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1.0 SUIWMARY OF OBJECTIVES
We propose to continue our collaborative research focused on advanced technologies for
subsurface contamination problems. Our approach combines new multi-phase flow theory,
novel laboratory experiments, and non-traditional computational simulators to investigate
practical approaches to include interfacial areas in descriptions of subsurface contaminant
transport and remediation. Because all inter-phase mass transfer occurs at fluid-fluid interfaces,
and it is this inter-phase mass transfer that leads to the difficult, long-term ground-water
contamination problems, it is critical to include interfacial behavior in the problem description.
This is currently lacking in all standard models of complex ground-water contamination
problems. In our earlier project, we developed tools appropriate for inclusion of interfacial areas
under equilibrium conditions. These include advanced laboratory techniques and targeted
computational experiments that validated certain key theoretical conjectures. However, it has
become clear that to include interfacial behavior fully into a description of the multi-phase flow
and contamination problems, the Molly dynamic case must be considered. Therefore, we need to
develop both experimental and computational tools that can capture the dynamic nature of
interfacial movements. Development and application of such tools will allow the theory to be
evaluated, and will lead to significant improvements in our understanding of complex subsurface
contamination problems, thereby allowing us to develop and evaluate improved remediation
technologies.
We propose to combine theoretical, experimental, and computational research efforts to achieve
the following goals:
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Develop new experimental techniques to measure interface dynamics, under
realistic conditions of movement in porous media.
Develop new computational algorithms that properly incorporate interface
dynamics, and that include wedges and films of wetting fluid.
Test existing theory and develop new theory, in conjunction with the experiments
and the computations, to provide practical definitions to fundamental terms like
dynamic capillary pressure and average interfacial velocity.
Synthesize the results of the experimental, computational, and theoretical
investigations to develop a new model for multi-phase flow and contaminant
transport in contaminated soils and ground waters. Compare this new approach to
standard methods and evaluate the potential improvements in terms of soil
characterization and remediation evaluation.

The results of this research will provide guidance regarding fundamental questions of
remediation efficacy. We will examine how interfacial areas need to be characterized, and under
what conditions their dynamics need to be included in practical analyses of subsurface
contamination problems, Given that these interfaces are the source of contaminants to the
aqueous phase, it is important that we continue our ongoing investigations of the role of these

interfaces in contamination problems, the influence of dynamics in their overall description, and
the significance of their evolution during important problems like dissolution of non-aqueous
phase liquids and their subsequent long-term environmental transport. The proposed research
will allow us to extend our earlier work on equilibrium relationships between inter-facial area,
capillary pressure, and saturation, to include the critical component of interface dynamics.

2. INTRODUCTION
The subsurface environment is critical to many important environmental processes, from water
storage and transmission, to nutrient cycling, to global energy balances. Human activities that
involve use of earth resources, such as agricultural practices and fossil energy production, are
central to modem human existence. However, these activities also introduce contaminants into
the subsurface environment, and produce other detrimental environmental effects. In order to
realize the beneficial uses of environmental resources, while mitigating the anthropogenic
consequences of those activities, certain basic knowledge is needed regarding the mechanisms (
fluid and contaminant movement in the subsurface.
The desire to exploit resources, and the concomitant need to mitigate detrimental environmental
effects associated with such exploitation, has fueled much of the ongoing research into
subsurface flow and transport processes. This has had, and continues to have, significant
scientific implications. But it also has enormous economic implications. The legacy of
environmental problems resulting from production of nuclear weapons at Department of Energy
sites has been well-documented (DOE, 1989; 1995). Contamination of soils, sediments, and
ground water with non-aqueous-phase liquid (NAPL) pollutants is one of the most widespread
problems for both DOE and the nation at large. The volume of contamination at DOE facilities
exceeds 2500 billion liters of contaminated ground water and 200 million cubic meters of
contaminated soil (DOE, 1995). Spread over 130 installations, the life-cycle clean-up costs are
expected to exceed 300 billion dollars and take up to 100 years to complete. While evolving
technologies provide some hope for significant improvements in these estimates, many research
questions remain to be answered before these figures can be’brought into a manageable range of
both cost and time.
We have been addressing the general problem of NAPL migration in subsurface environments
using a combination of theoretical developments, novel laboratory experiments, and specific
computational modeling. These have highlighted the importance of interfacial area, and
provided tools to quantify this variable, to assess its importance, and to incorporate it into models
that include fundamental underlying processes such as inter-phase mass transfer and dissolution
of NAPL’s into flowing ground waters. Research we have pursued collaboratively under
previous DOE funding is described in the next section. We then present motivation for the
current proposal, including descriptions of the problems we propose to solve. This is followed
by a list of specific research tasks to be pursued in the proposed research. We believe that the
theoretical results are now well described, that new experimental techniques will allow for rapid
measurements of important variables, and that new computational models will allow us to
address important issues related to interfacial dynamics and their effects on the overall flow
system.

3. PREVIOUS RESEARCH BY PI’S UNDER DOE FUNDING
The simultaneous flow of multiple fluids in the subsurface is central to problems in the
unsaturated zone, and to a variety of problems in the deeper subsurface. These problems are
characterized by the existence of multiple fluids, each of which exists at a different pressure. At
the pore scale, fluid-fluid interfaces separate the fluid phases, and serve to support the pressure
differences via interfacial tension. While these interfaces play a central role in multi-fluid
porous media systems, they have received remarkably little attention in the historical literature,
and terms involving interfacial area are absent from all classical equations of multi-phase flow.
In part this can be attributed to the difficulty in measuring interfacial areas, and in part it can be
attributed to the complexity of the theory associated with inclusion of interfacial areas.
In our previous DOE project, each of the PI’s contributed to a concerted and coordinated effort to
expand our understanding of the roles played by fluid-fluid and fluid-solid interfaces. We
developed techniques to measure interfacial areas in porous media, to incorporate certain
interfacial area terms into the governing equations for multi-phase flow, and to develop novel
computational tools to quantify interfacial areas and to explore and test certain theoretical results.
The theoretical results built on the earlier volume averaging approach developed by Gray and
coworkers (Hassanisadeh and Gray, 1993). The new results have shown that specific interfacial
area, defined as total interfacial area per unit volume of porous medium, must be included in the
thermodynamic description of the multi-phase system. If specific interfacial area is not included,
then obvious thermodynamic inconsistencies arise (see Gray et al., 1999). Only when interfacial
area is included in the description, along with other geometric measures like phase saturation,
does the resulting set of governing equations conform to physical observations. The proper
incorporation of interfacial areas into the theory is accomplished through the development of
conservation equations for those interfaces, followed by postulation of a constitutive theory that
closes the equation set. These extensions of current practice that allow for improved description
of the system physics carry with them the burden of the need for additional information to
quantify parameters in the constitutive equations. Thus the theory has been performed in
conjunction with network modeling and experimental investigations designed to provide those
parameters and some macroscale thermodynamic relations.
While the theoretical results point to the need for a wide range of experimental measurements,
until recently there have been essentially no experimental techniques to determine interfacial
areas. Montemagno and coworkers (Montemagno and Gray, 1994, Montemagno and Yu Ma,
1999) developed a novel experimental procedure to measure interfacial areas within a sample of
porous medium based on non-destructive imaging. Non-destructive imaging technique has gain
extreme interests and development during past 30 years. But most of the matured techniques
including X-ray tomography (Wang et al. 1984) and magnetic resonance imaging (Zeev et al.
1993) suffer from limitations in resolution (at the order of mm) regarding to the pore-scale
characterization of the multiphase system that may require micron meter resolution.
Fluorescence microscopy (FM), including conventional FM and Laser Scanning Confocal
Microscopy (LSCM) is only suited for the study of specimens which are thin in the z direction
due to their limited working distance (the longest z distance from the focal plane to the
objectives)( - 2OOpm) (Pawley, 1990). While the study of multiphase flow in porous media
requires a larger working distance to insure statistical representative measurement and to

eliminate sample boundary effects. Developed by Montemagno
and Gray (1994),
Photoluminescent Volumetric Imaging (PVI) system provides a non-destructive and high
resolution obtaining of 3D micro-geometry information in the form of 3D digital images over a
Representative Elementary Volume (REV) in both x-y and z-x planes.
A typical PVI experiment includes a modeled transparent multiphase porous media system. The
porous media system is comprised of optical-quality quartz sand and two or more immiscible
fluids matched to the refractive index of quartz sand. The fluids are doped with propertyselective fluorophores that are excited by electromagnetic energy in the form of coherent laser
light sheets. Excitation patterns within successive sheets of laser light are then captured as
computer images. To allow the solid, non-aqueous, and aqueous phases to be distinguished in the
data collection process, both of the fluid phases must be doped with fluorophores with different
Stoke shifts.
An optical schematic of the PVI measurement system is illustrated in Fig. 1. To acquire an
image, first a single-frequency coherent light beam is generated with an Argon-ion laser. The
laser beam has a wavelength of 488nm with a total power of approximately 750mW. This 1Smrn
light beam is then expanded to a diameter of 25mm with a collimating beam expander. The
expanded light beam is then collapsed along the y-axis by a long focal length cylindrical lens to
form a light sheet. This light sheet is focused to achieve a y-axis thickness of 2Ow over a length
of approximately 15mm and a height of 3Omn-r.The light sheet is then directed through the
measurement cell orthogonal to the imaging system.
Sample

Fig. I Schematic of PVI system
The imaging system consists of a long-range (about 12cm working distance) microscope and a
spectral filter assembly, which is interfaced to CCD camera that acquires the image. After each
image is recorded, precision translators move the measurement cell to reposition the focal plane
of the laser light sheet within the sample volume so that another image may be recorded. The
translators used in the described apparatus will position the measurement cell to a precision of
1OOnm with a repeatable accuracy of 1pm over a 25n-m translation. Typical resolutions of the
whole system of 5pm and over volumes greater than 120mm3 have been achieved.
Figure 2 (a) shows an original PVI image in gray level.
With the development of the pore scale imaging technique, quantitative image analysis tools are
in great need and are key points in obtaining valid measurements from the raw data. Before
saturation, phase interfacial area, pore structure can be measured directly from the image, noises
have to be first eliminated and the image need to be segmented into interested components such
hlc. comiiercia- 1 software
as solid phase, wetting phase and non-wetting phase. Because no avai‘1aulb

is capable of accurately analyzing the produced images, new noise elimination and automatic
image segmentation algorithms were developed and implemented by Montemagno and
coworkers (Ma and Montemagno, 1998; Montemagno and Ma, 1999; Montemagno and Ma,
2000). The major noise of PVI images comes from a non-perfect index match of the fluids and
solid phase. The noise appears in thin strips in the image. Common techniques such as mean and
Fourier Transform filtering do not yield acceptable results because the fine geometries present in
the image are severely affected and distorted. A spatial filter sensitive to the thin strip pattern
was designed and the noise in the image was filtered without a significant reduction in the
geometric information present in the image (Montemagno and Yu Ma,1999). Figure 2(b) shows
the resulting noise-reduced image.

(a) Original PVI image in gray level

(b) After noise elimination
Figure 2

Segmentation of the PVI Images into the various phase components was difficult due to the fact
that the all of the image metrics varied with intensity through out the image. Thus no simple
threshold value can be found for automatic segmentation. Montemagno and coworker (1999)
developed a dynamic segmentation algorithm both in gray scale and RGB space. The algorithm
is based on the local statistics of image intensity and thus overcomes the non-homogeneity
problem. Figure 3 (a) shows an original PVI image in RGB, in which green color is for the
nonwetting phase, red color is for the wetting phase and the dark color for the solid phase. Figure
3(b) shows the segmented components with white color stands for nonwetting, gray for wetting
and black for nonwetting phase.

w

(a) One slice of PVI (red:wetting; green:
nonwetting; darkxoild)

(b) Segmented (gray: wetting; white:
nonwetting; black: solid)
Figure 3

After segmentation, the interfacial areas between wetting and nonwetting (awn), wetting and
solids (a,,) and nonwetting and solids (ans ) can be computed from the image. Traditional
method used in computer graphics is based on a marching cube algorithm which uses tessellated
triangles to simulate the surface. The areas of the triangles are added to produce a measure of the
surface area. Unfortunately, this method is very sensitive to surface noise which is quite common
in digital images because of digitizing error. This noise becomes most significant when the
object is small in size such as the interface between two fluids in a pore throat. We used a novel
approach to compute the interfacial area by adapting the relationship between specific surface
area and the 2-point correlation function proposed by Berryman (1987).
Under the assumption of statistical homogeneity of the porous media, assume f(x’) =0 OYI is a
binary function describing the characteristic of the porous media. Whenf(‘Z:)=I, 2 is in the pore
space and whenf(Z) =O, x’ is in the solid space. Then the 2-point correlation function of the
porous media is defined as:
c, = jp)/(rn+

F)& = FiT’[F(ii)F(~)]

Angular Average of the correlation function:

Specific surface area:
a=-41im.!!td!?

r-a

dr

C$F) and A2 are computed directly from the digital images using FFTs.
By using this technique the specific areas are computed by using all information associated with
the object instead of only using its surface, consequently a more accurate measure of its surface
can be expected. This was demonstrated through experimentation (Montemagno & Yu Ma,
1999).
However, direct application of the Berryman relationship can only determine the specific area
between 2 components. The Berryman relation between specific surface area and the 2-ponit
correlation function is based on the analysis of binary images in which the image can only have
two components with pixel values of 0 or 1. To calculate the specific surface areas between more
than two components (eg. wetting, nonwetting phases and solid), a new transform was
developed.
Assume there are P components in the image F of &fxN. Then F can be transformed into P new
images which are represented by 2 =@I, Z2,Z3, ...2,) in which & is a binary image consists of
two components: component k as 1 and the remaining components as 0. If we calculate the
specific surface areas from 21, 22, 23...&, the values we get are the specific areas between the
component k and the remaining components. We use ah to stand for these values, in which r
represent the remaining components k=1,2,,,P. The following P equations can be derived
straightforwardly:

ah7 = C ahi
irk

where k=1,2, ...P
With ab computed from the 2-point correlation function of the transformed image Zl,Zl.. .Zp ,
these linear equations can be solved. In the case of three components: wetting fluid, non-wetting
fluid and solid, the solution is the following:
aws=(awr-anr+aJ/2
ans=(asr-awr+anJ~2
aMjn=(awf-asr+anJ2
where a,,, a, and q, represent the specific surface areas between non-wetting and the remaining
(solids plus wetting), wetting and the remaining (non-wetting plus solids) and solids and the
remaining (wetting plus non-wetting) components respectively.
The development of the discussed image processing algorithms has resulted in the accurate
measurement of phase interface areas using the PVI experimental methodology and the
enhancement of our ability to extract the geometric information necessary to generate realistic
pore network systems. These achievements directly supported the recent advances in pore-scale
network modeling resulting from the efforts of Celia and coworkers (Dahle and Celia, 1999;
Held and Celia, 2000).
Even though the PVI technique provides a fascinating approach for measurement of inter-facial
areas and characterization of the pore space, it is extremely time consuming and difficult to
implement the displacement experiments. Because many measurements are needed to perform
just one complete experiment, alternate approaches are clearly needed. To address this need,
specific computational models have been developed by Celia and coworkers (Reeves and Celia,
1996; Rajaram et al., 1997; Celia et al., 1998; Gray et al., 1999; Fischer et al., 1999; Held and
Celia, 2000a,b,c). These models are based on explicit representation of the pore space and
subsequent tracking of every individual fluid-fluid interface through the pore network. These
tracking calculations, based on an assumption of interface equilibrium, move the interfaces from
one equilibrium state to another. Once this is accomplished for all interfaces, for an imposed set
of fluid pressures, the percent of the pore space occupied by each fluid can be computed. This is
the fluid saturation. Given a definition of capillary pressure as the difference between the phase
pressures (assume two fluid phases), the data pair of phase saturation and capillary pressure
provides one data point in the traditional relationship between saturation and capillary pressure.
The resulting relationship between saturation and capillary pressure exhibits all of the
characteristics observed in experiments, including finite entry pressures, nonlinearity, hysteresis,
and nonzero residual saturations. These models provide good estimates to measured curves for
unconsolidated materials (Rajaram et al., 1997; Fischer and Celia, 1999). They also provide
good estimates to other standard nonlinear relationships such as relative permeability as a
function of saturation. While these results are intriguing, one of the most powerful uses of these
kinds of models involves quantification of variables that cannot be measured. Because each
fluid-fluid interface is defined explicitly, interfacial areas may be calculated readily. By
including interfacial areas with the saturation and capillary pressure values, relationships
between these three variables can be derived. This has allowed us to explore questions regarding
the nature of hysteresis, the possibility that hysteresis can be eliminated with an expanded view

of the multi-phase system, and the underlying definition of capillary pressure as it applies to
practical multi-phase systems. We have also expanded our calculations to include additional
variables, such as measures of contact line lengths, where the contact line is defined as the line
defining the intersection of two fluid and one solid phase.
In the work of Fischer and Celia (1999), which expands on the earlier work of Rajaram et al.
(1997), we considered how relatively standard measurements involving the main branches of the
PC-S relationship can be used to estimate pore-size distributions for both the pore bodies and
pore throats. In Fischer and Celia (1999), as well as Fischer et al. (1999), an automated
optimization procedure is presented which derives the appropriate pore-size distributions by
including the pore-scale simulator as part of the algorithm. This greatly improves more
traditional approaches that are based on simple bundles of tubes. To test the efficacy of the
estimation approach, we used the resulting network model to predict both relative and absolute
permeabilities for a variety of porous media types. Results demonstrated that for unconsolidated
materials, very good results were obtained. We parameterized the resulting relationships using
the standard procedures of soil physics, based on the van Genuchten models, and found excellent
behavior for van Genuchten exponent, YE,greater than about 3. For lower values, the pore-size
distributions were less successful. Our overall experience indicates that in this range of materials
with lower n values, we need to include strong spatial correlation and, for lower n values, largerscale structure into the network. We are continuing to pursue solutions to this problem, in the
context of physically-based displacement rules and network descriptions that include more
complex structures.
One of the intriguing conjectures that has arisen from the theoretical work involving interfacial
areas is the idea that hysteresis between drainage and imbibition may be eliminated by proper
inclusion of inter-facial area in an expanded representation of the traditional relationship between
capillary pressure and saturation. That is, the surfaces that define the expanded relation
involving PC, S, and A, when defined for drainage scanning curves and for imbibition scanning
curves, should coincide in the case of no hysteresis. Our initial efforts to test this conjecture
showed that hysteresis in fact is not eliminated: the drainage and imbibition surfaces defining the
relationship between PC, S, and A did not coincide, despite the fact that they are smooth and well
behaved. However, we have recently reexamined this question by making use of the following
observations. When the process of imbibition is modeled, the mathematical rules for when a
fluid-fluid interface will invade a particular pore element are complicated by several physical
mechanisms that are not present in the drainage process.
The two significant mechanisms are snap-off (or choke-off), and local fluid configuration. Snapoff refers to a process whereby pore throats may fill with wetting fluid, ahead of any invading
front of wetting phase. While this process is relatively well understood, its mathematical
description involves certain parameters that need to be determined. These parameters have been
estimated by several different research groups. Each has measured different values, leading to a
range of values that are considered to be physically plausible. Similarly, the effects of local fluid
configuration have also been quantified, and again a range of parameters appears to be physically
plausible.

In our earlier tests for hysteresis, we chose one set of parameters to describe the imbibition
process, and used those parameters in all of our simulations (see, for example, Reeves, 1997).
We have recently reexamined this issue by asking the following question: Is there a set of
physically plausible rules for both snap-off and local fluid configuration, for which hysteresis
between drainage and imbibition is eliminated in the expanded relationship between PC, S, and
A. We found that for the pore network under study, which corresponded to a fairly uniform
sand, that in fact we can find a plausible set of parameters for which hysteresis is eliminated.
This work is described in detail in the publication Held and Celia (2000a). This research, driven
directly by the theoretical work of Gray and coworkers, has a number of possible implications. In
particular, the expanded set of governing equations may ultimately lead to a simplified
description of the system by elimination of hysteresis effects that are prominent in traditional
descriptions of the system.
In the paper of Held and Celia (2OOOa),we also presented relationships between contact line
length, capillary pressure, and saturation. This is the first time contact line has been quantified,
and the first time its functional dependence has been explored. We found that behavior of
contact line length was similar to that of interfacial area, both in terms of its functional
dependence and in terms of its hysteretic behavior. When we eliminated hysteresis in interfacial
area between drainage and imbibition, we also eliminated hysteresis in contact line length. This
implies that inclusion of contact line length in equations for multi-phase flow may add little to
the overall system description, because the overall effects are already captured by the interfacial
area terms. Again this points to potential simplifications in the new theory.
We have also used the network models to examine the fundamental definition of capillary
pressure, and how it should be defined in practical terms. That is, if we have a description of the
porous medium such that explicit locations of all interfaces are known, and fluid pressures have
been calculated, how should the volume-averaged capillary pressure be co’mputed? Traditional
laboratory measurements use imposed boundary pressures as the phase pressures for individual
fluids. In Held and Celia (ZOOOb),we have shown the regions of saturation where this definition
is acceptable. More importantly, we have shown the conditions under which this definition is
not applicable. We have redefined volume averaged capillary pressure, based on extensive
discussions with W. Gray and C. Montemagno, as the area1 average defined over all fluid-fluid
interfaces. Given this definition, we defined (for the f%-sttime) the complete PC-S curve,
including saturation ranges between residual and zero saturation. In addition, we calculated
interfacial areas and relative permeabilities in this range of saturations. Among other things, we
observe that capillary pressure is not unbounded, as is usually shown on PC-S curves in virtually
all textbooks and research papers. There are definite bounds, which can be computed directly by
the network model (given our modified definition of PC). We also observe that the PC-S curve no
longer remains monotonic, in the extended saturation region. This may have implications for
traditional simulators, which involve the derivative of saturation with respect to PC as a
coefficient in the equations. These traditional equations cannot apply to the region between
residual and zero saturation for any fluid phase. While we have chosen a heuristic definition of
average capillary pressure, which seems to be the most plausible, we still have not reconciled
this ‘practical’ definition with the theoretical defmition involving derivatives of free energies. If
we are to move to calculations of dynamic capillary pressures and include interface dynamics

(see discussion below), this definition needs to be examined more closely, and theoretical
guidance needs to be developed for the computational models.
The calculation of PC-S-A (and relative permeability) relationships that covered the entire range
of saturations required a physically-based mechanism to achieve saturations below residual. To
this end, we developed a model for dissolution of a residual phase in the presence of a flowing
phase. Notice that this allows us to compute the capillary pressures and saturations, as well as
interfacial areas, over the saturation ranges of interest. It also provides us with much more
information regarding dissolution dynamics for non-aqueous phase liquids Q&APL’s). In Held
and Celia (2OOOc),we describe our algorithm for dissolution and subsequent miscible transport
in the aqueous phase. Included in this is our first attempt to incorporate interfacial dynamics, in
this case driven by mass loss due to inter-phase mass transfer. This interface algorithm is based
on a simple volume balance, constrained by local pore geometry. However, the displacement
algorithm used to generate the residual saturation was still based on quasi-static displacements.
While we have continued to use traditional, quasi-static network models to investigate
fundamental questions about the new theoretical results, we have also recognized the need to
expand the kinds of network models that we are using. To this end, we began to develop an
entirely new set of computational network model, to allow incorporation of realistic geometric
descriptions, and to incorporate interface dynamics into the simulators. The network geometry
in these new simulators is very general, allowing for a variety of pore elements and an arbitrary
connectivity of those elements. These models have been written to interact directly with the pore
imaging that is possible with the advanced techniques developed as part of the experimental
efforts of this proposal. We have also recognized the importance of dynamics in regard to
interface movement. In part this is driven by fundamental questions regarding time scales and
assumptions of equilibrium, and in part it is driven by the need to quantify certain terms in the
equations that arise from the new theory. These terms include average interfacial velocities as
well as net generation of new interfacial area.
As the research pursued under this project proceeded, it became apparent that dynamic models
were needed. As such, we began to investigate them, while pursuing the more central
computations associated with the traditional quasi-static models. We took this research in
several directions, some of which form the basis for the renewal proposal. First, we added some
simple dynamics associated with mass transfer across interfaces and subsequent dissolution
dynamics, as described earlier (see Held and Celia, 2000~). We have also looked quite closely
into different algorithms that allow for inclusion of interfacial dynamics. Our first efforts are
described in Dahle and Celia (1999), which reports on a careful, and quite complex, algorithm to
track fluid-fluid interfaces dynamically throughout the pore network. Details of the algorithm
can be found in the cited publication, and are also summarized in the associated renewal
proposal. A subsequent comparison of two different algorithms is reported in the recent paper by
Celia et al. -(2000). That paper is also discussed in the renewal proposal. At this point, we feel
that the options for development of a fully dynamic algorithm are clear. Models used to date are
not sufficient to answer the relevant questions associated with interface dynamics, so that we
need to develop dynamic models that go beyond what has been done to date. In particular, our
dynamic models need to include general geometric structures, to accommodate digitized images
provided by PVI, and they need to include wedges and films of wetting fluid, because these are

clearly important to certain dynamic processes. We feel that the experience we have gained
under the previous proposal has put us in an excellent position to continue work on dynamic
network models. Specific details of the different models, and our proposed approach to
construction of an appropriate dynamic model, are presented in the renewal proposal. Given the
innovations in measurement technologies that have resulted Tom the Cornell portion of the
research, we are in a unique position to evaluate the dynamic models by comparison to
experimental results that can be obtained quickly and relatively easily. We believe that we are
positioned to provide ‘fundamentally new insights into the dynamics of fluid-fluid displacements
in porous media, and to investigate the importance of these dynamics in the overall mathematical
description of multi-phase flow systems.
Realization of the potential present in the new pore-scale models required a means of
constructing model pore networks that accurately represent the geometry of real porous media
and a method for the rapid experimental verification of the modeling. Our group has
accomplished this through the creation of a new generation of 2D micromodels and the
development of a new image processing algorithm for mapping the topology and geometry of
real pore space into a thin line representation suitable for pore-scale network modeling.
Pore network representation of porous media from images has traditionally been done through a
process called ‘Skeletonization’.
Skeletonization has been an active research area in computer
vision motivated by its usefulness in data compression and pattern recognition. Its basic idea is
that of eliminating redundant information while retaining only the topological information
concerning the shape and structure of the object that can help recognition. Most skeletonization
algorithms can be categorized into: (1) iterative thinning (IT), which deletes successive layers of
pixels on the contour of the interested object until only a skeleton remains; (2) distancetransform-based thinning (DT), which involves determination of the centers of maximal
discs/spheres inscribed in the object. The latter method is also referred to as ‘Medial Axis
Transform’. The resulting ‘skeleton’ can be viewed as the central lines or local symmetry axis of
the pore space. The term ‘medial axis’ is also used to denote the local maxima of the distance
transform of the image.
Even though this technique has been studied extensively, skeletonization is nontrivial in practice.
Selection of the appropriate skeletonization algorithm is application dependent and the
appropriateness of the results needs to be carefully examined. Even though IT algorithms are
easier to implement, they are non-isotropic. In the situations that the objects have highly
convoluted boundaries and are subject to quantization noise, connectivity and geometry may not
be preserved. The reason is that only a local 3x3 window is examined in most algorithms, this
makes the algorithm incapable of providing global, structural information and results in spurious
end points or excessive erosion (broken paths in the skeleton). Although various means have
been developed to prevent these problems, most of them involve a tradeoff between spurious
branches and excessive erosion.
On the other hand, distance transform based methods are better at preserving connectedness but
are more sensitive to contour noise (Lam et al. 1996). In its implementation, when the local
maximums of the distance transform is determined inside a 3x3 window, it may not directly form
a connected and unit-width thin line. Thus problems arise when trying to obtain a connected and
unit-width skeleton. Most distance transform based algorithms require complicated post-

processing including linkage of the broken local maximums, which may incur additional error.
The major factors affecting the accuracy are the distance measure used and the method used to
find the local maximums of the distance transform (ridge finding).
The requirements for a good skeleton representation pertaining to pore-scale network
constructions are that it must:
(1) preserve the connectivity of the pore space.
(2) preserve the geometry of the pore space.
(3) be isotropic or rotationally invariant.
(4) be one pixel /voxel wide (unit-width).
Most available algorithms in literature are motivated by those tasks in computer vision such as
character recognition other than pore network construction. The latter has far more complicated
object geometry and pays more emphasis on the correctness of overall pore-pore connectivity.
Several thinning algorithms including IT based and distance transform based algorithms have
been investigated and tried on PVI images, but none of them gave desired performance or they
require complicated post-processing.
Montemagno and coworker (Montemagno and Yu Ma, 2000) developed a new distance
transform based method for extracting pore space skeleton from digital images. The method
employs a fast Euclidean distance transform of the binary image of porous media coupled with a
new dynamic algorithm of ridge finding. The new ridge finding algorithm preserves better
connectivity of the overall pore space and does not need a subsequent linkage operation. The
small features on the contour that result in disjointed small branches from the major skeleton and
can be eliminated easily. Same as most distance transform based method, the resulted skeleton is
further reduced to one pixel width. The network information is then extracted directly from the
’ skeleton. This method assures good connectivity. Figure 4(a) shows the final skeleton
superimposed on the segmented PVI image. The result shows that the new algorithm produced
good preservation of connectivity and geometry of the pore space.

