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1. Turbulence is the state of vortex fluid motions where the properties of the flow field
(velocity, pressure, etc.) vary in time and in space randomly.

Turbulent flows surround us, in the atmosphere, the oceans, in engineering and natural
systems. First recognized, examined and even baptized by Leonardo da Vinci, turbulence has
been studied more than a century by scientists and engineers, including the giants, Andrey
Nikolaevich Kolmogorov, W. Heisenberg, G. I. Taylor, L. Prandtl, Th. von Kármán. Every
advance in a wide collection of subjects, from chaos and fractals to field theory, and every
increase in speed and parallelization of computers was heralded as ushering in the solution of
the “turbulence problem”. However, the turbulence, a phenomenon familiar now to every-
body remains the greatest challenge of applied mathematics and classical physics. Turbulence
at very large Reynolds numbers (often called developed turbulence) was widely considered to
be one of the happier provinces of the turbulence realm, as it was widely thought that two of
its basic results are well-established, and will enter, basically untouched, into a future pure
self-contained theory of turbulence. These results are: the von Kármán–Prandtl universal
logarithmic law for wall-bounded turbulent shear flows [1,2], and the Kolmogorov–Obukhov
scaling laws for the local structure of developed turbulent flows, famous K-41 [3,4].

The beginning of the fundamental research of turbulent flows at very large Reynolds
numbers can be dated sharply: it was the lecture of Th. von Kármán “Mechanical similitude
and turbulence” at the Third International Congress for Applied Mechanics at Stockholm,
in the end of August 1930 [1].

Von Kármán began his lecture with the following general statement:
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“Our experimental knowledge of the internal structure of turbulent flows is insuf-
ficient for delivering a reliable foundation for a rational theoretical calculation of
the velocity distribution and drag in the so-called hydraulic flow state. Numerous
semi-empirical formulae, for instance, the attempt to introduce turbulent drag
coefficients, are unable to satisfy neither the theoretician, nor the practitioner. . .
I will restrict myself rather to clarifying what can be achieved on the basis of
pure fluid dynamics if definite hypotheses are introduced concerning definite basic
questions.”

More than fifty years later, surveying in the end of his life the beginning of his work in
turbulence, Andrey Nikolaevich said:

“It became clear for me that it is unrealistic to have a hope for the creation
of a pure self-contained theory [of the turbulent flows of fluids and gases]. . .
Due to absence of such a theory we have to rely upon the hypotheses, obtained
by processing experimental data. . . I did not perform an experimental work by
myself, but I spent a lot of energy for calculations and graphical processing of
the data by other researchers.”

Thus, both von Kármán and Andrey Nikolaevich had thought that it is unrealistic to
expect in a real time the creation of a pure general theory of turbulence closed in itself. Both
of them considered as a realistic and sound path to rely upon the hypotheses, suggested by
experiments, and therefore valid for special classes of flows only.

What we can say now, after many decades? Very little, if anything, has changed as
far as pure general theory is concerned. It is very discouraging that in spite of hard work
by an army of scientists during more than a century almost nothing became known about
turbulence from first principles: the Navier–Stokes equations and the continuity equation.

However, something has changed, and changed drastically. Now we have in public pos-
session a larger amount of much more reliable experimental data. We are able, processing
these data, to refine, and to modify, if necessary, the basic hypotheses and special theories
based on them.

It is difficult nowadays to discuss the local structure of turbulence at very high Reynolds
numbers. The reason is simple: a clean laboratory experimental database is not yet sufficient
to come to definite conclusions. The geophysical (atmospheric and oceanic) data are not
sufficiently clean. I personally believe that K-41, the Kolmogorov–Obukhov scaling laws in
their classical formulation describe a large class of fluid flows in nature. Andrey Nikolaevich
Kolmogorov, A. M. Obukhov, a little later independently W. Heisenberg and L. Onsager—
what great names!—have selected this topic, very unusual for that time and established these
laws. Such beauty cannot be useless!

I will discuss in this lecture wall-bounded turbulent shear flows (von Kármán called them
hydraulic state) at very large Reynolds numbers. The work which I will speak about was
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performed basically in 1991–2002 by A. J. Chorin, V. M. Prostokishin and myself. The
reader can be referred to the papers [22–25] which contain also further earlier references.

