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Abstract Transport processes of fast ions in axisymmetric low-aspect-ratio spherical torus (ST)
plasmas are investigated, which are induced by the non-conservation of the magnetic moment & The
reason for non-conservation of x of fast ions in ST’s is the relatively large adiabaticity parameter &€
typically exceeding the value 0.1 (&= ratio of ion gyro-radius to the gradient scale length of the
magnetic field). Both analytical and numerical evaluations of the magnitude of nonadiabatic
variations of y are performed. Non-adiabaticity effects are shown to be most significant for fast ions
for which the bounce oscillations are in resonance with the gyro-motion, i.e. for ions with @ - @), =
0, where @y and @, represent the bounce averaged gyro-frequency and the bounce frequency,
to be

exceeded for the transition to stochastic behavior of fast ions in axisymmetric ST’s is inspected. Non-
adiabatic variations of x are shown to lead to collisionless transformation of trapped orbits into

circulating ones and vice versa. For the case of strong non-adiabaticity, €>€ ., we assess the transport

respectively, and [/ is an integer. The critical threshold of the adiabaticity parameter, €

cr?

coefficients describing intense collisionless pitch angle diffusion, whereas, in the case of weak non-
adiabaticity, €<g_, the more substantial coefficients of enhanced collisional radial diffusion and

cr?

convection of fast ions gyrating resonantly with the bounce oscillations are estimated.

PACS numbers: 52.55.Fa, 52.55.-s, 52.20.Dq

1. Introduction

. V: . :
The magnetic moment u =§, where V, represents the particle velocity component

perpendicular to the magnetic field B and B = |B , 1s proportional to the action variable of
Larmor gyration, £ /@g, and hence an adiabatic invariant. It is expected to be well conserved
in toroidal axisymmetric fields only in the case of a rather small adiabaticity parameter €
(ratio of full ion gyro-radius py to the characteristic gradient scale length of the magnetic field
B taken here as the major plasma radius R,). This situation applies to thermals and fast ions

-3/2

confined in conventional axisymmetric tokamaks, where we have €= p/R, < A q'1 << 0.1

[1] with A denoting the plasma aspect ratio and ¢ the safety factor. However, for NBI ions in



spherical tokamaks (ST’s), where typically is A < 1.5 [2], the adiabaticity parameter is greater
than 0.1 and hence the magnetic moment of these ions is not well conserved. The non-

adiabatic variations of g appear as fast jumps at the time moments ¢ = ¢, corresponding to the
stationary gyro-phase points, ﬁ(ts) =0, where ¢} is the particle gyrophase. Typically, these

jumps occur in a rather narrow range of poloidal angles near the outer mid-plane of the torus

where the magnetic field is a minimum [3,4]. Note that the stationary phase condition
ﬁ(tx):O may also be considered as the local resonant condition @,(z,)=0. Since this

condition for the toroidal magnetic field is satisfied only in the complex #-plane, i.e. when

Im{#}#0, the relative magnitude of these jumps, Aw/u, decays exponentially with the inverse

adiabaticity parameter, i.e. o< exp{—a/¢} , where @ = O(1). Already 20-30 years ago a

similar exponential decay of Au with increasing «/e was reported for inhomogeneous
magnetic fields of mirror machines and for multipole fields (see, for instance [5-8]), as well
as for the magnetic configuration of the earth’s magnetosphere [9]; however, none of the
results obtained in these early studies is particularly suitable for an axisymmetric toroidal
magnetic configuration. We further note that previous investigations of the non-conservation
of u in toroidal plasmas due to magnetic field ripples [10, 11] do not account for the
axisymmetric jumps of the magnetic moment as they are considered here. Here both
analytical and numerical calculations of the magnitude of non-adiabatic variations of 4 in
axisymmetric toroidal magnetic configurations are carried out. Further we discuss fast ion
transport processes in spherical tokamaks, which are induced by non-conserved magnetic
moments.

