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CHAPTER I
INTRODUCTIOR

It is our purpese here to investigate the method o;‘
solving equations for real roots by i@’aw;t;enia mthad and to
indicate a gensralizatlon arising from this methed. We will
confine our discusaion here to single-value resl functions
of one real wvariable,

We will denote by [a,b] tm pointes x such that
asx =bj by (a,b) the points x such that &< x <bj by [asb)
the points x such that a=x<bj by {a,b] the peints x such
that a<xs<b. [&,b] will be called a glosed nterval {(a,b)
will be called an gpen imberval, and (a,b) and [a,b) will be
called half-open intervals.

A Pedekind gut, written (4,B), in the domain of real
nmnb@m, la a sepuration of all reel nuwbers into two clagses
4 and B such that (1) neither set is empty, (2} all resl
numbers are contained in A or B, (3) every number in 4 is
less than vavv‘aw number in B, To say y is a function of x4
written y= £(x), means that for any value of X, a unigue
valus of y can be determined. A gec uence, written {a,:), Ls
the assoclation of all the integers 1, é; 35 « « « with

definite mumbers 8 5 8,5 HByp v o A monotone

Jorea

B8 uer

¢e is such that a_ < 8 _ for all values of n. A

1



monobone decreasing &

jpence is such thet s _2a _ for all
" - »nt1 .

~wvalues of n. A beundsd segquence is such that there is*é.

positive number K such that, for all & _!s of the sequence,
la [ < Ko Limit of a sequence: 1@03&,“:& or a—-& will mean
that, for any pesitive mumber e, there exists snother posiw
tive number H, such that when n> N then |8 - a_j<es Wo will
say that £{x) is gonkinucus &t x =8 if for any posliiive nuu~
ber e, there exlsts & poglilive number B, such that for sny
point a of an interval [z = al<§, then [f{x} = £{a)|<e. £{x)

coentinuous on an interval I means that £{x} is contimaocus

rt every point of %2 )@aﬂ*ﬁ,vamw of & function £(x} ab
¢ 2 2 :
=%, mesns lim TE - X, ®7 if this limit exists. The

derivative of £'(x) ls the second derivative of £{x), written
£7{x)s 'This would meke 1t necessary fop ff(::a) “hﬂ; be cone
tinuous. A o

The following theorems. will be -statsd withoub ,wp:é&:mi'»al,

Theoren

3 If £{x) is continuous on [8;4], then for
- any positive pumber e, there exists another p@giti% number
8 s+ depending on e, such that for x, and x, in (s,b] such
vhat {x, ~ x1<6, |£{x ) « I{x, )<e,

A bounded monotone increasing (ov

decrsasing) sequence is convergents

Taylor's Theorems I £(x) and its first

n derivatives are single valued and continuous in an

1
Ce Ao Stewart, Advanced Caleulus.



interval (&, a+h] , then
2 ”~
fla+h)= r{a)+h £1 {a)+% £(a)+ sent %,r”‘(wr eh)
where O < @< 1.

Pundamental Theorem of the Dedekind Theory.
If (A,B) is any Dedekind Cut in the domain of real numbers,
then there exists a real number 5 such that every real num-
ber greater than § is in B and every real numbsr less than
§is in A.

Theopem L.5 If £(x) is differentiable at x -=a,; then

£{x) is contlinuous at X=a,

Theorem 146 Theorem of the Mean. If £(x) 18 differ~
entiable on {8,b) and continuous at both a and b, then thers

existas a peint ¢ in (a;b) such that

£1(c)- Lol = fla) |




CHAPTER IIX
HEWTON'S METHOD

One method of approximating a root of an algebrate or
transcendental equation is Rewbton's Hethod, vSupﬁmae-that
from tebles, graphing, substitutidn, or otherwise the squaw
tion y=1{x}, has been found toc have & root in the Iinterval
{a,b}, Then, according to Newbon, by choosing & point a,
in the interval [a,a+h), where & +h< Pis the root of
¥y=£{x), a better approximation to the root is given by

&2= ,&’ - —-————-f{a'} »
£t(a,)
Then, by repeating the above, a third approximation to the
root is given by
- ! f(az) “

After repeating this PrGCcess sufficiently often, any degree
of agouracy that 1s required may be obtalned,