We claim that the experimental data, obtained in the last decades and available in public
possession contradict the basic hypothesis proposed by Th. von Kármán. Therefore, the
universal logarithmic law is not quite correct and should be abandoned. The subsequent
theories based on the universal logarithmic law should be reconsidered. We propose instead
a Reynolds-number-dependent scaling law for the velocity distribution in wall-bounded shear
flow and drag law corresponding to it.

2. We turn now to the problem of our direct interest: statistically steady wall-bounded
turbulent shear flows. Among such flows there are many flows of practical importance, such
as flows in pipes, channels and boundary layers.

Flows in cylindrical pipes (Figure 1) give an instructive example. We have the same
clear goal and well determined problems as ones formulated by von Kármán in his lecture:
to obtain the mathematical expression for the velocity distribution in the intermediate region
of the flow, and for the drag coefficient. “Intermediate” for the pipe flows means the region
between the “viscous sublayer” adjacent to the wall in which the velocity gradients are so
high that the viscous stress is comparable with the stress created by the turbulent vortices,
and a close vicinity of the pipe axis. For other wall-bounded flows the outer boundary of
the intermediate region will be defined in due place.

The hypothesis proposed by von Kármán was presented by him in a following straight-
forward form:

“On the basis of these experimentally well established facts we make an assump-
tion that outside a close vicinity of the wall the velocity distribution of the mean
flow is viscosity independent.”

It was clear that the velocity gradient ∂yu not the velocity u itself was assumed to be viscosity
independent, apparently it was explicitly formulated by Landau [6].

Consider now the derivation of the velocity distribution in the intermediate region based
on this hypothesis. The mean velocity gradient ∂yu depends on the following arguments: the
transverse coordinate y (the distance from the wall), the shear stress at the wall τ , the pipe
diameter d, and the fluid properties: its kinematic viscosity ν and density ρ. The velocity
gradient ∂yu is considered rather than the velocity u by itself because the values of u at any
distance from the wall depend on the flow in the vicinity of the wall (viscous sublayer) where
the assumptions asymptotic in their nature which will be used further are invalid. Thus

∂yu = f(y, τ, d, ν, ρ). (1)

Following von Kármán and Prandtl we introduce the viscous length scale

δ = ν/u∗, where u∗ = (τ/ρ)1/2. (2)
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The quantity u∗ is called dynamic, or ‘friction’ velocity. The dimensional analysis gives

∂yφ =
1

y
Φ

(
y

δ
,
d

δ

)
, φ =

u

u∗
. (3)

Also, the dimensional analysis shows that d/δ is a function of the traditional Reynolds
number Re = ūd/ν, where ū is the average velocity—the total flux per unit time divided by
the cross-section area of the pipe. Thus, the relation (3) can be written in the form

∂yφ =
1

y
Φ(η, Re), η =

y

δ
=

u∗y

ν
. (4)

The laminar sublayer occupies several tens of viscous lengths, therefore for very large Reynolds
numbers in the intermediate region the argument y/δ is large. The basic von Kármán hy-
pothesis is that the viscosity does not affect the velocity (in fact, the velocity gradient)
distribution in the intermediate region. Meanwhile the viscosity enters both arguments of
the function Φ in (4). Thus, according to the von Kármán hypothesis the viscous length
scale δ should disappear from the resulting relation and the function Φ must be replaced by
a constant: Φ = 1/κ. The constant κ was later named the ‘Kármán constant’. Substituting
Φ = 1/κ to (4) gives

∂yφ =
1

κy
, φ =

u

u∗
. (5)

The subsequent integration gives the von Kármán–Prandtl ‘universal’ (Reynolds-number-
independent) logarithmic law for the velocity distribution:

φ =
u

u∗
=

[
1

κ
ln η + C

]
, η =

u∗y

ν
. (6)

Here the constant C,—and this is also a seemingly logically consistent, but in fact ad-
ditional substantial assumption,—is finite and Reynolds number independent. By the very
logic of the derivation the constants κ and C should be identical for all high quality experi-
ments.