2. Nonadiabatic variations of u

Following Refs. [5-8] we start from general expressions for the non-adiabatic jumps

of the magnetic moment A, which, in the case of VxB #0, take on the form
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where V is the total ion speed, pL:(|V1nB|2—[(B'V) B“T) denotes the “vacuum”

curvature of a field line determined by VB, and p, = B*/[BxVxB|=B*/|VP|~r/B is the

current induced curvature which, in the case of equilibrium (r designates the flux surface

radius), is inversely proportional to the pressure gradient VP and, respectively, to the total

plasma beta  which can reach a few tens of percents in ST’s; further, =4, + I dtw, and {

the phase shift with tg{ =(BXVB)-(BxVxB)/BVB-(BxVxB). We base our calculations

on the analytical model of an axisymmetric toroidal magnetic field B(R,Z) given in [12];
there the prescribed flux surfaces are determined by a parametric dependence on

R=R(y,r,1I(r)) and Z =Z(y,r,11(r)) where R and Z represent the spatial variables of the

cylindrical coordinate system [R,Z,¢], r is the flux surface radius, ¥ is the poloidal angle,

and I1(r)={A(r).k(r),A(r)} denotes a parameter set containing Shafranov shift A,

elongation k and triangularity A [12]. The toroidal and poloidal components of the magnetic

field are then given by
B,=J/Vo=Y(r.y)/(Y)V®xVy and B,=q"'(r\VoxV® )
where the total poloidal current outside a considered flux surface, J(r), and the toroidal

magnetic flux ®(r) meet the relations

av/dr=J(Y). Y(r2) = RZYIR, ()= _[dz(.)

B=[B|=(J/R){1+(¥) ¢" /¢ 3)

with g'' = Vr-Vr representing the contravariant component of the metric tensor.



Because the radial and poloidal coordinates r and y are slowly varying variables in
comparison to the fast gyro phase %, i.e. J~ o, >>{ 7,7/ r} ~ @, ~ cw,, the integrals of Eq.
(1) can be evaluated using the method of steepest-descent and deforming the integration
contour into the upper-half of the complex ¢ plane where it is assumed to pass near the
stationary phase points 7 = ¢; determined by H= w, =0 or B(t;) = 0. Note that these points are
also singularities of the integrand in Eq. (1).

The principal contributions to the integral and, consequently, to the non-adiabatic
jumps of the magnetic moment, A, come from the vicinity of the stationary points ¢ = .
Fig. 1 displays the real and imaginary parts of the stationary points in the complex y} - plane
for a NSTX magnetic configuration with = 40% (B model I of [12]). As seen, the stationary

points y = y(t,) = g, are located in the vicinity of the midplane (¥ = 0) and Im y, decreases

with a greater flux surface radius. For B — 0 the curvature radii can be represented as

“meyroey . @

P =iBn[(3B°)+0(B?) and p' =ig

1/3

where nsz—[3<Y>(ln g“)x /(ZqRY )} J/(B,R,), Bo=B(x=0) and the subscript “s”

indicates values at stationary points. Moreover, inspecting the expression for dB/dt in the
lowest order drift approximation, it follows that we may approximate B = Bn,V'" (1 - t‘y)m.

Using the above expansions for curvature radii and B(z), we derive for the non-adiabatic jump

corresponding to a single stationary point

H Vi & &

fy

with
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M, =T"(9/8)Mc™® +0(c"™) M =(4irn’/3)

. (6)
M, =477 (7/8)q(Y) " R |dP/dr|B;*M "e"® expliz/2 —ig, )+ O

For typical tokamak magnetic configurations with weak triangularity, A<<l, and moderate
Shafranov shift, 1>|d|/\k> =1 > (¥)/(gk), the factor 3 = [¥)(k* ~1)e,(1 -, /a)’ /(4qa>)] ",
in which d = dA/ dr and & = /Ry = r/(R, + A), is less then or of order unity. Therefore the

current term M; and, respectively, the second term of the integrand in Eq. (1) may become

