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Abstract

It is shown that the increase of 3 (the ratio of plasma pressure to the mag-

netic field pressure) may change the character of the influence of trapped
energetic ions on MHD stability in spherical tori. Namely, the energetic
ions, which stabilize MHD modes (such as the ideal kink mode, collisionless
tearing mode and semi-collisional tearing mode) at low 3, have a destabi-
lizing influence at high S unless the radial distribution of the energetic ions
is very peaked.

Sawtooth oscillations and internal reconnection events - typical forms of plasma MHD
activity - play an important role in Conventional Tokamaks (CT) and Spherical Tori
(ST). They redistribute the particles making radial profiles of the plasma parameters flat
inside the mixing radius and expelling the energetic ions from the plasma core. The role
of such MHD events is especially significant in STs where they can strongly deteriorate
the confinement of the energetic ions.! But some particles may be not affected: it was
predicted theoretically? and then confirmed experimentally on TFTR? that trapped ions
with the energy above a certain critical magnitude, &, are not sensitive to the sawtooth
crash in CTs. The existence of £, is a consequence of the fact that toroidal precession in
CTs tends to move particles at r = const, where r is the radial coordinate characterizing
the flux surfaces before the crash. On the other hand, such a motion is not compatible

with the motion of the bulk plasma across the r = const surfaces during the crash.



Therefore, the energetic ions stabilize the crash-causing instability when their number
is not too small. The situation changes in high-/3 plasmas of STs. As shown in Ref.%,
plasma diamagnetism results in the “diamagnetic precession”, which is directed along the
evolving flux surfaces (in contrast to toroidal precession). The diamagnetic precession
overrides the toroidal precession when 3 is high (3 2 € with e = r/R,, R, the large radius
of the torus), in which case the ions with £ > & are attached to evolving flux surfaces
like the bulk plasma particles. Because of this, one can expect that high energy ions lose
their ability to stabilize MHD modes. Furthermore, their effect can even be destabilizing.
A more detailed analysis below confirms this conclusion.

Before proceeding to the analysis we note that the stabilizing influence of the energetic
ions on MHD modes was observed experimentally on JET, where it was demonstrated that
the neutral beam injection may considerably increase the period of sawtooth oscillations.®
A relevant theory was suggested in Ref.®, where it was concluded that the stabilization is
associated with the conservation of the third adiabatic invariant of the particle motion.
The latter is conserved when w < wp (w is the mode frequency, wp is the precession
frequency of the energetic ions), which is essentially equivalent to the condition & > &4
This becomes clear if we take into account that &£..; is determined from the equation

Terash = Wp' (see Ref.2) and that w ~ v 2 7,1,

where v is the instability growth rate,
Terash 18 the crash duration. However, we emphasize that the mentioned conditions were
obtained from different considerations: w < wp is a condition of plasma stability in a
linear theory,® whereas £ > &, is a condition of unperturbed motion of a test particle
during the sawtooth crash, i.e., a condition of the unperturbed motion in an unstable
plasma.

We consider first the simplest case of the ideal kink instability described by the fol-

lowing dispersion relation:”

i W W) = 0, (1)
wa

where the first term is the normalized MHD kinetic energy, W, is the normalized MHD
potential energy of the bulk plasma, Wi represents the response of the energetic ions,

wa = 5va/(V3Ry)|r—r,, Ts is the radius of the ¢ = 1 surface, § is the magnetic shear, v,



is the Alfvén velocity. In particular, in a tokamak with circular flux surfaces the negative

of W, is®
Ae = —We = (No/3)EX[By (rs) — B2, (2)

where €, = /Ry, Ao the numerical factor of the order of unity, which depends on the ¢
profile, 8,(rs) = [87/ B (r)|[p(rs) —p(rs)], plrs) = 7,2 I'e p(r), By is the poloidal magnetic
field.