However, for more than six decades the experimental information has accumulated sug-
gesting doubts in the universal logarithmic law (6). We emphasize that the only place in
the derivation of (6) which can provoke doubts is the basic von Kármán hypothesis. In fact,
even if a very liberal approach to the constants κ and C is allowed (for κ—the values from
0.38 to 0.44, i.e. 1/κ from 2.25 to 2.65 were proposed, for C—from 4.1 to 6.3) the region
of validity of the law (6) happened to be very short. It is enough to mention here the data
presented in the book [7] (p. 273), and, specially more recent data for pipe flows obtained
by M. Zagarola at Princeton [8] (see Figure 2). The splitting of curves corresponding to
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different values of the Reynolds number is clearly seen, and the deviation from the straight
line representing in the plane ln η, φ the universal logarithmic law is a systematic one.

3. Before proceeding further, a general remark concerning the scaling laws will be useful.
Consider a physical relationship (i.e. one valid for all observers having different magnitude
of units of measurement):

a = f(a1 . . . ak, b) (7)

where the arguments a1, . . . , ak have independent dimensions, whereas the dimensions of a
and b can be expressed via the dimensions of a1, . . . , ak:

[a] = [a1]
p . . . [ak]

r, [b] = [a1]
p1 . . . [ak]

r1 . (8)

The relation (7) can be represented in a universal, dimensionless form valid for all ob-
servers having different by magnitude units of measurement:

Π = Φ(Π1), where Π =
a

ap
1 . . . ar

k

, Π1 =
b

ap1

1 . . . ar1
k

. (9)

Now, if the value of the parameter Π1 is, for definiteness sake, large, and there exists a
finite non-zero limit of Φ(Π1) at Π1 → ∞, then the law (7) at sufficiently large Π1 can be
represented as a scaling law:

a = Cap
1 . . . ar

k, (10)

where all exponents can be obtained by the dimensional analysis, and the quantity b ceases to
influence the phenomenon. We refer to such cases as complete similarity (cf. an established
term “Reynolds number similarity”). However, what can be said if such finite non-zero limit
does not exist? Generally speaking—nothing. However, there exists an important case,
which is wider than complete similarity, although also special. Remember that in fact the
researcher is interested not in the limit, but in an asymptotics at large, although finite Π1.
So, if the finite non-zero limit of Φ(Π1) at Π1 → ∞ does not exist, but the asymptotics of
Φ(Π1) at Π1 → ∞ is a power one: Φ = CΠα

1 we obtain a scaling law of seemingly the same
form as (10)

a = Cap−αp1

1 . . . ar−αr1
k bα. (11)

The difference between (10) and (11) is that in (11) the exponents cannot be obtained
by the dimensional analysis, because the number α is a priori unknown, and the quantity
b remains in (11), although in a monomial combination with other arguments. We refer to
such cases as incomplete similarity. (In fact, here is presented a very special case of the
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incomplete similarity which will be needed further, for a general discussion the reader can
be referred to [9].)

4. A strong argument for assuming incomplete similarity for pipe flows is available in
the book by Schlichting [10]. Along with the full respect to the universal logarithmic law
in this book is presented a series of graphs as the “verification of the assumption” of the
Reynolds-number-dependent power law for the velocity distribution in pipes (see Figure 3).
These graphs show that the data of the experiments of J. Nikuradze [11] which were generally
considered (also by Prandtl himself) as the confirmation of the universal logarithmic law (6)
can be represented with astonishing accuracy practically over the whole pipe cross-section
by a power law with Reynolds-number-dependent exponent.

Therefore a natural step was to assume that in the case of wall-bounded turbulent shear
flows there is no complete similarity corresponding to the von Kármán hypothesis, and to
suggest the next by complexity hypothesis:

First hypothesis: there is an incomplete similarity of the mean velocity gradient
in the parameter y/δ = u∗y/ν = η, and no kind of similarity in the Reynolds
number.

According to this hypothesis, the influence of the viscosity remains at arbitrary large
Reynolds numbers in the whole body of the flow, not only in the viscous sublayer. After the
works of S. Kline, W. Reynolds and their group at Stanford (see [12] and many subsequent
papers of these authors) the physical mechanism of the viscosity penetration into the flow
core is clear: It is the penetration of vortices from the viscous sublayer to the main body of
the flow. Truly remarkable is that this mechanism was anticipated by Prandtl much earlier.
At the discussion immediately following the presentation of the von Kármán’s lecture [1]
he said that the disagreement with von Kármán formulae can be “attributed to the action
of the viscosity also in the inner part of the flow, i.e. to the viscosity influenced streaks of
which laminar layer at the wall consists, and which in this case enter far into the inner part
of the flow”. As far as it is known to the present author, this comment was never repeated
neither by Prandtl himself, nor by somebody from Prandtl’s inner circle!

