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INFERENCES FROM ROSSI TRACES

KENNETE M. IIANSON AND JANE M. BOOKER
Los Alamos National Labomtory, MS P940
Los Alamos, New Metico 875J5, USAt

Abstract.
We pres~t an uncertainty analysis of data taken using the Rossi technique,

in which the horizontal oscilloscope sweep is driven sin~idally in time ,while the
vertical axis follows the signal amplitude. The analysis is done within a Baye4an
framework. Complete inferences are obtained by tiig the Markov “chain Monte
Carlo technique, which produces random samples from the posterior probabtity
distribution expressed in terms of the parameters.

Key words: R.ossi’ technique, Bayesian inf-ce, M*kov Cliiii Monte” Carlo
(MCMC), Rossi alph+ smoothing sP~es, . - .

.

1. Introduction ...-.
,..

We present a Bayesian aualysis of data acquired using the Rmsi t&que. This
analysis problem is interesting because the inferred time-dependent signal is not
linearly related to the basic measurements. Rather than going for a maximum pos-
terior estimate, we will emphasize the probabilistic character of Bayesian analysis
by using MCMC to make inferences. The MCMC samples fiorn the posterior can
be displayed in terms of the inferred signal to visualize its overall uncertainties.
The posterior mean estimate is obtained, along with uncertainty estimates.

2. Rossi technique

It often happens that one wants to record a signal that is monotonically increasing
with time. If that signal is supra-exponential$ most of the amplitude increase may
occur at the end of the time interval being recorded. If the signal is b~ recorded
on an oscilloscope, the trace may fall mostly outside the oscilloscope’s central sweet
spot, the area in which the linearity is best.

In the Rossi technique for displaying a timedependent signal, the horizontal
sweep of an analog oscilloscope is driven sinusoidally in time and the vertical sweep

tEmail: kmh@lanl.gov, jmbWtnLgov
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Figure 1. A simulated photograph of a Rossi trace on an analog oscilloscope (left)’ and the
points that might be obtained by manually reading a portion of such a film, compared to the
underlying true Rossi trace.

The vertical y axis is proportional to the signal amplitude, whose time depen-
dence is y(t). The horizontal z axis is sinusoidally driven in time u

~(t) = XR c0s(27rjR(t – to)) , (1)

where fRisthe Rossi frequency and to is the time at which the Rossi sweep starts.
We describe the measured points along the trace as the data set, {xi, gi}.

The aim of the present analysis is to determine from the measurements not
merely y(t), but the relative time rate of change of the sigrd amplitude, called
alpha, as a function of time

1 dp
a(t) = -— .

y dt
(2)
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Figurs 2. The contribution to the likelihood for each data point is based on the components of
the shortkst vector between the data point and the modeled Rossi CWW... .

This quantity, often referred to as the Rossi alpha [1], is a measure of the criticality
of an assembly of fissile material, in which the amplitude signal y is the measured
flux from the assembly. We assume that the signal being recorded ia band limited
and has a known tirnt+rescdution funaion. In this analysis, we will assume that
the frequency response of the input circuitry drops to 50% at the Rossi frequency

jm We ~ not attempt to recover higher frequencies in a(t) than beyond the pass
band of the input sigmd, which constitutes the ill-posed problem of debhuring or
signal recovery.

Figure 2 shows our approitc.h to assigning the likelihood, which quantifies the
probability of the meamrements for any specified Rossi curve. We propose using
for the minus-log-likelihood

(3)

where (~i, yj) is the measured position of the ith data point and (z;, vT) is the
position of the nearest point on the Rossi curve. The uncertainties h z and V,
~ven by the u= and CV, are assumed to independent of i. Of course, in any given
application, it is beat to confirm that the likelihood model properly adheres to
the probabtity distribution of the actual uncertainties in the data. The quadratic
form of this expression comes from the assumption that the uncertainties follow
Gaussiau distributions. The sum over individual data points ia valid only if the
uncertainties in measuring a point is independent of other measurements. Gull [2]
used a similar model for the likelihood to tackle the complex problem of fitting a
straight to data points that have uncertainties in both z and y.

3. Model-based analysis

3.1. SPLINE EXPANSION

We directly model the function of interest, alpha vs. time, in terms of a cubic
B spline. The spline is chosen for its smoothness properties. For uniformly spaced
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Figwe 9. The model used t6 interpret the Rossi daia. In the alphadomain, we use.a spline td
model alpha as function of time. The spline knot positions -e shownas dot~: : .’. ~.. .-:~.

,. :...—.. ,.

basis functions, we write the continuous alpha curve as

K

().t-tkCK(t)=~ak@J~ ,
k=l

(4)

where +(~) is a basis function centered on the time t~ aiid’ M k the spacing of
the knots. To respect the assumed band limit of the systeyz mentioned above, we
choose At = 0.25~;1. The corresponding Nyquist kquencyis 2f& highenough
to accommodate signals-with the assumed 50%-attenuation at ~~.