(b) Volume partition for individual pore
(a) Skeleton of pore space superimposed
on PVI image
Figure 4

From the skeleton of the pore space, the connectivity of the pore space, the locations of the pore
bodies, the narrowest sites of the pore throat and the pore volume can be extracted. The junctions
of the skeleton are regarded as the pore body locations. The pore-pore coruie&viQ- is directly

determined by following the skeleton starting from a junction until other junctions are met.
Besides junctions, a pore body may reach to an end pixel that may represent the smaller
geometry features of the pore space. There is no rule for the extent these features should be
included in the network. Further study is needed in this aspect. The end pixel is also recorded in
our work. The locations of the narrowest site and the narrowest distance along the connection
between two pore bodies are found at the same time.
A relatively difficult parameter to identify is the area (2D)/volume (3D) of each pore and the
radii of pore bodies. In commonly used network models, the pore bodies are idealized as circular
or spherical shapes and the pore throats are idealized as biconical or cylindrical shapes. While
the pore space in real porous media has far more complicated geometry. There is no clearly
defined mapping between these two representations. Bakke & Oren (1996) used an average
radius for the pore bodies. The contour is searched from the center point of geometry with a
rotating radius vector and the searching radii are averaged. This method gives a very coarse
approximation and may not be accurate even though ‘abnormally’ long radii are eliminated
because there is no clear and global rule for determining the ‘abnormally’ long radii and only a
limited number of sites along the contours are searched.
Montemagno and coworker (Montemagno & Yu Ma, 2000) developed a method of calculating
the pore area/volume based on the partitioning of the pore space. It is reasonable to regard that
the area/volume of the pore space is partitioned and assigned to each pore. By taking advantage
of the skeleton and the original binary image, the partitioning is done automatically in the
following steps:
(1) The mid-location along each connection between two pore bodies is identified as a partition
site and the tangent of the connection line at this mid-location is computed.
(2) For each pore body, perpendicular lines/planes (partition lines/plane) are drawn from its
partition sites. The line/plane stops when it hits the contour of the pore space or it meets with
another partition line/plane.
(3) A filling algorithm calculates the area/volume enclosed by the partition lines/planes together
with the contours of the pore space.
Figure 4(b) shows the area partitioned and assigned to one pore. The calculated area/volume
above is the area/volume of an individual pore. It can be further assigned to its representing pore
body and pore throats by additional rules related to the specific architecture of the network
model. Based on the parameters extracted above, a well-defined and complete network model is
constructed. It will be studied and compared with other network models in further proposed
study.
Rapid verification of the modeling results will be accomplished with the newly developed 2D
micromodel system. The micromodels are fabricated out of silicone elastomer from a mold
microfabricated from a PVI or other digital image of a porous medium. A mask is first created
from the digital image of a porous medium. The mask is then used to selectively expose
photoresist on a silicon wafer. The wafer is then plasma etched to finish the creation of the mold.
Micromodels are then fabricated by first curing a silicone elastomer on the surface of the mold
then removing the elastomer from the mold.

Using this process we are able to fabricate micromodels in large quantities rapidly (~2 hrs),
cheaply (< $10.00 ea.) with a very high fidelity to the original porous media structure (feature
size ~1 pm), In addition we can functionalize the surface of the porous media to make it either
water or oil wet, or to make it biologically or chemically active. This new technology provides
the opportunity to not only explore the dynamics of multiphase flow but also for the first time to
discriminate between biological/chemical and physical processes on the flow of multiphase
fluids and the transport of colloid sized particles. Below (Figure 5) is an image of the pores in a
2D microflow cell constructed fi-om a PVI image and an actual flow cell.

(a) Image of pore space in a 2D microflow cell.

(b) Actual elastomer 2D microflow cell
Figure 5

4. MOTIVATION

FOR CURRENT PROPOSAL

Standard theory of multi-phase flow in porous media has as important dependent variables the
pressures of individual phases, and the relative saturation of each phase. The phase pressures are
implicitly defined as volume-averaged pressures, while the saturation is defined as the
percentage of pore space occupied by a fluid phase. To close the set of mass and momentum
balance equations, the traditional approach assumes that capillary pressure, PC, is equal to the
difference between the nonwetting and wetting phase pressures. Capillary pressure is then
assumed to be related algebraically to the phase saturations. This assumption of an algebraic
relationship implies that changes in one of the variables (S or PC) results in instantaneous
changes in the other.
The new theory developed by Gray and coworkers (Hassanizadeh and Gray, 1993) points out
inconsistencies in the traditional formulations, and adds several new elements that are absent
from traditional mathematical descriptions. First, Gray and coworkers observed that specific
interfacial area, defined as amount of interfacial area within a representative elementary volume
per total volume of porous medium, must be included as a dependent variable in the
mathematical formulation. Furthermore, at equilibrium, a relationship must exist between
capillary pressure, saturation, and interfacial area. We have explored this relationship recently
using theoretical, experimental, and computational tools that were developed specifically for that
purpose; see the previous section for additional information. At this point, the general
relationships involving interfacial areas, saturation, andcapillary pressure have been given a firm

foundation based on theoretical analysis, experimental observations, and computational results.
But the focus has been restricted to equilibrium considerations. For example, in the PVI
measurements, interfaces were observed and their areas measured only after they reached
equilibrium positions. Similarly, in the computational models, only equilibrium states have been
considered. Changes from one equilibrium state to another were modeled without consideration
of times associated with this change, and no time dimension was included in the calculations.
One of the intriguing aspects of the theory is that it indicates clear time dependence when
changing from one state of interface equilibrium to another, and introduces a thermodynamic
definition of capillary pressure that is a dynamic variable. Simple thought experiments show this
must be true, as interface movements require finite time to occur. From the theoretical point of
view, Gray and coworkers have performed analysis that includes dynamics of interface
movements. ‘For example, imposition of the second law of thermodynamics to the multi-phase
system, and subsequent linearization, leads to an equation that relates capillary pressure to
volume-averaged phase pressures and rates of change of phase saturation, viz.

where subscripts w and rzw refer to wetting and nonwetting fluids, respectively. This equation
indicates that only at equilibrium, when &S/at = 0, does capillary pressure equal the difference
between volume-averaged phase pressures. In general, PC does not equal the difference in phase
pressures, and this inequality drives changes in saturation. This is a fundamentally different way
to look at saturations changes in multi-phase systems, and may have a variety of practical
implications for subsurface environmental problems. In order to assess the importance of this
dynamic expression, practical methods to define, measure, and compute dynamic capillary
pressure must be developed. In addition, both experimental and computational tools need to be
developed to quantify phase pressures and interfacial dynamics. Identification of conditions
under which the transient effects can be important, and development of tools to test and verify
the theory both experimentally and computationally, is a focus of this proposal. Dynamic
capillary pressure will be given a practical definition, in terms of measurable variables, and both
computational and experimental approaches will be developed to quantify the effects of dynamic
capillary pressure.
Because of the importance of interfaces and interfacial areas, conservation equations must be
written for the interfaces. Volume averaging techniques are applied to these equations, in the
standard way (Haasanizaeh and Gray, 1993), to produce macroscopic governing equations. For
example, conservation of mass of the interface leads to an equation of the form
4paPaafl) +V*p ( a;0a aPvaP)--Gap
a
where pap is the mass of interfacial area per unit area, v @ is the velocity of material in the
’
interface, a@ is the interfacial area per unit volume of porous medium, and GCXP
is the rate of
change of interfacial area mass per volume as a result of the exchange of mass with the adjacent
bulk phases. This equation has important utility, for example, in modeling the amount of
surfactant at an interface. It is important to realize that this equation expresses mass
conservation. If one considers the mass per area to be constant, then the right side of the
equation must still be parameierized to account for the rate of mass transfer to the interface that

will retain this condition as the interface deforms. Thus, even though mass, momentum, and
energy equations may be formulated for the interface, additional information is needed to
describe the mechanical deformation of the interface itself. Such equations may be developed
using constitutive approximations, but these equations must be evaluated, tested, and, most
likely, improved. A need exists to develop techniques that measure and quantify the appropriate
variables. Only dynamic analyses can provide the needed information. We propose to develop
appropriate tools for this purpose using specially designed experiments involving micromodels,
and specific computational models involving pore-scale dynamics.
Finally, it has become clear that special attention must be paid to the role of wedges of wetting
fluid that form in comers and crevices, and to thin films of wetting fluid that can coat solid
surfaces. Wetting fluid in this form will have large area-to-volume ratios, and therefore could
play an important role in interfacial analyses. However, these kinds of interfaces are quite
distinct from the interfaces associated with dynamic filling or draining of bulk pore spaces. The
dynamic interfaces are associated with Haines’ jumps, and lead to rapid changes in overall phase
saturation. The wedges and films tend to fill or drain relatively slowly, while providing
hydraulic connections between otherwise isolated regions of wetting fluid. Thus wedges and
films support longer-term dynamics. Proper inclusion of wedges and films in both the theory
and the computations, and techniques to measure this type of wetting fluid, remain to be
developed and will be explored as part of the proposed work.

5. PROPOSED RESEARCH
We propose to develop a coordinated research effort that combines theoretical, experimental, and
computational approaches, with a focus on interfacial dynamics in multi-phase porous media and
their practical implication for environmental contamination problems. This work is a natural
extension of our ongoing collaborations, and will complement our earlier work on
thermodynamic relationships between capillary pressure, saturation, and interfacial areas. We
will continue our close research collaboration while pursuing three distinct but closely related
areas of research. Details of each are presented below, followed by a description of our planned
collaborations and interactions.
5.1 Theoretical

Developments in Interfacial

Dynamics

The theoretical work that has been performed and the attempts to incorporate that theory into a
network model of multiphase flow in porous media has brought to light several issues that
require further attention and iteration among the approaches to the problem envisioned here.
These issues will be mentioned here as they form the basis for the continuation of the theoretical
research.
Dynamic capillary pressures In fact, the description of the capillary pressure is one of the
more challenging issues that we have encountered. First, current experimental practice defines
measured values of capillary pressure as the pressure difference between fluid reservoirs in
contact with a porous medium at equilibrium. The theoretical work has obtained a definition of
capillary pressure that is more consistent with a traditional thermodynamic description. The
capillary pressure is the interfacial tension multiplied by an average or representative curvature

between the interfaces. In actually writing a constitutive form for the capillary pressure,
dependence is on the interfacial tension, saturation, and interfacial area density. Network models
are ideally suited to provide information about the two alternative measures of capillary pressure
and on the appropriate functional form of the constitutive relation. It is essential that this
modeling work proceed as it will offer insight into what is actually being measured in field
situations. Effort to correctly define the capillary pressure theoretically and experimentally has
been a significant portion of the first phase of this research. An additional issue pertaining to the
problem of capillary pressure is the fact that the measured data of capillary pressure vs.
saturation in the hydrology literature is for the equilibrium state. In fact, capillary pressure at
equilibrium is equal to the pressure difference in the phases adjacent to an interface. However,
the shape of this interface adjusts at a finite rate to pressure changes in the phases. Thus
information is needed on the dynamic rate of change of the capillary pressure. Indeed,
experimental measurements typically allow large adjustment times for reaching equilibrium
when measurements of thermodynamic capillary pressure are made. Thus, it seems reasonable
that a condition of dynamic capillary pressure - a capillary pressure different from its
equilibrium value based on the pressures in the adjacent phases - would exist in cases of
drainage or imbibition where the saturation and interfacial areas are changing “rapidly.” A
constitutive equation that governs the relaxation of the capillary pressure toward equilibrium has
been proposed. The dynamic network models will provide insights into the magnitude and
functional dependences of the parameters that appear in the theory.
Interfacial velocities The procedure for development of macroscale equations leads to
conservation equations for mass, momentum, and energy. These equations have been widely
studied for the phases, but the forms that describe these transport processes within an interface
are new. The momentum equation describes the momentum of mass in the interface. The
external forces are the pressures of the phases and the surface tension effects. However, the
momentum equation does not’provide direct information on the movement of the interface, only
of the mass in the interface. The interfacial movement is an additional problem, one for which
constitutive equations must be developed. These equations must account for the normal velocity
of the interface (i.e., the motion in the direction perpendicular to the interface) as well as the
expansion, contraction, and formation of the interfaces. Distinguishing between the velocity of
an interface and the velocity of material associated with the interface is important. The
constitutive equations obtained for this mechanical problem are tentative for now, but will be
improved through interaction with the dynamic network modeling studies. Certainly, knowledge
of these velocities is important for determination of the change of the properties of the system. A
clear understanding of interfacial velocity needs to be developed, under the conditions that it is
measurable and quantifiable in micromodel experiments and in computational pore-scale models.
Generation term for interfacial area If one works with an interface that has mass and density,
then the growth of interfacial area will be related to the transfer of material to the interface and
the change in the density (mass per area) of the interface. This situation can be captured using a
mass transport equation, The interfacial growth will be related to deformation and movement of
the phases adjacent to the interfaces. Note that the volume of the phases are constrained because
they must fill a space at all times. However, the amount of area that can be present in a volume
is not bounded above. Thus simulation of the generation of area is a complex problem. Some
constitutive relations have been proposed in the first stage of this work based on entropy

considerations. However, the theoretical definition of interfacial area generation needs to be
clarified and its relationship to interfacial velocities needs to be made explicit. Proposed relations
for rates of change of interfacial area need to be studied and parameterized with the aid of wellconceived network models and micromodels.
Film and wedge flow Wedges of wetting fluid may accumulate in comers of pore spaces. These
wedges typically have sufficient volume to allow the interfacial curvature to be dominated by
capillary forces. Therefore the interfacial curvature is governed by the Young-Laplace equation.
Very thin films of wetting fluid are different in that their shape is dominated by local surface
forces, and the interface shape no longer follows the Young-Laplace equation. Both of these
kinds of wetting phase geometries may be important to both short-term and long-term dynamics
in multi-phase systems. Furthermore, the definition of capillary pressure that is based on
interfacial curvature does not account for constraints on the fluid-fluid interface that prevent it
from taking the expected shape. Additional theoretical development is necessary to distinguish
these kinds of volumes and interfacial areas, and to incorporate them into the overall volumeaveraged equation set for the multi-phase system. Initial speculation at accounting for this
problem at the macroscale indicates that including a dependence of interfacial energy on the
properties of’the adjacent phases is important, This dependence implicitly adds a measure of the
geometry of a phase to the analysis so that formulation includes not only saturation but an
indication of whether the phases are present as “blobs” whose boundaries are free to adjust to
pressure differences between fluid phases or as “films” whose curvature is impacted by the shape
of the solid phase. The extension of the network models to include comers and and films will
both motivate additional theoretical development and serve to filter hypotheses for description of
the film effects.

5.2 Development and Implementation

of Experimental

Tools for Interfacial

Dynamics

As described in previous sections, PVI provides a non-destructive and high resolution 3D
measurement of interfacial area and phase saturations. Previously it has only been used in quasistatic situations. The image acquisition speed is one of the major factor affecting PVI’s
capability for the measurement of the interfacial dynamics. For quasi-static experiment, the
reposition of the translator and the camera are controlled manually. While for dynamic
experiments, these need to be done automatically with appropriate speed. In order to measure the
new variables associated with interface dynamics such as interface velocity and interface
generation term, new fluorophores have to be adopted which are capable of tracking the interface
movement in addition to improvements to the experimental equipment. Even with this increased
complexity, PVI is still the only tool that offers the promise of directly measuring 3D interface
dynamics in real time.
Although interfacial dynamics have not yet been measured, the images of porous media from
quasi-static experiments have provided much insight into the pore-scale geometry and its impact
on multiphase flow and transport. Quantitative description of the 2D pore structure has been
achieved by network extraction from the images through ‘skeletonization’ algorithms as
previously described. These networks will be applied to support future theoretical and
experimental network modeling. However, there are still several important aspects associated

with the extraction of pore networks that need further study. The first is that a typical skeleton
contains more detailed information such as small branches than necessary to construct the
network model. Those branches correspond to the finer geometry or sometime noise on the pore
space boundary, which may or may not affect the pore spaces flow and transport properties. Up
to now, there has been no measure defining the extent that these features need to be included in
the network to preserve the behavioral correspondence between the network and the real system.
Consequently, the degree to which a skeleton is pruned remains an open question and must be
tested with a series of experiments, in which the interface dynamics of the network models can
be compared to that of a physical porous media. A series of 2D micromodels will be fabricated
initially from a real porous media image then from “reconstituted” networks with sequentially
larger minimum feature sizes. The dynamic multiphase flow properties of each of the
micromodels will be compared with computational experiments to identify a metric for reducing
the system complexity and still preserve the behaviors of interest.
Another second issue associated with the mapping of porous media to a network model space is
the volume partitioning for individual pores. In commonly used network models, the pore bodies
are idealized as regular shapes with pore bodies and pore throats while the pore space in real
porous media has a far more complicated geometry. There is no clearly defined mapping
between these two representations. The validity of the volume partitioning method has also to be
tested by experiments. Again a series of specially engineered micromodels with a range of
feature sizes and geometries in conjunction with numeric simulations will be used to evaluate the
affect that microscale pore geometry has on the accuracy of representing pore bodies in network
models as regular geometric structures.
The currently developed skeletonization algorithms need to be extended to 3D to enable the
construction of realistic 3D network models. 3D skeletonization has been a challenge due to its
different and more complicated geometric properties as compared to 2D systems. Most 2D
iterative thinning algorithms cannot be extended straightforwardly to 3D because most 3D
thinning conditions are based on the notion that the removal of a contour pixel will not change
the local connectivity or genus in its 3x3x3 neighborhood. The requirement for reasonably fast
computation means that typically most 3D algorithms execute in parallel on 2D image slices.
Consequently, the currently used 3D algorithms are unable to accurately preserve the overall
connectivity when applied to complicated geometries such as those associated with porous
media. We will expand on our success in the development of new 2D skeletonization algorithms
to develop 3D algorithms for extraction pore networks from 3D images of porous media.
Because of the complexity and time-consuming nature of the 3D information acquisition process
and the large number of experiments necessary to study interfacial dynamics we expect that most
of the experiments will be conducted using our new 2D micromodels. As discussed earlier the
new generation 2D micromodels are produced using nano-fabrication techniques. A 2D slice
from PVI images of the pore space will be used to make a mask for the 2D micromodels so that
results generated from both 2D and 3D systems wiI1 be directly comparable. Using this model
system in conjunction with dynamic network models we will be able to directly explore and
quantitatively describe the fundamental dynamics of multiphase flow. Consequently we expect
this micromodel/network model system to ultimately become the “Gold Standard” for the
investigation of multiphase fluid dynamics in porous media.

To make the micro-fabricated 2-D flow cell, the usual photolithography process is applied to
silicon wafers. First, PVI images or any other pattern of pore space including network patterns
are used as masks. The image or pattern from the mask is then transferred to the silicone wafers
via exposure of an intermediate photo-resist layer. Next, the wafer is developed and the pattern is
etched into the silicon wafer using Reactive Ion Etching (RIE). RIE or plasma etching is used
because it etches in a highly anisotropic manner. Consequently the geometry of the pore space is
preserved. If a liquid etching process were used the small feature sizes would be lost, the pore
sidewalls would not be perpendicular to the surface, and the pore bodies and pore throats would

Figure 6: Image of a typical mask made from a PVI image

be made larger than desired. Using this technology feature sizes significantly less than 1 pm can
be preserved. The etched wafer becomes the mold from which all of the micromodels are
produced.
Once the silicon mold is fabricated the 2D micromodels are produced by pouring a liquid
elastomer (General Electric RTV 615) mixture onto the wafer and cured in oven. Once cured (-1
hour) the patterned silicone elastomer sheets are bonded to a smooth elastomer sheet to create the
flow cell. The cell is then fixed on a glass base, on which fluid reservoirs are built. The cell is
connected to the pressure controlled reservoirs and placed under a fluorescent microscope
equipped with a kinetic CCD camera capable of taking images every 5 usecs. The fluids are
doped with fluorescent dyes and images are taken and transferred to a computer to be processing.
The procedure of the dynamic measurements in micromodel is designed that the flow cell is first
saturated with wetting phase, non-wetting phase is then injected in. Dynamic drainage and
imbibition experiment will be performed. The CCD camera takes serial images. The images
need to be segmented and the imaging processing algorithms developed in PVI experiment need
to be modified to compute the interfacial area and fluid saturations. The difference image
between continuous frames can be used to detect the motion of the interfaces and the averaged
generation rate of interfacial areas. Edge detection, region growing or other image processing
algorithms may be used.
The averaged change rate of interfacial area, can be computed from the change of interfacial area
between two continuous frames and the time interval of image acquisition. The averaged velocity
can be approximated from the difference of the centroids of the interface positions in two
continuous frames and at a known time interval. All these measured variables are averaged
terms in a REA. Because of the high degree of integration among the theory, modeling and
experimental efforts, the exact form of the measurements will iteratively evolve as the definitions
of these variab!es become more precise.

As we mentioned earlier, it is also possible to functionalize the surface of the “grains” in the
micromodel. Consequently we expect to expand the use of this experimental system to
investigate the role of surface chemistry in the transport of colloids and to establish the impact of
surface wetability on the formation and movement of phase interfaces.
Given the innovations in measurement technologies that have resulted from the Cornell portion
of the research, we are in a unique position to evaluate the dynamic models by comparison to
experimental results that can be obtained quickly and relatively easily. We believe that we are
positioned to provide fundamentally new insights into the dynamics of fluid-fluid displacements
in porous media, and to investigate the importance of these dynamics in the overall mathematical
description of multi-phase flow systems.
A sequence of 2D micro-models with increasing complexity is going to be constructed. From the
simple cylindrical pore throats network used by Dahle and Celia (1999), to circular pore body
network model proposed by Blunt and King (1991), to network models extracted from real
porous media with randomly located pore bodies and pore throats, and finally to a model made
from PVI image of real porous media (fig 2). Several interfacial dynamic properties will be
studied including dynamic change in saturation, interfacial area and generation term. The
experimental results are going to be compared with the theoretical model. In this way, a
justification and comparison of network model can be fulfilled.