Incomplete similarity means that the viscosity enters only in combination with other
parameters controlling the turbulence. According to the first hypothesis for very large Re
the function Φ entering the basic relation (4) at large η = y/δ = u∗y/ν should be a power
function of its argument y/δ = η, while no special suggestion of any kind of similarity in the
Reynolds number Re is assumed, so that

Φ
(y

δ
, Re

)
= A(Re)

(y

δ

)α(Re)

(12)

where A(Re) and α(Re) are certain dimensionless functions which should be determined,
δ = ν/u∗.
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From (12) and (4) we obtain

∂yφ =
1

y
A(Re)

(u∗y

δ

)α(Re)

, (13)

where, we remind, φ = u/u∗.
Our second hypothesis will be the vanishing-viscosity principle:

Second hypothesis: The gradient of average velocity tends to a well defined
limit as the viscosity vanishes.

According to this principle it is possible to expand A(Re) and α(Re) into a series in a
small parameter ε(Re) vanishing at Re → ∞, and to retain first two terms: A = A0 + A1ε,
α = α0 + α1ε, where A0, A1, α0 and α1 should be by the logic of derivation universal
constants. We obtain from (13):

∂yφ =
1

y
(A0 + A1ε)

(y

δ

)α0+α1ε

. (14)

When the viscosity (and consequently the length scale δ) goes to zero, a well-defined
limit of ∂yφ can exist for α0 = 0 only. Therefore, according to the second hypothesis α0 is
equal to zero. Furthermore, (14) can be represented in the form:

∂yφ =
1

y
(A0 + A1ε) exp

(
α1ε ln

y

δ

)
. (15)

The small parameter ε is a function of Re, vanishing at Re = ∞. Now—a very important
point. The relation (15) shows that if ε tends to zero at Re → ∞ faster than 1/ ln Re,
the argument of the exponent in (15) tends to zero, and we return to the case of complete
similarity. As we have seen, the experiments show that this is not the case. If ε tends to zero
slower than 1/ ln Re, the well-defined limit of the velocity gradient at the viscosity going
to zero does not exist, and we obtain a contradiction to our second hypothesis-vanishing
viscosity principle. Therefore the only choice compatible with the basic hypotheses is ε =
1/ ln Re, and we obtain by integration of (15) the scaling law for the velocity distribution in
the intermediate region:

φ =
u

u∗
= (C0 ln Re +C1)

(y

δ

)α1/ ln Re

. (16)

Note that here an additional condition φ(0) = 0 was used. This condition is an inde-
pendent assumption, confirmed by experiments (see the Figure 3), which does not follow
from the non-slip condition u(0) = 0, because the boundary y = 0 is outside the range of
applicability of the asymptotic relation (15).
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The constants C0, C1 and α1 were obtained by comparison of the law (16) with the data
of classic experiments by Nikuradze [11] performed under direct guidance of Prandtl. The
following values were obtained

C0 =
1√
3
, C1 =

5

2
, α1 =

3

2
. (17)

Therefore the ultimate scaling law proposed for the velocity distribution in the basic, inter-
mediate region of the pipe (see Figure 1) takes the form

φ =

(√
3 + 5α

2α

)
ηα, α =

3

2 ln Re
, φ =

u

u∗
, η =

u∗y

ν
. (18)

Note a clear-cut qualitative difference between the cases of complete similarity (equation
(6)), and incomplete similarity (equation (18)). In the first case in the traditional ln η, φ
plane the experimental points should cluster along the single straight line of the universal
logarithmic law. In the second case the experimental points should occupy an area in ln η, φ
plane, and to each value of Re corresponds a separate curve. The experimental data presented
in the Figure 2 confirm that this is the case. Thus, the scaling law (18) shows that instead
of universal Re-independent curve for the velocity distribution in the ln η, φ plane dictated
by the universal logarithmic law there is a family of curves in the ln η, φ plane with Re as a
parameter.

