs.  
Those are the two techniques, we used in this tool to generate the input sampling space, which are used to generate the 
output vector parameter of the phenomena under consideration.  
 

Uncertainty Analysis 
We perform a simulation and generate a probability density function (PDF). The underlying from the PDF is not 
known since it is derived from other PDFs. We could perform a Goodness of Fit (GOF) test. If the GOF is normal, 
lognormal, Weibull, etc., we would have a close form simulation for the upper and lower 5% bounds. We could also 
bound the upper and lower 5% bounds using the Tchebycheff inequality, which does not depend on the probability 
distribution. Given a stochastic variable X whose distribution is unknown, the Tchebycheff theorem states 

2
11)(
γ

γσµ −><−xP          (Eq. 1) 

for any value 0>γ , where µ is the population mean and σ is its standard deviation. Substituting x (sample mean) 

for x and xσ (standard deviation of the sample mean) for σ , as 
Nx

2
2 σσ = , the following inequality is obtained: 

2
11)(
γ

γσµ −><−
N

xP         (Eq. 2) 

For P=0.95%, 472.4=γ . 
Hence the 95% confidence bound for µ is given by 

N
x

N
x σσγµ 472.4±=±=         (Eq. 3) 

Of course σ , the population standard deviation is not known a priori. Under the assumption that σ can be replaced 
by its estimate “s”, sample standard deviation, the 95th Tchebycheff confidence bound can be written as 

N
sx 472.4±=µ  

The assumption made above implies that this bound could become non-conservative for small sample size, due to 
possible underestimation of σ . In a practical application it has been observed than even in presence of small sample 
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sizes this test tend to produce conservative estimates. The above formula is very similar to that for the confidence 
interval on the mean based on the student’s test 

N
stx 95.0±=µ  

For the large sample size 95.0t is equal to 1.96. The test is commonly defined as parametric because the distribution 
function of the sample is assumed to be normal. When the assumption of normality is dropped (Tchebycheff’s 
theorem) the confidence interval is more than doubled. Confidence bounds can be also computed for the empirical 
cumulative distribution function of the output.  
 
 Sensitivity Analysis 
 
The objective of sensitivity analysis is to ascertain the degree of influence of any input variable on the output under 
consideration; applying proper statistics to the sample matrix X does this: 
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Which contains the value of the K variables for the N runs and to the output vector )...,.........,( 21 NyyyY = .  
The Pearson Product Moment Correlation Coefficient (PPMC) is the usual linear correlation coefficient computed 
on the ijx , iy ’s ),......,2,1( Ni = , where ijx is the sampled value for the variable j in the run i and iy is the 
corresponding output value. The Person product correlation coefficient r is computed as follows: 

( ) ( )( )
( )[ ] ( )[ ]2222 ∑∑∑∑

∑∑∑
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−
=

YYnXXn

YXXYnr       (Eq. 5) 

Spearman Coefficient (SC) is preferred for non-linear models as a measure of correlation, which is essentially as 
PPMCC but using the ranks of both Y and jX  instead of raw values. Standardized Regression Coefficients (SR) 
are the coefficients of the regression model for Y ; they may provide an approximation to Y in the form: 

∑
=

=
K

j
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1

** ),(          (Eq. 6) 

where *
jX are the standardized variables, and can be standardized by subtracting the mean and dividing by the 

standard deviation, that is, 

x

i
j

xx
X

σ
−

=*           (Eq. 7) 

The Partial Correlation Coefficients (PC) can be considered as an extension of the usual correlation coefficients and 
represents that part of independency between two variables, which is not due to correlation between these two 
variables and the remaining ones. Standardized Rank Regression Coefficients (SRR) is essentially same as SR but 
using ranks pf both dependent and independent variables instead of their values. Moreover, Partial Rank 
Correlation Coefficients (PRC) is the same as PC but using ranks instead of raw values. Sensitivity measures based 
on standardized variables have the advantage of taking into account the uncertainty (in terms of standard deviation) of 
the independent variables. The disadvantage comes from that; linear regression analyses with the standardized 
variables give generally poor fits in terms of residual sums of squares, and only the most sensitive variables could be 
determined unambiguously. 
 