5.3 Development and Application of Computational Models for Interfacial Dynamics
Pore-scale network models have provided effective tools to analyze multi-phase porous media
systems. These models represent the pore space as a collection of pore bodies and connecting
pore throats, and assign sizes of each based on representative pore size distributions, which may
include various types of spatial correlation (see, for example, the review article of Celia et al.,
1995). The vast majority of these models have used ‘quasi-static’ descriptions of the fluids,
wherein interfaces are moved from one equilibrium position to another in response to changes in
phase pressures, but the dynamics of interface motion are ignored. The interfaces are moved
based on the equilibrium relationship given by the Young-Laplace equation (Dullien, 1992),
which relates capillary pressure to interfacial tension, wettability, and interface curvature. Often
these models are used to simulate laboratory measurements such as those associated with
traditional pressure cells. The pore-scale models can reproduce traditional measured
relationships between capillary pressure (PC) and saturation (S), as well as relationships between
relative permeability and saturation (Dullien, 1992; Rajaram et al., 1997). In addition, they have
been used to study various aspects of interfacial area and its relationship to PC and S, as
discussed in earlier sections of this proposal (see for example Reeves and Celia, 1996; Reeves,
1997; Celia et al., 1998; Gray et al., 1999; Held and Celia, 2000a,b,c).
Because of the potential importance of interface dynamics, quasi-static pore-scale network
models need to be expanded to include dynamics of interfacial movements. While the vast
majority of pore-scale network models have been based on the quasi-static assumption, there are
several dynamic models that have been reported in the literature. In these dynamic models,
interfaces deemed unstable based on the Young-Laplace criterion are tracked through the

network until a stable position is reached, and the transient movement from one location to
another is explicitly described and modeled. While these transient models are more complex
computationally, they allow the underlying dynamics associated with interface movements to be
incorporated and analyzed explicitly. Examples of these models include the model of Blunt and
King ( 199 l), who used a simplified description of the process by assuming volumeless pore
throats and zero capillary pressure in the pore bodies; a series of models by Payatakes and
coworkers (for example, Constantinides and Payatakes and references therein), which often
focused on mobilization of trapped fluids including mechanisms like drop-traffic flows; and
more recent models by Aker et al. (1998), Mogensen et al. (1998), Dijkstra et al. (1999), and
Dahle and Celia (1999). A comparison of different types of models reported in the literature is
given in Celia et al. (2000). We propose to use the most promising features of each of these
models, and to add features that will allow for inclusion of processes such as wedge and film
flow. The result will be a computational tool that allows for meaningful simulations to provide
support for, and testing of, both the theoretical and the experimental parts of the research.
In Celia et al. (2000), we described initial comparisons between two types of models: the first
model based on Dahle and Celia (1999), and the second based on the model originally proposed
by Blunt and King (199 1). In the model of Dahle and Celia (1999), the pore space is represented
as a network of cylindrical pore throats, arranged in a cubic lattice. Fluid flows and interface
velocities through each pore throat are resolved explicitly.
To make the algorithm more
tractable, the pore bodies (junctions of pore throats) are assumed to be volumeless, which means
that all of the pore volume is distributed within the pore throats. Despite being volumeless, pore
bodies are assigned a radius, which is used in certain capillary pressure calculations associated
with this algorithm. Figure 7 shows a schematic of this kind of network in two dimensions.
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Pore throat

Figure 7 - Network structure for the model
based on volumeless pore bodies.

Within any pore throat that contains an interface, the velocity of the interface is computed based
on the assumption of laminar flow, coupled with a fixed pressure drop across the interface. The
pressure drop is assigned as the limiting capillary pressure from the Young-Laplace equation for
the given pore-throat radius. In throats that do not contain an interface, simple Poiseuille flow
is assumed. To solve for the interface velocities, and the associated exit times, the pressures in
the pore bodies need to be known. These pressures are a function of the interface locations, and
must be determined as part of the overall solution strategy. Equations for the pressures are
based on mass balances for each of the pore bodies. The assumption of volumeless pore bodies
means that the mass balance simply requires the sum of fluxes entering and leaving each pore
body to be zero.

Within this algorithm, fluids can become trapped when a second interface begins to invade a
pore throat that already contains an interface. This trapped fluid leads to residual saturations for
each of the phases. Other aspects of the model are described in detail in Dahle and Celia (1999).
In particular, certain displacement rules are employed at the pore bodies to test whether an
interface will invade the pore body and continue into connecting throats or become trapped.
This is based on assignment of appropriate radii for the pore bodies, although the volume
associated with these pore bodies is neglected in the calculations. As such, the algorithm
focuses on the pore throats for all of the essential dynamic features of the interface movement.
The second algorithm that we have implemented is based on the original work of Blunt and King
(1991). In that model, all of the pore volume is assigned to the pore bodies. Pore throats are
assigned characteristic radii, for the purpose of calculating flow resistances, but no volume is
assigned to them. This kind of arrangement is shown schematically in Figure 8.
Volumeless

Figure 8 - Network structure for the model
based on volumeless pore throats..

Because the throats are volumeless, interfaces are assumed to move through throats
instantaneously. Therefore, if the radius of the throat is such that an interface can invade, based
on the Young-Laplace criterion, then the interface will displace completely through the throat,
and become available for movement into the exit pore body. In the original algorithm of Blunt
and King, the pore throats were assumed to be sufficiently large that capillary pressures within
the pore bodies were all negligibly small. These considerations lead to a model in which
saturations change within each pore body as a result of single-phase flow occurring in all pore
throats. In addition, while a given pore body may have any degree of fluid saturation, the
assumption of negligible capillary pressure means that only a single pressure is assigned to the
pore body. These restrictions lead to a relatively simple computational algorithm. For a given
pore body, the change of saturation of, say, the wetting phase, is given by the net flux of wetting
fluid into the pore body, such that
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where subscript w denotes the wetting phase, and Vi is the volume of pore body i. Because the
pore throats do not have any interfaces within them, the volumetric flow rates Qii correspond to
single-phase, Poiseuille flow, which is still driven by the pressure differencepi-pi. As such, the
pore-body pressures again need to be determined. To solve for the pressures, the mass-balance
equation for the nonwetting phase is written for each pore body, and then the two phase

equations are summed. Given the assumption of incompressible fluids and solid, the sum of the
phase saturations is always equal to one, which means that the saturation changes sum to zero.
Therefore the resulting equation is of the form

~[ce,,;+’+te,,,P’]=0
Both the wetting-phase volumetric flow, Qw, and the nonwetting-phase volumetric flow, Qnw,
are related to the pressure differences at the appropriate nodes. In any given pore throat, only
one fluid phase is present. That phase is the only one that can have a nonzero flow through that
throat. The flow is proportional to the pressure difference across the throat, unless an interface
exists at one end of the throat, and that interface cannot enter due to capillary considerations. In
that event, the hydraulic conductance of the throat is set to zero for both fluid phases. For the
cases when the fluid is not trapped, the conductance for the occupying phase is set to the
coefficient appropriate for Poiseuiile flow.
The actual solution algorithm involves solution of the resulting set of pressure equations for
pore-body pressures, given the fluid distribution at the most recent time step. Once the
pressures are determined, flow rates are determined for all of the pore throats. Given these flow
rates, the saturation equation is solved for each pore body. Any pore body that becomes
completely filled with one phase is allowed to introduce interfaces to all connected throats filled
with the other fluid. Each of these throats is subjected to a capillary invasion test, based on the
Young-Laplace equation. Throats for which invasion is allowed are filled with the invading
fluid; those for which the pressure is not sufficient to allow invasion are marked as trapped for
the next time step, and their conductances are set to zero. Once all of the pore-body saturations
are updated, the next time step is solved beginning with computation of the pressures at the new
time level. Within the structure of this algorithm, the time step size is restricted such that only
one pore body is allowed complete its filling during the time step. Therefore, new interfaces are
introduced only at one pore body, although updated pressures at other pore bodies may result in
previously trapped throats being invaded and thereby freed for flow.
Comparison of Algorithms
These two models represent two relatively opposite approaches to dynamic tracking of interface
motions in two-phase flows. The first focuses almost completely on the pore throats, while the
second focuses all volume in the pore bodies and neglects virtually all local effects related to
two-phase flow. These two different kinds of simplifications to the problem provide a quite
different view of the interface motion problem. For a given volume of pore space, this leads to a
qualitatively different picture of the pore space. In the first model, explicit interface velocities
are resolved, so that meaningful measures of variables like volume-averaged interfacial velocity
can be computed. The second model does not really provide an explicit measure of interfacial
velocity, so computation of an average measure is difficult. However, it does provide a good
picture of fluid distribution within the network, and some estimates of interfacial velocities are
possible.
In addition to the conceptual differences between the models, they also differ in computational
complexity. The first model, focused on pore throats, involves a fairly complicated
computational algorithm that involves several levels of nonlinear iterations (see the algorithm
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is much less complicated, in part

because the pore-throat volume is neglected, which means the throats are filled with one fluid
only, and in part because the capillary pressure in the pore bodies is neglected. A simple
implicit-pressure, explicit-saturation (IMPES) type of algorithm linearizes the equations and
avoids nonlinear iterations. As such, the algorithm is quite simple to interpret and to code.
Proposed New Algorithm
We propose to continue to develop our dynamic network simulator by including the best features
of each of the previous two models, and adding new features to account for wedges of wetting
fluid. The presence of wedges of wetting fluid will allow for flow of wetting fluid in pores
whose core is occupied by nonwetting fluid. This provides mechanisms for slow drainage, and
also allows interfacial areas associated with wedges and films to be modeled explicitly. We will
accomplish this by using pore shapes that have edges and corners. For pore bodies, instead of
spheres, we will use cubic shapes. For pore throats, we will allow for either rectangular or
triangular cross-sectional shapes. We will also allow for arbitrary connection patterns in space,
so that we can incorporate images of the pore space into our network description. Overall, the
representation of the pore space is a ‘general network’, where pore bodies and connecting pore
throats may be taken from processed images of actual pore geometries, and wherein each pore
element can have wedges of wetting fluid that provide hydraulic contact for the wetting phase
throughout the network.
Given a network definition, including pore body locations, sizes, and shapes, and associated
information for connecting pore throats, the computational algorithm will be based on mass
balances written for each of the pore bodies. This is similar to the approach of Blunt and King
(199 l), except that Blunt and King ignored local capillary pressures within pore bodies. This is
consistent with the picture of spherical pore bodies filling with a flat interface. If the pore bodies
have a cubic shape, and wedges of wetting fluid are to be taken into account, then this
assumption is no longer appropriate. kather, we need to include local capillary pressures in each
pore body. This local pressure will control the interface curvatures within that pore body, and
for a given shape of the body, will lead to a specific value of saturation. Morrow and Xie (1999)
discuss this for the case of triangular pore throats; similar geometric relationships can be worked
out for various shapes of pore bodies and pore throats. The end result is a local relationship
between capillary pressure and saturation within a single pore element. This implies an
assumption of capillary equilibrium at the scale of an individual interface. This assumption is
consistent with the theoretical approach taken by Gray and coworkers, meaning that OUT
computational model will have scaZe corzsistency with the theory. Numerically, this gives a
system of two mass-balance equations at each pore body, with an additional relationship between
the pressure difference at the given pore body and the local saturation, where saturation is
defined with respect to the volume of an individual pore body.
Next we need to consider how the fluxes that appear in the mass balance equations will be
described in terms of phase pressures at the pore bodies. If we assume Poiseulle flow in the pore
throats, then we simply need to define resistances to flow in each of the pore throats. But now
we are allowing for wetting fluid wedges in the comers of the throats. Therefore in the pore
throats that are occupied by a core of nonwetting fluid and wedges of wetting fluid, we need to
determine the local saturation in each pore throat, calculate the associated cross-sectional areas
occupied by each phase, and then assign resistances to flow in each phase. To do this, we will

rely on simulations of concurrent two-phase flow that are currently being carried out by our
colleagues at the Technical University of Delft, The Netherlands (H. Bruining, personal
communication, 2000). These detailed computations are providing relative hydraulic
conductances for both phases as a fknction of local interface location within a given pore throat.
For throats occupied by only one fluid, then a simple conductance can be computed, which
corresponds to simple laminar flow.
If we assume that most of the volume is associated with pore bodies, and that piston
displacement within the pore throats occurs instantaneously, then the resulting set of equations
looks very much like a standard description of two-phase flow: mass balance equations at each
pore body are augmente# by a nonlinear relationship between local PC and S, and a Darcy-type
relationship that includes a conductivity term that is a function of local saturation. This is
appealing, in that standard solution methods may be employed to solve the system. However,
because the equations are written at a scale where the local constitutive relationships are
unambiguous (that is, they are consistent with the underlying theory, and the scales over which
equilibrium conditions are assumed are explicit), these equations are scale consistent and all
terms are based on well-defined physical principles. In addition, because of the explicit
geometric representations, the equations can provide detailed information on amounts of
interfacial areas, types of interfacial areas (wedge areas versus areas associated with core
displacements), and time rates of change of these interfacial areas. All of these terms are
important in the new theory. The equations can also provide information about contact line
lengths and similar dynamic measures of contact lines.
To implement this type of model, all of the local constitutive relationships need to be worked
out, and the model needs to be implemented to compute the appropriate interfacial properties.
However, there remains the question of the assumption regarding interface dynamic in the pore
throats. If we are building a dynamic network model, can we justify a model that ignores
interface dynamics in the pore throats (by assuming it to be instantaneous, such that filling of
pore bodies, rather than pore throats, dominates the dynamics)? In addition, if one of our
interests is to quantify the volume-averaged interfacial velocity, one of the important
components should be interface displacements through the pore throats. Therefore part of our
research will involve comprehensive comparisons of models that include interface dynamics in
the pore throats (Dahle and Celia, 1999), and those that do not. Initially we will focus on three
questions: (1) for simple geometries (spherical pore bodies, cylindrical pore throats, so there are
no wetting fluid wedges), what kinds of differences do we see between pore-body-based models
and pore-throat-based models? (2) how does each of these models compare to micromodel
studies of dynamic two-phase displacements? and (3) If necessary, are there relatively simple
ways to include pore-throat displacement dynamics into the general network model that includes
more complicated geometries and wedge flows? These questions will be answered by careful
comparison of the different types of models, and by careful construction of micromodel test
systems and associated comparison between experiments and simulations.
Once we have a dynamic computational model that accounts for all of the important physical
processes, we will use the model to evaluate the dynamic nature of the relationship between
capillary pressure, saturation, and interfacial area. This includes calculation of the volumeaveraged terms appearing in dynamic capillary pressure equation, and evaluation of the

magnitude of the coefficient L in the dynamic equation. It also includes the interfacial velocity
terms (I@) as well as the interfacial area generation term (G@). We will do this for simplified
‘test geometries’, based on regular lattice structures. We will also do this for networks extracted
from pore-space images (Yu Ma REF Here), where the network structure is more random and the
shapes more angular. For these kinds of structures, we will have direct comparisons to dynamic
experiments performed on two-dimensional networks that are etched into micromodels. The
resulting models will therefore be subjected to experimental verification, and be used in more
complex, three-dimensional network simulations to test the theoretical developments involving
dynamic capillary pressure, interfacial area dynamics, and fundamental definitions of volumeaveraged variables like phase pressures and average capillary pressure.
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Extracting pore-sc,it network geometry fron, hgital images of porous
media
Y. Ma & C.D. Montemagno
Cornell Universit, Ithaca, NY, USA

ABSTRACT: Pore-scale network models have been proven to be useful in studying immiscible flow and
transport processes in porous media. However, its usage is limited by the challenging problem of constructing
pore-scale network models that accurately represent the geometry of real porous media. This paper presents a
method for extracting pore-scale network geometry from digital images of porous media. By using a fast
Euclidean distance transform coupled with a dynamic ridge finding technique that is based on the local
statistics of the distance transform, a skeletonized description of the pore space geometry is obtained. The
pore-scale network is further automatically constructed. The sizes of individual pore are computed from pore
space partitioning. The above method more accurately preserves pore connectivity and is less sensitive to
contour noise than the thinning algorithms used in computer vision. The result is a more accurate description
of the geometry of the pore space and the ability to a physically realistic pore-scale network.

1 INTRODUCTION
Pore-scale network models have been used extensively to investigate the relationship between the
pore-scale phenomena and macroscopic transport
properties of porous media. First developed by Fatt
(1956), network models are based on the idea that
pore space may be represented as an interconnected
network of capillary tubes whose radii represent the
dimensions of the pore space. The junctions characterized by effective radii are referred to as pore
bodies, which represent lager pore spaces. Pore
throats of narrower radii connect the pore bodies.
Most network models use spherical pore bodies and
cylindrical or more general conical pore throats. A
simple displacement of one fluid by another immiscible fluid under an applied capillary pressure is
usually used to model imbibition and drainage processes. With regular geometries, analytical equations
can be derived for phase displacement or mass transfer within the network. The changes of fluid conformation such as fluid-fluid interfaces can be quantitatively investigated at the scale of individual pore.
This simplified re P-resent&ion provides a convenient
tool to simulate the microscopic physical processes
at the pore-scale.
Important applications of network models are the
investigation of a possible continuum-scale constitutive relationships between capillary pressure, satu-

ration and fluid-fluid interfaces (Reeves & Celia
1996) and the dissolution of NAPL’s (Nonaqueous
phase petroleum liquid) into groundwater NAPL’s
(Jia et al. 1999). Celia, et al. (1995) provides a good
review of recent advances of pore- scale models for
multiphase flow in porous media.
Because of the difficulties associated with describing the complex pore structure and extracting
the pore network from real samples, previous studies
were limited to using highly idealized porous media
in their network models. The sizes of the pore bodies
and the pore throats are usually determined by specified distribution functions. And the pore bodies are
usually arranged on a regular lattice. This network
model architecture lacks a close resemblance to the
structure of a real pore space. Consequently there is
a call for techniques that can support the construction of pore-scale network models that accurately
represent the geometry real porous media.
Recent developments in imaging techniques including PVI (Photoluminescent Volumetric Imaging) (Montemagno and Gray, 1995), CT and MRI,
make it possible to get 2D and 3D image representcatinms
nmnntI-Llct pore network
bLL&I”IIof a poro~usme&i!;ia.Te
I ” U”IIJ
from raw gray level or color images, one direct
method is to reduce the original images to their
‘skeleton’ or thin line representation that keeps the
necessary topology and geometry information of the
pore space. Image analysis techniques including

Where d @, c) is a distance measure between pixel p
and c.
In discrete space, there are three commonly used
distance measures: Dq distance, Dg distance and
Euclidean distance DE.
Definition 3 : Dd distance between two points p (x, y)
and q (u, v) is:
d&l, q)=lx-uI+ly-VI

After noise reduction and segmentation, the original
gray level or color image of a porous media is segmented into a binary image with 1’ s represent for
the pore space and O’s represent the grains. The Fast
Euclidean Transform is then carried out.
Figure 1 shows an original segmented PVI image of
a porous media and its fast Euclidean distance transform. Detailed information regarding PVI image
segmentation and noise reduction methodology can
be found in Montemagno and Ma (1999).

Definition 4: Ds distance between two points p (x, y)
and q (u, v) is:

Definition 5: Euclidean distance between two points
p (x, y) and q (u, v) is:
dE (p, q) =[(x-u)~+(~-v)~] In
Da and Dg distances are commonly used because
they both can be implemented efficiently by just two
raster scans through the image (Chang & Yan 1996).
But the irregularities and noises of the contour are
easily exaggerated and propagated because a circle
is actually a square in both Dd and Dg metrics. Thus
spurious branches are a common problem. More accurate result are achieved by using the Euclidean
distance measure however, this metric is not used
widely due to its computational intensity,. Chang &
Yan (1996) developed a fast Euclidean distance
transform, which makes use of both the D4 and Ds
distances by noting that

Where DT represents the general distance transform;
the subscripts represents the distance measure used.
Then the fast Euclidean distance transform of pixel p
is:
DTE (p) = DT4 (p) =DTs @)
DTE

(P>=min

[h(p,

c>l

if DT4 (p) =DTs @)
Otherwise

Where c E C, and c is in the region of:

Figure 1. (a) Segmented PVI image; (b) FEDT of pore
space

2.2 Dynamic Ridge Finding in the Distance Map
It is obvious that the pixels having the maximum
distance value (“Ridge” pixels) in the distance transform map in figure l(b) correspond to the medial
axis of the pore space, i.e., where the skeleton
should lie.
We tested two ridge finding algorithms presented
in the literature. The first one is the method used by
Chang & Yan (1996). In their method, the set of local maximum pixels M are first found by deciding
whether a pixel has the local maximum distance
value inside a 3x3 neighborhood, The set M is quite
disconnected and not one pixel wide. Some information about the skeleton is lost between two local
maximal segments. In next step, the lost information
is recovered by the definition of linkage number,
which defines “saddle” and “ridge” points. They
showed in their paper that the method works fine on
characters and on a simple image of an airplane. But
in our test, it failed to generate a tilly connected
skeleton for the pore space. Figure 3(a) shows the
resulted skeleton from their method superimposed
nn
___ the
___- ~mnnqdd
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This approach improved the speed of computation
by a factor of 30 to 100 and makes Euclidean distance transform applicable in pore network construction.

Another intuitive method is the directional ridge
finding in Medial axis transform. A pixel is a ridge
pixel if it meets the following condition:

(4

(4

Figure 3. (a) Skeleton f?om Chang & Yang’s ridge finding;
(b) Skeleton from directional ridge finding; (c) Skeleton from
dynamic ridge finding (after reduction to unit-width); (d) Final
skeleton after pruning by length of 10 pixels.

3 PORE STRUCTURE

CHARATERIZATION

A skeleton preserving connectivity and geometry
of the pore space provides the necessary quantitative
information about the pore-scale network, including
the connectivity of the pore space, the locations of
the pore bodies and the narrowest sites of the pore
throat.
In this work, the junctions of the skeleton are regarded as the pore body locations. Our definition for
junction is given in Definition 7, which gives correctly located, one-pixel junctions.
Definition 7: A pixel with more than 2 non-zero 8neighbors and with the maximum crossing number
x(p) in N (p) is a junction pixel.
The pore-pore connectivity is directly determined by
following the skeleton starting from a junction until
other junctions are met. Besides junctions, a pore
body may reach to an end pixel that may represent
the smaller geometry features of the pore space.
There is no rule for the extent these features should
be included in the network. Further study is needed
in this aspect. The end pixel is also recorded in our
work. The locations of the narrowest site and the
narrowest distance along the connection between
two pore bodies are found at the same time.

A relatively difficult parameter to identify is the
area (2D)/volume (3D) of each pore and the radii of
pore bodies. In commonly used network models, the
pore bodies are idealized as circular or spherical
shapes and the pore throats are idealized as biconical
or cylindrical shapes. While the pore space in real
porous media has far more complicated geometry.
There is no clearly defined mapping between these
two representations. Bakke & Oren (1996) used an
average radius for the pore bodies. The contour is
searched from the center point of geometry with a
rotating radius vector and the searching radii are averaged. This method gives a very coarse approximation and may not be accurate even though when ‘abnormally’ long radii are eliminated because there is
no clear and global rule for determining the ‘abnormally’ long radii and only a limited number of sites
along the contours are searched.
In this presentation, a method of calculating the
pore area/volume and pore body radius based on the
partitioning of the pore space is developed. It is reasonable to regard that the area/volume of the pore
space is partitioned and assigned to each pore. By
taking advantage of the skeleton and the original binary image, the partitioning is done automatically in
the following steps:
(1) The mid-location along each connection between
two pore bodies is identified as a partition site and
the tangent of the connection line at this mid- 1
location is computed.
(2) For each pore body, perpendicular lines/planes
(partition lines/plane) are drawn from its partition
sites. The line/plane stops when it hits the contour of
the pore space or it meets with another partition
line/plane.
(3) A filling algorithm calculates the area/volume
enclosed by the partition lines/planes together with
the contours of the pore space.
Figure 4 shows the area partitioned and assigned to
one pore.
The calculated area/volume
above is the
area/volume of an individual pore. It can be further
assigned to its representing pore body and pore
throats by additional rules related to the specific architecture of the network model. As an example, in
the biconical network model used by Nowicki et al.
(1992) and Reeves & Celia (1996) (Fig. 5), the radius of the biconical sections at the point of attach.I?L , where
mPnt
IlA”II tn
L” thP
L&l” nnv~
y”lv ~$TT
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AJ fixed CLL
-+ It- = rb ,I 1!
rb is the radius of the pore body. By knowing the
minimum radius rmin and its locations of the pore
throats and the size of the pore, the radius of the
pore body can be calculated.

wetting fluid (R.P Cargille Laboratories, #OHZB)
doped with 200nmol of Kiton Red dissolved in a
50pmol Methanol solution. The Kiton Red dissolved
in Methanol and OHZB had an emission peak of
595nn-l.
The original PVI images are RGB color images.
First they are converted into HSI (Hue, Saturation
and Intensity) space. Noise reduction and pore-sand
segmentation are applied to the intensity component
(gray level). Then the skeletonization and pore
structure characterization are carried out on both
thin section (2D) and 3D data stacks.