5. A transparent mathematical example proposed by A. J. Chorin clarifies what happens
in the velocity field of wall-bounded turbulent shear flows. Consider a family of curves

φ =

(
ln

d

δ

) (y

δ

)1/ ln(d/δ)

− 2 ln
d

δ
. (19)

Here φ is a dimensionless function, d and δ are constant parameters having the dimension
of length, y ≥ δ. We assume that d is fixed, and δ is the parameter of the family.

The family (19) satisfies an ordinary differential equation

d2φ

dy2
=

(
1

ln(d/δ)
− 1

)
1

y

dφ

dy
(20)

and the boundary conditions at y = δ

φ(δ) = − ln(d/δ),
dφ

dy

∣∣∣∣
y=δ

=
1

δ
. (21)
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Assume now that d � δ, so that 1/ ln(d/δ) is a small parameter. For the curves of the
family (19) a relation is valid:

y∂yφ =
(y

δ

)1/ ln(d/δ)

= exp

[
ln(y/d) + ln(d/δ)

ln(d/δ)

]
, (22)

so that at d/δ → ∞ and fixed y/d the quantity y∂yφ tends to e. The family (19) has an
envelope

φ = ln(y/d), (23)

for which the quantity y∂yφ is also a constant, but a different one, equal to 1. Let now
neglect in the equation (20) the small parameter 1/ ln(d/δ) in comparison with 1, then this
equation is reduced to the form

d2φ

dy2
= −1

y

dφ

dy
. (24)

Solving this equation under boundary conditions (21) we obtain a single, δ-independent
“universal” curve, the envelope (23), and not the whole family (19). We can say, that ne-
glecting small parameter in he equation (20) we “prevented” the penetration of the influence
of the parameter δ into the basic region y > δ, as it was done by the von Kármán hypothesis,
and this changed the whole picture.

Let us look now on this matter from the viewpoint of the dimensional analysis. Dimen-
sional analysis gives for the derivative dφ/dy

dφ

dy
=

1

y
Φ

(
y

δ
,
d

δ

)
(25)

where Φ is a dimensionless function. In our case Φ = (y/δ)1/ ln d/δ, so that at arbitrarily large
y/δ the function Φ cannot be replaced by a constant. Therefore the influence of δ is preserved
at arbitrarily large y/δ and cannot be neglected. However δ enters the resulting equation
(19) in a specific form, in combination with y and d due to specific form of invariance of the
problem as a whole.

6. Thus, I repeat, the scaling law (18) shows that instead of universal Re-independent
single curve for the velocity distribution in the ln η, φ plane there appears in this plane a
family of curves having Reynolds number as a parameter. However, the family (18) has a
special property of self-similarity, and therefore of universality. Indeed, if instead of φ we
plot on the ordinate axis the quantity

ψ =
1

α
ln

2αφ√
3 + 5α

, α =
3

2 ln Re
, (26)
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we obtain from (18) ψ = ln η, i.e. the equation of the bisectrix of the first quadrant in the
ln η, ψ plane. It is a crucial moment: whether the experiments will confirm it, yes or not?
Processing of all Nikuradze’s experimental data, available, I emphasize in the form of tables
showed (see Figure 4) that indeed, the overwhelming majority of the experimental points for
η > 30 settled down along the bisectrix. The points corresponding to η < 30 deviate from
the bisectrix, and this is natural, because the scaling law describes the velocity distribution
in the intermediate part of the cross-section, and the values η > 30 correspond to the viscous
sublayer. Note that there is a systematic deviation, not a scatter.

7. The scaling law (18) allows one to solve the second problem outlined by von Kármán
for the flows in pipes—to find the drag. The drag is determined by the stress at the wall
τ , and the dimensionless drag coefficient is defined in a way: λ = τ/(ρū2/8) = 8(u2

∗/ū
2),

now common in the literature. We use for the determination of the average (over the cross-
section) velocity ū the scaling law (18), and so we neglect the deviation of the velocity
distribution from the scaling law (18) both in the viscous sublayer and near the axis. We
obtain the formula for the drag coefficient as a function of the Reynolds number:

λ =
8

Ψ2/(1+α)
, Ψ =

e3/2(
√

3 + 5α)

2αα(1 + α)(2 + α)
, α =

3

2 ln Re
. (27)

Comparison of this law with an independent series of experiments where the friction
was determined also shows an instructive agreement. The deviations are within the limits
of a normal experimental scatter (see [22], [23] and the earlier references available in these
papers).

