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ABSTRACT 
Spatial channel theory, initially introduced in 1977 by M. L. Williams and colleagues at ORNL, is a powerful 
tool for shield design optimization. It focuses on so called "contributon" flux and current of particles (a 
fraction of the total of neutrons, photons, etc.) which contribute directly or through their progeny to a pre 
specified response, such as a detector reading, dose rate, reaction rate, etc., at certain locations of interest. 
Particles that do not contribute directly or indirectly to the pre-specified response, such as particles that are 
absorbed or leak out, are ignored. Contributon fluxes and currents are computed based on combined 
forward and adjoint transport solutions. The initial concepts were considerably improved by Abu-Shumays, 
Selva. and Shure by introducing stream functions and response flow functions. Plots of such functions 
provide both qualitative and quantitative information on dominant particle flow paths and identify locations 
within a shield configuration that are important in contributing to the response of interest. Previous work was 
restricted to two dimensional (2-D) x-y rectangular and r-z cylindrical geometries. This paper generalizes 
previous work to three-dimensional x-y-z geometry, since it is now practical to solve realistic 3-D problems 
with multidimensional transport programs. 

As in previous work, new analytic expressions are provided for folding spherical harmonics representations 
of forward and adjoint transport flux solutions. As a result, the main integrals involved in spatial channel 
theory are computed exactly and more efficiently than by numerical quadrature. The analogy with 
incompressible fluid flow is also applied to obtain visual qualitative and quantitative measures of important 
streaming paths that could prove vital for shield design optimization. lllustrative examples are provided. The 
connection between the current paper and the excellent work completed by M. L. Williams in 1991 is also 
discussed. 

1. INTRODUCTION 
Channel theory concepts are based on coupling solutions to the following fonvard and corresponding adjoint 
transport equations 

n'vW(x,n,E)+o,(x,E)W(x,a, E ) =  
j E . d E '  I,, do'  0, (x, a', E' + x, a, E )  W(x, a', E ' )  + Q(x, a, E ) ,  

and 
- a.vw* (x, a, E )  +o,(x, E )  w* (x, a, E )  = 

jE .dE'  ~,.dn'O2(x,R, E+x,SL',E')Y* (x,a', E ' ) + Q * ( x , Q  E ) ,  

where w is the forward angular flux of particles at position x moving in the direction of the unit vector a with 
energy E, w' is the adjoint angular flux, 0 ,  and os are respectively the total and scattering cross sections, 
and Q and Q' are respectively the forward and adjoint external sources. The scattering cross sections are 
assumed to implicitly include fission terms. For simplicity, the treatment here is restricted to the stationary 
form of the transport equations. 

A response function at certain locations of interest is defined by 



where the selection of the adjoint source Q* is such that the integral on the right-hand side of Eq. (1.3) 
represents a detector reading, dose rate, reaction rate, etc. The adjoint source Q' is typically selected over a 
finite region and is zero outside the region of interest. Mathematically speaking, the adjoint equation is 
defined in such a way that' 

Response = < W(x, a, E )  Q* (x, a, E )  > = < w* (x, a, E )  Q(x, a, E )  >, (1.4) 

where c > stands for the integrals over all variables in Eq. (1.3). In other words, Eq. (1.4) states that the 
integral over all variables of the forward flux times the adjoint source is identical to the corresponding integral 
of the adjoint flux times the forward source. 

The basic concepts of spatial channel theory 
The angular flux I+I (x, a, E), where E is assumed to be a constant, represents the average density of 
particles (neutrons, photons) at position x moving in the direction of the unit vector R. If the adjoint source is 
properly normalized, then the adjoint flux I+I*(x, 61, E) will represent the probability that a particle at position x 
moving in the direction a will contribute to a pre-specified response in the region of interest."' 
Consequently, the product, to be referred to as "contributon density" 

are best understood for a one-energy group problem. 1,4,13.16 

B(x, a, E )  = Y(x, a, E )  v'* (x, a, E ) ,  (1.5) 

will represent the average number of particles at x moving in the direction R which will eventually contribute 
to the response. The vector D which results when multiplying the contributon density in Eq. (1.5) by the unit 
vector a 

D(x, a, E ) = a  W(x, a, E )  w* (x, Q E ) ,  (1 .e) 

is defined as the "contributon current," as it represents the average flow of contributons moving along the 
direction of the unit vector R. The concepts of contributon flux and current can be generalized in a 
straightforward way when particle energies and other variables are taken into c~nsideration.'~' l6 

For the general case of interest here, the net contributon flux and current at a position x are defined by 

and 

Multiplying the forward transport equation (1.1) by the adjoint flux and integrating over all energies E and 
directions {a), multiplying the adjoint equation (1.2) by the forward flux and integrating over all energies E 
and directions (a}, and finding the dfferencybetween the two resulting equations yield the following 
expression for the divergence of the current 

Note that both Q and Q* vanish in regions outside of forward and adjoint source locations, and thus for such 
regions 1.15 

V.D(x) = 0 (1.10) 



. 

Equation (1 .IO) is analogous to the equation of state for incompressible fluid flow. This analogy will be 
exploited to take advantage of the rich visualization techniques available for fluid flow problems. 