important only when &8 >>(Y)e, /q=ke] [q. Since this condition is not fulfilled in

conventional tokamaks nor in spheromaks, we will suppress this current contribution in the

following. Let us find now the value of Re{a/e} by employing a Taylor expansion of B(r)
about the mid-plane, i.e. B(r) =B, [1 +af (t—1,) +O(1— to)j with @] = B,/(2B,) . For the

stationary point, t, —t, = i@, , we obtain

3
Re{ﬂ}zé%ozé 2B, @y _2N20,R V gke 1 (1+%j(1—z\) (7)
el 3@ 3\B, |V”BV;(|O 3V |V”0| (¥) Je (1+¢) dr

with @, R,= eJ/(mc). For A <1 it follows from [12] that kg, /(Y)=/l-¢&’ which, upon

insertion in Eq. (7), leads to the qualitative expression

Re{g}zzﬁa)&‘&lq Ra+A—1(1+d—Aj(1—A) @®)
€ 3V |V”| r dr

indicating an enhanced non-adiabatic fast particle behavior as toroidicity, Shafranov shift and

triangularity are increased. The dependence of Re{a/e} on the particle energy was

numerically calculated via Eq. (5). This dependence and its analytical approximation as given

by Eq. (8) are shown in Fig. 2 for co-circulating deuterons in the NSTX model magnetic field

with f=40% [12]. It is seen that Re{a/e} <6+ 7 at the plasma periphery (r > 0.5-0.6 m) for

circulating 80 keV deuterons. For that the relative non-adiabatic variations of the magnetic



moment of these deuterons can exceed 10~ per bounce period. From Egs. (5, 6) it follows
that A/t o< cosh and hence, for up-down symmetric orbits (zh = 90°£180°), we expect
Aw/i = 0. This is also confirmed by Fig. 3 where the numerically obtained relative jumps
A/ are displayed as a function of ¢ for 40 keV co-circulating deuterons in NSTX. The
curve shown allows to find the maximum value of these jumps, Atiax/4, per bounce period.

To find the relative jumps Ag/u we calculate the orbits of fast ions by solving the Lorentz
equation of motion with the 1997 version of LSODAR (Livermore solver for ordinary
differential equations) by L. R. Petzold and A. C. Hindmarsh. This solver is a variant version
of the LSODE package found in Ref [13]. Use of LSODAR provided the relative accuracy in
the conservation of particle energy and toroidal canonical momentum of the order of 10°+10°
> on the considered time intervals here. Moreover fast ion orbits as well as time variations of
the magnetic moment were reproduced with a relative accuracy better than 107 when
reversing the direction of time. This accuracy of orbit calculations is reasonable for numerical
evaluations of the relative non-adiabatic variations Aw/u >10"* studied in this paper. In Fig. 4
the numerical values Atia/t are compared with the analytical maximum non-adiabatic (-
variations given by Egs. (5,6,8). A reasonable agreement can be seen. The highest values of
Almax/1 are observed at the plasma periphery and, for 80 keV deuterons in a = 40% NSTX
configuration, can reach a few percent per bounce period. Note that these values of A/
are substantially smaller than those obtained for the numerical EFIT field in NSTX with =
40%. This is demonstrated in Fig. 5 where the time variations of the bounce-averaged
magnetic moment of co-circulating 60 keV deuterons are compared for both cases of (i)
analytical B- model and (ii) the EFIT field of NSTX (£ = 40%). The significant enhancement
of fast ion non-adiabaticity in the numerical field appears mainly due to a small-scale

poloidal modulation of the numerical B, the so-called poloidal field ripples [14] arising from



the strong Shafranov shift of the flux surfaces at the plasma periphery in high beta ST
plasmas. Here however we based our calculations on the analytical NSTX B-model of Ref .

[12] where these poloidal ripples had not been taken into account.