The cubic B-spline basis function is defined as .,

{

1 – *Z2 + ~lzls , Izl <1
fp(x) = #2 - X13 l<pl<2 (5)

;IZI>2.-.
FE

f
Figure 3 shows the spline curve with the knot positions, the th in Eq. (4), for

a linear alpha dependence over three Rossi cycles. Two additional spline knots
~
y are present but not showxq one beyond either end of the interval covered by the

data. These are incIuded to provide for the same functional dependence in the end
intervals as elsewhere. This approach dMers from the usual assumption that either
the fist or second derivative of the function is zero at the end of the interval [3].

3.2. BAYESIAN INFERENCE

Our goal is to make inferences about the spline model for alpha from the data.
In the Bayesian approach, the uncertainty in the value of a model parameter is
represented by a probabflty density function (pdf). Bayes law gives the pdf for
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the vector of model parameters a, predicated on some data d

p(al d,Z) =
p(dla, Z) p(a,Z)

p(dlZ) ‘ (6) -

where p(d Ia, Z) is the IikeIihood, and p(a, Z) is the prior on the expansion coefi-
cient. The symbol Z represents all background information about the situation at
hand, information about the experiment, the apparatus, etc. Z is meant to remind
us that analysis should not done in a vacuum; prior knowledge should always play
a role. Fkom hereon in, we will drop Z from the probabfity expressions. p(al d, Z)
is called the posterior and summarizes our knowledge about the parameters after
we combme the measurements d with what we knew beforehand.

The denominator in (6) is called the evidence and can be thought of as the
probability of the data (given the model)

p(d\Z) = /p(dla,Z)p(a, Z) da . (7)

This quantity is required to ensure the proper normalization of posterior, J’p(a]d,Z)da =
1. It can be ignored when one is concerned only with the parameters a. However,
as we shall see later, it becomes the focus of attention when we are concerned
about hyperpammeters or selecting the best model to describe the data [4].

Iri our situation we know that the alpha curve must possess a certain degree
of smoothness because y(t) is band limited. While the spline representation is
supposed to provide smoothness to the curves, it tenda to produce oscillations, as
we shall see iater. These oscillations-can be controlled thro&h the prior in Eq. (6).
To promote the smoothness of a fiction, one often chooses[3,5] to minimize the
integral over the interval T of the square of the second derivative of the functiom

S(a) = T3
@a 2 ~t

/’( )
~~. (8)

The T3 factor makes S dimensionless. Using the expansion for a(t), Eq. (4), this
functional can be expressed in terms of the coefficients a. Following common prac-
tice, the minus-log-prior on a(t) ia taken to be M(a), where A determines the
strength of this prior. The parameter A is called a hyperparameter because it
directly atlxts a pdf, instead of the model describ~ the signal.

3.3. SYSTEMATIC EFFECTS

In describing the measurements, we glossed over several important aspects of the
measuremwt process. For example, it is essential to determine the location of the
baseline for the amplitude measurements, yO, since all values of the y position of the
data points must be referred to this baseline. If gJOis measured in a manner similar
to that for the data points, we expect the uncertainty in go to be comparable
to that in the v position of the data points. To include this uncertainty in our
analysis, we add to the minus-log-likelihood for the data points Eq. (3),

H(y0i?219 (9)
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where y. is the measured value of the baseline and y; is the value in our model.
To take go into account in our model, y in Eq. (2) has to be replaced by

y – go to calculate the predicted a(t) curve. This baseline represents a systematic
uncertainty because its value impacts many other the model parameters.

Another systematic effect is the amplitude of the Rossi sweep, XR, in Eq (l).
This ia a parameter in the model that we are using to predict the x, y data. Since it
is not directly meamred in our scenario, there is no contribution to the likelihood.
It must be inferred from the data points.

There are potentially several more ~pects of the measurement process that
might be important, e.g.,” geometrical distortions. We will ignore them in this
paper to simpl@ the present analysis.

To summarize, the full minus-log-posterior for our analysis is

. 1[(V”;?21+AS(:‘ ‘1:)- Iog@(ald)] = :x’+ ~
... .. -:.

where *X2 is given by- I!!@ (3) and S(a) by-”~. (8). The iirst two terms repkestit”

lik~ood contributions and the I=t term comes from the prior on smoothness.” _’,”

.. ..
4. Markov @@mMorite Carla: -“: .-.

The Markov Chain Monte Carlo (MCMC) technique provides a means to generate
a random sequence of rnodel r6alizatioh” that” sample the posterior probabiitj: -
distribution of a Bayeakin tiysis. The sequence maybe used to make inferences
about the model ~certainties- that derive ‘from me~urement uncertainties. The
usefulness of M,CMC in Bayesian inference is well established [6-8].