For muitigroup discrete ordinates transport computations, continuous energy in the range of interest is 
represented in terms of distinct energy groups g = I, ..., G, and the unit sphere of infinite angular directions 
(Q} is replaced by a set of discrete angular directions a"', m = 1, ..., M for all octants. The integrals for the 
contributon flux and current given by Eqs. (1.7) and (1.8). can be approximated respectively by 

and 

(1.11) 

where W, are appropriate weight factors associated with the different energy groups, and w ,,, are quadrature 
weights associated with the discrete angular directions { R "). In the balance of this paper, it is assumed 
that the energy group factors W, = 1 for all groups g = 1, ..., G, and they are omitted for brevity. The angular 
quadratures in the last summation in Eqs. (1.11) and (1.12) may be energy group dependent. Practical 
modeling of 3-D shield configurations typically includes from few to numerous energy groups, millions of 
spatial mesh cells and often 36 angles or more per octant (total of 36x8 = 288 or more discrete angular 
directions). 

M. L. Williams the primary originator of spatial channel theory, commented on the usefulness of the theory in 
a 1991 paper,'3 as follows: "Since its origin [in the 1970~1, spatial channel theory has been utilized for 
practical applications in shield design and analysis. It has been a useful tool to provide insight into radiation 
transport phenomena that cannot be easily understood from either forward or adjoint calculations alone." 
Williams further commented on our previous work' as follows: "A very important extension of this idea was 
presented by Abu-Shumays, Selva, and Shure, who introduced the idea of a contributon stream function that 
can be used to determine the streamlines of the response current. The contributon stream function and 
streamlines approach was a significant advance in understanding channel thezry and provided a more 
quantitative method of presenting response flow through a system." Williams elaborated on our previous 
work' which exploited the connection between spatial channel theory and fluid flow analysis, and he 
extended the theory' from 2-D x-y rectangular and 2-D r-z cylindrical geometries to 3-D rectangular x-y-z 
geometry. The work by Williams was brought to the attention of the first author of the present paper after 
the basic equations given below were derived. Although there is partial duplication of the work ' by 
Williams, there are basic differences between Williams' definition of spherical harmonics reprefentation and 
the definition adopted in the present paper. In addition, the examples presented by Williams appear to be 
restricted to 2-D problems while two of the examples provided in this paper are based on truly.3-D 
applications. Because of the distinct definitions of spherical harmonics, the work by Williams also provides 
an independent verification of a number of main equations derived below. Thus, the work by Williams" and 
the current work complement each other. The current paper does not duplicate other notable contributions by 
Williams l6 that extend channel theory concepts to (i) a contributon slowing-down theory that describes the 
simultaneous transfer of response through space and energy, and to (ii) a new contributon Monte Carlo 
method. 

II. SPHERICAL HARMONICS APPROXIMATIONS 
The computations of the contributon flux and current based on the angular quadrature approximations in the 
last part of Eqs. (1 . I  1) and (1.12) are embarrassingly parallel, and can be carried out for exceedingly large 



problems on state-of-the-art Accelerated Strategic Computing Initiative (ASCI) class machines currently 
available only at three DOE National Laboratories. The total (external) memory required for such 
computations can be taxing for numerous other relatively affordable computer architectures. For small size 
problems, or for situations where specific relatively small subregions of a very large shield configuration are 
of interest, the computer storage needed for easily accessible computers is reasonable. Spherical 
Harmonics approximations make it possible to substantially increase the size of problems that can be solved, 
especially for problems where an exceedingly large number of angular directions, sometimes exceeding 100 
angles per octant, are needed in order to allow for transport through various possible gaps and void 
streaming paths. 

The forward and adjoint angular fluxes can be well approximated by the spherical harmonic expressions 

and 

where the forward and adjoint expansion coefficients )and fl are space and energy dependent spherical 
harmonics moments. The spherical harmonics are functions only of the angular directions 

(2.3) 

~ 

and 

where S, is the Kronecker delta function and P&) is the associated Legendre Polynomial 1*8*10 

The (-1 )" in Eq. (2.6) is sometimes omitted, but is retained here following the convention of Hobson and 
others8"' because the definition in Eq. (2.6) is then in agreement with the more general definition for the 
case in which m and n are not restricted to be integers or teal. 

The spherical harmonics in Eqs. (2.4) and (2.5) satisfy the orthogonality relationship 

It follows from Eqs. (2.1), (2.2) and (2.7) that the spherical harmonics moments are given by 

r 

Note the special cases 



It tollow from the various equations above that )-stands for the net flux in group g, 
current, )loa stands for the z-current, and )l,.lg e )j,.l,cl stands forthe y-current. 

The approximations in Eqs. (2.1) and (2.2) are generally referred to as PN spherical harmonics 
approximations (PN here is not to be confused with a Legendre polynomial of degree N). Note that the order 
N of the spherical harmonics representations in Eqs. (2.1) and (2.2) can be energy group dependent. For 
practical applications, a P3 scattering approximation corresponding to N = 3 is sufficient for most neutron 
transpott problems, and P5 is sufficient for gamma transport problems. Even for such scattering 
representations, a higher order approximation of the forward and adjoint flux shapes, say N = 5.7. or 9, 
would be needed to properly approximate the contributon flux and currents in different regions. 