The method, a8 explained in most elementary books, eoither
noglects to state that this "workg" enly when considering cepr-
tain fusetions or dismisses the situstion with a statement
such a8 =« %gurves for which Newbon's Method fails will not
be discussed here.," But when 18 Newton's Method succegalul,
that is, under what conditiong will each new approximation be

closer toc the root¥



Zheovem 2,1 If £{x) is continuous on (ayb] and if
£{a})> 0 and £{b) < 0, then there sexlsts a point § In  {a,b]
such that (1) £{($)= 0 and (2) f£{x)>0, for all x such that

& <X<§Es

Let x belong to A 4f (1) x<a or (2) x> a m‘f(xo) >0
for all %, In [8,x] ¢ otherwise let x belong teo :.l Thexn a
is wn‘tainad in A and P is contalned in B Let x, be a resl
number in A and suppose x, < X0 I x,28; X, 48 In As If
B<X,<Xx, , then £(x,)>0 for all x, in [a,x,] since £{x_)>0
for all x, in [az,x:,:] + Henes x, is contalned in A+ Thersfore,
{4,B) 1s a Dedekind Cut in the real numbers end thers exists
& real number £ such thab s%sw number less than §is in A |
while every nmumbsr greater than § 1s in B, ,

Obviously a< § < b, 'Supﬁa% Piret that £{(s)>0 and
choose O <e<[(f). Since f{xz} is continuous at X =g, there
existe & OS>G such that, for x chosen so that Ix » g|<§,
|£{x) = £{S)l<es Consider the point :;:=§+Eg-.;- Then
£(x)>r(8) - >0, Thus§ +%1a 4 number in A which is greater
than £ 4 This is a contradiction so that £{(f) # 0. Hence
a< ¥< be

Now suppose £(5) < 0 and choose 0<e < |f{s)| + Then,
because of continulty, there exists s §>0 muech that » Tor
all Ix = 5)<8, |£({x) » £(5)| <ws 1If zz:g-f—, fx)<L{s)+eo0,
Thus §- 3 18 & number in B which is less than §. Thls is a
contradictlion so that £{§) ¢ 0, Therefore £(5)= 0. If x be

chosen such that a<x<s, x is in 4 and £(x) > 0.



erollary 2,11 If f(x) is continuous on [a,b) and if
£(a)< 0 and £(b)2 0, then there exists a point § in {a,b] asuch
that (1) £(5)=0 and (2) £(x)< 0, for all x sueh that & ¢ x<&
Let F(x)= =f(x), then F(a)> 0, F{b)< 0, From ths sbove
theorem, thers exists & point ¥ in { g,b] such that (1) Fle} -0
and (2) P{x)> 0 for all x such that s <x< £ Then
£(§)=~P(s)=0 and, If acxcs, £(x) = ~Flx)< Ou

Corollary

2ed2 If £{x) is continuous on the interval
B,b] end 1r £(a) € 0 ang £{b} > 0, then thers sxists a point
§ in [a,b) such that (1) £{§)=0 and (2) f(x}> Dy Lor x such
that s<x < by .

Let F(x)= £{=x), then Flea)> @y F{=b)< Gs From the
above theorem, there sxists a point § in («b;-a] wuch that
Fn)=0 and P(x)> 0, for =b <v—\x<»1q. Let § =-» then
£{S)=2{=y }=F(n ) =0+ Chouse x so that t<x <bs We have
b <=x<n and conssquently £{X) = P{wx} >0

gorollar

2s33 If £{x) is continuous on the inkerval
[8yb] and if £{a) 2 0 and £{b)< Oy then there sxists & point
€ in [a,b) such that (1) £{(s)-0 and (2) £{x) <o for x such
that §< x < b, | |
Lot P{x)= =L'({»x), then F(«b)> 0 and fi‘.’(.-»a}é 04 Prom the
theorem, there exists a point M in {wb,@,} such that P(1 }=0
and F(x)> O for all x such that =b<=x<s . Lets--y, then
£is)=5(=n)= «F(y)=0 end if =b< ~x 2/ y £{X) = «P{=x) < Os



Theorem 2,2 In Theorem 2,1 let £ 7 (x) be assuued to

exist and be conbtinucus on an interval containing fagb]
Then, if £"(z)>0 on (&,§), we have also £1(x) # 0 for

BCHRLT o

Let h = § »as Then h > 04 Let «=a+k, O <k<hy
and suppose that £« ) =0, By Taylor's Theorem, there
existe a real number < in {9, a+h) such that

fla+(n = k)]= £09) + (b -k)CH(A J+4n ~ k)P0 ),
By assumptlon £ [od+{h = k}] = 0 8o that

D= A )+ 5 Lin - k)’ £ )

Also £{o ) > 0s ‘Thus £’ A} < 0 contrary to sssumpbion.
Therefors ft{< ) # 0.