The Smirnov (SMIR) test is a “two-sample” test. The application of Smirnov test to sensitivity analysis comes from 
the idea of partitioning the sample of the parameter jX under considerations into two sub-samples according to the 
quantiles of the output Y distribution. SMIR is then computed as: 



WM’03 Conference, February 23-27, 2003, Tucson, AZ 
)()(),( 21 iiXj XFXFMaxXYSMIR

j
−=         (Eq.8) 

where 1F and 2F are the cumulative distribution of jX estimated on the two sub-samples and the difference is 

estimated at all points ijx . SMIR represents the maximum vertical distance between two curves. For SMIR test to be 
applicable the following assumptions must be satisfied; the two sub-samples are random and mutually independent; 
the measurement scale is at least ordinal, and the random variables must be continuous. Very similar to SMIR test, the 
Cramer (CRAM) test is given by 
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where the square summation of the difference is computed at each ijx points, i.e., the statistics depends upon the total 
area between the two distributions. The T-Test (TTST) is generally used to estimate to a specified confidence level 
that an estimated value differs from another value. The T-Test is given by: 
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The Mann-Whitney test (MWT) also belongs to the two sample family, and looks at the difference between the means 
of the ranks of the jX values in the two sub-samples 
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RESULTS OF UNCERTAINTY AND SENSITIVITY STATISTICAL ANALYSIS 

This section presents the sensitivity and uncertainty analysis results generated using methods described in the 
pervious sections. The H12 report model has been used as a benchmark of the computer code WIRS in the 
performance assessment of a geological disposal for the high-level radioactive waste repository (8). One hundred and 
ten uncertain parameters and their distribution are taken into account in the simulation for the radionuclide transport. 
Table I defines the parameters that were altered, the distribution functions used.  
 
The results of Monte Carlo simulation is visualized with the frequency distribution plot of calculated model maximum 
release rate. Figure 2 depicts the histogram of the maximum release rate. The mean value of the of the maximum 
release rate is 3.68x103 Bq/y with ±2.21x103 Tchebycheff bounds and 1.21x104 standard deviation.  Confidence 
bounds also computed for the empirical cumulative distribution function of the maximum release rate as shown in 
Figure 3. In this figure the blue line represents the empirical CDF of the maximum release rate while the red and 
green lines are the upper and lower confidence bounds respectively using the Kolmogrov statistics.  
 
Scatter plot and single linear regressions of the log of maximum release rate versus the log of individual parameter 
values are shown in Figure 4, for two of the parameters determined from the screening to be sensitive. These plots 
serve as a visual authentication that the choice of the most influential parameters is reasonable. Even when the output 
variable is linearly dependent on the input variable being studied, uni-variate regression of Monte Carlo results may 
fail to show unambiguous correlation since other sampled parameters that affect the output are varying at the same 
time. Therefore, more sophisticated techniques are employed to take into account the simultaneous variation of the 
input parameters.  
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TABLE I. Description of uncertainty parameter values used for uncertainty and sensitivity assessment 

Parameter Name Uncertainty Unit 
Engineered Barrier System

EDZ Flow Rate EDZF UL
1 [0.001,0.1] m3/y 

Pore Diffusivity 2in Bentonite  PDB U [5.6e-10, 4.9e-9] m2/sec 
Pore Diffusivity of Cs in PDBCS U [1.9e-10, 4.9e-9] m2/sec 
Pore Diffusivity of Se in PDBSE U [1.7e-10, 1.95e- m2/sec 
Retardation (Kd) Se EKSE UL [0, 0.0005] m3/kg 
Retardation (Kd) Zr EKZR UL [1,50.] m3/kg 
Retardation (Kd) Tc EKTC UL [0.05,10.0] m3/kg 
Retardation (Kd) Sn EKSN UL [1,50.] m3/kg 
Retardation (Kd) Cs EKCS UL [0.005,0.05] m3/kg 
Retardation (Kd) Sm EKSM UL [0.5, 10.0] m3/kg 
Retardation (Kd) Ra EKRA UL [0.001, 0.01] m3/kg 
Retardation (Kd) U EKU UL [0.01, 50.0] m3/kg 
Retardation (Kd) Np EKNP UL [0.5, 10.0] m3/kg 
Retardation (Kd) Am EKAM UL [5.0, 100.0] m3/kg 

Geosphere
Porosity of the Rock RP U[0.01, 0.03] - 
Density of the Rock EDC 2700.x (1-RP) kg/m3 
Dispresivity DISP U [1, 100] m 
Flow wetted Surface of FWS U [0.1, 1.0] % 
Diffusion Depth DDEP U [0.03, 0.5] m 
Retardation (Kd) Se GKSE UL [0, 0.1] m3/kg 
Retardation (Kd) Zr GKZR UL [0.01, 1 0.0] m3/kg 
Retardation (Kd) Nb GKNB UL [0.01, 1 0.0] m3/kg 
Retardation (Kd) Tc GKTC UL [0.05, 10 0.0] m3/kg 
Retardation (Kd) Pd GKPD UL [0.05, 1.0] m3/kg 
Retardation (Kd) Sn GKSN UL [0.1, 100.0] m3/kg 
Retardation (Kd) Cs GKCS UL [0.001, 10.0] m3/kg 
Retardation (Kd) Sm GKSM UL [0.05, 50.0] m3/kg 
Retardation (Kd) Pb GKPB UL [0.1, 10.0] m3/kg 
Retardation (Kd) Ra GKRA UL [0.05, 0.5] m3/kg 
Retardation (Kd) Ac GKAC UL [0.05, 0.5] m3/kg 
Retardation (Kd) Th GKTH UL [0.1, 10.0] m3/kg 
Retardation (Kd) Pa GKPA UL [0.1, 10.0] m3/kg 
Retardation (Kd) U GKU UL [0.1, 10.0] m3/kg 
Retardation (Kd) Np GKNP UL [0.1, 10.0] m3/kg 
Retardation (Kd) Pu GKPU UL [0.1, 10.0] m3/kg 
Retardation (Kd) Am GKAM UL [0.05, 0.5] m3/kg 
Retardation (Kd) Cm GKCM UL [0.05, 0.5] m3/kg 

