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Statistical properties of radiation power levels from a high-gain
free-electron laser at and beyond saturation
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We investigate the statistical properties (e.g., shot-to-shot power fluctuations) of the radiation from a high-gain
free-electron laser (FEL) operating in the nonlinear regime. We consider the case of an FEL amplifier reaching
saturation whose shot-to-shot fluctuations in input radiation power follow a gamma distribution. We analyze the
corresponding output power fluctuations at and beyond first saturation, including beam energy spread effects,
and find that there are well-characterized values of undulator length for which the fluctuation level reaches a
minimum.

1. Introduction

A detailed understanding of the statistical
properties of the radiation produced at or near
saturation by a high gain FEL based upon self-
amplified spontaneous emission (SASE) is critical
for generation of FEL radiation in both current
experiments [1–3] and future proposed x-ray de-
vices [4,5]. For example, the ability to describe,
predict, and control shot-to-shot power fluctua-
tions in the output radiation will be important
for most user applications.

In this paper, we present numerical results
concerning certain statistical properties of the
radiation emitted by high-gain FEL’s operating
in the nonlinear regime at and beyond satura-
tion. Our study is motivated by recent propos-
als [6,7] to improve the output properties (e.g.,
spectral bandwidth or pulse duration) of high
gain SASE FEL’s. The basic scheme is to first
use a SASE FEL to generate radiation, which
would then be manipulated (by a monochroma-
tor or other optics) to serve as the input seed to
a second undulator acting as a (nearly monochro-
matic) FEL amplifier. This method can be used
both for monochromatization [6] and, when com-
bined with the use of a chirped electron beam,
for femtosecond pulse generation [7]. Our partic-
ular interest is to determine the optimal length
for the second undulator to minimize pulse-to-
pulse output power fluctuations (which arise nat-
urally from the fluctuations associated with the

monochromatized SASE radiation of the first un-
dulator).

2. FEL amplifier in the nonlinear regime

In this section we examine the characteristics
of the output radiation of an monochromatic FEL
amplifier operating at and beyond saturation.
Consider the dependence of the output radiation
power versus undulator length for various input
powers. Figure 1 shows the power P versus loca-
tion along the undulator, as obtained from one-
dimensional (1D) runs (i.e., no diffraction) us-
ing the GINGER simulation code [8] to model a
monochromatic FEL amplifier with the following
physical parameters: radiation wavelength λs =
1 µm, beam current IB = 1.0 kA, beam energy
EB = 204 MeV (γ = 400), no instantaneous en-
ergy spread, normalized emittance εN = 20 π
mm-mrad, FEL parameter ρ = 6.4 × 10−3, un-
dulator period λu = 4.0 cm, and normalized rms
undulator strength au = 2.65. The curves in
Fig. 1 show the exponential power gain and sat-
uration for three initial input radiation powers,
2.5, 25, and 250 kW, and are nearly self-similar
in shape and saturation power (a result that has
been long known for Pin � Psat). Once satura-
tion is reached, the output radiation power then
oscillates with z at the synchrotron bounce period
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Figure 1. Radiation power ln (P [W]) versus un-
dulator length Lu for several input powers.

where as is the normalized radiation vector po-
tential. The oscillations have near-perfect peri-
odicity, indicating that most particles are deeply-
trapped in the ponderomotive well where the
bounce period is nearly constant.

Once the undulator length Lu exceeds the
length necessary to enter the saturated gain
regime, we expect that the shot-to-shot power
fluctuations will decrease in a relative sense. This
behavior is confirmed by Fig. 2 where we plot the
output radiation power as a function of the input
radiation power (normalized to a nominal input
power Pin = 25 kW) for several different undula-
tor lengths. If Lu is much shorter (e.g., Lu = 3 m
with Pin = 25 kW) than the saturation length cor-
responding to the first maximum of output radi-
ation power (e.g., Lsat = 4.25 m; see the dashed
curve of Fig. 1), then there is a large variation of
Pout with Pin. As Lu approaches the length neces-
sary for saturation, the sensitivity to Pin becomes
much less, as shown by the solid curve of Fig. 2,
z = 4.5 m. Consequently, we conclude that in the
presence of shot-to-shot input power fluctuations,
higher stability of the output radiation power can
be achieved by making the undulator length of a
monochromatic FEL amplifier sufficiently long to
operate in the saturated gain regime.

2.1. Power fluctuations
As discussed in the Introduction, one might

consider using the monochromatized radiation
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Figure 2. Output power ln (P [W]) versus input
power (normalized to a nominal input power Pin

= 25 kW) for several undulator lengths.

produced by a SASE FEL, which will have intrin-
sic shot-to-shot power fluctuations, to seed a sec-
ond undulator. In the exponential growth regime
(where the first undulator operates), SASE FEL
power follows a negative-binomial distribution,
characteristic of multimode thermal radiation [9,
10]. For a large degeneracy parameter 〈n〉/M �
1, where 〈n〉 is the mean photon number and M
the number of modes, the negative-binomial dis-
tribution reduces to a gamma distribution

P(n) =
MM

Γ(M)
nM−1

〈n〉M
e−Mn/〈n〉 , (2)

where P(n) is the probability density and n the
photon number. Note that the relative root-mean
square (rms) power fluctuations are 1/