Corpllary 2,21 In Corollary 2,11 let £ (x) be assumed

0 exlst and be continuous on an Iinterval containing (a,b]

Then 1f £/ {x}<ﬂ on {a, § ), we have £*{x) =% 0 for

a<E<E,

Let F(x) = «f(x)s Then F{a)> © and F ”{x} >0 on
{ay £); thus by 'Z{‘hanmm 242 we have P'{x) £ ¢ fem a<x <&
But ~F(x) = f(x} such that ~P{x)= i‘(xi # O

In Corollary 2,12 let £”(x) be assumed

o exist and be continuous on an interval containing [a,b]

Then 1f £”(x) > 0 on (£ ,b), we have £(x) £ 0 for S<x <b.



Let P(x) = £{=x)+. Then F{»a) < 0, F{«b) > 0 and B
,’*(»x} # 0 for »b < mx<n,, by Theorem 242+, Then, if §=-y,
f*(x) =FV{ex) 5% 0 forScx< b,

In Qorollary 2.13 let f”z(x} be ﬁ:a-m'mad

to sxist and be continuous on sn interval conm:minﬁ [&,b] -

Then if f {x) < O on (5,b) we have £1{x) 7 0 for s<x <bs

Let F{x) = «f(~x)s Then F{=b) > 0',; Fl=a}) < 0, and
from the theorem F1{x) 52 0 for -b SR IDS= «y ,
“FI{x)5£ 0 for §<x<b and thus £1(x) £ 0 for s<x< by,

Iheorem 2.3 If £(x) sabisfies the hypotheses of

Theoreme 2,1 and 2.2, then the sequence | & 3 » where

a =a and

<L) Sore, f'(ﬁn)

converges to S,
Agaln let S=8+hs From
f{at+ h) = fla)+h £¥{a)+Ln’r"(a+6n),
and f{a+h) =

whft{a) _ £ n'r’(a+en)
£ {a) : £{a)

£”{a+ on)
£la)

B8ince h > 0 and > Oy



{=h} f;"“ >

f &) 1‘

Thus £'{a) 5% 0 and f{a) < 0 so that

£i(a)
“h ¢ f{a)
£+(a)

Dividing by =1 we have

fla}
£r(a}

h > = >QQ

Then by adding a to both sides of the above inequality

£{a)

a+h > g - — > B

£1(a) *
Hence &_ = a £{a i8 ] 1@ § iy athi}e
{en , = &= 8 In the interval (a, ath),

£1({a)
A1l the above arguments will again apply to the interval
(8 ,a +h) and will lead, by way of repevition, to

,_fla)
-] = 8 . — s
21 49 > f'{a’".l

with a+k > & .>8a , whiech defines a monotons inereasing
sequence in [a, a+h),
The sequence {a,,l 13 bounded and therefore convergent.

Suppose {a,_:i converges %o ¥. Then since £”{x) exista and
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ft{x) does not vanish in {asa+nh), %%i) ls differentiable

and continuous in (a,a+h), Then, by passing to the limit,

v = £{7)
v=73 T {y)

Thﬁﬁ‘%j = Oy but £*( ) £ 0 so that £{y ) =0, But
according to assumptlon a+h is the only zero of £{x) in

la,a + 1] . Hence 7= &+hs Thus {aﬂ} converges to §=a+h¢2

Corolliaries that will correspond to those of Theorems
251 and 2,2 may be added to ths above theorem but they result
in the following general statement, Let f{x) be & function

with a continucus second derivative on an interval contalning

[&»b] and let there be a point 5 contained in [a,b] such that
£{5 )= 0. If [84b) has a sublnterval [a, s) or (g 4b] at

pvery point of whic;l;; £{x) - £x)> 0y then the sequence {aﬁj,

where a, 1s & point of the subinterval and

a =a - f(&m)

ft(a) °*

sonverges tg §.
‘Thus, 1 the above conditions are satisfled by a given

funetion, then Newton's Method is applicable,

g"‘meudare Chaundy , Ihe Differential Galeoulug, pe 1504
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Suppose now we have & function such that the seocond
derivative £7(x) is of the opposite sign of f(x) at both a
and bs Qertain cﬂnditiané sulficient for th@.applimaﬁiiity
of anﬁmnfa Hethod aré discussed in the fﬂi&@ﬁimg_tﬁéa&mmg

Lemma: Let £(x) be a function having a conbinuous
second derivative £”(x) on an imtarv&l:cantaining [ﬁ,b]‘
and suppose there axiaté a point § in fa,b]‘aumh that
£(§) = 0. If [8,b] has a subinterval [a, §) or (% ,b] at
every point of which £{x) £“(x) < 0, then

fx} £ {s) (x=8)>0
for every x in the subinterval.