3. Superadiabaticity (e<e_ ) and stochasticity (e>¢_ )

Due to the local nature of the non-adiabatic variations of u the behavior on times longer

then the bounce time can be described by the mapping
U—T=M(i)cosd, E—ﬂzw(ﬁ)sjdr%=27r<a)3>/a),,, )
0

where M is the magnitude of the change of u per bounce period given by Eq. (5) and the bar
denotes the values after the jump, i.e. when the particle has crossed the mid-plane. Neglecting

the current contribution we derive

M :—ﬂl,uRe{MLexp[—lmg}}exp(—Regj. (10)
o € €

Using the mapping of Eq.(9) yields the stochasticity criterion  [5]

K= |M (u,e)dAX(u,¢e)/d ,u| >1. Accounting for the exponential dependence
M ~exp(—a/e) and for A¥(u) ~ N /¢ it may also be represented by
e>e, ~af/n(M.), M, =|M|[dN/dInu|~kg/(Y)>1. (11)

Taking typical flux surface parameters of spherical tori at the plasma periphery,
r/R, ~05+0.7, dA/dr ~—0.3+0.5), A~03+0.5, k~1.7+2.2, we find g, 20.2+0.3;
hence, for instance, in NSTX one may expect stochastic behavior of 80 keV deuterons, for

which p, /R, >20.2, and non-adiabaticity induced strong collisionless pitch-angle diffusion

[3]. In the core plasma where e<e_ and K<<I, non-adiabatic jumps of the magnetic moment



will result in the superadiabatic motion of fast ions (superbanana oscillations with
A, ~MK™'"? @, ~ K™, ) featuring the new invariant

pZ/Z—Ksinﬂzconst with p=|dAd/du|(u-u). (12)
derived from Eq. (7) and containing #, as the magnetic moment value that corresponds with
the resonance number /. Typical resonance levels in the plane spanned by the normalized
magnetic moment and the maximum radial coordinate are displayed in Fig. 6 for 80 keV

deuterons in NSTX. Superbanana oscillations, as given by Eq. (12), can be obtained as well

by direct bounce averaging of 4. Time variations of the bounce-averaged magnetic moment

in the vicinity of the resonant level /=10 can be seen in Fig.7 together with the corresponding

full gyro-orbits in the (= 40%) numerical EFIT NSTX field.

4. Non-adiabaticity induced fast ion transport processes

a) Collisionless transport
Here we consider specific transport processes of NBI ions in axisymmetric toroidal

plasmas, which are induced by the non-conservation of & in the absence of collisions. In the

phase space domain corresponding to the stochastic regime (&>¢_) non-adiabaticity will
obviously effectuate strong pitch angle diffusion at a rate D] / w=(M/ ,u)z w,, where D]
denotes the stochastic diffusion coefficient as caused by the non-conservation of the magnetic
moment. For NSTX-like parameters (@, =10°s™", M/u~107+10") this yields
D! / W= (102 +10* ) s7'>v, with v ~(1+3)s ' representing the Coulomb collisional pitch
angle scattering frequency. Evidently, the substantial collisionless variation of # will result in

enhanced radial diffusion. Note that non-adiabaticity induced radial diffusion is restricted by

the conservation of the toroidal canonical momentum. However, at least for circulating ions



the Py, -conservation should not blockstrong non-adiabatic radial shifts, or > a.. Certainly, the
variation of the magnetic moment, du, for Py, = const results in a radial shift of the orbit of the

order

5y 4P B _ap, Bou (13)
M)W, ke WY,

hence for Ju~u the non-adiabaticity induced shift is of the order of the poloidal gyroradius
which, in the case of fast ions, can exceed the ST plasma radius.