We come to the conclusion that the scaling law (18) with universal, Reynolds number
independent constants (17) and the drag law (27) describe accurately the turbulent flows in
smooth pipes for large Reynolds numbers, and that the incomplete similarity of these flows
can be considered as established. We emphasize that the values of the constants (17) should
be considered as fixed, non-adjustable parameters.

8. The universal logarithmic law hardened into dogma, and became one of the pillars
of the turbulence theory, and a mainstay of engineering science to a large extent because
it was supported by an independent mathematical derivation based on seemingly unassail-
able principles. This derivation was proposed by A. Izakson [13], C. B. Millikan [14] and
R. von Mises [15].

Our analysis showed that the Izakson–Millikan–von Mises derivation is not quite correct,
and had to be modified taking into account the influence of the Reynolds number (see [22],
[23]). In addition to splitting of the curves corresponding to different Reynolds numbers, a
characteristic feature of the scaling law (18) is the availability of the straight line parts of
these curves in ln η, φ plane. Namely this property allows to modify the Izakson–Millikan–
von Mises arguments. It is clearly supported by the experiments of Zagarola (see Figure 2).
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Also the family of power-laws (18) having Re as a parameter possesses an envelope (cf.
Chorin’s example presented in the Section 5). The relation for the envelope is obtained in
an implicit form by elimination of Re from the equation (18), and an equation obtained
from (18) by its differentiation over Re. And the envelope has an important feature: it is
practically indistinguishable in the working range of ln η from the straight line

φ =
u

u∗
=

√
3e

2
ln η + 5.1. (28)

Bearing in mind that 2/
√

3e � 0.425, the straight line (28) can be identified with the
traditional form of the universal logarithmic law. Therefore, if one plots the experimental
points that correspond to various values of Re on a single graph in the ln η, φ plane, what
is natural for those who happen to believe the universal logarithmic law, that the envelope
will be revealed. The visual impact of the envelope, when plotting the experimental data
in the ln η, φ plane, is magnified by the fact that the measurements at very small values of
η, where the difference between the power laws and the envelope can also be noticeable are
missing due to experimental difficulties.

We summarize: the confirmation of the universal logarithmic law by experiment for the
pipe flows seems to be nothing but an illusion. Another fact in favour of this conclusion: an
asymptotic analysis shows that at large Re the slopes of straight line parts of the curves in
ln η, φ plane make a discrepancy about

√
e with the slope of the envelope (28), and this is

also in agreement with experiment (see Figure 2).

9. By the very logic of its derivation, the scaling law (18) should be valid for any wall-
bounded shear flows, not only for the flows in pipes.

Here, however, the following question appears: What should be the definition of the
Reynolds number for these flows which will allow us to apply to them the scaling law (18)?
This question was immaterial as long as the researcher continues to believe in the universal
logarithmic law: Indeed, if the law is Re-independent, the definition of Re does not matter.
But the situation is completely different when the law is Re-dependent!

We will consider below the boundary layers, and we will show that the law (18) describes
these flows too, if the Reynolds number is defined in an appropriate way.

Zero-pressure-gradient boundary layers were investigated by many experimentalists dur-
ing last decades. The common choice of the Reynolds number for these flows is Reθ = Uθ/ν.
Here U is the free stream velocity, and θ is the momentum thickness, a quantity calculated
by an integration of the velocity profile. This choice is rather arbitrary, and definitely the
validity of the scaling law (18) with Re = Reθ a priori cannot be expected. But what is the
correct choice of the Reynolds number for the boundary layers?

To answer this question we have first of all to confirm that in the intermediate layer of the
turbulent boundary layer adjacent to the viscous sublayer a certain scaling law is valid. To
do that (see the details in [25]) all available experimental data which usually are presented
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in the traditional ln η, φ plane were replotted in the bilogarithmic plane lg η, lg φ. The result
happened to be instructive: Without any exception for all investigated flows the straight
lines were obtained for the region (I) adjacent to the viscous sublayer (see same examples in
Figure 5). The straight line (I) corresponds to a scaling law

φ = Aηα (29)

where the coefficients A and α were obtained for each case by a statistical processing.
We take the Reynolds number in the form Re = UΛ/ν, where, we repeat, U is the free

stream velocity, and Λ is a certain length scale. The question is whether such a unique
length scale Λ does exist, which plays for the intermediate region (I) of the boundary layer
the same role as the pipe diameter for the pipe flow, i.e. such that the scaling law (18) is
valid for the intermediate region (I)? To answer this question two values ln Re1 and ln Re2

were calculated by solving the equations suggested by the scaling law (18):

1√
3

ln Re1 +
5

2
= A,

3

2 ln Re2

= α, (30)

where, we repeat, A and α were obtained by a statistical processing of the experimental data
in the first intermediate self-similar region. The question was: whether the values ln Re1 and
ln Re2, obtained by solving two different equations are close? Again: yes or not?