Let f{x} be a function satlsefying the above hypothsses,
and let X, be any polut of the subinterval mentloned, Then
there sxizts a point v between X, and § spuch that

Flra) = 28) g ) (g = 5) 0y ), (a2 5]

We know that £{ 5} = 0. Futhermore, f(x) # 0 at every point
of the subinterval so that £{x) has the same slgn at a1l
point of the subinterval. Thus £{) ) £”(5)}<0 implies
£(x .} £”(n ) < 0. We have |

2 'y L

[rtx)] " = stx)er(5) (x, = 514 20x,) 2701 j {Xe 28 )
and 1t follows that

Hx )0 {§)(z_=~5)>0
| This coneludesz the proof of th@‘lamma. '

If there exists a poaitive nwsber &

such that (X} satisfiss the hypotheses of the lemma ualing



1z

the interval [5-8, §+8] ana ir £7( s ) # o, then the
seQUencs (a } converges to § , provided a, iz any point

in[§-8, §+8] but not 4in the sudbinterval mentioned and
#{a,.)

A R

Por simpliaiw, SUpposs [s-8 ¢} to be ths aubmt@rval
"/""“ﬁj‘in which f(x} £"{x) < ¢ and suppose £(s -8 } > 0, Then,
for every x in [s- <5, §}), _A

flx)- (s ) (x -5)> c,

It follows that £'( § ) < U, Hence there exists a poeitive
number S, such that £(x) < © for s < x<eg+f If £ s} < 0;
we know from the continulty of £”(x) that there exists a
positive number 8, such that, for |x -s5]<§, , £7{x) < 0. |
Choosing A=min.[ &, , 8,7, we obtain £{x)-£'(x) > ¢ for
E<x <s5+8, But 2”{ £ } > 0 is impossible beoause of the
continulty of f”(x);_ Therefore {a, | converges to § pro-

fla,.) The other

vided § <a <§+H and a (e °

I W
possible cases are similar,

If every nelighborhood of '§ contains at least c‘:ne’
point x d.ix’f@mm from, § such thgfs £lx)-0(x) = 0, we
would have an Infinite sequence converging to § @%} @.aeﬁ
point of whieh fx) = O or an infinite sequence converging
to § at each point of whieh £”(x) = 0 {or botk). Intui-
tively this indicates infinite oseillation and we should not

expeot Hewton's lethod to work. Ruling out this case, then,

we demand exlstence of & positive number 8 such that e{x)-¢"(x}# 0
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for all x 4n [5-8,545] pave x =5 . We shall conclude our
discuselon with the proof of the next theorsn in which, 1t
should be noted, the hypotheses tuply £”( s )= C.

13 Let f£{x) be a function having & continuous
monctone second derivative £7(x) on[5-5, § +81 , wherse

is a positive number and £{5 ) = 0, If f{x) :r"’(x% <0 and
l£(x}] ]2 "(x)) < [f"f:ﬁ)]zr on [§-5,¢) and {5, 5+5) , then a

in [5-8, £ )} and |
: fla, )

B W)

defines a sequeace f{a | converging to S,

Let £(x) be a funetion as above and suppose t{x}> 0
at §~8 , Now chooss §5-8 = a,< §, We have f'(x) # ©
on [a, §)« From the Theorem of the Mean there sxipts a

point Xx; between & and § guch that £* (;ss:’}zﬂi‘?z}_ < O
5 =i,

Suppose there oxists e point x Lin fa, §) ‘such that
£'{xz,) > 0. Since £'(x) is ﬁﬁfaraxﬁﬁi&bi«a, it 1s continuous
ané there would exlst a point x; between x, and x, such
that £'(x,) = 0, contrary to faet. It follows that £'(x) < ©
fur every x in [g, €}, Then

O-t(s)=rla)vrta,) (s-a)+L00D (g,
where a <<€ and the tangent to the surve at a, ig
glven by | ,

y=f£a, )+ a,) (x -2, ),

1
Then the height of the tangent at x =¢ iz «-?-—‘—4—-—)- {E = a,}l

g7

¥
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Since this is a positive number, a, > §~:‘3upp03a

{5 »a )" 5 . oar v
57 2 1/ f(ﬁi,}»