√
M for a

gamma probability distribution.
For the split undulator/monochromator

scheme, one desires a relatively narrow band-
width to satisfy user requirements. However, the
bandwidth must be large enough to pass suffi-
cient power to greatly exceed the effective shot
noise power of the electron beam. Consequently,
one will probably operate the monochromator
in a regime where M . 10. It then becomes
relevant to compute the expected output power
fluctuation level of the second undulator given
an input power probability distribution from the
monochromator which follows Eq. 2. Figure 3
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Figure 3. Relative rms output power fluctua-
tion level σP /〈P 〉 versus undulator length Lu
for a FEL amplifier whose input power obeys a
(M = 2) gamma probability distribution.
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Figure 4. Relative rms output power fluctua-
tion level σP /〈P 〉 versus undulator length Lu for
〈Pin〉 = 25 kW and M =1, 2, 3, and 4.

shows the normalized rms output power fluctua-
tion σP /〈P 〉 ≡ (〈P 2〉/〈P 〉2 − 1)1/2 versus Lu for
several mean input powers for the 1D example
of the previous section. These curves were ob-
tained by using a lookup table of Pout(Lu, Pin)
produced by 1D GINGER runs assuming that the
initial shot-to-shot power fluctuations obeyed a
gamma probability distribution with M = 2. As
the FEL enters the saturated gain regime the rel-
ative rms power fluctuations decrease and σP /〈P 〉
becomes nearly periodic with Lu, oscillating at
the synchrotron bounce period cτb.
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Figure 5. Radiation power P [GW] versus undu-
lator length Lu for several initial energy spreads
and an input power Pin = 25 kW.

To examine the sensitivity to the specific prob-
ability distribution chosen, we computed similar
curves of σP /〈P 〉 as a function of Lu for several
different gamma probability distributions (M =
1, 2, 3, and 4) for Pin about a mean input power
of 25 kW. Figure 4 shows that the general curve
shape and the undulator length where the output
power fluctuation is minimum appear quite in-
sensitive to the particular choice of input power
probability distribution. The first minimum oc-
curs at the first maximum of the mean output
power (Lsat = 4.25 m), while the second local
fluctuation minimum occurs at the minimum of
the post-saturation output power, at Lu = 5.35 m
(cf. dashed curve of Fig. 1). Consequently, it does
appear there is an optimal length for the second
undulator to minimize output power fluctuations.

2.2. Effects of beam energy spread
The effects of non-zero instantaneous electron

beam energy spread σγ on the statistical proper-
ties of the radiation were also examined. Figure 5
shows the radiation power versus Lu for initial un-
correlated energy spreads σγ/(γρ) ranging from
zero to one, with input power Pin = 25 kW. Note
that the oscillation amplitude and wavenumber
decreases as σγ increases, presumably due to a
much larger spread in synchrotron periods asso-
ciated with completely filled ponderomotive wells.

Non-zero energy spread also strongly affects the
output power fluctuation level for a given input
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Figure 6. Relative rms power fluctuations σP /〈P 〉
versus undulator length Lu for several initial un-
correlated energy spreads, with 〈Pin〉 = 25 kW
and M = 2.

power probability distribution. Figure 6 plots
σP /〈P 〉 versus Lu for different initial uncorre-
lated energy spreads assuming 〈Pin〉 = 25 kW and
M = 2 (cf. Eq. 2). One sees that an increase in
energy spread σγ reduces the output power fluc-
tuation level for large undulator lengths, however
at a price of increased saturation length and re-
duced saturation power.

2.3. 2D results using LCLS parameters
A series of FEL amplifier simulations, for stan-

dard LCLS parameters [4] (IB = 3.4 kA, 〈γ〉 =
28077, σγ/γ = 2 × 10−4, λs = 0.15 nm, and
εN = 1.2 π mm-mrad), were performed using GIN-

GER with full transverse physics (i.e., axisymmet-
ric r-z field resolution and full 3D macroparticle
motion). Due to the relatively large LCLS emit-
tance, transverse effects are important and act
as an additional contribution to energy spread.
Using the same methodology as in the above 1D
runs, we generated a table Pout(Lu, Pin) and com-
puted σP /〈P 〉 assuming the input power obeys a
gamma probability distribution. Figure 7 shows
a family of fluctuation level curves, similar to the
1D results (cf. Fig. 4), whose minima are nearly
independent of the initial fluctuation level M .
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Figure 7. Relative rms output power fluctuations
σP /〈P 〉 versus undulator length Lu forM ranging
from 1 to 10, using LCLS parameters with initial
mean input power of 〈Pin〉 = 25 kW.

3. Conclusions

This paper has investigated the statistical
properties of the expected fluctuation level in out-
put power from an FEL amplifier operating at
and beyond saturation where the initial seed ra-
diation comes from a SASE FEL operating in
the linear regime. There are well-defined min-
ima in the relative rms output power fluctuation
level σP /〈P 〉 for a given input power and en-
ergy spread σγ/(γρ). The location of the minima
are insensitive to the initial fluctuation distribu-
tion and correlate strongly with power maxima
of post-saturation oscillations. Hence, to mini-
mize fluctuations, the undulator length should be
chosen to be the location of the first power max-
imum after saturation. For large electron beam
energy spreads [i.e., σγ/(γρ) & 1], the natural
post-saturation fluctuation level is reduced, but,
due to the reduced output power and required
increase in undulator length, it is unlikely exper-
iments would purposely operate in this regime.
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