Analysis of all available experimental data [25] showed that indeed, the values of ln Re1

and ln Re2 are close, the difference between them as a rule does not exceed one-two percent.
Therefore it is possible to introduce the mean Reynolds number Re =

√
Re1 Re2, ln Re =

(ln Re1 + ln Re2)/2 as an estimate for the effective Reynolds number of the boundary layer
flow. After that we have to check the scaling law (18) in its universal form

ψ =
1

α
ln

(
2αφ√
3 + 5α

)
= ln η (31)

using the experimental data for φ and η, and assuming α = 3/2 ln Re, ln Re = (ln Re1 + ln Re2)/2.
According to (31) if our construction is correct, then in the coordinates ln η, ψ the experi-
mental points should collapse onto the bisectrix of the first quadrant, as it was in the case
of the flow in pipes. In Figure 6 the examples of such processing are presented which show
that, indeed, this is the case. The results of similar processing of different data can be found
in [25]. We conclude that scaling law (18) gives an accurate description of the mean velocity
distribution over the self-similar region (I) adjacent to the viscous sublayer for a wide variety
of zero-pressure-gradient boundary layer flows.

For the flows where the free-stream turbulence intensity is low a second self-similar region
(II) was found (see [25]). The velocity distribution in this region, adjacent to the free stream
is also described by a scaling law

φ = Bηβ, (32)
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with the parameters different from those of the law (29). The intersection of these two self-
similar regions is sharp. The Reynolds number for the region (I) was defined as Re = UΛ/ν,
where U is the free stream velocity, and Λ is the length scale defined by the procedure
described above. Analysis showed (see [26]) that for the flows under investigation Λ is
approximately 1.5 ÷ 1.6 times the wall region thickness defined by the sharp intersection of
two regions (I) and (II).

The validity of the scaling law (18) for the lower self-similar region of the boundary layer
flows constitutes a strong argument in favour of its validity for a wide class of wall-bounded
turbulent shear flows at large Reynolds numbers.

The nature of the second self-similar region adjacent to the free stream is not yet clear.
For zero-pressure-gradient boundary layer flows with low free stream turbulence the power β
in the scaling law was found close to 0.2. The data for non-zero-pressure-gradient flows are
substantially less numerous. Recently the data of I. Marušić and A. E. Perry [19] appeared
on the Internet in a digital form. Processing of these data (see [27]) confirmed the ‘broken
line’ structure of the velocity distribution in the boundary layer: two self-similar regions
with a sharp intersection (see Figure 7). It demonstrated also a substantial variation of the
power β. In addition to the parameter Re governing the structure of the region (I), the power
β and the coefficient B in the scaling law (32) were found to depend on the dimensionless
parameter

P = ν∂xp/ρu3
∗, (33)

where ∂xp is the pressure gradient.
According to the basic assumptions of the models of the turbulent boundary layers pro-

posed previously by F. H. Clauser [20] and D. E. Coles [21], which are widely accepted and
used, the transition from the flow in the wall region described by the universal logarithmic
law to the external flow is smooth. According to the new model, presented above, if the
turbulence in the external flow is small, then the intermediate region between the viscous
sublayer and the external flow consists of two Reynolds-number-dependent self-similar re-
gions separated by a sharp boundary. If the external flow is turbulized, the transition from
the wall region where the law (18) is valid to the external flow is smooth, but he flow outside
the wall region is strongly influenced by the turbulence of the external flow which should be
explicitly taken into account in the analysis of this region.

In conclusion I can say the following. The obtained results are significant because en-
gineers have long known that conclusions drawn from the universal logarithmic law, for
example, drag coefficient, are unreliable, and they use instead “corrected” empirical func-
tions that fit the data; now the empirical fits can be derived from a better law. However,
the main significance of this work lies in its impact on theory: it connects and also solidifies
our understanding of key issues of turbulence and has broad implications.