Note that the spherical harmonics as defined above, and the corresponding spherical harmonics exgansions 
and expansion coefficients are all real functions. The Oak Ridge National Laboratory and Williams 
adopted the following complex definition of spherical harmonics 

stands for thex- 

. 

where i = f i  is the imaginary complex number and 

(2.10) 

(2.1 1) 

where Y* indicates the complex conjugate of Y. Because of the distinct definitions of the spheric$ 
harmonics, it is evident that the results derived below are different from those given by Williams, though a 
one to one correspondence has been used for verification (details omitted for brew). 

111. BASIC IDENTITIES NEEDED FOR CONSTRUCTING SPATIAL CHANNEL THEORY PARAMETERS. 
The evaluation of spatial channel theory parameters involves integrals over angular directions of (i) products 
of spherical harmonics that are easy to derive based on the orthogonality relationship Eq. (2.7). and (ii) the 
following products of spherical harmonics and direction cosines [See Eq. (2.3)] 

J , , , ,  E J,.a ... = j*dQ 9 R, (Q) R, (W 9 s = x. Y .  z . (3.1) 

that are not straightforward to implement. 

The integrals in Eq. (3.1) can be evaluated based on the following recurrence formulas and id en ti tie^'.'.^,^^ 

(3.4) 



j r d p  sinmp sinnp=n6,, , m , n > l ,  

COS p cosmp = (l/2)cos(m+I)p + (1/2)cos(m-l)p, 

sin p sin rnp = (1/2)cos(m-l)p - (1/2)cos(m+l)p, 

s i n 9  cosmp =(1/2)sin(m+l)p - (1/2)sin(m-l)p, 

c o s p  sin my, = (1/2)sin(m-l)p + (1/2)sin(m+l)p. 

It follows from Eqs. (3.5)-(3.11) that 

n j:dp cospcosmp cosnp=-[6,,~, (l+6,, )+S,,,, (1+6,,)], m,n>O,  
2 

IO2"dp sinpcosmp cosnp=O, rn,n>O, 

(3.7) 

(3.8) 

(3.9) 

(3.10) 

(3.11) 

(3.12) 

(3.13) 

(3.14) 

2* n 
2 j, dp sin psin mp cosnp=--[~,,, CI+S,, ) - s ~ ~ , ~ ] ,  r n > l , n > ~ ,  (3.15) 

(3.16) 

joacip sinpsinmp sinnq=O, m , n > ~ .  (3.17) 

It follows from the definition of spherical harmonics Eqs. (2.4)-(2.5), the above Eqs. (3.1)-(3.4), (3.12)-(3.17), 
and some elementary algebra that: 

- J  (3.18) 

(3.19) 

The above identities follow from Eqs. (3.13), (3.14) and (3.17) and the fact that the integrals involved [See 
Eqs. (3.1). (2.4) and (2.5)] are odd functions of the azimuthal angle cp. Extra commas are added between 
some of the subscripts in Eqs. (3.18)-(3.19) and elsewhere as needed for clarity. 

tt also follows from Eqs. (2.3), (3.3), (3.4), and (3.12) that for rn 2 0, k> 0: 

- - 
' x , m , / , - k  - 'y,m,/k E Jy.n.-n./ .- t  = z,m.t , -k  l o ,  

- - - 
Jx,t.-k,nm = ' y , / k , m  = 'y,/ ,-k.n.-m = Jz,e. -k,m =" 



(2-6,,)(n-m)! 
(n+m)! 

=I1 I dp jo2" dp @ cos Q (-1)'" 

x ( -1)k  

(l+S,,)(n-m)!(P-k)! 2 (P+m+l)! 
(2n+l) (21+1) (1-m-l)! (n + m) ! (P + k) ! 

- 
--x'm+l,k ' ',I., } 

(l+6k,)(n-m)!(1-k)! 
(n +m) ! (1 + k) ! 

=- 
(21 +1)(2P + 3) 

+ 'W1.k '*I,< (2n + 1)(2n + 3) 
112 

2z[ (1+ s,, )(n -m +l)(n-m+ 2)] 
(2n + 1) (2n + 3) 

. 
'm,k+l 'n,Z-l 

- 

2 z [  ( 1  + Sk, ) ( e  + k +1) (1 +k + 2)I1l2 
+ 'm,k+I s*,!+I ' (21 + 1)(21+ 3) 

(3.20) 

It also follows from Eqs. (2.3). (3.3), (3.4), and (3.15) that for rn > 0, k 2  0 



- 2 ( !+m+l ) !  
-a6m+l.k 

(l+*k,)(n-m)!(l-k)! 2 ( n + k + l ) !  
(n + m )  !(1 + k )  ! (21+1) (2n+l )  ( n - k - l ) !  

*m+l,, *"I,, 

-a*m,,+l 

- k[( t  - k + 1) (e - k + 2 ) y 2  - 
(21 + 1)(21+ 3) 

2 a [  (n  + m + 1 )  (n  + m + 2)J1" 
(2n +1)(2n +3)  

2~ [( 1 + *,, ) (n - m + I )  (n - m  + 2)]  

'm1 .k  'n+l,t 
- 

112 

- (2n+1)(2n+3) *m.b+l *,.,-I 

+ *m.k+l *n.t+, ' (21 +1)(21 + 3)  

. .  