Pore Size Dktribution
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Figure 6. Pore Size Distribution. Average pore size =
0.01588 mm2; standard deviation = 0.011874 mm’ ; Maximum ~0.153819 mm2; Minimum =0.001989 mm2

Figure 6 shows the pore size distribution of the constructed network of the image shown in figure 3(d).
The total area of the pore space in the image is
4.86mm2. The total pore size in the network is
4.75mm2. The slight discrepancy between the imaged and calculated pore space is most likely the result of two errors. First, some of the pore space in
the 2-D image have closed structures that will not
contribute to the flow. The effects of the reduced
coordination number associated with 2D pore structures should disappear when a full 3D data set is
analyzed. Second, the partition area enclosed by
partition lines and the sand grain contour may not be
in closed form. This will cause a small error in the
volume partitioning of small number of pores
(-8%). A more accurate method for calculating the
pore sizes of pore spaces with an open partition area
is under development.
6 CONCLUSION
In this work, a new method of extracting pore-scale
network geometry from images of porous media is

presented. The method employs a new methodology
for the skeletonization of digital images of porous
media. Using a fast Euclidean distance transform
along with a new ridge finding algorithm based on
the localstatistics of the distance transform, experiments showed that the resulted skeleton better preserves the connectivity and geometry of the pore
space than other thinning techniques. Additionally,
in this methodology pore geometry characterization
is directly fulfilled on the generated skeleton while
pore sizes are calculated from the volume partitioning of the pore spaces identified in the digital image.
The sizes of pore bodies and pore throats can then be
computed from the pore sizes according to the specific architecture of the selected pore network
model.
The presented algorithm is also easier to extended to
3D without sacrificing overall pore space connectivity when compared to the 3D thinning algorithms
commonly used in computer vision. However, the
test of connectivity remains a challenge in 3D due to
the highly complicated geometry in the images of
real porous media and the lack of a suitable visual
testing method. An alternative and indirect way is to
compare those data obtained from network model to
those of the experiments is part of the ongoing
study.
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Abstract

Specific surface areas of phase interfaces are among the most important micro-geometric
properties in multiphase porous media systems. The surface areas between mass phases are a
critical element associated with establishing the thermodynamic state of these systems.
Consequently knowledge of the specific surface areas between the different fluid and solid
phases is essential if one wishes to accurately describe multiphase flow in porous media
(Hassanizadeh and Gray, 1990). A method of extracting multiphase specific surface areas
from 3D images of a multiphase flow in a porous media obtained using Photoluminescent
Volumetric Imaging (PVI) (Montemagno, 1994) is presented. 3D 2-point correlation function
and image segmentation techniques are used. Compared with isosurface method, this method
is more accurate when digital images are used.
Key Words: 2-point con-elation function; Digital image processing; Image segmentation;
Specific Surface Area; Photoluminescent Volumetric Imaging (PVI);
Introduction

Specific surface areas of phase interfaces are among the most important micro-geometric
properties in multiphase porous media systems. The surface areas between mass phases are a
critical element associated with establishing the thermodynamic state of these systems. For
composite materials such as rock, biological tissues and other porous materials, the physical,
mechanical and transport properties are strongly dependent on their microstructure
information. Historically capillary pressure has been regarded as only a function of
saturation. Hassanizadeh and Gray have proposed a constitutive relationship between
capillary pressure, saturation and interfacial areas (1990). This theoretical development
motivates both theoretical and experimental investigation of the effect and measurement of
interfacial areas (Reeves and Celia, 1996).
Because of the small scale, complexity, and opaque nature of multiphase flow in porous
media systems, it wasn’t until the recent development of the Photoluminescent Volumetric
_ ^__.
Imaging (PVI) technique (Montemagno and Gray, lYY5) that it was possible to
nondestructively measure phase interfacial areas with the resolution and spatial scale

length cylindrical lens to form a light sheet. This light sheet is focused to achieve a y-axis
thickness of 20 pm over a length of approximately 15 mm. The light sheet is then directed
through the measurement cell orthogonal to the imaging system.
Sample

Color, CCD Camera
Figure 1 Schematic of PVI System
Within the measurement cell is the model multi-phase porous medium. This porous medium
is consists of sand grains composed of optical quality fused silica., and one or more fluids
with a refractive index matched to the fused silica. Dissolved in the fluids are property active
fluorophores. When excited these fluorophores emit light at the energy different from the
excitation source (Stocks Shift). Because these fluorophores can be tailored to interact with
specific physio-chemical features of the porous media system, different structures and
properties of the multi-phase system including immunofluorescently tagged bacteria can be
measured and visualized.
The light sheet which is directed into the measurement cell is really a volume of light. This
light volume is 25mm high, 30mm long and, depending upon the field of view, can be up to
50pm thick. Consequently, at any given time all of the fluorophores occupying space within
this volume of light will be excited and emitting electromagnetic energy. This emitted energy
is detected and measured with the imaging system.
The imaging system consists of a long-range microscope and a spectral filter assembly,
which is interfaced to a cooled, color, charge-coupled device (CCD) camera that acquires the
image. After an exposure of approximately 1OOms the CCD camera system digitizes the
image and transfers the data to a computer for analysis at a rate of 5OOkHz. Typical
resolutions of better than lprn and over volumes greater than 125 mm3 have been achieved.
After each image is recorded, precision translators move the measurement cell to reposition
the focal plane of the laser light sheet within the sample volume so that another image may
be recorded. Simultaneously, the imaging system is translated to compensate for the change
in optical path length. The translators used in the described apparatus will position the
measurement cell to a precision of 1OOnmwith a repeatable accuracy of 1ym over a 25mm
translation. Because of the precision with which the measurement cells are moved, each
image frame can be referenc.ed to an absolute coordinate system. Consequent:j;, the geometry

Relationship between the two-point correlation function and specific surface area.
In 1957, Debye, Anderson and Brumberger showed that, for isotropic porous media, the
specific surface area is equal to minus four times the derivative of the two-point spatial
correlation at the origin. In 1987, Berryman generalized this result to anisotropic media
(Berryman, 1987). The generalized relation has the same form except that the specific
surface area is developed from angular average of the correlation function.
Under the assumption of statistical homogeneity of the porous media, assume f (x’)=O or 1 is
a binary function describing the characteristic of the por
ous media. When f (Z)=l, j; is in the pore space and when f (2) =O, 2 is in the solid space
(Berryman, 1987).
f(Z) = X in

soZids ? 0: 1

2 - po int correlation function : C, (7) = [a f(Z)f(Z

+ ?)a5 = IT’

[F(k)

l

(1)

F’ (Z) ]

Where FFTs (Fast Fourier Transform) are used to calculate the correlation function in order
to improve computational efficiency. The angular average, AZ, and specific surface area, a,
are given by:
Angular

average : A, (r) = -& jdqd0 sin0 CZ(ti)

Specific

surface

(2)

area : a = -4lim- dA, W
r+o dr

(3)

The discrete 2-point correlation function CJ (7) can be computed from digital images,
where F =(i, j, k). (i, j, k) are integers. Assume 3D binary image f(x,y,z), then:

c,w,w

= x.y,r
c f(x,Y,z)f(x+i,y+j,z+k)
(4)

Then the angular average ,42(k) of CZ can be computed by averaging the correlation
coefficients at a fixed radius k. In the 2D case, we can use :

4 (k)=& ~Ci(kcos(~),ksin(~))
I=0

(5)

Because the coordinates of C2 in (5) are not always integers, interpolation of Cz at these
non-integer correlation distances is necessary. This is illustrated by the graph below
(Berryman, 1987). The black dots are integer locations of the correlation and the void
dots are non-integer locations where 2-point correlation coefficients are unknown.

Perchlorade (DiOC18(3)) dissolved in 50pmol of Methyl Ethyl Ketone. The Kiton Red
dissolved in Methanol and OHZB had an emission peak of 595nm, while DiO solutions
emission peak was 520 nm. This makes it possible to clearly differentiation between the
aqueous and non-aqueous fluid phases.
Infiltration of the non-wetting fluid was accomplished by step-wise increases in the capillary
pressure. During the infiltration of the non-wetting fluid, real-time images are taken when the
fluids reached equilibrium. In this experiment images were taken with a resolution of
640x480 pixels. This resulted in a field of view of 3.65mm by 2.74mm with a voxel size of
5.7 pm wide X 5.7 kern high X 10pm thick. Each data point was generated from 100 images
for a total sample volume of approximately 10 mm3.
Image Processing
Computing specific surface area from digital images by using 2-point correlation function
can only be done with binary images, ie. there are only two components in the images:
component 1 with value 0 and component 2 with value 1. The original PVI images are RGB
images. Consequently the images must be segmented into components representing each
matter phase before they can be analyzed. To obtain accurate segmentation of the image, any
noise in the image must be removed.
(1) Noise Reduction:

The original images are RGB color images. First they are converted to HSI (Hue, Saturation
and Intensity) image space. The intensity component (gray level) is used to execute the
following noise reduction operation.
The major noise of PVI images comes from imperfect index matching between the solid
grains and the fluids. It is very difficult to match the index of the fused silica and the wetting
fluid ideally because of the changes in index of refraction resulting from doping the fluids
with fluorophores. Differences in index of refraction between the fluids and the solid causes
the fused silica grains to act like small lenses. These small lenses then diffract the light into
the line noise pattern. The noise appears in each slice as horizontal lines which becomes
thicker as the light progresses through the sample. The first image in Figure 4 shows noise in
a raw image. Without any processing, the noise can be fatal to the analysis because after
segmentation they will remain as solids and are bigger than or almost the same size as the
sand grains. They also distort the boundary between the sand grains and the background,
masking the correct geometry of the solids and pores.
To remove this noise the image can be filtered by Fourier transforming the image and
eliminating the coefficients of the frequencies corresponding to the horizontal line. But this
type of filtering will also blur the edges of the grains resulting in a significant distortion of
the pore geometry. A better way of line suppression is given by Reinhard (1996). We use a
modification of this filter in this work.

Define JQ is a mxn window around every pixel (i, j,. The average value inside the window
is:

Then the threshold value for pixel (i, jj is:
T(i,j)=cx.f,

+$

(11)

C(f(P>d-f,)2
P.9EV

ij
where a , p are constants which are chosen empirically. In our work, a is from 0.9-l .l;
p is from 0.1-0.3.
The segmented binary image g(i, jj based on the threshold value T(i, j) will be:
g(i, j) = H( kij - W, j) )

(12)

where H(x) is the Heaviside step function. H(x)=0 when x < 0 , H(x) = 1 when x >= 0.
When g(i, jj =0, the pixel (i, jj is in the solid space; when g(i, jj=l, pixel (i, jJ is the pore
space.
The result of the adaptive segmentation algorithm on PVI images is shown in Figure 5, which
is the binary segmented image from image (2) shown in Figure 4.

Figure

5 Segmented

image of pore and solids. 0: solids; 1: pore

(3) Segmentation of wetting and non-wetting

fluids in RGB space

After the index matched non-wetting fluid infiltrates into the sample, RGB images are.
collected which after segmentation describes the distribution of the wetting and non-wetting
fluids. Again, because of the non-perfect index matching of the fluids, the information
regarding the distribution of solids is compromised. Under the assumption that the grains of
the model sand are well packed and their movement can be neglected during the experiment,
we recover the distribution of the solids in the two-phase flow system by superimposing the
binary image of pore and solid segmented in section (2).

Figure 6 (1) Original image of two-phase flow. GI*een: non-wetting fluid; Red: wetting fluid.
(2) Segmented and superimposed by binary r*eference image of pore and solids. Wh ite:
non-wetting fluid; Gray: wetting fluid; Black: solids

Computing

the specific surface areas between components

After the PVI data is processed using the above described procedure, we have a three phase
3D image in which solids, wetting fluid and non-wetting fluid are represented by three
different voxel values. Based on the relation between the specific surface area and the 2-point
correlation function, specific surface area between wetting fluid and solid (a,,), non-wetting
fluid and solid (anS)and wetting fluid and non-wetting fluid (anw) can be computed.
However, this can not be achieved by directly apply 2-point correlation function on the 3D
image. Because the relationship between specific surface area and the 2-ponit correlation
function is based on binary images. the image can only have two components with pixel
values at 0 or 1.
To calculate the specific surface areas between more than two components, we have to do the
following transform:
Assume we have P components in the image F of MxN. Then F can be transformed into P
new images which are represented by 2 =@‘I, ZZ,~J, ...Zp) in which :
if F(i, j) belongs to component k
z,(i,j)

= {l

(17)

0
Otherwise
k=I,2, ...P. i=1,2, ...M. j=1,.2, ...N
& is a binary image which consists of two components: component k and the remaining
components. If we calculate the specific surface areas from 21, 22, 23, ...Zp , the values we
get are the specific areas between the component k and the remaining components. We use
ah to stand for these values, in which r represents “the remaining components”, k=1,2, .. .P.
The foiiowing P equations can be derived straightforwardly:

(2)Test 2: The relative error of the surface area for single
with increasing radius (O-80
- sphere
pixels) is computed and shown in Figure 8.
--c-Error

of Correlation method

-WC- Error of isosurface method

0.6

2

IO
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Figure 8 Relative Error of Correlation Method and Isosurface Method for Single Sphere
I
From Figure 7 and Figure 8, it is clear that the 2-point correlation method gives a better
approximation for spherical objects in digital images. The reason may lie in that the
isosurface computation depends on the roughness of the surface, which is easily affected by
digitizing error. However, from the manner by which the 2-point correlation function is
computed, it is apparent that results from this method are not only related with the surface
but also with the 3D information of the entire system. This makes the 2-point correlation
method more robust in regard to the digitizing error. Further, the isosurface computation is
both time and memory consuming when compared to the 2-point correlation method. In
actuality, for isotropic media, the 2-point correlation function can compute phase interfacial
areas using only representative set of image slices. A summary performance comparison is
presented in Figure 9.
Although the results presented are generated digital images of spheres, usually after
digitization and segmentation, the roughness of any surface can increase dramatically due to
digitizing error and noise. Consequently it can be anticipated that in general, a more accurate
measures of the system geometry can be expected from 2-point correlation method when
compared to isosurface calculations.
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of Civil and

1. Introduction
Mathematical

descriptions

of multi-phase

on conservation laws, including
augmented by constitutive

conservation

relationships

fluid flow in porous media are based
of mass and momentum.

between capillary pressure (p”) and saturation

(s”), and between relative permeability

(Icr) and saturation.

mass exchange between the phases, additional

These constitutive

fluid-fluid interfacial
phase liquid (NAPL)
references therein].

into flowing groundwater
Interfacial

constitutive

relationships

typically involve a measure of

[see, e.g., Miller

et al., 1998 and

area has also been highlighted recently [Hussanizadeh

system description.

1991, 19981 as a fundamental

in

area should

and capillary pressure. Reeves and

between pc, sw, and awn obtained by pore-scale

network models, showing the relationship
study, we present further computations
relative permeability,

quantity

That work suggests that interfacial

to both saturation

Celia [1996] presented a relationship

residual nonwetting

those for

area (awn). An example of this is the dissolution of a nonaqueous

be related thermodynamically

saturation,

Additional

relationships

and Gray, 1990; Gray and Hassanizadeh,
the mathematical

For problems involving

balance equations, including

specific components of interest, need to be written.
are also required.

These are

to be a smooth, well-behaved
of the relationship

and interfacial

phase saturation.

surface. In this

between capillary

pressure,

area, with a focus on the range of

In this range, saturation changes are caused by

mass transfer processes from the nonwetting

phase into the wetting phase.

One of the interesting observations regarding capillary pressure is that its definition
at the continuum

scale is not ,unique.

At the pore scale, capillary pressure is well

defined, being equal to the difference between the pressure of the nonwetting

fluid and

the pressure of the wetting fluid, measured across a fluid-fluid interface. This concept is
translated to the macroscopic porous-medium
that average capillary press ,,rc\
Ulcj

:,IO cho
uuc

phase pressures. When performing

cW+m
UllL

scale by use of the rather loose definition

on thn
VT .,xtr tt’
bLLcehat..
ULUykebl,
uIIb ..~,,~,e..mg
an d Tr.r\Ct;v.n
YYT;LlbIILEj

laboratory

pressure cell experiments to determine
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thermodynamic

relation to the properties of the system [Hussanixadeh and Gray, 1993bJ.

While various thermodynamic

definitions of capillary pressure exist [see, e.g., MO~Y-CXU,

1970; Hussanizadeh and Gray, 1993b], they often include variables like Helmholtz free
energies that are difficult to quantify or measure. Here we adopt a more intuitive
definition of capillary pressure where we define macroscale capillary pressure in terms
of microscale variables [following Hussunizadeh and Gray, 19933; Reeves, 19971, as the
area1 average of local capillary pressures, where the local pressures can be quantified
at the pore scale for each fluid-fluid
interfaces. This may be’written

interface and the averaging is performed over all

mathematically

as

(1)
where

1, x E w(t)

I(x, t) =

(2)

0 , x E n(t)
with w(t) and n(t) denoting the portion of space occupied by wetting and nonwetting
fluid, respectively.

1(x, t) is an indicator

function for the fluid phases in space and

time, with x being a position vector and t indicating time. Local phase pressures are
identified by p* (nonwetting

phase) and pw (wetting phase), SAW”(t) is the total contact

area between the fluid phases in time, and W””

is the total volume of fluid phases

within the averaging volume 6V. In this notation, awn, the specific interfacial

area per

unit total volume W, may be expressed as
(IVI(x,

t)l)

= -&

/

(3)

(Vl(x, t)] dx = awn(t)

6VW”

In our computations,
determine the relationship

we first simulate a typical pressure cell experiment used to
between pc and sw. For such experiments,

fluid pressures

are imposed at the boundaries of the cell via connection to respective fluid reservoirs.
Fluids move in response to imposed differences in phase pressures, and after fluid-fluid

7
disconnected.
All interfaces associated with a region of trapped fluid are assigned a fixed capillary
pressure, which is the capillary

pressure at entrapment.

This is in agreement with

observations of Harris and Morrow [1964] and Morrow and Harris [1965]. For imbibition,
isolated nonwetting

fluid is held at a fixed capillary pressure until either a drainage

sequence is initiated,

where invading nonwetting

mass transfer (dissolution)

fluid reconnects to the ganglion, or

between fluid phases occurs. During dissolution,

capillary

pressures are modified for each ganglion, based on the new positions of interfaces, which
are obtained from the n&wetting

phase volume dissolved and the local pore geometry.

The dissolved volume is calculated in connection with aqueous-phase mass transport
across the network, with each fluid-fluid
driven by local concentration

interface treated as a source for mass transfer,

gradients. The dissolved mass converts to a NAPL volume

reduction, assuming incompressible nonaqueous phase. With this adjustment,

interface

locations and interface curvatures need to change in the pore space geometry. Therefore
local capillary pressure also changes. Finally, equation (4) is used to calculate a new
value of average pc. Physical processes such as snap-off [see, e.g., Li and Wardlaw,
1986u, b; Mohanty et al., 19871 are simulated in ganglion retraction,
energy principles are applied to specific interface configurations.
rise to dynamic ganglia dissolution,

and minimum

These mechanisms give

and discrete capillary pressure and interfacial

dependence, in the pore network structure.

Details of the dissolution

algorithm

area
can be

found in Held and Celia (1999).
When nonwetting

phase (as part of a ganglion, or as single droplet) occupies only a

fraction of a pore body, interfacial area and curvature are related to a sphere of the same
volume (minimizing

interfacial

area) in the computation.

This provides a lower bound

on interfacial area and a respective upper bound on the associated capillary pressure via
interfacial curvature. The resulting equation for the pore bodies, which follows from the

used herein (see equations (1) and (4)) is not based on the imposed external reservoir
pressures, but instead on the average over all fluid-fluid
approaches residual phase saturation,

interfaces.

As saturation

this value deviates from the external reservoir

pressures. This can be noted as wetting phase saturation approaches residual at the end
of the drainage sequence and as nonwetting
imbibition

sequence. At irreducible

phase approaches residual at the end of the

wetting phase saturation

all fluid-fluid

interfaces

are fixed and the averaged pc does not extend beyond pc = 10 cm HZO, independent
external wetting-phase

of

reservoir pressures. Contrary to results based on phase reservoir

pressures, the value of p” thus remains bound at irreducible water saturation.
wetting fluid reconnects with its reservoir during imbibition,

As the

the average pc gradually

approaches the value of the external pressure reservoirs in the mid-saturation
The averaged local pc values then deviate again as the nonwetting

ranges.

phase in the system

becomes disconnected.
Once the nonwetting
saturation

phase reaches residual saturation,

can occur by mass transfer and dissolution.

further reductions in its

While the definition

of pc

based on phase reservoir pressures is meaningless in this range of saturations,
formulation

of equation (1) remains well defined and can be employed to define an

extended @-s~-u~~ relationship
residual nonwetting

over the entire range of saturations.

phase saturation

simulated by controlling

wetting-phase

To this end, after

is established, continuous wetting phase flow is
pressure at the open boundaries.

Clean water is

introduced at the inflow boundary, serving to flush out dissolving nonwetting
dissolution algorithm is described in Held and Celia [1999]. Initially
concentration

the

throughout

the aqueous-phase

the network is set equal ‘to the solubility limit.

produces a dissolution front that propagates through the network.

phase. The

The flushing

For this work, we

varied the hydraulic gradient in the aqueous phase to simulate Darcy fluxes across
the sample between 0.25 m/day and 1 m/day, representing different flow rates during
dissolution scenarios or water flooding.

The selected flow rates are typical of flow rates
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the range of residual phases.
4.2.

Interfacial

Area

Relationship

As opposed to pressure cell experiments,

wherein measurement of awn is extremely

difficult, the computational

network

-directly.

area (defined in equation (3)) is plotted as a function

Specific interfacial

saturation

model allows interfacial areas to be calculated
of

in Plate 2, presenting an extension into the saturation range corresponding

to nonwetting
relationship,

The curve shows a very well behaved functional

phase dissolution.

with the area decreasing monotonically

decreases to zero. Interfacial

to zero as residual saturation

area does not enter into standard macroscale two-phase

flow equations, but it does appear in the equations for mass transfer.

It also appears

in the set of two-phase flow equations proposed by Hussunizudeh and Gray [1993u].
The form of the functional

dependence shown in Plate 2 is in full agreement with

the hypothesized relationship

of Hussunizudeh

and Gray [1993b]. Other results, not

presented herein, indicate that less smooth curves for u”‘~-s” may be generated,
depending on specific pore structures
remain consistent.
in magnitude

of the systems. However, the general trends

Our simulated wetting-nonwetting

than those estimated

by Gvirtzman

Miller [1995], or those inferred by Saripalli
to the use of different pore structures
rings, which carry additional

fluid interfacial

areas are less

and Roberts [1991] and Lowry

and

et al. [1998]. That effect may be attributed

and to the absence of wetting films or pendular

area, although that area probably has minor effect on the

mass-transfer process. Note also that the interfacial area curves shown in Plate 2 are
not sensitive to changes in dissolution
4.3.

Relative

Permeability

As for the other functional

flow rates.

Relationship
relationships,

relative permeabilities

[see Rujarum

et

al., 1997; Fischer and Celia, 19991 can also be extended to cover the range of residual
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all ranges of saturations,

because it involves the actual pressures internal to a sample, as

opposed to the external reservoir pressures. In the extended range, the pc-sw relationship
does not remain monotonic.

Therefore incorporation

of this relationship

in standard

two-phase models that employ derivatives of pc-sw should be avoided. In general, we
believe that more careful consideration
pressure in standard continuum-scale

should be given to the definition
model formulations,

needed to determine the general suitability

of capillary

while further

research is

of the current equations employed to model

two-phase flow systems.
The relationships

between awn and sw, and between Icr and s”, are better behaved

than the pc-s’” relationship,

showing smooth curves and little dependence on the flow

rate used during the dissolution

process. The extent to which flow rates and other

system dynamics need to be included in constitutive
and needs further investigation.

considerations is an open question

Our results are presented for a particular

a pore-scale network model with a particular

pore space structure.

choice of

While many more

simulations need to be run, we expect the qualitative behavior to remain similar over a
wide range of pore structures.
the traditional

This is consistent with the general behavior observed for

pc-P’ and kr-sw relationships, which remain qualitatively

comparable for

a wide range of materials.
In current macroscale models, kr and awn are needed to solve problems involving
dissolution,

but the use of pc-sw may be avoided in the saturation

range of residual

dissolution.

However, newer theories like those of Gray and Hassanizadeh [1991, 19981

may require a well-defined p” over all sw, and therefore extensions of pc-sw , as well as
kr-sW and awn-SW,and perhaps others, will be needed. Computational

pore-scale models

provide a means to investigate these relationships.
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Plate

1. Network model prediction

of extended saturation - capillary pressure relation-

ship during dissolution of residual nonwetting

phase, with a network size of 50x50x 50.

Symbols indicate the difference in phase reservoir pressures for drainage (filled) and imbibition (open), lines indicate the average over local capillary pressures (equation (1)). The
extensions are given for three values of wetting phase Darcy-fluxes during the dissolution
process.

Plate

2. Network model prediction

of extended saturation - interfacial area relationship

during dissolution of residual nonwetting
open symbols represent imbibition.

Plate

3. Network model prediction

phase. Filled symbols represent drainage and

Legend for extensions as in Plate 1.

of extended saturation - relative permeability

tionship during dissolution of residual nonwetting
wetting phase permeability,

phase. Square symbols indicate non-

circles indicate wetting phase permeability.

represent drainage and open symbols represent imbibition.
Plate 1.

rela-

Filled symbols

Legend for extensions as in
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Table 2. Residual nonwetting

phase distribution.