Another point of interest is that non-adiabaticity may accomplish the collisionless
transformation of trapped orbits into circulating ones and vice versa. This effect is
demonstrated in Fig. 8 for a 3.5 MeV alpha particle in DTST (I/B=10MA/2T), which —
initially occurring as a barely trapped ion (red curve) — is transformed into a marginally
circulating one (blue curve) due to non-adiabaticity and not by means of collisions; this
process results in a radial displacement of the orbit in the order of ~ Ar,.

b) Collisional transport

In the superadiabatic regime (e<e_ ) non-adiabaticity leads to additional pitch angle

scattering at the rate D", /u*=v, (A,uk’]b/,u)2 [, I(AE)*, where D

coll col

, 1dentifies the resonant

non-adiabatic contribution to the collisional pitch angle diffusion coefficient and A&, is the
scale width in V'V of the resonance region and fis the fraction of resonant particles [3]. For
NBI ions in NSTX (A, / 4 ~0.05 +0.1, f, ~ 0.2 + 0.3, A& ~ A(V,/V) ~0.02 + 0.03) [3] the
scattering rate is D", /1> >V, .

Since @), is dependent on the particle’s energy, the slowing down of resonant fast ions
will effect radial convection in the superadiabatic regime, e<g_ . In spite of decreasing energy
during slowing down, Fig.9 shows an increase of i by ~20% for resonant 80 keV deuterons in

NSTX (f=40%) decelerating to 71keV. In contrary, u# of non-resonant particles will be



reduced by 10% as apparent from Fig. 10. Further Fig. 9 demonstrates a substantial inward
shift (4R = 3+4 cm) of the resonant orbit of a deuteron upon the energy decrease AE = 9 keV
and thus indicates a significant radial convection associated with deceleration, which occurs

the rate ARv E/(aAE)~v,, where a denotes the plasma radius and v, the slowing down

frequency. Comparing the slowed down parts of the orbits (represented by blue curves in
Figs. 9 and 10) we conclude that the super adiabaticity induced radial shift acts in addition to

the radial drift experienced by particles for which the magnetic moment is conserved.

S. Summary

Non-adiabatic variations of the magnetic moment are supposed to be crucial to fast
ion behavior in axisymmetric toroidal magnetic fields, at least in spherical tokamaks. Non-
adiabaticity is shown to be extremely sensitive to the flux surface geometry. Shafranov shift,
elongation, triangularity and high toroidicity of the flux surfaces will substantially enhance
the non-conservation of the magnetic moment.

In spherical tori, non-adiabaticity of the magnetic moment is expected to lead to
strong collisionless pitch angle diffusion of NBI ions in the stochastic domain while it may
increase significantly the Coulomb pitch angle scattering rate in the superadiabatic regime.
Both pitch angle diffusion mechanisms result in enhanced radial diffusion of fast ions.
Moreover, superadiabaticity can induce additional convection of energetic particles gyrating

resonantly with bounce oscillations.
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Figure captions

Fig. 1 Real and imaginary parts of stationary points #=0in the complex y - plane for
different flux surface radii.

Fig. 2 Dependencies of Re{a'/ €} on the particle energy for the NSTX (f=40%) analytical

gQ

model field [11] for different flux surface radii r.

Fig. 3 Relative variations of the magnetic moment of 40 keV deuterons as varying with the
gyrophase % at the midplane. Circles account for the numerically obtained values Ag/z,
while the solid line represents their fit curve.

Fig. 4 Maximum relative variations of the magnetic moment per bounce period as a function
of the particle energy.

Fig. 5 Time variations of the bounce averaged magnetic moment of 60 keV deuterons in the
analytically modeled and in the numerical EFIT field for NSTX ($=40%).

Fig. 6 Resonance levels for 80 keV co-going deuterons in NSTX.

Fig. 7 Oscillations of <u > of 80 keV deuterons in the vicinity of the /=10 resonance level
as dependent on the toroidal velocity component, V,,/V .

Fig. 8 Collisionless transformation of a barely trapped 3.5 MeV alpha particle in DTST
(I/B=10MA/2T) into a marginally circulating one.

Fig. 9 Full gyro-orbit and time variation of x of a resonant (/=10) 80 keV deuteron in NSTX
(#=40%) during slowing down to 71keV.

Fig.10 Full gyro-orbit and time variation of # of a non-resonant 80 keV deuteron in NSTX

(#=40%) during slowing down to 71keV.
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