(3.21) 

Note from Eqs. (3.12) and (3.16) that replacing cos mcp and cos kcp in Eq. (3.20) respectively by sin mcp and 
sin kcp leads to the following result form > 0 and k > 0 



2z[ (4 -k + 1) (4 - k + 2)]112 
' m , k  'n-l,< 

=- 
(24+1)(2P + 3) 

&[ (n +m + 1) (n + m + 2)]"' 
(2n + 1)(2n + 3) + 'M,, '*I.! (3.22) 

- ~ [ ( n  - m +I) (n  -m + 2)11" 
'm.k+l 'n,t-I (2n + 1) (2n + 3) 

&[(e + k + 1) (4 + k + 2)11" + 'm.k+l '%!+I . (2l+1)(2+3) 

Please note that both Eqs. (3.20) and (3.22) are written in a form which remains invariant when (n, m) and 
(e, k) are changed respectively to (4, k) and (n, m). This is not true for Eq. (3.21). Replacing sin mcp and 
cos kcp in Eq. (3.21) respectively by cos rncp and sin kq leads to the following result for m 2 0 and k > 0: 

2z[(l+St1 )(4-k+l)(4-k+2)]1/2 
- ' km+l  'e."-1 . (2l+1)(2e+3) 

(3.23) 

The expressions in Eqs. (3.1) and (3.18)-(3.23) stand for elements (distinct parts) of the contributon currents; 
Eqs. (3.18)-(3.23) for various values of the parameters n, m. 4, k define all elements of the contributon 
currents along the x and y directions. 

Elements of the contributon current along the z-direction are given by 

. 



(n-m)! (e-m)! 2 

(n+m)! (l+m)! I =k6, 

I n+l-m 2 (n+l+m)! n + m  2 (n-l+m)! 
2n+ l2n-1  (n-I-m)! 6 +-- 6",, x { 2n+1 2n+3(n+l-m)! 

, n ,m, l , k tO .  [(n +I) - m 
(2n + 1) (2n + 3) 

=4n6, 4 , , 1  + 

Similarly, replacing the cosines in Eq. (3.24) by sines yields 

, n,m,P,ktQ. 
[(n + 1) - m211" tn' -m2]1/2 

(2n + 1) (2n -1) 4+1,,  + (2n +1) (2n +3) 
= 4z8, 

(3.24) 

(3.25) 

It follows from Eqs. (3.18), (3.19), (3.24) and (3.25) that irrespective of the signs of m, k, 

Jz,n..fk = lndQ a, R,(a) R,(W 
[(n+1)* -m2]1'2 [ n Z  _,2]1/* (3.26) 

(2n+1)(2n+3) (2n+1)(2n-l) J"+,,I + =4n6, 

An alternative way to derive the last expression is now given as partial validation. It follows from Eqs. (2.3) - 
(2.5). (3.2) and straightforward algebraic manipulations that 

(3.27) 

Similarly, replacing the cos in Eq. (3.27) by sin yields 



Note that it is implicitly assumed in Eqs. (3.27)-(3.28), and throughout this paper that 

The results in Eqs. (3.24)-(3.26) now follow directly from Eqs. (3.27), (3.28) and the orthogonality property 
Eq. (2.7). Unfortunately, the present authors are not aware of a simple way to derive the expressions in 

IV. CONTRlBUTON FLUX AND CURRENT 
The desired expression of the contributon flux as a function of energy group can be derived from the top part 
of Eq. (1 .I l), the spherical harmonics representations in Eqs. (2.1)-(2.2), and the orthogonality relationship 
Eq. (2.7) and is given by 

Eqs. (3.20)-(3.23). 

The net contributon flux is given from Eq. (1.11) by 

(4.2) 

It is convenient to express the contributon current as a function of energy group by the following expression 
based on Eqs. @.I), (2.2), (3.1) and the top part of Eq. (1.12): 

s = x,  y ,  z . 

It is assumed in the balance of this paper that 

(4.3) 

(4.4) 

It now follows from Eqs. (4.3), (4.4), (3.1). (3.18)-(3.20) and (3.22) that the contributon current along the 
x-direction [s = x in Eq. (4.3)] is given by 





(4.6) 

1 N-I n I 

8Z “4 m=I 

1 N-l n I 

87? n=2 n=2 

+-E E[ (n +m +I> (n+m +2)1’(4n.-m.c (x) @n+1,--1,: (x) + @n+l.-n-l,z (x)@ “.+.I *(x)l 

--2 2 [(n -m +l)(n -m+2)]2 (@,,,-m,r (x) @ n + l . - o l l . ~ ( ~ )  + @,,+l,-wl,g (x) @”,-,,,,:(x) . 

The net contributon current along the x-direction involves summing Eq. (4.6) over all energy groups as 
indicated in Eq. (1.12). 

The contributon current along the y-direction as a function of energy group can be derived from Eqs. (4.3), 
(4.4), (3.1), (3.16). (3.19), (3.21) and (3.23). Starting with Eq. (4.3) it follows that 



. 



i 

The net contributon current along the z-direction involves summing Eq. (4.8) over all energy groups as 
indicated in Eq. (1.12). 