Total number of nonwetting

phase

ganglia: 5032
Parameter

mean

stdv

min

max

ganglia capillary pressure, (p”)i

5.855

0.212

5.454

7.712

cm H20

ganglia fluid-fluid area, CiEj ayn

3.791e-1

1.828

7.341e-2

9.895et2

mm2

ganglia total area, CiEj(ayn + A:“)

7.719e-1

4.482

9.714e-2

2.422e+3

mm2

ganglia volume, &

3.288e-2

1.967e-1

3.521e-3

l.O63e+1

mm3
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Plate

1. Network model prediction

of extended saturation - capillary pressure relation-

ship during dissolution of residual nonwetting phase, with a network size of 50x50x 50.
Symbols indicate the difference in phase reservoir pressures for drainage (filled) and imbibition (open), lines indicate the average over local capillary pressures (equation (1)). The
extensions are given for three values of wetting phase Darcy-fluxes during the dissolution
process.
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Plate

3. Network model prediction of extended saturation - relative permeability
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A complete description of multi-phase porous media systems
requires inclusion of interfacial areasas well as phase volumes. Theoretical
results indicate that interfacial areas should be related to capillary pressure
and to volumetric saturations, and that other constitutive relationships should
include interfacial areas in their functional dependencies. Computational
pore-scale network models allow for quantification of the proposed
constitutive relationships that involve interfacial areas. In addition, a new
experimental technique, Photoluminescent Volumetric Imaging (PVI),
provides an opportunity to measureinterfacial Breas,thereby testing both the
theory and the computational results. A collaborative research effort
involving theoretical analysis, computational models and PVI-based
experiments, is being pursued to investigate the role of interfacial areas in
multi-phase porous-media systems.
Abstract

INTRODUCTION

A distinguishing feature of multi-fluid porous media systems is the existence of
fluid-fluid interfaces. These interfaces, which exist at the pore scale, can support
non-zero stresses, thereby allowing fluids on either side of the interface to maintain
different pressures. For systems in thermodynamic equilibrium, the stress supported
by an interface is equal to the pressure difference between the phases. If the pressure
difference between the phases changes, the interfaces will deform and some of the
interfaces will move. This movement leads to changes in volumetric saturation, and
also leads to changes in the amount of interfacial area present in the porous medium.
Fluid-fluid interfaces also serve to define boundaries across which components of
one fluid phase may be transferred to another fluid phase. An increased interfacial
area increases the opportunities for mass exchange to occur. This has direct
1:,..:1,
r*on-qJep~s-p
ase
coiiseqttieixes for -,-nhlnmp” ““IbUlJ
S’UCUh
as
diSSO!utiOE
of
cl
11yu1ua
(NAPLs) into flowing groundwater, or the delivery of surfactants to NAPL
contaminants.
Traditional models of two-phase flow in porous media do not include any explicit
accounting of interfacial area: the flow equations only involve volumetric phase
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(1)

In this equation, E is porosity, and yelpdenotes interfacial tensions between phases CI
and p (superscripts w, n and s are as before). Equation (l), which is an example of
the kinds of relationships that the theory can predict, now needs to be tested by
methods that allow quantification of interfacial areas. This theoretical approach also
shows that capillary pressure should be a function of both saturation and interfacial
areas (P, = PC(Y) awn, a”)), and that the permeability coefficient that arises in the
Darcy equation (or’ the more general momentum balance) should also have a
functional dependence on interfacial areas.
The consequences of using a theoretical approach that is capable of capturing the
actual physics of the system are both positive and challenging. On the positive side,
driving forces for the flow and the functional dependence of the parameters are
revealed. Also, the complete theory contains equations that describe the dynamic
evolution of both interfacial areas (defined at the continuum scale) and average
common-line length, and include a dynamic capillary pressure term. This dynamic
capillary pressure arises naturally in the analysis, and reduces to the standard
definition only at thermodynamic equilibrium. However, the challenges of
implementing the new theory are substantial. Although functional dependencies of
coefficients may be known, the precise functional forms of those dependencies are
not. Inclusion of dynamic equations for areas and common lines requires
quantification of new coefficients, about which little is known, and also presents a
significant computational challenge due to the complexity of the equations. Yet, if
more accurate descriptions of system physics, and improved understanding of flow
dynamics, are desired, then these new challenges must be accepted. With this in
mind, both computational and experimental methods have been developed to identify
some of the new functional dependencies and to test some of the new theoretical
conjectures.
EXPERIMENTAL

APPROACH

If interfacial areas are considered as an important dependent variable in multi-fluid
porous media systems, then some experimental procedures to measure these areas
must be developed. Because these interfaces exist at the pore scale, but the theory
applies to volume-averaged quantities, an experimental procedure is required that can
measure details of individual interfaces while covering a representative threedimensional volume of porous medium with characteristic length much greater than
the pore scale. Until the development of Photoluminescent Volumetric Imaging (PVI)
(Montemagno & Gray, 1995)) available measurement technologies, including X-ray
tomography, magnetic resonance imaging, and synchrotron radiation, could not
satisfy these requirements.
PVI is a non-destructive, three-dimensional imaging technique that precise!y
measures the distribution of immiscibIe fluids, a solid sand phase, and the interfaces
between these phases. The PVI system (Montemagno & Gray, 1995) uses a singlefrequency light beam, generated with an argon-laser, which is focused into a light
sheet that is directed through the measurement cell. The specially-constructed cell
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RESULTS AND ONGOING EFFORTS
We are working to integrate the theory, experiments, and numerical simulations into
a coherent approach to study the role of interfacial areas in porous media flow
physics. Our first efforts are focusing on the relationship between capillary pressure,
saturation, and interfacial areas. The theory indicates clearly that the traditional
relationship between capillary pressure and saturation is incomplete, and interfacial
area per unit volume must be added to the functional dependence. The theory does
not, however, provide the form of that functional dependence; determination of this
relationship must be done experimentally. To this end, both the network modelling
and the PVI approach are being pursued. The first results that investigated the
relationship between P,, S’“, and awnwere reported by Reeves & Celia (1996). The
results were based on a standard pressure-cell experimental setup, with capillary
pressure imposed by controlling phase pressures along boundaries. A pore network
with approximately 200 000 pore bodies was used, with saturation and interfacial
area calculated for approximately 8000 discrete values of capillary pressure. While
the relationships between P, and awn, and between 3” and awn,are very complex, the
relationship between P,, S”, and awn is remarkably smooth and well behaved. That
relationship, derived from the drainage scanning curves and calculated on a different

Fig. 1 Calculated relationship between PC,S, and a”“.
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While these results, and others such as those reported in Reeves (1997),
demonstrate how the network models can be used to test some of the theoretical
results, the network models themselves remain relatively untested. Network models
can be used to match measured capillary pressure-saturation and relative
permeability-saturation relationships (see for example, Rajaram et al., 1997).
However, this does not mean that the interfacial area calculations are representative
of actual porous media. Therefore the PVI experimental technique is critical to both
validation of the network models, and to provision of a “ground truth” data set
against which to compare the theory. The overall objective of our joint work is to use
innovative experimental techniques to test (and, we hope, validate) both the
computational network models and the theoretical results. PVI will allow the
relationship between P,, Y, and a’“” to be determined directly. If the network models
can be validated using PVI results, then the models can be used to test a variety of
additional theoretical results with much more confidence. We are in the process of
extending the network models to include dynamics, so that the theoretical results
regarding dynamic capillary pressure can be tested. We are also in the process of
incorporating realistic geometries into network models, based on pore-space imaging
produced by the PVI technique.
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Abstract
Flow in porous media is typically modeled at a length scale, referred to as the macroscale, such that a
point of the system encompasses tens to hundreds of pore diameters. For such a system description,
thermodynamic equilibrium conditions involve equality of the temperatures and chemical potentials of
the system components at a point as well as mechanical conditions expressing an equilibration of forces
at interfaces between phases and at common lines where interfaces come together. These force balances
must be expressed in terms of macroscale thermodynamic variables and are obtained here. In addition,
perturbations from the equilibrium state involve changes in the macroscale variables describing the
amount of volume of a phase, area of an interface, or length of common line per volume of the system.
A variational analysis provides the expressions for independent variations of these quantities, important
information for completion of a continuum mechanical description of the system physics involving
exploitation of the entropy inequality. @ 2000 Elsevier Science Ltd. All rights reserved.
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to each system component exist and a geometric density is assigned to each component
(volume per volume for a phase, area per volume for an interface, line length per volume for a
common iine, or number of points per volume for common points) to complete the
characterization of the system. At any macroscale point the geometric densities are important
parameters, and their presence in the conservation equations for macroscale systems is one of
the chief features that distinguishes macroscale analysis from microscale analysis.
Important
issues involve determination of equilibrium
conditions for a macroscale
thermodynamic system and relations among changes in the geometric densities near
equilibrium. In this study, the macroscale thermodynamic equations will be investigated to
obtain conditions of mechanical equilibrium. The approach to be followed is based on that
employed by Boruvka and Neumann (1977) and Gaydos et al. (1996) for microscale systems
and follows from the macroscale entropy inequality for two-phase flow derived by Gray (1999).

2. Motivation and need
The need for thermodynamic equilibrium relations at the macroscale can be seen by
considering the simple system depicted in Fig. 1. The figure depicts two glass capillary tubes of
different diameters that are inserted into a reservoir of fluid (designated as the w phase) that
preferentially wets the tubes compared to air (denoted as 12, or non-wetting, phase). For
convenience, let the contact angle between the fluid and the glass be zero. Thus the interfaces
between the two fluids within the capillary tubes are essentially hemispherical. At the interface
between the fluids in each tube, the capillary pressure is given by:
pc = -(r,vTj;:n

(1)

where gwn is the microscale interfacial tension, I::,, = Vs . n”’ is the interfacial curvature with n”’
being the unit normal on the interface positive outward from the w phase, and V” is the
surficial operator used to take the surficial divergence. For the present case where the interface
is a hemisphere, jzn = -2/R at each point on the interface when R is the radius of the tube. In
the smaller tube, the capillary rise is higher, the curvature of the interface is greater, and the
capillary pressure is greater. Indeed, when looking at the interface in each of the tubes,
determination of the interfacial curvature, and thus the capillary pressure, is straightforward.
On the other hand, if one has to consider the capillary tubes as part of a system, it is not at all
clear what should be identified as the ‘capillary pressure’ of that system. Certainly the
interfaces within the tubes would contribute to such a determination as might the curvature of
the interface between the fluids exterior to the capillary tubes. In any event, a definition of the
‘capillary pressure’ would be subject to interpretation, even for the simple system in the figure.
The concept of capillary pressure in a porous medium is far more complex than that for a
simple system composed of several capillary tubes. Hassanizadeh and Gray (1993) have
considered some of the similarities and differences between capillary pressure as viewed from
the micro- and macroscales. Despite that effort, and those of other researchers (e.g.,
Kalaydjian, 1987; Pavone, 1989) the comment of Scheidegger (1974) still holds true: “A
consistent theory of capillary pressure in porous solids should provide an explanation of the
fundamental relationship between saturation and capillary pressure (or interfacial curvature).
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(3b)
The density of the phase is related to the species densities by:
Pa =

(4)

yPai

Although it is possible to derive the solid phase pressure
(Bailyn, 1994), this extension will not significantly alter
conditions that follows.
The total energy of the phase per volume at equilibrium
energy cpc(which is related to the gravitational acceleration
total microscale energy per volume for the cc-phaseis:

using the Lagrangian strain tensor
the derivation of the equilibrium
includes the gravitational potential
according to g = -Vq,. Therefore,

eaT = ea -I- Y‘Paj4Da = eu + PaV,tc

(5)

For an ap interface separating the CC-and p-phases, where ctfl = wn, ws, or Its, the microscale
internal energy per area, e,p, is expressed according to the classical relation:

where 0,~ is the microscale temperature, qzp is the microscale entropy per area, a,p is the
interfacial tension of the I$? interface, Papi is the microscale mass of species i per unit area of
interface a/?, and ,nagiis the microscale chemical potential of species i in the c@ interface. For
this relation, the temperature and chemical potential are defined by:
e,p = g$
a

(74

The mass density of the interface is obtained from the species densities as:

Here, following Gibbs (194X), the microscale interfacial energy is considered to be independent
of the curvature of the interface. Boruvka and Neumann (1977) and Boruvka et al. (1985) have
provided an extension to this expression that includes the dependence of interfacial energy on
the first and second curvatures as microscale independent variables. They have shown that this
is necessary for interfaces with very high curvature, a situation that will be neglected here. The
total energy density of the interface at equilibrium includes the gravitational potential energy
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volume, this must be accounted for in the list of independent variables. Additionally, because
the integration to the macroscale involves a loss of information concerning the actual
geometric configuration that is observable at the microscale, the possibility exists that one or
more additional independent variables will be required to describe the internal energy
dependence. These variables will be included in the list of variables along with appropriate
potentials. Additionally, the notational convention will be adopted such that superscripts will
be used with macroscale variables where subscripts were used with their microscale
counterparts. A microscale idealization of a three-phase system in provided in Fig. 2. Note that
in actuality the notation ffp will be used to indicate the amount of interfacial area between the
CI-and p- phases per averaging volume and I”‘“” will denote the common line length per volume,
For the cl-phase, the macroscale internal energy per volume is expressed according to the
relation:

a W12

n

a

V

WS

WTl.

wns

UL

wns

1

c

Fig. 2. Schematic diagram of a three-phase wns system as viewed from the microscale perspective. Phases, interfaces,
and common line are indicated as are some of the unit vectors of importance in the analysis.
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and:
(19c)
The macroscale mass density of the interface is the mass per unit area and is given by:
(20)

The total energy of the interface at equilibrium includes the gravitational potential energy
go@ where g = -VQ”~. Therefore, the total macroscale energy of the c@ interface per
macroscale volume is:
(21)

For a wu common line, the macroscale internal energy per macroscale volume of the
mixture is expressed according to the relation:

where t!Y”’ is the macroscale temperature, 6”‘” is the macroscale entropy of the wns common
line per volume, c?““~is the macroscale lineal tension of the wn.scommon line, I”” is the length
of the wns common line per macroscale volume, picnsiis the macroscale mass of species i per
unit length of ws common line, and $‘“si is the macroscale chemical potential of species i on
the wns common line. Based on Eq. (22), the temperature, lineal tension, chemical potential,
and additional potentials are defined, respectively, as:

(23a)
(23b)
and:

The macroscale mass density of the common line is the mass per unit length and is given by:
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in obtaining the macroscale conditions of equilibrium while the quantity after the second equal
sign is important for obtaining equilibrium conditions at the microscale.
The variation of the total amount of a property of an a/? interface within a system of interest
is obtained in Eq. (A29) as:
&@@= c $3” &.b’-=
Y
(28)

In this equation, Cl’“” is the total length of the common line within an averaging volume. The
unit vector v$~ is normal to the common line, oriented tangent to and pointing outward from
the aj? interface (For example, see I$;~ in Fig. 2). The new variation in this equation is 8,
which is a fixed point variation holding the x coordinates and the microscale surficial
coordinates constant. The variation of the total amount of an interface property near
equilibrium is expressed in terms of the macroscale situation using the first equal sign and in
terms of the microscale variation using the second equal sign in Eq. (28).
For the common line, the variational equation is derived as Eq. (A38):

The variation in this equation, c?~is fixed point holding the macroscale coordinates constant
and the coordinate along the curve constant. In addition, the microscale unit vector I which is
tangent to the common line appears in this equation. Note that A. VIZ is the microscale
curvature of the common line.

6. Equilibrium conditions for a two-phase system
For purposes of illustration, a two-phase system will be analyzed to obtain both the
microscopic and macroscopic equilibrium constraints. The development will be patterned after
that of Boruvka and Neumann (1977) who have obtained microscale constraints for multiphase
systems. The unconstrained problem that must be solved is the minimization of the functional:
9=&~-TS”-YA4iaki

(30)

where T and Mi are Lagrange multipliers, Br is the total energy of the system, Y is the total
entropy, and JJ?‘~is the total mass of species i in the system. The minimization problem may be
expressed as:
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(35)

In this equation, the multipliers of the variations of entropy and the mass densities must be
zero if the equation is to apply for arbitrary variations such that two condition of equilibrium
are:
T = e,, = 8, = 8,,,.,,

(36)

Mi

(37)

and:
= 401~+ I-L? = qn + l-hi = SDwn+ Pwni

The first equation is the condition for thermal equilibrium and the second is the condition for
chemical equilibrium. With these conditions employed, Eq. (35) simplifies to:

where use has been made of the fact that n:;,, = -nE.,,. The quantity Vg . n:,, is the curvature of
the interface based on a normal pointing out from the w phase such that the final equilibrium
constraint is:
pn - pws 4 jiInD,,zn = 0

where:
.I*
J w,, = Vg . n:,

CW

(39b)

and j;&,gNan is the capillary pressure. Condition (39a) is a classical result known as the YoungLaplace equation. This is the condition for mechanical equilibrium that supplements the
thermal and chemical equilibrium constraints.
Next the macroscale equilibrium conditions will be examined with respect to Eqs. (27) and
(28). Application of the first equality in these equations transforms Eq. (32) into a variational
problem in terms of macroscale quantities:
(40)
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fractions may be expressed, respectively, as:

(464
and:

Since n& = -n&

it must be true that:

&n + &‘V = 0

(47)

This expression may be considered obvious in that the definition of the volume fraction
dictates that the sum of the two void fractions must equal 1 at all times. However, it is worth
noting that relation (47) has been developed here using much different reasoning based on the
variational analysis and is applied only at near equilibrium conditions.
Based on Eq. (28) with 6,,., = 1, the relation for the variation of the area1 d_ensity may be
obtained. For the two-phase case, there is no common line so the expression for 6~“” is:

Inspection of this equation reveals that for the case of spherical interfaces of uniform
curvature, the quantity Vt . nz,, will not depend on 5 and could be removed from the
integrand. This would provide an immediate relation between &Y and k”. In the more
general case where the interface is not necessarily spherical, a macroscale variable Jz:, may be
introduced such that it can be moved inside of the integral over the microscale area1
coordinates. Thus Eq. (46a) may be written:

Subtraction of Eq. (49) from Eq. (48) yields:

Thus JE,, is a measure of the macroscale curvature and can be selected such that the right side
of Eq. (50) is zero and:
&“”

- J;;,,jE”’

= ()

(51)

Based on insights from Eqs. (47) and (51) such that SE” and 6a”‘” may each be expressed in
terms of (SE’“,Eq. (45) is rearranged to the near-equilibrium form:
(52)
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7. Equilibrium conditions for a general three-phase system
In the analysis of two-phase systems, the microscale situation was examined primarily to
demonstrate the contrast with the macroscale case. For the three-phase system, the analysis
presented here will be restricted to the macroscale case. The study will nevertheless require that
the microscale geometry of the system be transformed so that it can be accounted for from the
macroscale perspective. In particular it is important to consider the microscale angles at which
the interfaces meet at a common line, as depicted in Fig. 3.
For a multiphase system, the constraints that result for thermal and chemical potential
equilibrium are direct extensions of those for the two-phase case found in Eqs. (43) and (44).
These conditions state that at all macroscale points of the system in all phases, interfaces,
common lines, and common points, the temperatures must be equal; and the chemical plus
gravitational potentials must be equal. The part of the equation that remains to be examined
.
for mechanical equilibrium for a three-phase system is:

To obtain the conditions of equilibrium, the dependence of the variations that appear in this
equation on each other must be ascertained such that the integrand on the right side is zero.
For the volume fractions, the three equations that express their variations are obtained
based on Eq. (27) with b, = 1 for each cc-phaseas:

(58a)

(58b)
and:
,

Fig. 3. Three phase W, n, s system with interfaces between phases (dark curves) and angles of intersection, I/I/,, at the
common line indicated.
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averaging volume. The notation adopted is used to indicate the interpretation of the functions
that appear. Use of Eqs. (60)-(62b) in Eqs. (59a)-(59c) provides:

(634

(63b)

(63~)
St . n’. dC1
+ sin !PYri f
v c 11’111 ns
The integrals over the areas that appear in these expressions have already appeared in Eqs.
(58a)-(58c) for the variations of the void fractions. Two different additional integrals appear
over the common line. Thus the variations of the six volume and area1 geometric densities are
expressible in terms of five independent variations.
The variational expression for the common line length per volume is obtained from Eq. (28)
for the case where b,,,, = 1 such that:

where ELis the tangent to the common line and rl. VA is the curvature of the line. This vector is
orthogonal to R such that it can be expressed in terms of any pair of orthornormal vectors that
are normal to the common line. For instance, in terms of the pair of vectors v{:,~ and n$

Substitution of this equation into Eq. (64) gives the form of the variational expression:

In these two integrals, the first quantity in parentheses% the microscale geodesic curvature,
Q(X +- c) while the second quantity in parentheses is the microscale normal curvature,
K,(X f 0, with respect to the ws interfacial surface. Effective macroscale geodesic and normal
curvatures, indicated as K~(x) and I?(X) respectively can be defined such that:
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and:

O’lb)

With these relations employed, the integrand in Eq. (57) may be rearranged. to obtain the
equilibrium expression:

+ [ - #‘“sin Y” + @‘sin !P + ~~~~~~~~

The utility of this equation is that it provides the equilibrium thermodynamic situation as
being composed of a sum of five products of terms, for which each factor is zero at
equilibrium. This quality can be useful in studying dynamic systems.
It may seem reasonable that the above relations can be considered to hold for the case where
one of the phases is a solid. However, this is not so. In fact, the above manipulations were
performed where the degenerate cases, such as when any of the angles is an integer multiple of
n/2, have been ignored. Since the case of a solid phase and two immiscible fluids is an
important one, and is also a degenerate case of the above analysis, it will be treated explicitly
in the next section.
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(78)