The simplest MCMC approach is to use the Metropolis algorithm [9] to con-
struct the sequence. In the Metropolis algorithm, one trkwto move from thecurrent
position in parameter space by randomly selecting a trial step fkom a symmetric
probability distribution. The trial step is either acceptkd or rejected on. .t.helmsis,.-
of the probabtity of the new position relative to the previous one. This algorithm.,.
is widely employed because of its simplicity. We use the Metropolis algorithm and
omit the detaila for lack of space. .

5. Results

F@re 4 shows five s~ples drawn from the posterior for our model for two val-
ues of X Because successive samples in an MCMC sequence are highly correlated,
these five samples are separated by 2000 steps to minimize correlations between
them. This kind of display of model realizations ia a good way to visualize the
characteristics of an inferred model [10]. By showing a.representative set of plau-
sible solutions, the degree of variability of this presentation providea the viewer
with a visual impression of the degree of uncertainty in the inferred model.

Of course, MCMC ia more than a tool for viswdizing uncertaintiw, it providea
a characterization of the posterior from which quantitative estimates of the un-
certainty in the inferred models may be derived. The uncertainty in any aspect
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Figure ~. Fbe widely separated samples from an MCMC sequence, shown in both the data
domain (left) and the alpha domain (right). The hyperparameter J is 0.04 for this case. Viewing

these samples provideaone with an underatandlngof the type of curves that are admissible within
the framework of the model used to interpret the data.

..

Figurs 5. The posterior distributions for the alpha curves for two valusa of the hyperparametei
that controls the strength of the smoothness prior: A = 0.0004 on the left and X = 0.4 on the
right. The true alpha curve is shown as a straight line.

of the model may be estimated with respect to any type of uncertainty measure
desired, for example, in terms of variance. A notable advantage of MCMC is that
the resuhs are obtained with marginalization with respect to any nuisance param-
eters. In our problem, we are not interested in the two systematic parameters, go
and xR. The uncertainties in these parameters are integrated out by the MCMC
process. An MCMC sequence can also be used to estimate the posterior mean (as
an alternative to the posterior mode).
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FiguwJ6. On the left, a vertical slice through F@ 5 (A = 0.4) at the time 1.5, which gives the
posterior distribution for alpha at that time. Analysis of Fig. 5 (right) yields the posterior mean
and one standard deviation uncertainty band for alpha.

To average over our MCMC sequence, we lay the curves do.= on a pixelatedl
image that spana the region of interest. Each curve adds a value to the pixels it
covers. At the ad of the process, the value of each pixel in the image iaproportional
to the number of ~es that fell on top of it. F@e 5 shows two such images. The
one on the left is obtained with a minimal prior. It demonstrates the tendency of
the spIines to oscillate. The peaks and troughs of the envelope occur at the sp~e
knots. The image on the right is for } = 0.4, which is approximately the value
favored by maxims“ ing the evidence in Bayes .laii, ~ (6). .The severe oscillations
seen on the left are well controlled by the smoothness prior. The remaining wiggles
are caused by fluctuations away from the true linear alpha curve in the particular-
set data we are analyzing.

The pdf for A can be obtz&xi by integrating the joint distribution for A and
a,

p(a, Aid)=
p(dl+ A)p(a, J)

p(d) ‘

over a

p(~ld) = /p(a, Aid) da cc Jp(dl a, A)p(a, A) da .

(11)

(12)

For a fairly flat prior on A and 4 the most probable J occurs when the evidence
p(dla, J) is Iargeat [4}.

This approach is followed here. However, for thii to work, it is necessary for
the a(t) curve to possess some structure that doesn’t minimize the prior, For
this calculation we used a step fimction for a(t).The evidence exhibits a broad
maximum around A = 1..

As argued above, each cohunn of Fig. 5 represents the posterior distribution
for alpha at a given time, as seen in Fig. 6 (left). One can thus determine the
posterior mean alpha and the rms deviation of the posterior as a function of time,
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as shown in Fig. 6 (right). The plot on the right shows the posterior mean and the
mean plus or minus one standard deviation. These curves represent an uncertainty
envelope for the alpha curves. However, it has to be realized that they really only
refer to the pdf at any particular time without regard to any other time. Details
contained in the posterior distirbution have been marginalized out. Specifically,
the correlations in uncertainties horn one time to another can not be inferred from
this envelope. Rather, to get an idea of these correlations, one has to go back to
the MCMC samples and either visualize the correlations, as in Fig. 4. One can
quantifj the correlations, for example, by computing the cross correlation over
the MCMC sequence between two different times, to obtain an estimate of the
covariance between the two uncertainties.- .- .. —
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