V. RESPONSE FLOW 
The contributon current D is related to forward and adjoint sources and fluxes as shown in Eq. (1.9), and 
has very nice mathematical properties as it satisfies the continuity Eq. (1 .lo) in regions away from forward 
and adjoint sources. Functions that satisfy the continuity property V . D = 0 are referred to as "solenoidal" 
vector functions.'"P.20s For each solenoidal vector function in 2-D x-y rectangular and r-z cylindrical 
problems, there exists a corresponding stream function X whose isolines (plots of constant values) 
correspond to streamlines of particle flow. The streamline function and the contributon current are related by 

This fact and the analogy with fluid flow computations were used to advantage by Abu-Shumays et al.' to 
construct streamlines of patiiile flow, identify dominant flow paths and quantify their relative contributions to 
a response of interest. 

Unlike the situation for 2-D roblems, there is no known streamline function in 3-D such that its isolines are 
streamlines of particle flow! For such 3-D problems, the generalization of the stream function and related 
concepts includes '' a corresponding vector vorticity Lwhich is the curl of D (<E VxD ), and a vector 
potential field Xsuch that 

DE VxX. (5.2) 

In 2-D, 
indeed stand for a streamline function as is expected." The existence of a vector potential field X and 
vector vorticity has important fluid dynamics and electromagnetic applications, but will not be pursued 
further here. A good discussion of vector vorticity is provided by  william^,'^ and will not be duplicated here. 

Once the components along the x- y- and z-directions of the contributon currents D are computed for all 
mesh cells, the contributon paths or streamlines of contributon response flow can be plotted and visualized 
by available software The reader should understand that the streamlines and particle paths 
that can be constructed present only averages of particle paths that provide a general idea of trends in 
particle flow. In reality, the actual path of an individual particle represents a true random walk. 

4-106:11*p~205 %=(O,O,X,)and X,asdeducedfrom Eq. (5.2) produceD, and D,of Eq. (5.1)and 



In addition to streamlines, the concept of flow function was introduced by Abu-Shumays et al.' to quantify the 
relative importance of 2-D flow paths. The basic idea behind a flow function will be used here to quantify the 
relative importance of the various flow paths for a sample of 3-D problems. 

Notefrom Eqs. (1.3), (1.4), (1.9), (1.10) and from the divergence theorem that 

(5.3) 

where V is any volume in space which does not include any forward or adjoint sources, or which includes all 
forward and adjoint sources, A is the closed surface surrounding the selected volume, and n denotes the 
unit outward normal vector to the surface Aat surface element dA. It also follows that 

(5.4) 

where A is any surface which surrounds all the forward source regions but does not surround any part of the 
adjoint source regions. Similarly, 

-fA, D(x).ndA'r-I  V' V.D(x)dx-Response E <VQ*> = < F Q > ,  (5.5) 

where A'is any surface which surrounds all the adjoint source regions but does not surround any part of the 
forward source regions. 

Eqs. (5.3)-(5.5) relate only to integrals over closed surfaces. Of particular interest are expressions for 
external boundary surfaces.' The contributon current D must vanish at a vacuum boundary since either 
y(x, a. E) ,  or V*(x, Q, E )  vanishes there. At a reflecting boundary, the contributon current must be 
tangential to the boundary and may vanish or change signs along such a boundary: Thus, vacuum and 
reflecting boundaries must be tangential to particle paths, and are limits of streamlines or separation 
streamlines. For an infinite medium (obviouslyfor theoretical purposes, as well as for the infinite third 
direction in 2-D problems), both the forward flux and adjoint flux are assumed to vanish, and thus the 
contributon flux and current should also vanish. It thus follows that for any surface A that lies between the 
fotward and adjoint sources. and extends to external vacuum, or reflecting (or infinite) boundaries 

I A  D(x).ndAsResponse s <VQQ*> s <I* Q > ,  (5.6) 

where n is the unit vector normal to the surface and pointing awayfrom the source, i.e. 

D(x).n 5 0, but, D(x).n is not identically zero everywhereon A. (5.7) 

It follows from Eqs. (5.4). (5.6) and (5.7) that the magnitude of the contributon current vector D is equal to 
the response passing through a unit area perpendicular to the direction of D . It also follows that the 
magnitude of a normalized contributon current 

D(x)/Response, 

is the fraction of the response passing through a unit area perpendicular to the direction of Dat location x. 

Note that the response can be computed in several ways based on Eqs. (1.3), (1.4), and (5.4)-(5.7). 
Independent computations of the response should yield identical results in principle, but will dfier due to 
numerical round off. It would therefore be wise to compute the net response passing through at least a few 
planes based on Eq. (5.6) and average the results. 



While it is not possible to define a "unique" flow function, it is possible to obtain quantiiative measures of the 
net contribution to a pre-specified response emanating from certain locations of interest. The ability to obtain 
such measures is of particular interest for shield design optimization. Consider the following example for 
illustration. Assume that parts (a) and (b) of Figure 1 represent two distinct planar cross sections of a 3-D 
problem configuration where the planes are at positions of interest between the fonvard and adjoint source 
locations. Assume that a quantitative measure of the flow of the response passing through each of the sub- 
regions numbered in Figure 1 is of interest. Assume further that the outside boundaries of the planar regions 
coincide with vacuum or reflection boundaries of the 3-D problem (this assumption need not be required, 
especially in a situation where the net response of interest has already been computed). The most practical 
selection, which avoids the need for interpolation, is to require the planes to be orthogonal to the x- y- or z- 
axis and to pass through the centers of mesh cells. The selection of planes passing through centers of mesh 
cells, rather than p&sing through mesh cell boundaries is expected t6yield higher accuracy, sinceathe cell 
average forwadadjoint flux computations are typically more accurate than cell face, or cell boundary values. 
It follows from Eqs. (5.6) and (5.7) that the net response can be approximated by 

ResponseaR(i)= ox([, j . k ) A y j A z , ,  

ResponsesR( j )=  D,(i, j , k ) A z ,  A x i ,  

ResponsesR(k)= D,(i, j , k ) A x i  B y j .  