For the equality to be satisfied for the variation around equilibrium, the coefficients of the
integrals must each be zero so that when one phase of a three-phase system is a solid, four
mechanical equilibrium conditions result (rather than the five conditions for the more general
case):

~~~~~~~~

yw

+

p

_

p

+

gb+lnJfl _ g”“sin t$lyw= 0

gwnsKG

=

0

(79c)
(7 W

Since there are seven geometric parameters and only four independent variations, there must
be three variational relations involving only the geometric parameters. Although these relations
may be derived directly, it is more convenient to work with parameters that are commonly
employed in porous media studies. The three volume density parameters, E”‘,E”, and es, are
related to the porosity, E, and the saturations of each of the fluids, sw and s”, respectively by:
E.y=l--&

E”

=

Ef

@W

where 9” + s” = 1. Also the area densities of the solid phases are related to the total solid
surface area and the fraction of the area in contact with each phase according to:
a”‘S= x”‘.F
s ns
@la>
a”” = (1 - xy)a’

@lb)

Thus with the seven geometric parameters transformed to E,s~,s”,Q’,x~,LP’“, and Pns, the three
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9. Discussion of results
The preceding analysis has provided a basis for the study of the thermodynamic behavior of
multiphase systems at the macroscale by deriving the conditions for mechanical equilibrium in
such systems. In particular, since porous media flow is typically studied at a scale
encompassing tens to hundreds of pore diameters, it is important to have conditions for
equilibrium at that scale as well as some information concerning which variations in the
position of the interface between phases and of the location of the common line are
independent. It is worthwhile to examine each of the four conditions of equilibrium obtained
for a system composed of a solid and two fluids, as listed in Eqs. (79a)-(79d), and indicate
some of the insights into physical processes that they provide.
Eq. (79a) is an important macroscale relation that leads to the definition of the capillary
pressure at the macroscale. Since capillary pressure is the difference between the nonwetting
and wetting phase pressures, the definition of macroscale capillary pressure is:
(85)
This equation is the macroscale analogue of Eq. (1). However, at the macroscale the expression
for Jr,, is not obtained directly from the curvature at points on the interface but from Eq.
(84~) as the change of interfacial area between fluid phases with respect to the change in
volume of the wetting phase. It is important to note that although PC is traditionally tabulated
as a non-unique function of saturation, in fact it seems to depend on the interfacial area and
common line densities as well. Failure to include these dependences may account for the nonuniqueness of the plots of capillary pressure vs. saturation.
Eq. (79b) indicates that the macroscale equilibrium solid phase pressure is equal to a sum of
the effects of wetting and non-wetting phase pressures and the fluid sold interfacial tension
effects weighted by the fraction of the solid phase surface in contact with each fluid. This is a
physically reasonable result and represents an extension to the form of the equilibrium relation
typically employed for effective stress in a solid (Bishop, 1959; Fredlund and Rahardjo, 1993;
Lewis and Schrefler, 1998; Hassanizadeh and Gray, 1990; Gray, 1999) in which the equilibrium
pressure of the solid phase is a weighted sum of the fluid phase pressures with a typical
weighting being the saturation. This older approximate formulation is likely reasonable in
many cases and is simpler to work with because of its use of saturations rather than aerial
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volume at a point contribute to the definition of the thermodynamic state at that point. A
variational analysis of the system thermodynamics has provided macroscale relations among
the pressures, surface tensions, lineal tension, effective contact angle, effective interfacial
curvatures, and effective common line curvature that must be satisfied at the equilibrium state.
Additionally, information about the required relations among variations of the geometric
densities motivates the appropriate rearrangement of the dynamic entropy inequality such that
near-equilibrium, linearized equations for the geometric quantities may be obtained to close the
problem formulation. By basing the analysis of the changes of geometric parameters on a
variational approach rather than on investigation of the averaging theorems as in Gray (1999),
it is possible to reduce the number of approximations that must be made and therefore obtain
more complete dynamic equations for the geometric variables.
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Appendix. Derivation of variational relations
A.I. Derivation of variations for phase properties
Here the property of a phase will be considered. At the microscale, the amount of the
property per unit volume (i.e. the density of the property) will be ,denoted as b,. Since
averaging will be done to the macroscale, b, may be a function of the microscale
thermodynamic parameters of the system and of x + r, where x is the location of the centroid
of the averaging volume and r is the distance from this centroid to a microscale p,oint of
interest. The macroscale density of the quantity for the a-phase will be denoted as 23 . Note
that for convenience this quantity is defined per unit voluXmeof the averaging volume, not just
per volume of Q phase. The macroscale property B is a function of the macroscale
thermodynamic parameters of the system and of the location of the averaging volume, x. The
total amount of the property of interest in volume Y is denoted as ~28’and is related to its
macroscale and microscale counterparts by:

where V is the averaging volume and Y’ is the volume occupied by the a-phase within
averaging volume.
Now consider the variation of the first equality in Eq. (Al). This may be expressed as:

the
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function y”(x + <) which is 1 in the cc-phase and zero elsewhere and the distribution function
y(c) which is 1 within the averaging volume of interest and zero elsewhere. Because the
averaging volume shape, size, and orientation is independent of its location in space, y does
not depend on x. Thus the integral in Eq. (A8) can be written as being over all space according
to:

82’= 6-rlF;c b,(x+ t>y”(x
i- i%(5)dV’

WI

where the coordinate dependences have been explicitly indicated and the integration is over the
[ coordinates. Since both V and the volume of integration are constant, the fixed point
variational operator may be moved inside the integral to obtain:
&y=‘f

$b,y’y dV+ -!-

v vca

f

vm v,

b,&“y dV

where use has been made of the fact that a fixed point
physically corresponds to the condition of a non-varying
the first integral converts to a fixed point variation with
when the integration region reverts back to the averaging
of y” is defined by:

(AlO)
variation of y(5) will be zero, which
averaging volume. The variation in
respect to both x and 5 coordinates
volume, and the fixed point variation

Thus, Eq. (AlO) becomes:

In the second integral, the quantity Vcya converts integration over the volume to integration
over the interface between the a-phase and all other phases and y restricts the integral to the
interfaces within the averaging volume so that the expression for the variation is:
6413)
where z is a variation with both spatial coordinates fixed, AaD is the interface between the aand P-phases, and n$ is the unit normal to the a/? interface positive outward from the a-phase.
Combmation of Eq. (A13) with Eq. (A7) for the case where the global volume does not
interact with its surroundings such that 6x. n = 0 on & provides the variational equalities
essential to the study of mechanical equilibrium of phases:
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sp =-$ri r b,p(x
+
5>r”%
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5)
.
V$(x
+
0
d
V
v VW
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6420)

where the coordinate dependences have been explicitly indicated and integration is over the 5
coordinates. The fixed point variational operator may be moved inside the integral since the
volume is constant to obtain:

(-421)

where use has been made of the facts that 6y([) = 0 because the averaging volume is
constrained to be fixed and that 6nzB . Vgy’ = 0 because nfs and Vty” are co-linear. The
variation in the first integral converts to a fixed point variation with respect to the x and <
coordinates when the integration region reverts back to the integration area. The fixed point
variation of y@ is defined analogously to the fixed point variation of ya in Eq. (Al 1):

$y”l’ = -g

. vyil

6422)

where Vi is the surface gradient operator. Thus, Eq. (A21) becomes:

6423)

In the second integral, the quantity Vcy” converts the domain of integration from the volume
s ‘p converts the domain of integration to the common
to the @ interface, and the quantity VF;y’
line. Thus the equation simplifies to:

G424)

where C”“” is the common line within the averaging volume and ti$ is a unit vector normal to
the common line and tangent to the np interface positive outward from the interface. The last
integral in this equation requires some particular attention. Apply the divergence theorem to
this term and note that the integral over the surface at infinity will be zero so that:

$ rv b,pyCLByn~g
. V,(Sg . Vky”) dV = -v If v St. Vcy’Vc . fn$b,py@y~ dV
m

co

6425)

Then expand the divergence operator and return the integral over the infinite volume to
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common line, as well as of the thermodynamic parameters of the interface. The macroscale
density of the quantity for the wns common line will be denoted as r.
As for the phase and
interface, this quantity is defined per unit of averaging volume. Thus i?“’ is the amount of
common line property per volume under study. The macroscale property jN’ILTis a function of
x as well as the macroscale thermodynamic parameters of the system. Then the total amount
of the property of interest is denoted as Wm.’ and is related to its microscale and macroscale
counterparts by:
gwns = r i?vn” dV- = ‘,‘t
-if

‘,

b,,,,

HWf

dC1 dY’-

(A30)

Now consider the variation of the first equality in Eq. (A30). This may be expressed as:
(-43 1)
The generalized function may be employed as previously in Eqs. (A3)-(A7) to obtain:

where n is the unit normal pointing outward from the re@on of interest.
Next it will be useful to obtain an expression for 8x , the fixed point macroscale variation
that appears in Eq. (A32), in terms of the variation at the microscale. The derivation is
different from that for phases and interfaces. From the equality in Eq. (A30):
(A33)
Introduce the lineal distribution function ylVns(x+ 0 which is 1 on the wzs line and zero
elsewhere on a closed curve enclosing the boundary of the u phase. Also employ y(c) which is 1
within the averaging volume of interest and zero elsewhere. Thus Eq. (A33) becomes:
Jr

-rl

= 6 v rc b,,s,,(x + t)Y”‘“‘(x + Or(t) dC’

m

6434)

This curve integral may be converted to a volume integral over ail space using the distribution
functions y@(x + r) and y”(x + r) as in Gray et al. (1993) f or arbitrary selection of the phase s(
and the interface ap to obtain:

b,,,,Jx + <)Y”‘““(X + <)Y(S)V”qx + r>. V,Y@(X + Ch,“&x + 0 ’ vcY’c((x+ 5) dV’
6435)
where the coordinate dependences have been explicitly indicated. Manipulations
of this
equation are completely analogous to but lengthier than those performed previously. In the
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This paper provides the thermodynamic approach and constitutive theory for closure
of the conservation equations for multiphase flow in porous media. The starting point
for the analysis is the balance equations of mass, momentum, and energy for two fluid
phases, a solid phase, the interfaces between the phases and the common lines where
interfaces meet. These equations have been derived at the macroscale, a scale on the
order of tens of pore diameters. Additionally, the entropy inequality for the multiphase
system at this scale is utilized. The internal energy at the macroscale is postulated to
depend thermodynamically on the extensive properties of the system. This energy is
then decomposed to provide energy forms for each of the system components. To
obtain constitutive information from the entropy inequality, information about the
mechanical behavior of the internal geometric structure of the phase distributions must
be known. This information is obtained from averaging theorems, thermodynamic
analysis. and from linearization of the entropy inequality at near equilibrium
conditions. The final forms of the equations developed show that capillary pressure is
a function of interphase area per unit volume as well as saturation. The standard

equations used to model multiphase flow are found to be very restricted forms of the
general equations, and the assumptions that are needed for these equations to hold are
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C,

NOMENCLATURE

a%
G4XS

surface area forming the boundary of the 01
phase
surface area of ol/3-interface
specific interfacial area of the boundary of the OL
phase (area per unit of system volume)
specific interfacial area of a&interface (area per
unit of system volume)
external supply of entropy to the o phase
external supply of entropy to the o/3 interface
external supply of entropy to the wn.s common line
tensor used to write the outline form of the entropy
inequality in eqn (39)
accounts for contribution to the energy of the cr
phase of the o/3 interface

c$
d”

da0
d wn’
d”’

E”
E”%

i?’
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accounts for contribution to the energy of the c@
interphase of the cy phase
accounts for contributions to the energy of the o/3
interface of the wns common line
accounts for contributions to the energy of the wns
common line of the cup interface
deformation rate tensor of an cy phase
deformation rate tensor of an (Y/Sinterface
deformation rate tensor of a wns common line
deformation rate tensor: phase (m = ol), interface
(m = cub), or common line (m=wns)
internal energy of cy phase per mass of 01phase
internal energy of crfi interface per mass of (r/3
interface
intemai energy of wns common iine per mass of
wns common line

Multiphase porous-mediafrow
stress in the solid due to deformation
stress in the cy-solid interface due to solid deformation
quantities defined in the text (with subscripts and
superscripts) that are zero at equilibrium
average contact angle between the w and s phases
entropy conduction vector of the a! phase
entropy conduction vector of the CY/~interface
entropy conduction vector of the wns common
line
grand canonical potential of the LYphase per unit
volume of system
grand canonical potential of the o$3 interface per
unit volume of system
grand canonical potential of the wits common line
per unit volume of system

Special symbols
D”lDt material time derivative following the motion in
the cx phase, alat + v”,V

D”@/Dt material time derivative following the motion in
the @3 interface, cY& + v”‘.V

D”“?Dt material time derivative following the motion in
%a
V

the wns common line, alat + v”“‘,V
summation over all phases except a-phase
gradient operator with respect to spatial
coordinates
gradient operator with respect to reference
coordinates
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and are not actually needed. However, manifestation of
those details at the macroscale (a scale involving tens to
hundreds of pores) must be preserved. Traditionally,
porosity and fluid saturations, concepts that do not exist at
the microscale, are included in macroscale porous media
theories to account for the presence of multiple phases at
a point in a macroscale continuum. However, these additional variables have proven insufficient to account for all
important microscale processes that influence macroscale
behavior. Because of the dynamic motion of the fluids,
many configurations and distributions of the fluids are
possible for a given saturation. Even at equilibrium, different
distributions of fluids could exist at a prescribed saturation
such that the balances of forces on the fluid are satisfied.
This matter has received attention in recent years and
thermodynamic theories have been developed wherein
interfacial effects are explicitly included.‘0*‘8.20926727In
these theories, in addition to porosity and saturation, specific
interfacial area, the amount of interfacial area between two
phases per unit volume of the system, is introduced as a
macroscale independent variable. This variable is of importance in studies of mass transfer among phases of a porous
medium and thus is of wide interest. A number of procedures involving network models and experimental methods
have been developed for measurement of interfacial
areas, 13.36.40.43

Accurate description of multiphase flow in porous media
requires that a number of system intricacies be accounted
for. These include the presence of juxtaposed phases and
their interfaces, the complicated geometry of pores, fluid
dynamics giving rise to appearance and disappearance of
interfaces, pendular rings of a wetting phase, ganglia of
the non-wetting phase, and the behavior of films. A variety
of forces, due to viscous effects, gravity, interfacial tension,
and pressure are simultaneously present and influencing
system behavior. A fundamental question in modeling the
flow of fluids in porous media is how much detail should be
included in such models. In virtually all laboratory and field
scale models, microscale details (i.e., pore geometry and

Porous media systems that involve flow of two or more
fluids may also have common lines, curves formed in those
instances when three different interface types come
together. The common lines may play an important role in
the movement of fluids and interfaces. Indeed, in a capillary
tube where a meniscus between fluids is at rest, flow can be
initiated only if the balance of forces on the common line, as
well as the balance on the phases and the meniscus, is perturbed. Thus, the question arises as to how the presence of
common lines and the thermodynamic properties of those
lines affect the macroscale flow processes in porous media.
This question, and more general questions regarding the
degree of detail that must be incorporated into macroscale
theories, can be investigated only if appropriate conservation equations for the common lines are available. Subsequent to the development of a general theory, information
obtained from experiments and observations may be used to
evaluate the relative significance of various phenomena
accounted for in the theory. At that point, simplifications
can be made that eliminate unimportant teims from the
modeling process. It is important to observe that by starting
from a general formulation, one is forced to make explicit
assumptions to arrive at equations to be used in a modeling
exercise. Then, if the exercise proves unsuccessful, the
source of the difficulty will lie in the approximations
made. If, on the other hand, one begins with simple equations based on empirical or intuitive ideas, the cause of the
failure of such equations cannot be inferred.
In this work, the results from a general thermodynamic
theory are developed where the effects of both interfaces

g.oy variations

-nA
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Superscriptsand subscripts
n
non-wetting phase
S
W

ns
Wtl
WS

solid phase
wetting phase
non-wetting-solid interface
wetting-non-wetting interface
wetting-solid interface
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l

constitutive functions in a systematic manner that is
based on the second law of thermodynamics. The
procedure of Coleman and NoIll was applied to
single phase systems to assure that the second law
of thermodynamics is not violated by constitutive
assumptions. Complementing this work are extensions and variations that consider multiphase mixtures and interfaces (e.g.. Refs ‘g*25*3*~45).
Here, the
macroscale entropy inequality will be exploited
while taking into account constraints obtained
from the geometric relations.
Linearization of some of the constitutivefinctions

to obtain conservation equations with their coeficients capable of modeling dynamic systems,

l

Although the localization theory for a three phase
system provides 35 balance equations of mass,
momentum, and energy for the phases, interfaces,
and common lines, it also contains 150 constitutive
functions that must be specified. The dependence of
these functions on other system parameters are
obtained under some assumptions. Also, the fimctional forms of the dependences of the stress tensors
are obtained. However, in general, the actual f’mctional relations between the constitetive functions
and their independent variables are not known
except at equilibrium. For example, at equilibrium
the heat conduction vector is zero; but the general
functional representation of this vector in terms of
independent variables is not known at an arbitrary
state of disequilibrium. Thus a compromise must be
employed whereby functional forms are obtained
‘near’ equilibrium. Experimental and computational
studies must subsequently be undertaken to determine the definition of ‘nearness’. By this approach,
which is similar to taking a Taylor series expansion
of a function and ignoring higher order terms,
results such as the heat conduction vector being
proportional to the temperature gradient and a
velocity proportional to a potential gradient are
obtained. Because multiphase porous media flows
are typically slow, they also satisfy the conditions
of being ‘near enough’ to equilibrium that this
linearization procedure provides relations appropriate for many physical situations. It is important
to note, however, that although the equations are
linearized, the coefficients that arise still may
have complex dependence on system parameters
(e.g., relative permeability, which is traditionally
simplified to be a function of saturation). Identification of those coefficients remains a challenging task.
Determination of the physical interpretation of the

coefficients, as possible, using geometric approximations that provide insight into required laboratory measurements. It is important that the
theoretical procedure not simply be a propagator
of unknown coefficients that have no chance of
being measured or even understood. Therefore,
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effort must be made to allow insightful study of
the new coefficients through laboratory and computer experimentation. Thus, although a general
formulation is employed, it is simplified to a
manageable, yet still challenging, set of equations
that can be effectively studied. As progress is made
in parameterizing these systems, the approximations employed can be relaxed so that more complex systems may be studied.
The first of the above steps was carried out by Gray and
Hassanizadeh” for the general case including an arbitrary
number of phases, interfaces, common lines, and common
points. Here, the conservation equations developed in that
paper will be simplified to the case of three phases (wetting
phase w, non-wetting phase n, and solid phase s) prior to
continuing the systematic approach to addressing thermodynamic and geometric issues. The result of this study is a
‘workable’ set of equations that arises from examination of
a three-phase system, composed of a solid and two fluids.
Additionally, the assumptions needed to reduce the general
set of equations to the set traditionally used to model a threephase system are made explicit.

2 CONSERVATION

EQUATIONS

Fig. 1 depicts a three-phase system consisting of a solid and
two fluid phases, denoted by s, w, and n, respectively. The w
phase will be referred to as the wetting phase because it
preferentially wets the solid relative to the non-wetting n
phase. The phases are separated by three different interfaces
denoted as wn, ws, and )1s where the paired indices refer
to the phases on each side of the interface and the order of
the indices is inconsequential. Additionally, a wlls common
line may exist. The three-phase system is a simplification of
a more general case involving more phases in that no
common points exist. General macroscale equations
describing conservation of mass, momentum, and energy
for phases and interfaces have been developed previously. ‘8S23These have been collected, and equations for
common lines and common points have been derived along
with the entropy inequality for the system.20 Here, these will
be simplified to the forms needed to describe a three-phase
system. The reduction to the required forms is a straightforward manipulation of the general forms with the main differences being that summations over common lines reduce
to terms involving the single common line and terms relating to transfer processes at common points are zero since no
common points exist for a three-phase system.
In addition, for convenience rather than necessity, the
energy densities will be expressed per unit mass and per
unit of system volume. Therefore, with E” being the internal
energy of the LYphase per unit mass of (Y phase, ,!? will
indicate the cx phase energy per unit volume of porous
medium. These two energy densities are related by
8” =pDeuEa. For an interface, Em’ is the excess internal

Multiphase porous-media flow
Macroscale momentumbalance for the wns-commonline

physical independent variables:
l

l

l

Macroscale energy conservation for the wns-commonline

inequality

An entropy. inequality has been derived for each phase,
interface, and the common line as discussed in Gray and
Hassanizadeh.” However, the entropy exchange terms
between the different components prevent the individual
inequalities from being particularly useful. The power of
the entropy inequalities comes in calculating their sum
such that the exchange terms cancel. The combined entropy
inequality for the three phase system takes the form

15 phase properties: p’“, p”, p’, v’“, v”, F’, 0”, B”,
8”
15 interface properties: pWn,pwS,p”‘, vwn, vWS,v”‘,
own,fc 6”s
5 common line properties: pwnS,vwn’, ewns

In addition to these quantities, six primary geometric independent variables appear in the equations which account for
the distributions of phases, interfaces, and common line in
the system. These variables are:
l

2.4 Entropy
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6 geometric variables: e, s”‘, awn,aWS,
unS,I”

It is important to note that the six dynamic geometric variables, not present in a microscale formulation but arising at
the macroscale, provide an excess of unknowns over and
above the 35 primary variables that are associated with the
35 balance equations. The development of equations that
describe the dynamics of the macroscale geometry is a significant challenge.
Finally, there are additional quantities appearing in the
equation that must be expressed as constitutive functions of
the physical and geometric variables. These quantities are:
l

75 functions from the phase equations:

I?“, tn, f:,, qa. &j,

V, e:,, 9”, b*;

a = w, n, s; c$ = wn, ws, ns
.

60 functions from the interface equations:

B”o pB yB
, t ,,>,,s> q”‘,

c$?$,

fj”‘>

e:k8,.

b@;

da’,

a$ = ws, wn, ns
9
p,

(10)

3 IDENTIFICATION

OF UNKNOWNS

For the conservation equations to be useful in an application, some determination must be made of the functional
forms of the variables that appear in these equations. In fact,
for the three phase system, there are a total of 35 conservation equations (for each phase, interface, and common line
there is one mass conservation equation, three momentum
equations, and one energy equation). For these equations,
be d&mot4
oc n&mcant
the fobving
35 xvariab!es ~~~~~i!!
‘yLLLL”Uc.”
y.1L”U.J

15 functions from the common line equation:
fv”“, $v”J, +y”‘, ~““, b”“”

Thus to close the system and have a set of equations that
can be used to model the three phase system, there is a need
for 150 constitutive functions of the physical properties and
geometric variables, as well as the six additional relations
among the geometric and physical parameters. The constitutive functions will be assumed to be expressible as hnctions of the 35 independent variables, the geometric
variables, and gradients of some of these quantities.
Assumption I The 150 constitutive functions may be
expressed in terms of the following set of independent
variables:

2= {p”‘,pfl,pJ,VW,
v”,F, B”,8”,es,E,sw,vow,w, ves,vE,
ens,nHw,uws,ans,
V?‘, pW”, pws,p, v”‘“, v”‘*, p, p8, e+vS,
v*WiI,vp, vp, vawn,vaw, vans,pwns,ywn”s,ewm,
I”“‘, VtF, Or”“}

(11)

Inclusion of other variables in this list (e.g. d’“, V’tY’) is
certainly possible, and may even be necessary in order to
rlncz-&he
UIIVI.“”

cnvpo 1” ~~CPEOPS
.,“I
y&v “YIW

, bnt..a. thLA‘” ohova
WY”.”

liet
.,.,

IIic n~~~irl~~4
IV..
YI‘“,.

tn
.”
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the average microscale distance between points in each
component is small (e.g., in thin films or for highly dispersed phases, interfaces and common lines). In addition,
the functional dependences obtained by Assumption III
must still lead to thermodynamic relations involving component properties consistent with the thermodynamic
analysis of the system as a whole.

529

Make use of the definition of the grand canonical potential:
fp = 8” - eyy - p=EPpa+

(17)

and employ Legendre transformations on Cja and ePpa to
obtain:

P(eW,C, pw,a”” , a”“) = -p”‘?’ + c~nawn+

czSaH’S
(1W

4.2 Constitutive

postulates for phase energy functions

b”(e”,$,#,a~n

, a”‘) = -p”8 + $,,a*“’ + &a”
(18b)

The dependence of energy of the fluid phases on their properties is postulated as:
zw = E”‘(SW, v”,Mw,a”“,a”)

(14a)

55” =Zn(5’r,~n,~n,aw”,a”‘)

(14b)

(18~)
where

The solid phase energy depends on the state of strain of the
solid9 such that it is expressed as:
zs=Es[sS, V~E”,MS,.@-,a”“)

(14c)

cr=w,n

The inclusion of a dependence on the interfacial areas in
these expressions is a departure from the type of postulate
made when a system is to be modeled at the microscale.
This is to account for changes in energy that may occur
when the amount of surface area per volume of phase is
large. Additionally, note that the nature of a solid accounts
for its energy being postulated as depending on the state of
deformation rather than its volume. From these equations,
because energy is a homogeneous first order fi.mction,g~‘2
the Euler forms of the energy are:

(18f)

UW
For eqns (16a), (16b) and (l&z), it is also worth noting that
their respective Gibbs-Duhem equations are:
0 = ij”’ d0” - ew dpW+ eWpw
dp”’ + a’“” dczn + ano d&

and

(1%

Es = 0”. - 6’ : ‘IrOE”+ //MS + c$P

+ &AnS

(15c)

As an example, note that the partial derivative of Z”’ with
respect to one of its independent variables, as listed in eqn
(14a), is simply equal to the coefficient of that variable in
eqn (15a). Similar observations apply for all the phase
energies as well as the interface and common line energies
to be discussed subsequently.
Now convert eqns (15a), (15bj and (I 5c) such that they
are on a per unit system volume basis:
gw(7jw, gu, EH,pH,,
aH’n,aws)

(19b)
and
0 = fj’ d@ - F

: dd + ~‘p’ d$ + awSdcS, + aM d&.
U9c)

4.3 Constitutive
functions

postulates for interfacial

energy

The dependence of the internal energy of the interfaces on
their properties are postulated as:

~(rjn,~n,~npn,aW”,a”S)
= P$’ -p”~” + p”~~p~+ cLnan’”+c:,a”’

0 = 4” dt?’ - en dp” + e”p” dp” + a’“” dc”, + a”’ d&

(16bj
(204
Wb)

= t?‘fj’ - a” : 8ESlj + ~LS~SpJ
+ &a”’

+ ci,,a”’ (16~)

PC)
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and I”‘“spw”’ to obtain:

= _ yM’mI”‘m+ cwr$saH’”
+ c;.saws + c;7sa”s

(304

where

(3ocj
,fjwm

apm

- _ pp~‘ns

(304

,@wI,
-----@=c;r

CW

The Gibbs-Duhem equation for the common line is
obtained from the differential of eqn (28) as:
+ aWS&bS$ + a”S dc;b%

(31)

The grand canonical potentials developed above are useful
tinctions for incorporation into the entropy inequality so
that some information concerning constitutive functions
may be obtained. They will be expanded in terms of their
independent variables in the next section.

5 EXPANSION OF ENTROPY INEQUALITY
FUNCTIONS IN TERMS OF INDEPENDENT
VARIABLES
The grand canonical potentials have been defined in eqns
(I 7), (23) and (29). The material derivatives of these equations are calculated and then used to eliminate the material
derivatives of entropy in eqn (10). Then the mass and energy
conservation equations are substituted in to eliminate the
material derivatives of mass per volume and internal