In the absence of the energetic ions, Eq. (1) describes the ideal kink instability with the
growth rate /w4 = A, when A, > 0. The energetic ions affect this instability. Because the
instability is aperiodic, we can assume that the resonant interaction between the energetic
ions and the perturbations is absent and, thus, Whi = 0, where the subscript ¢ denotes the
imaginary part of a quantity, and take Wj,(w) = —A,(w) &~ —Ap,(0), where the subscript

r denotes the real part of the quantity. Therefore,

T+ A (0). (3)

WA

It follows from Eq. (3) that, depending on the sign of A, (0), the effect of the energetic
ions is either stabilizing or destabilizing. It was shown in Ref.% that when the population
of the energetic ions consists of the trapped particles, A, (0) is negative for B o 1/R with
R the distance from the major axis of the torus, which means that the energetic ions have
a stabilizing influence on the ideal kink instability in CTs. However, in high-3 plasmas
of STs B(R) has a minimum (“magnetic valley”), therefore the sign of the response of
the energetic ions may change. To see it we write the disturbed part of the distribution

function of the fast ions, fh, as follows:

s (UJ - w*h)afo/al)

I W+ NwWp

(4)

where fy is the equilibrium distribution function of the energetic ions, w,,
dfo/Or(dfy/0v)~" is the diamagnetic frequency of the energetic ions, n is the toroidal
mode number. Because w < wp, the sign of fh depends on the sign of wp. The latter
is positive for the well trapped particles located in the region with 0B/0R < 0 (stabiliz-

ing particles) and it is negative in the region with 0B/0R > 0 (destabilizing particles).
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This means that when the particles located at 0B/OR > 0 mainly contribute to Ap,,
the energetic ions destabilize the ideal kink. Note that finite § may have a destabilizing
influence on MHD modes even for 0B/0R < 0, i.e., in CTs, by decreasing the magnitude
of the particle trapping parameter, k,, separating the regions of particles with wp > 0
and wp < 0 (when 8 = 0, k, lies in the region of marginally trapped particles), which
enlarges the region of particles with the reversed direction of the precession.’

In order to investigate the influence of high 5 on )\, we approximate the magnetic

field strength as follows:'°
B = By[1 — ecos + € (a + o cos® )], (5)

where a and o are parameters. In low-f plasmas relevant to CTs these parameters are
small, but @ > 1 and o 2 1 in STs with high 3. Tt follows from Eq. (5) that the magnetic
valley arises when o+ o > 0.5A, where A is the aspect ratio of the torus.

For A4, (0) we use the following expression (c.f. Ref.?):

47T6 3/2 [1- e+€2 (a+0)]
=g o) L, 0
h B2 (7“5 57 " [1+ete(ato)]

(cos B) 3 zafO
XMy{cos ) [1 ~ (cos ) — 2e(ar + o{cos? 9))] /0 e’ or’ (6)

where (...) means bounce averaging, I, = vn,/qR = 4K;(k)/(eV/Ao), k is the particle
trapping parameter, A = uBy/E, my, is the ion mass, K(k) and k are defined in Ref.!°
The results of the calculation of Ay, = Apr(0)5/(€55,n), where By, = 87Tph/BZ with py,
is the fast ion pressure, for an NSTX-like torus with r;/Ry = 1/3 are shown in Fig. 1.
We conclude from here that A, (0) > 0 for @ > it(7s/71), where rj, is a characteristic
width of the radial profile of the energetic ions, a.; growing with rg/r,. The obtained
dependence of a.;; on 7 /7y, is explained by the facts that there is a minimum of B(R) at
r < rg only in the case when o > 0.5 and that the region with 0B/0R > 0 is sufficiently
wide only for a well exceeding 0.5, see Fig. 2. When « 2 0.5, the region with 9B/0R > 0
near 7 is narrow. Therefore, the effect of fast ions can be destabilizing provided that
np(r) is flat. In the case of o > 0.5 the trapped particles with wp < 0 dominate in
the region of the localization of the ideal kink mode even when the radial profile of the

energetic ions is strongly peaked. In addition, it follows from Fig. 1 that the destabilizing
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effect of the energetic ions is largest when r, ~ r,. This is explained by the fact that the
fast particle drive is proportional to dny/dr (which leads to small A\, at r, > r,) and,
on the other hand, it is proportional to the number of fast particles with the negative
precession frequency (which leads to small A, at 7, < 7).