N 1 j . k  

M k . i  

N1 i . j  

(5.9) 

R ( i ) ,  R ( j ) , R ( k )  in Eq. (5.9) are the computed responses passing respectivelythrough planes i, j ,  k that 
are orthogonal to the x- y- z-directions and passing through centers of the planar mesh cells. 

Each of the planes here is assumed to pass through centers of all mesh cells included in the summation in 
the corresponding part of Eq. (5.9). It should also be clear that it may not be possible to find plane sections 
between forward and adjoint source regions that extend to external boundaries and are orthogonal to one or 
more of the x-, y- and z-ordinate axes. In such a case the corresponding part of Eq. (5.9) would not be valid 
and should be omitted. 

Let R denote the (net) response of interest. Once the (net) response has been computed based on Eqs. 
(5.9), (1.3), or (1.4), or preferably based on averaging computations from several of the options, then a 
normalized response flow vector function can be defined as follows: 

v = v ( x ,  y . z )  = (u, v, w )  E D/Response D I R  . (5.10) 

I 1 5 1  
(a) 12 Regions (b) 3 Regions 

FIGURE 1. Edit Regions for Response Flow Determination 



Physically speaking, v is a normalized contributon current and stands for the fraction of the response due to 
contributon particles that flow through a unit area orthogonal to the direction of v. Contour plots of the 
components of v orthogonal to a plane are expected to indicate the relative importance of contributions to the 
response from particles flowing from different sections of the plane. Plots of the vector field v are expected 
to show actual streaming paths. 

Of particular interest are quantitative measures of the fractions of the net response due to particles passing 
through each sub-region of a plane. Such measures can be computed for the sub-regions of Figure 1 based 
on expressions similar to Eqs. (5.9) and (5.10). Assume for illustration that L stands for one such sub- 
region in either Figure 1 .a or 1 .b, and assume that the sub-region is parallel to the x-y-plane. The fraction of 
the response due to particles streaming through sub-region L is given by 

f (O= I: v , ( i , j , k )Ax ,  Ayl = w(i, j , k ) A x ,  AyI 
(5.11) 

, . ] E S + r q W " ( l )  I. I* S&mgmn(O 

= D z ( i , j , k ) A x z A y l l R .  
, . I =  SUbrrglon(0 

Typical sub-regions !can be the faces of a nozzle, or slices taken at certain locations of particular interest, 
such as locations in regions dominated by potential streaming paths. 

VI. IMPLEMENTATION 
Computation of contributon flux based on Eqs. (4.1) and (4.2). contributon currents based on Eqs. (1.12). 
(4.3) and (4.6)-(4.8), and response flow functions based on Eqs. (5.1)-(5.11) have been applied. Several 
implementation issues are discussed below. 

It is unfortunate that there is no standard for spherical harmonics representations followed by teams working 
on production computer programs. Contrast for example the spherical harmonics adopted in this paper, 
which are the real functions defined in Eqs. (2.3)-(2.9). and the spherical harmonics in Eqs. (2.10) and (2.11). 
which are the complex functions adopted by Oak Ridge National Laboratory. Note also from Eqs. (2.3) that 
in the present paper the polar angle 0 is measured from the z-axis, the azimuthal angle cp is measured from 
the x-axis in the x-y plane, and the direction cosine from the z-axis is given by a, = cos8 =,u . tn contrast, it 
appears that for the Los Alamos PARTISN program: the polar angle 8 is measured from the x-axis, the 
azimuthal angle cp is measured from the y-axis in the y-z plane and the direction cosine for the x-axis is given 
by a, =cos8 = p . Careful review of numerical results obtained from the PARTISN program indicates that 
the x-axis, y-axis and z-axis in PARTISN correspond respectively to the z-axis, x-axis and y-axis in this 
paper. Note from Eqs. (2.1) and (2.2) that the same set of spherical harmonics are used in this paper for 
representing the forward and adjoint fluxes. A careful examination of numerical results also indicates that for 
the PARTISN program the spherical harmonics R,(Q) used for representing the adjoint flux differ by 
(-1)" from the corresponding spherical harmonics used to represent the adjoint flux in this paper. 

The spherical harmonics representation of the forward flux in PARTISN is based on the following expression 
in place of Eq. (2.1): 

2n+l 
Vl , (x ,Q)  =E ~ n {  2 @,,@)R,,(n)+ 2 @,,(x)R.,(Q)). (6.1) 

.a m a  In=-" 

and the spherical harmonics moments are stored in the following order 

The representation for the adjoint flux is given by 



and the spherical harmonics moments are stored in the following order 

* .  e** ; -412 .-e,,: .-4,,-1,; ; em; ,421; ,422; ‘42.-22 .A& 9 

(6.4) 
-@%* 1 -431; , -432: , -433: 7 - 4 3 r 3 . t  3 -h . -2 .g  * -@3.-l.z ; etc. 