energy per volume and obtain the following form.

Entropy inequality for three-phasesystem

+ ;

&“t”

- &I)

: d”

(32)
An alternative to substitution of the conservation equations
into the entropy inequality was proposed by Liu33 whereby
the conservation equations are multiplied by a Lagrange
multiplier and added to the entropy inequality as constraints. A variation on the Lagrange multiplier approach
has also been used by Murad et a1.3g with success in the
study of swelling clays. However, the eventual results
obtained using the Lagrange multiplier approach in the
current study would not be different from those obtained
using the substitution approach.
To exploit eqn (32), it is necessary to expand the material
derivatives of the grand canonical potential in terms of
the independent variables. This is done in Appendix A
for the phases, interfaces, and the common line taking
into account supplemental information provided by the
conservation equations. Substitution of the expansions provided by eqns (88), (93), (96), (99) and (102) into entropy
inequality (32) provides the form of the entropy inequality
consistent with the thermodynamic postulates employed
thus far:

Multiphase porous-mediajlow

533

addition because the three phase system consists of a very
slightly deformable matrix plus the wetting and nonwetting fluids, it will be convenient to replace the two
variables a”‘* and a”’ by the variables xy and as in the
material derivative of a fluid solid interfacial area where:

x y = aw=fas= ] -X,““.

Wb)

It must be emphasized that this change in geometric variables in no way diminishes the generality of the formulation but is convenient in considering the internal geometry
of the system.
Application of constraints (34a) through (34~) to entropy
inequality (33), multiplication by the single temperature,
and use of the alternative geometric variables as convenient
restates the entropy inequality as follows.

&i-thermal entropy inequality for three-phasesystem

This form of the entropy inequality is still very general, and
contains significant challenges for determining the appropriate balance equations, at least in part because of the
interactions among the phases, interfaces, and common
lines as accounted for in the thermodynamic postulates
that lead to the ‘c’ coefficients. An additional complicating
factor lies in the absence of enough equations to completely
determine the system. As was mentioned earlier, equations
for the geometric parameters are needed but not available.
Nevertheless, this inequality does provide a path to appropriate forms of the governing conservation equations for
certain conditions that will require experimental support.
However, it is useful to consider some of the features of
the inequality and discuss how it might be employed most
effectively.

6 CONSIDERATIONS
INEQUALITY

FOR THE ENTROPY

To facilitate this general discussion of the entropy
inequality, a notationally representative form of eqn (37)
will be employed that accounts for all the types of terms
encountered, but leaves out the complete superscript
notation and assumes summation over repeated indices.
First, it can be shown that summation of the component
grand canonical potentials gives the system grand canonical
potential:
fi=yv+h”+si”+si”‘“+b”‘s+si”s+fps
(384
whose functional dependence, for the unithermal case, may
be expressed as:
si =

fqe,J, p”, j.2, /AM’“,pws,/.P, p”‘nns,E’lj,
E,sw,d, xws,an’n,1”“‘)

(38b)

The Lagrangian time derivative of 6 moving at the solid
phase velocity taken while holding the first nine variables
!isted ip. -1”
P”l7 ,“--,
I?Y2tAcnnctant
1P the tempe=t?l=-.-. -.-, -I=.,*
,A”Y.
_-.. II__._(:._.,
rhpm;pll
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phase) of component m and of the components of
the system that are in contact with m. Although the
quantities em would also be linearly proportional
to VB, this effect is not considered in the present
derivation.
The heat conduction vector, q, is zero at equilibrium and is proportional to V6’ when determined
from a truncated Taylor series expansion. Dependence of q on the velocities is not considered here.
The mass exchange terms, Sk, are each zero at equilibrium. Under the assumption that each term is
dependent only on the state of the m and r components, a truncated Taylor series expansion allows
each term to be expressed as proportional tax”.

The completion of this step provides governing conservation equations with constitutive coefficients.
The set of equations, however, still must be closed in a
second step that provides three auxiliary conditions for the
rates of change of the three geometric properties that remain
in the entropy inequality. As mentioned, these terms will be
obtained by linearization at ‘near equilibrium’ conditions in
terms of their multipliers in the entropy inequality. Again, it
must be emphasized that the relations developed in this
second step will be approximate and subject to improvement
in the future.
In the next section the first step will be implemented
to develop the equations of mass and momentum conservation. For simplicity, the energy equations will not be
written explicitly as emphasis will be focused on the
flow equations. The energy equations may be obtained
directly by substitution of the constitutive forms into the
general expressions.
7 MASS AND MOMENTUM
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The terms that multiply the velocities in inequality (37) will
be zero at equilibrium. Therefore, the following definitions
apply where all the 7, quantities are zero at equilibrium:
+pUV7t” - c$Vaw’n - cEJVauS

r,* = - (fzs + ff)

CX=w,n

(444

wn= Tzn + fE,* - fzx - yWnVakn’
+ crVeW
TV
+ cyve* + c~~vIwn”

(Mb)

7;= +t, + F, - tzrn - yWVaar + czVen

+aas : V ’ ESEJ’ + cm Vl””
j

7y = fEJ + +;::, + y,

wns

+ ywy7p

- c;~va~‘~ - gmvan*

OL= w, n

(44~)

- c;yaH”’
(44d)

The summation of terms that multiply the temperature gradient in the entropy inequality will also be zero at equilibrium. This sum is denoted as q such that:
q = Ewq*’+ gqn + Jq’ + au’nq”” + awsq”
+ a”sq’“s + p’lq”‘“‘.

(45)

Finally, the quantities that multiply the phase exchange
terms must also be zero at equilibrium such that the
following quantities may be defined, which are zero at
equilibrium:

BALANCES

The development of the conservation equations will proceed
according to step one as outlined above. Because none of the
constitutive functions are considered to depend on the symmetric strain tensors, the coefficients of d”, d”‘, and d”“’
must be zero. From inequality (37) and the expression for
the grand canonical potential in eqns (18a)-(18c), (24a)(24~) and (30a), the following forms of the stress tensor are
obtained:
EntU= iPI = ( -puP + c&aH’n+ c~a~‘)I

(Y= W,n

018_ WIS
p
~wrLv--P -P afl- _

Wnr)2~

(46b)

Substitution of eqns (43a), (43b), (43c), (43d), (43e), (44a),
(44b), (44c), (45), (46a) and (46b) into inequality (37), with
the terms relating to the material derivatives of the geometric properties expressed in terms of the material derivative of the grand canonical potential yields the following.

The residual entropy inequality
(434

e’f = fh-

$0’ + P + P]

: [(VxFF)(VxF’)r

- E’I]

(43b)
$“WI
=
(y*Blawn
_
CyEMJ
_
qiE”
_
cww~wn’)~
a “” t “” =

(43c)
cY=w,n

((‘W

As a consequence of these relations, some of the constitutive forms required in the conservation equations may be
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entropy inequality. Interactions between competing mass
exchange processes will be assumed to be negligible such
that cross terms may be neglected to obtain:

6:/j = L$&q

537

Macroscale momentumconservationfor the
&interfaces

(564

and

2$ = L$ &

Wb)

Note that if the o/3 interface is massless:
&:a+8-$=0

Wa)

and the linearized expression for mass exchange becomes:

a:, = L;fl:p(7:@
- &,.

Wb)

If the wns common line is massless:
tiq$ + ezs + a$, = 0

D-V*“P”“)

- TrnS)

+

p’mpnwV.Vwns

(584

such that only two of the expressions for mass exchange
between the interfaces and the common line are independent. Thus, the linearized exchange terms may be expressed
as:

2;t3 = L$J&

Macroscale massconservationfor the wns-common.line

cup= wn, ws

(58b)

If both an CY~interface and the common line are massless,
then:
-4 = 0.
enjns

=

urz:

L;{s(pfi”f

(64)

-/p)

4

Macroscale momentumbalancefor the wns-common line
_ [““S(VYH’“S
_ p”“SgH’nS)
+ aw”vcgs
+ aYc:y

+ a"Vcz

(5%

Substitution of the linearizations provided by eqns (54a),
(54b), (54c), (54d)-(56a) and (56b) into the mass and
momentum conservation equations of the last section and
into the residual entropy inequality, as appropriate, and
neglecting advective terms, terms involving velocity
squared, and the impact of phase change on the momentum
equations yields the following.

The residual entropy inequality

Macroscale massconservation for the a-phase

(60)
Macroscale momentumconservationfor the a-phase
If desired, Gibbs-Duhem eqn (19a) or eqn (19b) may be
substituted into the phase momentum eqn (61) to obtain the
alternative form:

Macroscale mass conservation for the &interface

- .?(pVpU + ?/VP - p”g”)
= Ra.ve”E _ r~s.voIs,s_ rf,n .,,‘W

DuP(aoBpap)+ a~‘Ppq.vC’B
Dt
= - [L”,p(P@- $) + Lpu,(P - p”)]
+ L$,(p””

- p)

a0 = wn, ws, ns

(62)

a=w,n

(67)

Similar substitutions of Gibbs-Duhem eqns (25a), (25b) and
(25~) may be made into the corresponding interface
momentum eqns (63a) and (63b). For the case of a massless
interface, only the term involving the temperature gradient
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flow in porous media. To demonstrate the utility of the
equations, an example of a simple system that they describe
will be presented.

Macroscale massconservationfor the a-phase

9 EXAMPLE:
SLOWLY-DEFORMING
SOLID; NO
PHASE CHANGE; NEGLIGIBLE
INTERACTIONS

Macroscale momentumconservation for the a-phase

D”(?pa)
~
+ E=pvTm = 0
Dt

cY=lV,n

-e”(Vp” -p”g”)=ROL.vOL~f
This example is presented so that the assumptions needed to
simplify the general equations to those commonly used in
multiphase porous media models will be explicitly identified. Heretofore, the assumptions have been intrinsic to the
model and thus paths to improved models based on relaxed
assumptions have not been apparent. The first set ofassumptions to be applied are the following.
l

l

l

l

l

l

l

The system is isothermal such that the dependence
of equations and coefficients on temperature need
not be considered.
Transfer of material between phases is negligible.
This is enforced mathematically in the general
equation set either by setting the phase change
terms (Cz, and Z$J to zero or by requiring the
chemical potentials of the mass in each of the
phases, interfaces, and the common line to be equal.
The interfaces and common lines are taken to be
massless (pas and p”‘“’ are zero). This assumption
eliminates the need to consider the interface and
common line mass balance equations in the
formulation.
The surface tensions of the interfaces and the lineal
tension of the common line may all be treated as
constants. This assumption eliminates the need to
consider the momentum balance equations for the
interfaces and common lines in the formulation.
The velocities of the interfaces and common lines
do not impact the phase velocities such that they
can be neglected in the flow equations for the
phases. This assumption allows the terms on the
right side of flow eqn (61) with resistance coefficients of the form r$ to be neglected.
The decomposition of the energy function into its
component parts may be accomplished without considering the interactive effects of a phase with its
boundaries, of an interface with the adjacent phases
and its common line boundary, and of a common
line with its adjacent interfaces. This assumption
allows all the coefficients ‘c’ in the governing equations to be set to zero.
The deformation of the solid matrix is such that the
porosity and area of the solid phase may be considered to be time invariant. Thus eqns (40) and (69)
are not needed as E and a’ are spatially dependent
specified parameters of the problem.

These assumptions reduce the system of equations to the
following set of 12 equations in the 14 variables p”‘, p”, s”‘,
y I”, g, pfi’, p”, Ql”n,,$, 2nd y3.

(76)

a=w,n

Constitutive equationfor the fluid-fluid

(77)

interface
=o

(78)

Constitutive equationfor the common line

(79
Constitutive equationfor saturation
&g=

-E[P”-p”‘+J;nyw”]

(80)

Constitutive equationfor wettedfraction of solid surface
L” vx:l,
= - a’[y”‘x .’ Dt

-,“I’

+ -yw”

CO&

+

KTy”nr]

(8 1)

Two equations of state for the density in terms of pressure
(for the isothermal system), as alternatives to the functional
form of the energy functions of the phases, must be specified to obtain an equal number of equations and primary
unknowns.

Equation ofstate
a=w,n

P==dYf)

(82)

Functional forms must be available
quantities:

for the following

Ydn=cJs”‘, awn,xr, a”, E)

@W

cos 9 = cos +(sw,a”n,xF, a”, E)

Wb)

K;” ’ = Kgw’(Xy,

I”“,

a’)

(83~)

These quantities are, respectively, the average fluid-fluid
interfacial curvature, the cosine of the average contact
angle of the wetting phase with the solid, and the average
geodesic curvature, with respect to the interface between
the wetting and solid phases, of the common line. The
influence of dynamic conditions on these quantities must
also be accounted for. Note also that eqn (80) provides the
equilibrium condition on the pressure difference between
the two fluid phases, This capillary

pressure, p’,

is defined
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properties in terms of the solid phase velocity yields:
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Substitution of definitions (24d) through (24i) into this
equation results in the form:

Dt

(Al 1)
Use of definitions (24d) through (24i) simplifies
expression to:
* D.‘nfjM,
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Common line

- c~:,vIw”s].
- Cn’nv8
n

6412)
Finally, from eqn (30a) for the common line, expansion
of the grand canonical potential yields:

Fluid-solid

interface

Similarly, based on eqns (24b) and (24c), the functional
form of the grand canonical potential of a fluid-solid interface can be expanded such that:
DP’b”
ap D”e”r
afflS DUSa‘X.9 &=jWD”~L?X
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Dt +p
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With the material derivatives of geometric properties taken
with respect to the solid phase, eqn (A16) becomes:

DaS(8ES/j)

Dt
(A13)

Substitution of kinematic eqns (A4) and (A6) into this
expression along with expression of all the material derivatives of the geometric properties in terms of the solid
phase velocity yields:
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Then from the definitions in eqns (30b), (~OC), (30d) and
(30e), this equation reduces to:
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where the integrations are over the appropriate region
within an averaging volume:

aF
t=

i
sv

(B17)

545

For the interface between the fluids, eqn (B21) may be
written:

aan’”
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-3.
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I
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dL

(B25)

where the macroscale measure of the interfacial curvature,

Jz”, is defined as:
0326)

(B’9)

Now add and subtract a term to this equation so that the
second integral is over the entire w surface:

The objective in manipulating these equations, which are
obtained directly from the averaging theorems, will be to
eliminate the integrals that appear and replace them with
derivatives of the geometric properties of the system.
For the wetting phase, the following may be obtained
from eqn (B 17) since E”’ = ww:

XH’
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For the interfaces between the wetting and non-wetting
phases, eqn (B18) becomes:
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Substitution of eqn (B20) for the first term in the brackets
yields:
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while for the interface between the wetting and solid
phases, it takes the following form:

Since the normal velocity of the solid surface is of a smaller
order of magnitude than the velocity of the fluid-fluid
interface, eqn (B28) may be approximated by writing the
first integral as being over the entire wetting phase surface
such that:

(~22)
Now rearrange eqn (822) such that the terms on the right
are all on the order of the rate of change of a’ or less and
thus are smaller than the terms on the left:

(B29)
Now if the correlation between wn”’ and nw is neglected in
the first term on the right such that the average of the
integral of their product is approximated as the product of
their averages, this equation becomes:

1
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Therefore, a reasonable approximation is to retain only the
terms on the left such that:
(B24)
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APPENDIX C. THERMODYNAMIC
INFORMATION
_

At equilibrium, the lef? side of this equation will be zero
since fi will be at a minimum. A comparison of the right
side of this equation with eqns (69) and (Bi6) yields:

EQUILJBRIUM

A state of stable thermodynamic equilibrium of the total
system is one for which the grand canonical potential of
the system is less than it is for any other thermodynamic
state having the same temperature, chemical potential, and
geometric parameters. I7 Thus the equilibrium state is a state
of minimum energy. Therefore, deviations in the independent variables around this equilibrium state will cause
no change in the energy. In the entropy inequality, the
energy form that is minimized at equilibrium is the grand
canonical potential. The expression for a deviation in this
quantity is:
d&@-, E”,j = E[CT+ c,wn+p”) - (c; + cy +p”‘)] d.s”
+ [(u”” + CT”’+ 6) : E’Ij - s”( c;: + c;: + p”)

Next, eqn (Cl) will be examined for equilibrium conditions
such that its right side is of similar form to the right side of
eqn (70). Evaluation of the partial derivative of fi with
respect to saturation s”’ while holding other independent
variables constant yields:

e,p 3E’,jIS..,
~ d x’“s,““”

= E[(C; + cy +p”) - cc;: + cy +pW)]
+ cc:;, + Cn,,”
+ CE + yWn)g

(C4)

Comparison of this equation with eqns (70) and (B42)
yields:
1 f aa”“\
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+ Cc:,, + c”,, + c,HF+ y”“) da”‘”
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where 0, pm, and E’Ij are held constant to coincide with
the conditions of entropy inequality (37) as indicated in
the compressed representation (39). The goal of this analysis is to examine this equation in light of eqn (69) through
(71). Since the right sides of these equations are zero at
equilibrium, an examination of the conditions giving rise
to that equilibrium state will provide information about the
relation of the coefficients that appear to the thermodynamic
state.
The first study involves examination of eqn (151) to
obtain conditions where its right side is of similar form to
the right side of eqn (69). This is obtained by holding some
of the independent variables constant while evaluating the
change in fi with respect to the void fraction such that:

Finally, the differential of the grand canonical potential
near equilibrium conditions will be examined to determine
if the coefficients that appear in eqn (71) can be related to
thermodynamic variables. The differential of d while holding s”‘, E, and as constant may be obtained directly from eqn
(Cl). Then, if !?lis also held constant, since its variation will
be zero at an equilibrium state, the following equation
results:

= aS[(czIs+ c& + cr + y”‘)
- (c:, -t cs,,+ cry + r”)] dxk
+ (cl:,, -t-c”,,,+ c;r + T”‘~) da”‘”
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(W

Comparison of this equation with the right side of eqn (71)
at equilibrium and invoking the fimctional dependence
indicated in eqns (B42) and (B52) yields:
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A dynamic pore-scale network model is formulated for two-phase immiscible flow.
Interfaces are tracked through the pore throats using a modified Poiseuille equation, whereas
special displacement rules are used at the pore bodies. The model allows interfaces to move
over several pore-lengths within a time step. Initial computational results are presented for
a drainage experiment to demonstrate some of the features of the model.
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Introduction

A distinguishing feature of multi-phase systems is the existence of distinct interfaces that separate the phases. For two-fluid porous media systems, fluid-fluid interfaces exist at the pore scale. These interfaces are important because they can carry
non-zero stresses, so that pressure differences can be maintained across the interfaces.
This leads directly to capillary pressures in these systems. In addition, any inter-phase
mass transfer, including evaporation of liquids, and dissolution of contaminants into
flowing ground waters, occurs at these interfaces. Models that include detailed behaviors at the pore scale may therefore shed new light on important phenomena that
govern larger-scale flow and transport problems. In this paper, a new algorithm associated with a dynamic pore-scale network model is presented, and example calculations
are performed to demonstrate some of the phenomena that this model can simulate.
Pore-scale network models are based on solution of certain flow equations, and
interface conditions, on a domain composed of idealized shapes that are meant to
capture the essential features of natural porous media. The pore space is often idealized
as a network of pore bodies, connected to neighbor pore bodies by pore throats, and
arranged in a regular lattice pattern, for example a cubic lattice. Sizes of pore bodies
and pore throats are assigned from characteristic “pore-size distributions”, with pore
bodies typically larger than pore throats. Such models date to the pioneering work of
Fatt [12-141, who introduced the idea of network models and whose work forms the
Q Baltzer Science Publishers BV
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involving interfacial movement are to be tested, e.g., [ 1%17,19,20]. In these cases,
explicit tracking of the transient motion of fluid-fluid interfaces is required. This is a
much more computationally challenging task. The first report of a dynamic network
models appears to be the work of Koplik and co-workers [22,23]. In that work, detailed
solutions for interface motion were investigated in a spherical pore body, connected
to cylindrical pore throats. Lenormand et al. [34] used a simplification of the model
of Koplik, using pores that have volume but no resistance to flow, and throats that
have resistance to flow but no volume. Other works using dynamic models similar to
Lenormand are [1,4,31,32]. Payatakes and co-workers [5-g], have formulated dynamic
network models based on pore throats that have sinusoidal shape, with junctions (or
pore bodies) that are volumeless.
In all of these dynamic models, the time-step size was restricted so that an
individual interface moved only a fraction of a pore length over the time step. In
the current paper, we present a new computational algorithm that allows interfaces
to move over multiple pore lengths within a time step. The model uses a network
of cylindrical pore throats and volumeless pore bodies. However, each pore body is
assigned a certain radius to determine how interfaces may pass through the junctions.
The algorithm solves for all interface locations, and computes fluid pressures in each
of the pore bodies. Details of the algorithm are presented in section 2. Results from
some of our initial numerical experiments are presented in section 3, along with a
discussion of certain computational aspects of the algorithm. Finally, in section 4,
we present a summary and conclusions, along with a brief discussion of a few of the
application areas to which this model can be applied.
2.

Model formulation

2.1. Overview

,.-..-,
:
:: ::-:
.-

In this work, we consider a regular cubic lattice of cylindrical tubes or pore
throats which intersect at the vertices of the lattice. These points or intersections are
referred to as nodes, or pore bodies. The pore throats have randomly distributed radii,
such that the throat connecting nodes i and j is denoted by rij. The length of each
throat, Lij, aud the angle $ij which the throat makes with the horizontal plane, are
assumed to be uniform along each of the coordinate directions. To simplify notation,
sub- and super-scripts will be suppressed whenever they are obvious from the context.
Also, while the results presented and discussed herein use a cubic lattice, the algorithm
is written to accommodate arbitrary lattice configurations.
The nodes or pore bodies are assumed to be volumeless with respect to volumetric
flow. This means that any change of state inside a node occurs instantaneously. On
the other hand, to be able to calculate certain changes inside the pore bodies, and
the associated dynamic effects, a radius is assigned to each node. For node i, this
will be the largest radius, Ri, obtained from the set of tubes connected to the node,
Ri = maxjcNi { rij), where Ni denotes the set of nodes connected directly to node i via
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where
- lk)

are the average viscosity and density, and &.,(p~
- p,) is the resultant of the
pressure drops over each interface.
In a static equilibrium configuration the pressure drop over an interface is given
in terms of the Young-Laplace law [lo]:
p;tat = 2aW” cos 0
f&f
’
. :::!
Z...?
..:j
.- :

where &
is the effective radius of the top of the meniscus, awn is the inter-facial
tension, 0 is the contact angle, and P:tti is the static capillary pressure:
pctat = p,, - p, > 0.

(3)

If the interfaces are moving with respect to the tube wall, it is well known that the
contact angle and the effective radius of the interface may depend on the velocity
of the interface. Also, the piston like motion of the interfaces has to be reconciled
with the parabolic velocity distribution of Poiseuille flow, the so-called fountain effect,
e.g., [10,11,21], creating additional resistance to the flow. To accommodate for such
effects a dynamic capillary pressure PfYn would have to be introduced, which in
general would differ from the static one. Since it is not clear how such effects should
be modeled in a simple way, this difference will be assumed to be negligible for the
flows investigated here, so that P:‘” = Pitat (see [lo] for additional discussions of
this topic). Since &ff = T for a cylindrical tube, the pressure drop over the interfaces
is then determined by
p+ -p-

= &P,(r),

(4)

where the positive-sign is chosen if the fluid to the right of the interface is nonwetting,
and the negative-sign otherwise.
Because the fluids are incompressible, the distances between the interfaces within
a tube are constant in time, and the volumetric flux equals the speed of the interfaces.
Prom now on, let 1 = Z(t) denote the position of an interface located at Zinit at time
t = tinit. It follows that equation (2) can be rewritten as a first order initial-value
problem for the position of this interface:
dl
Cl+D
qij = -dt = -- Al+B’

l(tinit)

=

hnit,

where AZ(t) + B = 8jZ(t)/r2 > 0. In the case of only one interface in the tube, these
coefficients are:
8(/G

r2

A=

C = (pi

-

Pj)
,

pj)S

sin 4,

&2!!$
l-2

'

D = pj Lg sin (p+ Apij + PC(r),

(6)
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The description of how an interface moves through a node and into connecting
tubes is somewhat more difficult. When an interface invades a pore body the (average)
pressure over the pore body has to be changed since one fluid phase is replaced by
another at a different pressure. Also, the geometrical shape of the interface is changed,
thereby changing the capillary pressure. It is commonly observed in laboratory experiments, e.g., [31,32], that when drainage takes place from a pore throat to a spherical
pore body, the displacement is unstable, and the pore body is filled almost instantaneously. This implies that the flow rate in the pore throat from which invasion takes
place must increase locally in time, in order for the pore body to fill quickly.
In drainage the capillary pressure is a force opposing the movement of the interface. Since this force is reduced inside the pore body, due to the increased radius,
drainage of a node should always take place. On the other hand, the interface may
get trapped when it starts to drain connecting pore throats since the radii of the throats
then determine the capillary pressures. Typically the larger throats should drain more
easily than the smaller ones.
For imbibition, the capillary pressure is a driving force. When the interface starts
to invade the pore body, this force is reduced and the interface may get trapped before
the entire pore body is filled with wetting fluid. In any event, the pore body fills more
slowly during imbibition and the flow rate in the tube from which the interface invades
should be reduced as invasion takes place. The interface may also get trapped when it
starts to imbibe into connecting throats. This happens when the capillary pressure in
the pore throat is not sufficient to overcome an unfavourable pressure drop. Typically,
interfaces imbibe more easily into the smaller throats.
These fairly complex dynamics are difficult to simulate accurately. To produce
computationally feasible algorithms, we introduce somewhat simplified rules which
intend to describe the dynamics in an approximate way, so that a computationally
tractable solution is achieved while maintaining the essential features of the flow and
displacement processes. To this end, a simple pressure update at node i, which accommodates some of the observations made above, is given by
g+‘(t)

zz p;+’ + c

fP,(&)H(t

- t,>,

t, t, E [t”, tn+q.

(9)

7)

._
: ..
::..:

Here, $+’ is an unknown pressure to be solved for, and the sum on the right-hand side
represents explicit pressure updates each time, t,, an interface passes through node i
during a time step. The solution is known at time P, and values of the pressures
are to be determined at the new time level tnS1 = tn + Atn. H is the Heaviside- or
step-function, and the updates are positive when drainage takes place and negative for
imbibition. An example of how the pressure may vary at a node during a time step is
shown in figure 3.
Comparison of equations (1) and (2) shows that flow rate in the tube from which
invasion takes place is reduced locally in time during imbibition, g(tT) < q(t,), and
increased for drainage, q(tG) 3 q(t;). The flow rates are equal only when the radius
associated with the node equals the radius of the tube.

i
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2.2.3. Interface tracking
To move the interfaces around the network in a consistent way without time-step
constraints, exit times are calculated for every interface in the network, and a sorted
list of interfaces is generated based on these exit times. Assume that t, 6 tn+i for
the first interface in the interface list; otherwise all the interfaces can be moved from
their current position to the final interface configuration at time tn+’ without passing
any nodes. Let ij be the tube where the first interface in the list is currently located,
let k be the node where it possibly exits the tube (k = i or k = j), and let CI, be the
number of tubes connected to node k. If inequality (11) is not satisfied the interface is
trapped at the entrance of the node, and we set t, = 00. The interface is then moved
to the end of the sorted interface list and its location is updated.
If inequality (11) is satisfied, the pressure at node k is updated according to
equation (9), and the interface is replaced by Ck - 1 new interfaces, which may move
into the Ck - 1 tubes connected to node k, excluding tube ij. Several outcomes must
now be considered for each of these interfaces:
(i) A tube is free to be invaded, and inequality (12) is satisfied. A new exit time is
calculated and the interface is placed in the interface list accordingly.
(ii) A tube is free to be invaded, but inequality (12) is not satisfied. Set t, = m and
place the interface at the end of interface list.
(iii) The tube is already occupied by a moving interface. The position of the moving
interface is determined at the time when the new interface is generated, and
trapped at that location. Set t, = 00 for both interfaces and place the interfaces
at the end of interface list.
(iv) The tube is occupied by one, two or three trapped interfaces. The new interface
is trapped and added to the the end of the interface list.