Equation (1) ignores the finite magnitude of the bulk ion diamagnetic frequency, w,.
When finite w, is taken into account and, in addition, A\.+ Ay, > 0, the dispersion relation

has the form:!!
ol — )] 72 = il + ()] 7

Assuming that w < wp, we can take again A, (w) = Ap(0). Then Eq. (7) yields:

w— %iz’wA{[)\c+)\hr(0)]2— ( o )2}1/2. (8)

QLL)A

We conclude from Eq. (8) that a plasma without the energetic ions is unstable when
A2 > (0.5w,/w4)?. The energetic particles have a stabilizing influence on the instability

when \;,(0) < 0, the instability being completely stabilized when
walAe + A (0)] < 0.5]w,]. (9)

However, when A, (0) > 0, the energetic ions play a destabilizing role.

In STs the ion Larmor radius (p;) is rather large. If it exceeds the width of the
ideal inertial layer, p;/rs > A., non-ideal modes accompanied by the reconnection of the
magnetic field lines in the vicinity of the ¢ = 1 radius can be destabilized (we consider
a plasma with a monotonic ¢(r)). Typically, in STs the ion Larmor radius exceeds both

35713 where Sy is the

the width of the resistive reconnection layer, 0.¢s [Opes ~ 755
magnetic Reynolds (Lundquist) number| and the electron skin depth, d. (d. = ¢/wpe, Wpe
is the electron plasma frequency). This implies that the collisionless reconnection driven
by either the collisionless tearing mode or semi-collisional tearing mode may occur in

STs. Note that presumably these instabilities are responsible for the sawtooth crashes in

tokamaks. The corresponding dispersion relation can be written as follows:!?

T/ v\?  pr pid, wa ;
TLLY = 2200+ A (0)] 4 ZrSe @4 [y Vet 10
2<wA> 7“5[ wr(0)] r3 27y (10)

S




pr = (1 +71)Y2p; with 7 = (T,/T5),..
In the limit case of v,; < v Eq. (10) describes the collisionless tearing instability. It

can be stabilized by finite w, when!?

my; 1/6 Be 2/ Ls
)" (5) )

where Ly, = qR/3, § the magnetic shear, and L,, = |dInn,./dInr|~t. We, however, assume
that Eq. (11) is not satisfied.
When a plasma is on the margin of the ideal MHD stability (A, ~ 0) and A, = 0, the

growth rate of the collisionless tearing instability is'?

2\ /3 (d,p2)1/3
Jo _ <_> %7 (12)
WA ™ Ts

which is valid for |A.| < (p;d?)*/3/rs. In the presence of a small number of the fast ions

we find:

ve i () | 13

We observe that the effect of the energetic ions with A,,(0) > 0 is destabilizing. But
when the number of the energetic ions is sufficiently large, the condition of applicability
of Eq. (13) is broken and, thus, an additional analysis is required.

Below we consider the limit case of
e+ A (0)] > (prd2) ' /1. (14)

If we neglect the LHS term in Eq. (10), we can see that a plasma below the ideal MHD
stability limit (\. < 0) is unstable in the absence of the energetic ions (Ap, = 0). Keeping

the term with )\, we obtain the following growth rate of the collisionless tearing mode:

Y prde 1

— . 15
W 12 Ao + Apr(0) (15)

We see that the energetic ions with A, (0) < 0 tend to stabilize the instability in a plasma
with A, < 0. On the contrary, when \,,.(0) > 0, the instability is enhanced. Formally,
v — oo for A + Ap,(0) = 0, but then Eq. (14) is broken. When A, + A, (0) > 0, Eq. (15)
yields v < 0, which, however, does not mean that a plasma is stable because Eq. (15) was

obtained neglecting the term proportional to v2.
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On the other hand, Eq. (15) predicts that the energetic ions can drive the instability
in a low-/ plasma when A, (0) < 0 and A, > 0. But this instability is weak. Indeed, the

first term in the LHS of Eq. (10) is negligible when /w4 < (p?d.)"/? /7y, which together

with Eq. (15) yields v/ws < \/pT|)\c + Anr(0)|/7s. Probably, this instability is stabilized
by some factors, which are not taken into account in Eq. (10).