Clearly, changes to the order of computations of channel theory parameters need to be made based on the 
transport program being used to obtain foward and adjoint flux moments. For the LANL PARTISN program 
used for the examples in this work, the Computations properly accounted for the order in which the spherical 
harmonics moments are stored in PARTISN, and for the rotation of co-ordinate systems where the polar 
angle is measured with respect to the x-axis in place of the standard z-axis. 

VII. ILLUSTRATIVE EXAMPLES 
Spatial channel theory computations were applied to results from the TXYz and PARTlSN’transport 
programs. Distinct implementations for forward and adjoint flux moments from the two programs were used 
for verification purposes and provided added reliability of the results. Three illustrative examples are 
discussed below. 

A. Example 1 
The first example presented here is a modification to the classic dipole problem>” a Modified Chilton 
Problem where the geometry is infinite in the third direction. The overall geometry consists of a 2.25 x 2.75 x 
1.25 cm parallelepiped of homogeneous material. A uniform mesh spacing of 0.25 cm was used, giving rise 
to a 9 x 1 I x 5 mesh structure. The forward and adjoint source regions have an XY cross section of 0.25 cm 
x 0.25 cm (1 x 1 mesh) and are infinite along the Z-direction. Both sources are isotropic unit sources with 
strength of 1 neutron per cm '/set in both energy groups. 

Vacuum boundary conditions were used at the Y-min and Y-max locations. The four remaining boundary 
conditions were reflecting. Two-energy-group neutron cross section data for the homogeneous material is 
prozided in Table I. The forward and adjoint angular fluxes were computed and converged with a criterion of 
10’ utilizing a fully symmetric SlS quadrature set. 

Table 1. Neutron Cross Section Data (em -’) for Example Problem 1 

Figure 2 provides a plot of the total contributon current in the plane at the mid-point along the Z-direction. 
Vector length is proportional to the current with the appropriate location corresponding to the vector‘s tail. 
This plot shows the contributon currents traveling from the forward (pink) source region to the adjoint (blue) 
detector region. The behavior of the current is analogous to the electric field produced by a positive - 
negative charge dipole. Currents are largest at the centerline connecting the two source regions and 
decrease in magnitude in the direction perpendicular to this centerline. 

Figure 3 provides a 3-D perspective plot of the contributon currents at the mid-point along the Zdirection. 
Currents in the other planes are suppressed for clarity. A contour plot of the contributon current in the XZ- 
plane at the mid-point along the Y-direction is provided. The color-coding shows the areas of highest (red) 
current and lowest (purple) current. Only hall of the fopvard (pink) and adjoint (blue) source regions are 
shown for clarity. 

Figures 2 and 3 indicate that the bulk of the contribution to the response passes through a narrow band of 
mesh cells around the plane joining the forward and adjoint sources. Computation of response flow, Section 



V, show that - 59% of the current at the 2-direction mid-plane passes through the center three mesh 
columns. 

6. Example 2 
The second example is a maze problem similar to the second example by Abu-Shumays et al.' A planar 
view through the 3-D model is provided in Figure 4. The geometry extends 10 cm in the 2-direction with all 
2-planes identical to the one shown in the figure. The mesh along each axis has a uniform spacing of 0.25 
cm. Unit isotropic forward and adjoint source regions occupy the W-planes in the first and last Y-mesh 
intervals, respectively. Vacuum boundary conditions are used for all external faces. One-energy-group 
cross section data for the two materials in this example are given in Table II. The iron cross sections were 
increased by a factor of 10 in order to create a heaq absorber for testing purposes. The forward and adjoint 
angular fluxes were converged with a criterion of 10' . The fully symmetric S, quadrature set was used. 

Table II. Neutron Cross Section Data (cm -') for Example Problem 2 

Water 3.2759 0.0194 3.2565 0.9097 
Iron 11.228 9.328 1 . N O  0.309 

Material ZT ZA ssa s1 

I .  

Figure 5 provides a three-dimensional plot of the contributon flux (response density = 0.015 contributons / 
cm2 - sec) with a cut-away view of the geometry. This flux is highest in water regions where the absorption 
cross section is smallest, indicating the prevalent paths for neutron transport from the source to the detector. 
Figure 6 provides a plot of the contributon current. An examination of the current vector lengths shows a 
drop in magnitude from the center XY-plane to either the front or back XY-planes due to the vacuum 
boundary conditions on these surfaces. Viewing the currents in the same center XY-plane from plane 
centerline to either the left or right edges reveals the same behavior due to the vacuum boundary conditions 
on these surfaces. Figure 7 provides a plot of the most significant contributon streamlines originating from 
the forward source plane and ending at the adjoint detector plane. Results show that the prevalent paths for 
neutrons contributing to the detector (adjoint source) region avoid the heavy absorbing iron regions. The 
contribwton current is color-coded and contours are plotted at three planes cutting the iron absorber regions. 
Red indicates regions of highest current: purple indicates regions of lowest current. The prevalent transport 
paths are located in the red colored regions away from the vacuum boundaries and heavy absorbing regions. 