(v) In cases (iii) and (iv), the possibility that two interfaces will occupy the same
location when the new interfaces are generated must also be considered. In that
case the interfaces are removed, allowing trapped fluid to reconnect (see remark
below).
The procedure is repeated for the next interface being first in the interface list,
until
>
for all interfaces in the list. In the same process we also need to store
all information needed to calculate flow rates, interface locations and explicit pressure
updates. In particular, a set of incident times, { ) tn =
<
< . . 3<
-, <
$j corresponding to each successive entrance or exit of an interface, has
to be recorded for each tube ij. For each of the Mij local time intervals in this set,
the flow is determined by equation (l), equation (5), or qij = 0 for trapped fluid.
t,

‘.
.
.. _-

tn+*

tz

tb’

ti’

tcij

tn”},

Mij

Remark. The location of an interface is by definition determined by the contact line it
makes with the pore wall. To avoid small compartments of trapped fluid, interfaces are
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Each level of this iteration consists of two steps. First, interfaces are tracked for a
given pressure approximation pk, so that the accumulation term Q and approximate
Jacobi matrix Q’ can be calculated. Secondly, the linear system (18) is solved to
produce pressure updates, using a preconditioned conjugate-gradient technique with
incomplete Cholesky factorization as preconditioner. The initial guess for the pressure
components is pi
+I+’ = p”(P)
a
’ as determined by (9), and the Lz-norm of Q is used as
a convergence criterion.
The approximate Jacobi matrix Q’ is obtained by explicit differentiation of the
left-hand sides of equation (14) with respect to pressures p, disregarding implicit
dependencies through interface locations 1 and incidence times tw. This involves
differentiation of equation (16) with respect to pi:
Poiseuille flow,
tw
d
qij dt = <
5 J L-1

moving interface,

(19)

trapped fluid.
In principle, the last term should be zero since stable equilibrium configurations should
not be sensitive to small pressure changes. However, if regions become disconnected
from pressure boundaries because of trapped fluid, the system (18) will be singular,
Because of this we have assigned a small conductance to tubes with trapped fluids to
regularize the system: typically K,- 10-3-10-4. Furth ermore, the time-integral of the
average viscosity is approximated by
if pr #p 07
if ii, = lo,
where PO = p(Z(tw-r)) and & = p(Z(tw>).
The Jacobi matrix can now be assembled using equations (15) and (19) and the
observation that
0
a

-EQ
%k jEN,

--

n+I _
*

ij

if k $ Ni u {i),

aQij

if k = j E Ni,

-

if k = i.
i

2.3.1. Time-step/mass conservation
Because of the nonlinearity of the problem, the time step At* = tn+’ - tn
has to be determined dynamically throughout the simulation. Two criteria are used to
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0.6

0.3
Time [s]

Figure 4. Capillary rise in a one-dimensional network. Analytic solution (solid line), network solutions
(dashed lines) for time steps At = 0.006 s, 0.02 s and 0.04 s.
Table 1
Parameters for network and drainage experiment.
0”

Contact angle
Surface tension
Viscosity - wetting phase
Viscosity - nonwetting phase
Density - wetting phase
Density - nonwetting phase

[N/ml

10-a
10-2
IO’
1

[Ns/m*]
[Ns/m*]
[kg/d

0.332
1
40

Length of tubes
Lower cut-off radius
Upper cut-off radius
Characteristic radius
Standard deviation, parent distribution
Number of nodes in Z-, y-direction
Number of nodes in z-direction
Equilibrium condition
Pressure steps

7.2. lo--*

10
0.1
17 (13)

[kg/m31
[mm1
[vnl
b-4
[vnl

29 (26)
/AS/At1 <
AP

10-3
20

WI
[N/m’]

some of the capabilities of the simulator. As an example, consider a random threedimensional network, with radii generated from a truncated log-normal distribution,
with distribution function
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Figure 6. Saturation vs. time for drainage experiment.

17x17x29 lattice 13x 13x26 lattice ~~~~~.~~

0.6
Saturation

..
.:

Figure 7. Saturation profiles plotted for lOO%, 90%, . . , 50% and 40% saturation. The flow is from top
to bottom of the network.

top boundary. This is equivalent to the entry pressure of the nonwetting phase when
the pressure in the wetting phase is 0. When both fluids coexist at a boundary, which
may occur at the outflow boundary, their pressures are set to be equal. Each tube that
connects to a node at the four vertical sides is assigned a no-flow condition.
By gradually increasing the pressure at the top boundary, nonwetting fluid starts
to invade the network and displaces the wetting fluid in a stable way. An average
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the capillary pressure is defined to be

PC(S)
= Piw - Pb,l

(20)

for saturations satisfying the equilibrium condition. The full dynamic solution indicated
in figure 5 requires in average approximately 10 minutes of computing time on a
standard Silicon Graphics Indigo 2 workstation pr. pressure step (Ap = 20). The
complete drainage curve calculation consists of all the pressure steps, each run to an
equilibrium.
In figure 6, the saturation is plotted as a function of time. As is apparent from
this figure, the displacement is close to satisfying the equilibrium condition for most of
the simulation. This is mainly due to the small pressure increments Ap. If the pressure
mcrements had been much larger we would expect a less smooth curve. Only after
breakthrough of nonwetting fluid do non-equilibrium effects seem to occur. This is
explained by ganglia of wetting fluid that have become disconnected from the reservoir
at some time during the simulation. After nonwetting breakthrough, as the pressure
along the top boundary continues to be increased, some of these ganglia are mobilized
because of large flow rates, and they reconnect with the outflow reservoir, producing
the abrupt changes seen in figures 5 and 6.
In figure 7, saturations are calculated for sections of the network consisting of two
consecutive planes normal to the z-axis and the tubes connecting them. As is observed,
a fairly sharp infiltration front moves from top to bottom, as should be expected for the
flow we simulate. By comparing results from the smaller and larger networks, we see
that the qualitative features of the simulations are the same in figures 5-7. However,
the infiltration fronts in figure 7 look sharper and smoother for the larger network.
Following [18], average phase pressures may be defined by
(21)

where the integration is over the tubes in the network and the indicator function is
defined by
Ycr(X t> =

._ :
. . .::

1 if phase CYat (x, t),
0 otherwise.

Based on average phase pressures (21), an alternative capillary pressure function is
defined by
qs<t>>

= F”,(t) - P,(t),

(22)

where S = S(t) is the saturation computed at any time. Since S(t) may not be a
monotone function, the macroscopic PCS-functions (20) and (22), may not be unique.
For a single tube with one interface, it is straightforward to show that
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Figure 10. Comparison of average nonwetting phase pressures based on update rules equation (9) and
equation (24).
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Summary and conclusions

A pore-scale algorithm for simulation of two-phase flow in porous media has
been developed and implemented. The algorithm is based on idealization of the pore
space as a network of cylindrical pore throats of different (randomly distributed) radii.
These pore throats meet at junctions, referred to as nodes or pore bodies, which
have their own characteristic radii but whose volumes are ignored in the calculations.
Transient pressures are calculated at each node, and a modified Pouiseuille equation
is used to track each fluid-fluid interface through the pore throats. Special rules have
been developed for pressure changes due to the passage of an interface, and capillary
trapping of fluids is allowed, leading to disconnected ganglia within the network. These
ganglia may move under sufficient viscous forcing. The nonlinear set of equations
that derive from mass-conservation considerations, with nodal pressures as unknowns,
is solved by a quasi-Newton
algorithm, coupled with an explicit interface-tracking
routine. The resulting solutions provide detailed pressure fields as well as detailed
locations of all interfaces within the network. This information can then be volumeaveraged to provide continuum-scale properties like phase saturations and average
capillary pressures.
Numerical results are presented for a drainage experiment on networks of sufficient sizes to be Representative Elementary Volumes (REV). The experiments have
been run such that the flow is close to equilibrium at any time. The results agree in
a qualitative way with what one should expect for this type of experiment. In particular, sharp infiltration fronts move through the network leaving approximately 50%
of residual wetting fluid behind. After breakthrough of nonwetting fluid, most of the
wetting fluid is located in ganglia disconnected from the reservoir of wetting fluid.

H.K. Dahle, M.A. Celia /A dynamic network model
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realistic simulations of multi-phase displacements, and lead to a new generation of
scale-up tools to transfer detailed pore-scale descriptions to more practical continuumscale simulators.
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Prediction of relative and absolute permeabilities for gas and
water from soil water retention curves using a pore-scale
network model
Ulrich Fischer1 and Michael A. Celia
Environmental Engineering and Water Resources Program, Department of Civil Engineering and Operations
Research, Princeton University, Princeton, New Jersey

Functional relationships for unsaturated flow in soils, including those between
capillary pressure, saturation, and relative permeabilities, are often described using
analytical models based on the bundle-of-tubes concept. These models are often limited
by, for example, inherent difficulties in prediction of absolute permeabilities, and in
incorporation of a discontinuous nonwetting phase. To overcome these difficulties, an
alternative approach may be formulated using pore-scale network models. In this
approach, the pore space of the network model is adjusted to match retention data, and
absolute and relative permeabilities are then calculated. A new approach that allows more
general assignments of pore sizes within the network model provides for greater flexibility
to match measured data. This additional flexibility is especially important for simultaneous
modeling of main imbibition and drainage branches. Through comparisons between the
network model results, analytical model results, and measured data for a variety of both
undisturbed and repacked soils, the network model is seen to match capillary pressuresaturation data nearly as well as the analytical model, to predict water phase relative
permeabilities equally well, and to predict gas phase relative permeabilities significantly
better than the analytical model. The network model also provides very good estimates for
intrinsic permeability and thus for absolute permeabilities. Both the network model and
the analytical model lost accuracy in predicting relative water permeabilities for soils
characterized by a van Genuchten exponent n 5 3. Overall, the computational results
indicate that reliable predictions of both relative and absolute permeabilities are obtained
with the network model when the model matches the capillary pressure-saturation data
well. The results also indicate that measured imbibition data are crucial to good
predictions of the complete hysteresis loop.
Abstract.

counting for connectivity and tortuosity of the pore space; this
parameter cannot be obtained from fitting the retention curve.
The relationships between capillary pressure,fluid saturaThe requirement of parameters in addition to retention data
tions, and fluid permeabilities in multifluid soil systems are is a consequence of the poor conceptional representation of
usually described by analytical models such as the Brooks and the pore space by analytical models, which are based on the
Corey-Burdine [Burdine, 1953; Brooks and Corey, 19641 and bundle-of-tubes concept. In contrast, pore-scale network modvan Genuchten-Mualem [Mualem, 1976; van Genuchten, 19801 els explicitly account for the three-dimensional connectivity of
equations. These models are often used to predict relative fluid pores. This is usually done by representing the pore space as a
permeabilities by fitting analytical relationships to experimen- lattice of pore bodies (or “sites”) which are connected to one
tal capillary pressure-saturation data (also called the retention another by pore throats (or “bonds”). Drainage and imbibition
curve). Unfortunately, these procedures do not predict abso- in each bond or site are controlled not only by its size but also
lute permeabilities well, so experimental determination of at by its location, and thus accessibility, in the three-dimensional
least one permeability value (the “matching point”) is re- lattice. In principle, no additional manipulation of the lattice
quired. In addition, the limitations of this approach in account- topology is required for the prediction of permeabilities after
ing for a discontinuous nonwetting phase have been pointed adjusting it to retention data. However, generation of the apout recently [l&her et al., 19971.Furthermore, prediction of propriate network of pores to match the retention curve and
relative permeabilities for both the wetting and nonwetting also predict relative, and possibly also absolute, permeabilities
phases requires stipulation of an additional parameter ac- is difficult. Generally, standard probability distribution functions are used to generate distributions of bond and site radii.
Often correlation functions such as large-scale correlation be-

1. Introduction

‘NOW at Safety and Environmental Techno!o_qvCroup, Chemical
Engineering Department, Eidgenossische Technische Hochschule,
Zurich, Switzerland.
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connected to one site are introduced into the network. Such
correlation functions significantly influence the shape of the
simulated retention curve. Recent advances in pore-scale network models have been reviewed by Celia et al. [1995].
Several studies have investigated the ability of network

1089

FISCHER AND CELIA: PERMEABILITIES FROM SOIL WATER RETENTION CURVES

fi =Ii 2 Ii
i !

-1
(4)

within the lattice of zero, the calculated saturation values were
renormalized by

i-l

SW= Slv,/(l - SW,) + sv,

and from fi the number of bonds per interval, nb,i, is obtained
from
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(7)

where S, and S,,, are the actual and residual wetting phase
saturation of the soil, and S,,, is the wetting phase saturation
of the lattice (all dimensionless). The interpretation of the
lattice topology thus is that it models the effective rather than
the total pore space.

N-l

nb,i

=

nb,tat -

2 nb,i
i=l

i = N

(5b)

3. Analytical Model and Performance Measures

is the total number of bonds in the lattice. The
values of the bond radii representing an interval of capillary
pressureheads are then picked randomly from the corresponding interval of radii. After replacement of the lognormal bond
radii by the new radii according to their rank, cross correlation
between bonds connected to the same site is introduced following a methodology described by Shinozuka and Jan [1972],
which is also summarized by Rujurum et al. [1997].
Because of the geometrical constraints on bond and site
radii, a random stipulation of site radii becomes cumbersome.
Therefore site radii are defined in relation to the corresponding bond radii. The site radii are first set to rb,,,=fi,
where
rb,max [L] is the maximum radius of all bonds connected to one
site. Those site radii larger than a given cutoff value, rs,= [L 1,
are then increased using an adjustment factor fssadj:
where

nb,tot

(6)
The parameter fJ,adjcan be looked at as a scaling factor. If
increased site radii exceed the maximum possible value of half
the distance between site centers, where the distance is denoted as AX, they are set to the maximum value AX/~, and the
bond radii are adjusted correspondingly if necessary.
While we are fully aware that the pore-size distribution of
soils cannot be derived from fitting (1) to pressure-saturation
data, we used this equation simply to have a more flexible tool
for generating bond radius distributions. Therefore the parameters hmin and X were not taken from fitting (1) to pressuresaturation data but were treated as fitting parameters. The
choice of the other parameters to be optimized was based on a
sensitivity analysis, which is discussed below. For optimization
of the parameter values of the network model to match given
retention data, the downhill simplex method in multidimensions, as described by Press et al. [1992], was used.
The network model simulations were dependent on the size
of the lattice for sizes of up to 40 X 40 X 40 sites. Above this
size.the differences between different lattice sizes were negligible. All simulations presented in this paper were conducted
with lattices comprising 65 X 65 X 65 sites. For the calculation
of fluid saturations and permeabilities, five bond lengths were
subtracted at the lateral boundaries of the lattice, resulting in
an averaging volume comprising 55 X 55 x 6.5sites. For some
soils these calculations were done for five different lattice
realizations by choosing arbitrary seeds for the random field
generator and subsequently optimizing the network model parameters. Because the network model does not account for
wetting fluid forming pendular rings or films and the option for
finally trapping isolated wetting fluid [see Reeves and Celia,
1996) was not used, thus leading to wetting phase saturations

In the analytical model used for comparison the relationship
between capillary pressure head and saturation is described by
the approach of van Genuchten [1980]:
3, = [l + (ah)“]-”

(8)

where h is capillary pressure head [L]; OL[L - ‘1, n, and m are
empirical parameters; and 3, is effective water saturation,
given as

where b’,, 8,,r, and O,,s are water content, residual water
content, and saturated water content, respectively. To predict
relative permeabilities from retention curves, the van Genuchten model is most commonly employed with the Mudem
[ 19763integrals, yielding the following equations for fixed m =
1 - l/n [van Genuchten, 1980; Parker et al., 19871:
k, = $;5[l - (1 - S;m)q2

(10)

k, = (1 - $,,)“.‘(l - s;‘“(m)=”

(11)

where k,, and k,, (both dimensionless) are relative water and
gaspermeability, respectively, and the exponent accounting for
tortuosity and connectivity is set to 0.5 for both phases. Equations (10) and (11) were used to predict relative gas and water
permeabilities from fitting (8) to experimental retention data.
The performance of both the analytical model and the network
model in matching retention data was quantified using the
root-mean-square error (RMSE) given as

WI
where NDP is the number of data points, and S,,, and S,,,
(both dimensionless) are the calculated and measured water
saturations, respectively. To quantify the performance of both
models in predicting relative permeabilities, the deviations between the logarithms of the measured and predicted values
were quantified in terms of the log RMSE (LRMSE) given as

j&

LRMSE =
$

y [log C&f,)- log (k,)l*
i=l

(13)

where k,, and k,,
(both dimensionless) are the predicted
and measured relative permeabilities for a given fluid. The
values of k,,p corresponding to given values of k,,
were
obtained by interpolation of the model calculations.
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Figure 1. Comparison of water retention curves measured for the quartz sand mixture during main drainage
and imbibition with best fit model simulations: (a) Comparison of network model (NM) and analytical model
(AM). (b) Network model simulations obtained with five different lattice realizations.
bond and the site radii. The occurrence of displacement events,
on the other hand, is controlled by the bond radii during
drainage and by the site radii during imbibition. Compared
with data sets that include only drainage, data sets that include
both drainage and imbibition are therefore more difficult to
model, because both bond and site radii control displacement
events, and, thus, the sites sizes have increased importance.
This sensitivity is exacerbated by the geometrical restrictions
between sites and, bonds, as discussed earlier. We begin this
section by analyzing results for the data sets that include both
drainage and imbibition. This is followed by analysis of data
sets involving only first drainage.
In Figure la the best fit simulation obtained with the network model for the main imbibition and drainage curves measured for the quartz sand mixture is compared with the optimized analytical model. The corresponding parameter values

used in the network model are given in Table 3. Overall, the
network model describes the data well. It does not match
exactly the maximum water saturation achieved in the experiments during imbibition, and the network model calcuIation
deviates from the data at higher capillary pressure heads. Consequently, the RMSE obtained for the network model is higher
than that for the analytical model (Table 4). The analytical
model treats the two branches separately, so that separate sets
of parameters are used for each. The analytical model still
shows some deviations from the .data at higher capillary pressure heads, in particular during drainage.
Figure lb shows the corresponding network model simulations for five different lattice realizations. While the maximum
water saturation achieved during imbibition varies significantly
for the various realizations, the differences in all other parts of
the retention curve are minor. Thus the deviations between

Table 3. Parameter Values for the Pore-Scale Network Model Fitted to the Data Sets Listed in Table 1
h,

Data Set
QSM I and QSM D combined
Me&*
Minimum*
Maximum*
OS-FD
OS-FD, OS-I, and OS-D combined

mm

Y

0.201

2.9
2.7
3.0
3.8
4.5

141
137
143
108

3.0
2.2
3.5
2.4
2.9
4.4
5.2

139
129
147
202
380
127
9480

2.6
1.9
3.2
2.4

357
104
730
1050

0.197
0.210
0.256
0.257

Lx,

cm

100

Amin,cm

A

fi

22.8
22.7
23.3
34.5
35.8

1.78
1.77

0.05
0.05
0.06
0.15
0.07

vs

Mean*
Minimum*
Maximum*
FS
TSL
GB
EA
LD
Mean*
Minimum*
Maximum’
AH
*Results were
values obtained.

0.329
0.323
0.339
0.236
0.170
0.279
0.289
0.284

0.248
0.368
0.224
calculated

10.9
10.4
11.3
25.9
60.5
29.0
21.4
12.0
7.1
13.9

31.5

1.81

1.70
1.72

h
cm
I’=’

fs,adi

26
25
26

0.28
0.24
0.31

39

0.47

...

1.42
1.34

0.11

...

0.10

...

1.49
1.35

0.12

...

1.44
4.17

0.08
0.09
0.07

...
..*
...

1.92

0.16

...

2.00

n“.IY .n

. * .

1.78
2.40
1.45

0.13
0.22
0.16

...
...
.**

...

from five lattice realizations; “mean,” “ minimum,” and “maximum” represent the mean, minimum, and maximum
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Comparison of water retention curves measured for Oakley Sand during first drainage, main
imbibition, and main drainage with best fit network model simulations using either all data or only those
measured for first drainage in optimizing the lattice topology.

Figure 2.

plex than that for the volcanic sand (Figure 3), the deviations
between network model calculation and experimental data are
slightly increased, and the corresponding RMSE is slightly
higher than that for the analytical model (Table 4).
Figure 4 shows the comparison between experimental data
and model calculations obtained with the network and analytical models for two undisturbed soil samples selected from the
UNSODA database [tiq et al., 19961. The network model
calculation shown in Figure 4a matches the data measured for
the Eutric Arenosolawell, and the corresponding RMSE value
is lower than that for the analytical model (Table 4). A significantly higher RMSE is obtained with the network model for
the retention data measured for the Luvisol Dystric and shown
in Figure 4a, and an even higher value results for the Arenic
Haplohumod, for which the RMSE value for the analytical
model is rather low (Table 4). These results appear to demonstrate the limitations of the network model in matching
capillary pressure-saturation curves of undisturbed soil sam-

ples: using the current approach to generate a lattice, the
network model is apparently not able to match retention
curves representing van Genuchten parameter n values below
3. This is probably a consequence of the absence of a structural
component more significant than large-scale and crosscorrelation functions.
5.3.

Water permeabilities

Relative water permeabilities predicted with the pore-scale
network and analytical models for the volcanic sand are compared with the corresponding experimental data in Figure Sa.
Both model calculations agree very well with the data. A lower
LRMSE is obtained for the network model (Table 4) because
it matches the lowest permeability value better. Figure Sb
shows absolute water permeability functions obtained for five
lattice realizations representing the volcanic sand. For this soil
the network model overestimates intrinsic permeability by a
factor of -2 (Table 5). This value, in combination with the

160
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Figure 3. Comparison of tist drainage water retention curves measuredfor volcanic sand and fine sand with
best fit model calculations obtained with the network and analytical models.
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Table 5. Intrinsic Permeabilities ki and EmergencelExtinction
for the Data Sets Listed in Table 1
Data Set
QSM-I*t
Mean
Minimum
Maximum
QSM-D* t
Mean
Minimum
Maximum,
OS-FD
OS-FDt
OS-It

b.,,,, m2

ki.p, m2

3.7 x lo-‘I$

2.7 x 10-l’
2.5 x lo-”
3.1 x lo-i1

...

...

...
5.2
5.2
5.2
5.2

OS-W
vs

Mean
Minimum
Maximum
FS
TSL
GB
EA
LD
Mean
Minimum
Maximum
AH

3.1 x
x
x
x
x

x lo-l2

2.6
4.4
4.4
4.4

x lo-=
x 10-i*
x lo-l2
...
...

2.9 x
5.0 x
1.1 x
1.4 x

1.4-l

lo-”
lo-‘*
lo-r2
10-12
lo-‘2

...
...
1.1 x lo-=

1.4-l

0.527 2 0.012

1.2-l
1.2-r
1.2-r
2.2

4.6 x 10-r’
6.6 x lo-r2
8.3 x 10-l’

3.3 x lo-lo

...
...

2.0-I

2.9 x lo-”
2.0 x lo-r2
1.8 x IO-l3
2.5 x 10-l’
3.6 x lo-l3

10-12
lo-‘3
10-i’
10-12

8.1 x 10-l“

0.630 z 0.011
0.606 + 0.003
0.650 5 0.003

0.685 2 0.017

1.2-l
1.5-l
1.2-l
1.5’

2.4 x 10-n
2.1 x lo-”

1.1 x lo-”

Points of Gas Flow, S,,c,

ki,,Jki,m

2.7 x lo-”
2.5 x lo-”

3.7 x lo-“*
...

1097

0.607 + 0.015

. ..
...
0.911 2 0.067
0.911 t 0.067

0.591 2 0.006
0.627 _t 0.019
0.662
0.646
0.659
0.600

0.770 rt 0.002
0.800 + 0.004

0.961 t 0.013
.*.
...

% 0.002
2 0.002
-t 0.002
t 0.002

0.783 2 0.037
0.719 +- 0.015

1.9
1.9
1.5-i

0.956 t 0.006

2.8-l

0.957 2 0.010

;:;-I

0.955 2 0.017
...

0.763 t 0.013
0.765 + 0.006
0.848 t 0.084
...

7.1-i
3.9-l
49-l
14-l

...
...
...
...

...
...
.. .
...

0.831 2 0.027

Measured values and values predicted with the pore-scale network model are indicated by indices m and
p, respectively. Emergence/extinction points were calculated as mean values of the highest water saturation value with zero gas permeability and the lowest value of water saturation with nonzero gas permeability. The underlying ranges of uncertainty are given as t-values.
‘Results were calculated from five lattice realizations; “mean,” “ minimum,” and “maximum” represent
the mean, minimum, and maximum values obtained.
tcombined data sets were modeled as indicated in Table 3.
SThe experimental fluid was gas instead of water as for the other data sets.

for this soil as well as the analytical model, it predicts large
parts of the relative permeability function equally well; the
larger value of LRMSE for the network model (Table 4) is
caused by the lowest permeability data point. A much higher

variability in the intrinsic permeability (Table 5) is obtained for
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this soil as compared to the repacked soils for different lattice
realizations as a result of the higher variability in the parameter values (Table 3). The RMSE and LRMSE values, on the
other hand, show similar variability between realizations as do
those for the repacked soils. Thus in this case the variability in
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Figure 6. Comparison of relative water permeabilities measured for undisturbed soil samples during first
drainage with predictions using the network model (NM) and analytical model (AM). (a) Eutric Arenosol. (b)
Luvisol Dystric.
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Comparison of absolute gas permeabilities measured for fine sand during first drainage with network model
predictions.
the network model predicts an emergence point which is 0.2
lower than the experimental value, which is quite high. Dury
[1997] showed the dependence of the emergence point on the
experimental setup during gas permeability measurements.
Note that about the same emergence point was found for glass
beads and fine sand using the same experimental setup, although the materials were characterized by Brooks and Corey
[1964] as having a narrow pore size distribution and having a
wide particle size distribution (which should lead to a wide
pore size distribution), respectively. Without drawing any conclusion on the validity of the experimental values, we believe
that both the experimental procedures for measuring gas permeability as well as the modeling approaches (such as porescale network models) to describe and predict these data need
further improvement and thus intensive future research.

6. Summary and Conclusions
A pore-scale network was used to predict relative and absolute permeabilities for both gas and water, after adjustment of
the lattice topology to match capillary pressure-saturation data
measured for repacked and undisturbed soils. A novel algorithm, more flexible than standard probability distribution
functions, was used for the generation of bond and site radii.
The performance of the network model was compared to an
analytical model based on the van Genuchten-Mualem approach. Although on average the network model did not match
the capillary pressure-saturation data as well as the van Genuchten function, it predicted relative water permeabilities
equally well and relative gas permeabilities significantly better
than the analytical model. The latter finding is a consequence
of the fact that the discontinuity of the nonwetting phase at
high wetting phase saturations is captured explicitly in the
network model. Very good estimates of intrinsic permeability,
md thus c,rerall go-A
VU ---A:,.t:r.~L~~UILLLVLIS
Of absolute pKiiiGibilitieS
for both gas and water, were obtained with the network model
for the repacked soils and an undisturbed soil representing a
value of the van Genuchten parameter R > 3. For two undisturbed soils with II < 3 the performance of the network model
was not as good, but the performance of the analytical model
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also deteriorated significantly as compared with the repacked
soils.
The network model has several advantages compared to
analytical models: it inherently accounts for a discontinuous
nonwetting phase at high wetting phase saturations, it does not
require stipulation of any additional parameters for prediction
of permeabilities after adjustment of the lattice topology to
capillary pressure-saturation data, and it estimates intrinsic
permeability and thus absolute permeabilities over the entire
range of saturations. The results presented in this paper show
that reliable predictions of relative and absolute permeabilities
are obtained with the .network-modeling approach when it
matches given capillary pressure-saturation data well. The results also indicate the importance of imbibition data to obtain
a complete lattice topology (sites and bonds) that can model
hysteretic behavior. While some improvement in the magnitude of the hysteretic effect predicted for nonwetting phase
permeabilities is required, the network model can be used to
calculate scanning curves, a subject that is not covered by
standard analytical models such as the one used in this study.
Further research is also needed to obtain good matches of
capillary pressure-saturation data representing values of the
van Genuchten parameter n < 3. Probably a structural component more significant than large-scale and cross-correlation
functions has to be introduced into the lattice topology.
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