~£"( ")
Then
(§ = az)z 20 2 ea))
and

£(a,) }

{5 »a )

|2€a, 0] - | 271y }IZ[

By the lemnma, f“(52’< 0 and f£{x) must chenge sign at x = €.
Thus £ “{x} nust &o likewise. It follows that #7{x) is
monotone increasing and 12 "(a,)| >|2”{ 1 )| and, sub-

stituting the larger value (a, - a,) for (s =t ), we

have
o 2
lela ) 27, ) > {ﬁ§£§i1;73] ,:'[f*{a,}]

contrary to asssusption., Therefore

IR R Y

and hence, from similar triangles,

G, =~ § < 1/3({ﬁ2 - a,}s

Therefore »
a, -5 < f*‘&,u

A similar wrgument may now be used with a4, as the

chosen point and we thus obtain &; such that § -a, <a - §

Therefore, we have

_ £{a .
’ Am<+1 2m r!{az'nl

»
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whieh defines a monotone increasing sequence {a zﬂm} in

and
3 Fe - 3 - ft&zm—')
(8) 2, = a £'{a, )

which defines a monotone decreasing sequence {@2,,,% in
(S,5+8] , B5ince the above sequence {azm} is wonotone
decreasing and bouzzdad‘ and the sequenoce [azm,,,} is monotone
increasing and bounded, both are convergent, Suppose (a,.+1)

converges to ¥  and {am} converges to /. Now sinoe £%(x)

and £'(x) 4o not vanish in (a,, §), ifﬁ © ie differentiable

and continuous in (a,, §), Then, by passing the limits

. iR
L AT }
‘I‘huam = 0 in [:a s ) but o' (¥} # 0, thercfore

7)) |
f{¥ )= 0., But by aasumption x =5 ie the only point of

[@,,5) where £{x) = 0, Hence 7= §and {asz@@nvargas

to 5 4+ By the sane argument faz,,j converges to 2= ¢ .
Thus the sequence {a _| converges to §.

Hers again corollaries may be written to cover all
possible-cases but to be mors general we make the following
statement. Let f(x) be s function having a continuous
monotone second derivstive on an ;mtaﬁva}; [s-§ g+s]; where &
is & positive number and £{ § } = 0, Then if £{x)-£”(x) <0
and e(x) || tx)] < (e (x]® 1o (5-5 &) ane (5, s+8]»
the sewence {a.} , where =, is in the interval [s-g ) or

al




is

(§5§+8] and
P e

converess to "

-

Thus we have a second eondition Ter whioh Hewton's Method

is applicable.



CHAFTER IXII
4 GINZRALIZATION OF NSWOON'S LETHOD

‘ P !;7 ' ’ - . 4
Ty Be Prame™ and H, 5. Wﬁllé have ussd the approximation

formla

x =3 £ix,)

T tw,) | 27w,) £(x,)

artix )
rather than the formula
£{x.)
E =% et
ke £ {x.)

of Kewton. The new formule uses the second derivative éf
the function and the second approximation thus &mm@a
often is sufficlently accurate so that repeated application
iz elininated, Emh; d, 8, Frams and T, 9, Wall haw given
smxxzpl%; guch as the féliowing,; for which couvergence to

the required zmero of f(x) is more rapid than by Newtonts
Hethod,

Lxepple 1. To compute VE, starting with Est,é e

Newton's Generalization
x, = 1,80000 X, = l.4
x, = 1.,41687 X, = 14414213
Xy = 1,41422

%, = 1.414215

%7, 5. Frame, "4 Varlatlon of Wewton's Hethod," The
smerioan Liathemstical Monthly, LI (January, 1944}, 36,

‘&H, He Wall,"A Modification of Wewton's Method,” ibid.,
1V (February, 1948), 90,

1
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The value of x, found by the generalization formula
ig Tound correet to five degimal places, but the value of
x, found by Newton's Methad.ia eorrect bo only one decimal
place.

Exmnple 2+ To eveluate ain 50° by solving 8x’w6x +1=0
of which it 1s & reot. aince ain 50° is between 1/2 ang 1,

take x = 3/
Rawbonts , Generalization
&, = 475 £ F :?5
X, = «TO6567 X, = 766086
Ka = 07@5050

The value of X%, found by Fewtont's Method is correct
to two decimal places, while the value of x, found by the
generalization formula 1s correct to four ﬂacﬁmﬁl places,

The two writers mentloned above have not glven sufficient
condltions under which btheir method 1s applicable, In fact,
not even a concise and rig&?@ua ﬁﬁ#elapmant of Newtonts
Method has been located in the mathematical literature by this

wpiter.
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