C. Example 3 
The third and last example presented is a simplified model of a voided duct with rectangular cross section. 
In PARTISN, 211 thousand mesh cells (57 x 57 x 65 mesh) represented this geometry with a maximum 
spacing of 0.4 inches. The forward source region is a cube 5 x 5 x 5 inches located at the origin and 
consists of a zircaloy and water mixture. The adjoint source region is a 7 x 2 x 4 inch parallelepiped of water 
located near the duct outlet. The forward source cube is surrounded by a water reflector cube of 3-inch 
thickness. The reflector is surrounded by a void cube 2 inches thick which in turn is surrounded by a cube of 
iron of 2-inch thickness. This arrangement of cubes is surrounded by a large tank of water with minimum 
dimension of 30 inches. Penetrating the iron shield cube and the water tank is a three-segment duct 
assembly. The bottom horizontal duct segment has a rectangular cross section of 3 x 5 inches. The veltical 
and top horizontal segments each have a cross section of 3 x 3 inches. 

Reflecting boundary condtions are used at the three external faces next to the forward source. Vacuum 
boundary conditions are used for the remaining external faces. Neutron cross section data for the materials 
were treated with an eleven energy group structure that used a P3 Legendre expansion for the scattering 
cross section. The forward source is a U-235 fission spectrum while the adjoint source is unity in all energy 
groups. Both forward and adjoint source densities were 1 neutron per cm3/sec. The forward and adjoint 
angular fluxes were converged with a criterion of 0.01 utilizing a Double Gauss quadrature set with 100 
angles per octant. Flux moments up to P9 were computed and used to construct the contributon flux and 
currents. 



. 

Figures 8 through 11 are various plots showing the contributon current superimposed on the duct geometry. 
Current vectors whose magnitude is less than 10% of the maximum magnitude are not shown. 

Figure 8 shows the currents for energy group 1 along with contributon streamlines based upon the X-, Y-, 
and 2-components of the contributon response current, D . For neutrons in energy group 1 (> 7.7 MeV) the 
absorption cross section in water is small so that the easiest and most prevalent transport path is an almost 
direct line of sight between the forward source and the adjoint detector. This can be seen in Figure 8 with 
the current field and streamline tubes bypassing most of the duct. However, some measurable streaming 
paths do pass through the lower section of the duct. 

Figure 9 shows the currents for energy group 7 (67 keV to 821 keV). Since the absorption cross section in 
water is much larger here than for group 1, the easiest and mosl prevalent transport path is through the 
rectangular duct. Contour plots through the lower horizontal duct segment and the vertical duct segment 
show that essentially all of the neutrons in this energy range that arrive at the detector am transported 
through the duct. For the vertical contour plane shown in figure 9 at Y = 16 inches, - 84% of the response 
flow occurs through the duct. For the horizontal contour plane at Z = 17.5 inches, - 92% of the response 
flow travels up the vertical duct segment. 

Figure 10 is an enlargement of the upper bend in the duct assembly for the group 7 flux. Only the large, 
more significant contributon current vectors are shown. The majority of the vectors indicate significant 
contributon flow up the vettical segment and from left to right through the upper horizontal segment. In the 
bend there are some vectors that show a reversal of transport path, an effect that can be explained by 
reflection from the water surrounding the duct assembly. 

Figure 11 provides contour plots of the contributon current for energy group 1 through the lower horizontal 
duct segment and the vertical duct segment, analogous to those in Figure 9. These plots show that most of 
the neutrons are bypassing the lower segment. For the vertical contour plane shown in figure 11 at Y = 14 
inches, - 29% of the response flow occurs through the duct. For the horizontal contour plane at Z = 20 
inches, - 22% of the response flow travels up the vertical duct segment. 

VIII. CONCLUDING REMARKS 
The spatial channel theory technique has been extended to three-dimensional x-y-z geometries, and three 
illustrative examples am provided above. The various results were plotted using available visualization 
software.” 

As demonstrated with the examples in this paper, the three-dimensional version of spatial channel theory 
can furnish additional insight into the radiation transport process that is not available from either a forward or 
an adjoint calculation by itself. This conclusion is similar to that previously reached for two-dimensional 
channel theory:5 As the streamline methodology proved to be invaluable for 2-0 analysis, the response 
flow edits discussed in this paper can provide important quantitative insight for 3-D analyses. 
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FIGURE 2. Contributon Current Plot in the Plane at 
the Mid-Point Along the 2-Direction for Example 1. 
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FIGURE 3. Contour Plot of the Contributq& 
Current at Y-AXIS Mid-Plane Super impoe 
with Contributon Current Vectors at &Ax& 
Mid-plane for Example 1. Partial Forwardr 
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FIGURE 5. Camtiiiim mu; plot Tor :i 
Example 2 Showing lsosurface Value 
of 0.015 Contributons per cm*-sec. 



1 

1 

t:p~; 
FIGURE 7. Streamlines at the &Axis Mid- 

FIGURE 6. Contributon Current Vec ?.-".. Current Planar Plots through the Midpoints 
st the Z-AXIS Mid-Plane for Wmple  2. .," of the Three Heavy-Absorbing Iron Regions. 
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FIGURE 8. Group 1 Contrlbuton Current and 
StreaMnes for Example 3. Forward Source 
Is "pink" Cube In Lower Left Corner. 

FIGURE 9. Group 7 Contributon Current 
wlth Contour Slices Through Duct 
Segments for Example 3. 
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FIGURE 10. Contributon Current Plot for 
Energy Group 7 in Duct Corner Nearest Outlet. 
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FIGURE 11. Group 1 Contributon Current 
with Contour Slices Through Duct 
Segments for Example 3. 