1- UL Log Uniform distribution 
2- Effective diffusivity for all nuclides except Cs and Se 

Ten tests were used to screen the probabilistic (Monte Carlo) results for the most influential parameter in terms of 
uncertainty in the maximum release rate. Table 3 lists the most influential parameters, by key words that were 
identified by the regression fit, or the statistical measures. The first column was determined from Pearson product 
moment correlation coefficient; the second column was computed from spearman; third and fourth columns were 
computed from Partial Correlation Coefficients (PCC) and Partial regression correlation coefficient (PRCC). Columns 
fifth and sixth were computed from Standardized and standardized rank Regression Coefficients (SRC) and (SRRC), 
the seventh and eighth columns were computed with SMIRNOV and CRAMER tests, while columns ninth was 
computed using T-Test, columns tenth was computed using Mann Whitney test. From Table II, we noticed that, the 
maximum release rate is sensitive to the distribution coefficients for both Se and Cs in the natural barriers. Those two 
isotopes have low distribution coefficients compared to the other nuclides. The water flow rate in the EDZ is also 
influential parameter because of the positive correlation between the release rate from the EBS and the ground water 
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flow rate through the EDZ. However, the release rate reaches an upper limit as the nuclide concentration in the EDZ 
tends toward zero. A multiple linear regression is also performed to find the GOF. First it is applied for 10 most 
sensitive parameters and then for 6 most sensitive parameters with GOF parameter 2R  0.895 and 0.881. As indicated 
by the relatively small changes in 2R , it appears that the fit is not significantly improved by including more than the 
top six influential parameters. 
 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2. Histogram of the maximum release rate Fig.3. CCDF for the maximum release rate with 95th 
upper and lower confidence bound (Kolmogrov test) 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 4. Scatter plots and single linear regression of the log maximum release rate versus the log of the parameter value of 
base case.  

 
TABLE II. Variable Ranking of Influential Parameters on the Uncertainty of the Peak Total Release Rate

Parameter PPMC SC PCC PRC SR SRR SMIR CRAM TTST MWT
GKSE 78.0 3.0 107 3.0 107.0 3.0 36.0 37.0 33.0 36.0 
GKSC 3.0 2.0 2.0 2.0 2.0 2.0 4.0 5.0 2.0 4.0 
DDEP 4.0 4.0 9.0 6.0 9.0 6.0 94.0 92.5 70.0 94.0 
EDZF 21.0 6.0 19.0 7.0 20.0 7.0 66.5 67.0 84.0 66.5 
GKZR  67.0 19.0 52.0 10.0 52.0 10.0 4.0 5.0 3.0 4.0 
GKTH 9.0 21.0 32.0 18.0 35.0 19.0 19.5 19.5 44.0 19.5 
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 CONCLUSIONS 

This paper has described a series of computations performed for a purpose of determining the confidence 

in predictions of future repository performance in a light of uncertainty in conceptual models and 

parameters of those models. This prediction allowed the staff to focus attention on what is likely to be the 

most important phenomena relative to repository performance, and point out deficiencies in the current 

state of knowledge. The results of these analyses also feedback to the iterative performance assessment 

and the issue resolution process, tying the parameters sensitivities 

The knowledge gained by the preliminary sensitivity analyses identifies the importance of specific 

modeling assumptions and input parameters. Furthermore, these preliminary analyses were used to 

determine which of the many parameters could be held constant and which needed to be varying during 

subsequent sensitivity analysis. In some cases these preliminary analyses led to change in the model. It is 

also showed that, using of Wavelet Galerkin method leads to a minimization of the uncertainty introduced 

by the approximation in the computational tool, which gives high accuracy. Statistical analysis of the base 

scenario case was used to identify parameters that have the most effect on uncertainty in performance and 

identify sensitive parameters for which a small input change can have large effect on the estimated 

repository performance. Analysis indicates that parameters shown in Table II appear to have the most 

effect on uncertainty in repository performance.  
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