13



References

[1] von Kármán, Th. (1930). Mechanische Ähnlichkeit und Turbulenz. Proc. 3rd Int. Congr.
Appl. Mech. Stockholm, C. W. Oseen and W. Weibull (eds.). AB Sveriges Lifografska
Tryckenier, vol. 1, 85–93.

[2] Prandtl, L. (1932). Zur turbulenten Strömung in Röhren und längs Platten. Ergebn.
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Figure captions

Figure 1. Flow in a long cylindrical pipe: structure at large Reynolds number: 1) viscous
sublayer, 2) near-axis region, and 3) intermediate region.

Figure 2. The Princeton data (Zagarola [8]) obtained in a high-pressure pipe confirm the
splitting of the experimental data according to their Reynolds numbers and the rise of the
curves above their envelope in the (ln η, φ)-plane. The solid line is the envelope; the curves
turn at the center of the pipe. The splitting and form of the curves agree with the scaling
law, and are incompatible with the von Kármán–Prandtl universal logarithmic law.

Figure 3. Velocity distribution in smooth pipes can be represented with good accuracy
by a power law with Reynolds-number-dependent exponent practically over the whole pipe
cross-section. Here R = d/2, U is the velocity at the center line (Schlichting [10]).

Figure 4. The experimental data of Nikuradze (Nikuradze [11]) in the coordinates (ln η, ψ)
at η > 30 lie close to the bisectrix of the first quadrant, confirming the scaling law.

(1) ∆, Re = 4 × 103; (2) �, Re = 6.1 × 103;
(3) ◦, Re = 9.1 × 103; (4) •, Re = 1.67 × 104;
(5) �, Re = 2.33 × 104; (6) �, Re = 4.34 × 104;
(7) �, Re = 1.05 × 105; (8) �, Re = 2.05 × 105;
(9) ∪, Re = 3.96 × 105; (10) ∪, Re = 7.25 × 105;
(11) ♦, Re = 1.11 × 106; (12) �, Re = 1.536 × 106;
(13) +, Re = 1.959 × 106; (14) ×, Re = 2.356 × 106;
(15) ∩, Re = 2.79 × 106; (16) ∩, Re = 3.24 × 106;

Figure 5. (a) The experiments by Erm and Joubert [16], Reθ = 2, 788. Both self-similar
intermediate regions (I) and (II) are clearly seen. (b) The experiments of Krogstad and
Antonia [17], Reθ = 12, 570. Both self-similar intermediate regions (I) and (II) are clearly
seen. (c) The experiments of Petrie, Fontaine, Sommer and Brugart obtained by scanning
the graphs in Fernholz and Finley [18], Reθ = 35, 530. The first self-similar region (I)
is revealed; the second self-similar region is not revealed. (d) The experiments of Smith
obtained by scanning the graphs in Fernholz and Finley [18], Reθ = 12, 990. The first
self-similar region (I) is clearly seen, the second region (II) can be revealed.

Figure 6. The experiments by Erm and Joubert [16] (*), Krogstad and Antonia [17] (
),
Smith (�) and Peetrie et al (�) collapse on the bisectrix of the first quadrant in ln η, ψ plane
in accordance with the universal form (31) of the scaling law (25).
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Figure 7. The mean velocity profiles in bilogarithmic coordinates in the series of experiments
of Marušić [19] for U = 30m/s, adverse pressure gradient.

(1) Reθ = 19, 133, ln ReΛ = 8.83, P = 7.04 · 10−3, β = 0.388
(2) Reθ = 16, 584, ln ReΛ = 10.18, P = 5.79 · 10−3, β = 0.346
(3) Reθ = 14, 208, ln ReΛ = 10.20, P = 4.2 · 10−3, β = 0.306
(4) Reθ = 10, 997, ln ReΛ = 10.31, P = 2.86 · 10−3, β = 0.247
(5) Reθ = 8, 588, ln ReΛ = 10.323, P = 1.75 · 10−3, β = 0.207
(6) Reθ = 6, 430, ln ReΛ = 10.51, P = 0, β = 0.190

The “broken-line” structure of the profiles is clearly seen and regions I and II are clearly
distinguishable.
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