In the most interesting case of strong instability the term in Eq. (10) proportional to
7? cannot be neglected. Then one can see that the effect of \,,.(0) > 0 is destabilizing.

In particular, when the last term in Eq. (10) is negligible, we find:

o \/EP_T[)\C + A (0)]. (16)

WA T™7Ts
Equation (16) shows that when £ is high, the energetic ions enhance the instability in a
plasma with A\, > 0 or even can lead to the instability in a plasma with A\, < 0. We recall

that the considered collisionless tearing instability occurs when

v/wa < pr/rsy Ores < de < pr. (17)

The semi-collisional tearing instability may occur when p, > 0,.5 > d., which implies

that v,; > 7. In this case when A, ~ 0 and n;, = 0, Eq. (10) yields'?

INT o \NAT
ﬁ:(—) <p—> Si/TgVT, (18)

WA ™ Ts

In the presence of the energetic ions when
Ao+ Ap(0) 3 (pifrg) /75, 5720 (19)

and the last term in Eq. (10) is negligible, the growth rate is given again by Eq. (16).
This means that the collisionless tearing instability and semi-collisional tearing instability

are characterized by the same growth rate when
A + A (0) > maz{ (p,d) 3 [ry, (pi)r) TS 5727 (20)

Equation (10) predicts also a weak semi-collisional tearing instability driven by the

energetic ions at low 8 when A, + A, (0) < 0, A, > 0:

2/3
T S S (p—T>2/3 g5, (21)
o) Ae + )\hr(o) Ts
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It is of interest to make numerical estimates for NSTX. We take B = 0.3T', a = 68cm,
A=13,n=3x108em 3 T = 1keV, k = 2 (k is the elongation of the flux surfaces),
rs =a/2, § =0.5, & = 80keV. Then p; = 2.15¢m, &5 = 0.33¢m, and d, = 0.1em, which
implies that semi-collisional tearing instability may occur. However, the ratio d,.s/d.
depends on plasma parameters in a way that the regime of the collisionless tearing mode
can take place in a plasma with the same 3 as in the considered above example. Indeed,
Ores/de o< n?3T—12B715713(Ryr,)'/3, therefore, increasing the temperature by, e.g., a
factor of 4 and keeping n1" = const, we obtain the regime with d,.s < d..

In conclusion, we have shown for the first time that the increase of S may deprive the
trapped energetic ions of their ability to stabilize MHD modes in STs. This is shown for
the ideal kink mode and the non-ideal modes, in particular, for the collisionless tearing
mode and semi-collisional tearing mode. Moreover, we have found that the energetic ions
may have the destabilizing influence on the mentioned modes. Because of this, the trapped
energetic ions must trigger the sawtooth crashes in high-5 plasmas of STs rather than
to prevent them as is the case in CTs. The destabilization occurs for 3 2 ¢, i.e., when
the equilibrium magnetic field is characterized by the presence of the magnetic valley.
The destabilizing influence of the energetic ions is strongest when the radial profile of
the energetic ions is flat enough to provide the dominant contribution of particles with
the negative precession frequency to the response Ay, (0) but, on the other hand, it must
be sufficiently peaked to maximize the instability drive by Vn,. The obtained results
together with the prediction of the stabilization of the fishbone mode in STs with high
141015 indicate that the physical picture of MHD activity in plasmas with fast ions may

strongly vary with (.
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FIG. 1. Apy = Apr(0)3/(€58pn) versus «v in a spherical torus with A = 1.3, ¢, =1/3, 0 =1 for
various rg/rp: 1 —0.2,2-1.2,3 -2,4 - 3,5 — 7. Here 1, characterizes the radial profile of the
energetic ions taken in the form: ny(r) = ny(0)exp(—r?/r2). The region of & > 0.5 corresponds

to an equilibrium configuration with the minimum of the magnetic field at r < r;.
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FIG. 2. The equilibrium magnetic field strength with a magnetic valley for various
a 1 —a = 001, 2 - a = 05, 3 -« = 4. The magnetic field is described by

B = By[l —ecos + €2(a + cos? 0)], and €5 = 1/3.
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