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Wave Speeds, Riemann Solvers and Artificial Viscosity

William J. Rider
Hydrodynamic Methods Group, Los Alamos National Laboratory, MS D413, Los Alamos, NM 87545, USA
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Abstract: A common perspective on the numerical
solution of the equation Euler equations for shock
physics is examined. The common viewpoint is
based upon the selection of nonlinear wavespeeds upon
which the dissipation (implicit or explicit) is founded.
ThLs perspective shows commonfllty between Rk-
mann solver based method (i.e. Godunov-type) and
artificial viscosity (i.e. von Neumann-R.ichtmyer). As
an example we derive an improved nonlinear viscous
stabilization of a Richtmyer-Lax-Wendroff method.
Additionally, we will define a form of classical arti-
ficial viscosity based upon the HLL Riemann solver.

Key words: Rlemann solvers, artificial viscosity,
wavespeeds, thermodynamics

1. Introduction

When adding artificial dissipation to stabilize a nu-
merical scheme any number of viewpoints can be (and
have been) expressed. For instance, thk dissipation
can be viewed as a bothersome necessity, the imposi-
tion of an unphysical force that threatens calculations.
Another standpoint often associated with upwind or
more generally Godunov-type methods is that the dis-
sipation is an artifact of the differencing that is less
accurate than the unfortunately unstable (centered)
method. One could also take a somewhat different
view that sees the viscosity as the application of the
principle of the second law of thermodynamics into a
system of equations that does not produce this prin-
ciple a priori. While adhering to the last of these
standard perspectives to some extent, we will intro-
duce another point of view that will hopefully prove
useful.

It is shown that the artificial dissipation counters
the linear and nonlinear aspects of the equation of
state whose dynamical details are not included in the
governing equations (beyond purely adiabatic effects).
When the artificial dissipation is constructed through
the analysis of the dynamics and the equation of state,
higher numerical resolution is obtained. We apply thk
method to several numerical methods, Godunov-type
method via an adaptive Riemann solver, Lax-Wendroff
methods or von Neumann-Richtmyer staggered grid
methods. The discussion focuses on the similarities
between the methods rather than their differences.

In addition, we will touch upon issues related to

the proper application of dissipation. Two interlined
roles can be formulated: that needed for numerical
stability and that needed to provide consistency with
the second law of Thermodynamics. A chief example
is the proper behavior of solutions both physical and
numerical in adiabatic transitions (e.g. rarefactions).
Usual assumptions with artificial viscosity would ap-
ply no viscosity in adiabatic transitions. We will show
that discrete errors can produce nonphysical effects
because these errors violate the second law.

The paper is constructed by starting with a neo-
classical analysis of the Lax-Wendroff method, fol-
Iowed by an brief discussion of the author’s adaptive
Riemann solver as applied to a Godunov-type method.
Next, we outline extensions to the more general class
of approximate Riemann solvers. We conclude the pa-
per by addressing these principles to the construction
of modern articial dissipation for staggered grid-von
Neumann-Rlchtmyer methods.

2. Artificial Viscosity for Lax-
Wendroff’s Method

For simplicity consider the Euler equation in La-
grangian coordinates,

U–uf=o,lh+ pf=o,lzt+(pu)f=o (1)

with E = e + l/2u2, and the equation of state p =
P (V, e) Courant and lMedrichs (1948). One might
take any number of tacts, but the application of
centered differencing with a second-order time dif-
ferencing (say predictor-correctpt) produces a stable
differencing scheme. Thb is linearly equivalent to
Lax and Wendroff (1960), but the solution is ham-
pered by dispersive ripples as displayed in Figure 1.
Another equally reasonable approximation would pro-
duce a similar method and solution on a staggered grid
in the manner of von Neumann-Rlchtmyer in conjunc-
tion with leapfrog time dlfferencing.

How is one to rid the solution of such artifacts?

A good first course of action would be to see what
sort of discrete errors are manifest in the scheme. We
note that all of the errors are third-order and linearly
dispersive although their nonlinear character would in-
clude other effects. For instance these effects could be
(anti)dissipative. Should these effects take an anti-
dissipative form some remedial action must be taken.
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Figure 1. Sod’s shock tube computed using a Richtmyer-
Lax-Wendroff method without any artificial viscosity. The
solution exhiblt:i post-shock oscillations until the contact
discontinuity. Note, the solution shown only uses 40 cells
to highlight any solution problems.

One might correctly conclude that some sort of dissi-
pative, entropy producing mechanism is needed. For
example, for the Lax-Wendroff method in the volume
equation, the leadlng order terms are

(2)

u~u~f + 2(V$4C)(E –. l/2u2)

+ 2V2 3V3

+
(V@t)(E - l/2u2) (E - l/2u2)uttt—

3V3 6v2 1

where C2 = (-y2 — =y)(E — l/2u2). Note, these terms
are a function of Courant number, u = pcAt/A<.
Also, note that a number of terms leahg second-
order diffusion will be anti-dksipative during compres-
sion while being dissipative during expansion. This is
counter to the proper physical behavior.

Through fashioning a viscosity to counteract the
most odious aspects of the truncation error (the neg-
ative diffusion) one can improve the behavior of the
method significantly. This form is

(3)

for the volume equation and similar forma for the other
equations. B is a constant set to 8/3 in accordance
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Figure 2. The Richtmyer-k-Wendroff method with ar-
tificialviscosity (3). The post-shock oscillationshave been
largely controlledand the rarefactionis largely untouched.

with the truncation error estimates. Thk approach
is even more efie~ive if a nonlinear estimate of the

sound speed, c is made. This estimate is discussed
below, but includes the rate of nonlinear steepening of
sound waves, C* = co+ SOAU where so is some positive
number related to the curvature of an isentrope. As
shown in Figure 2, the result is improved greatly over
that shown in Figure 1.

3,. Adaptive Riemann solver
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Pigure 3. Sod’s shock tube computed using a first-order
Godunov method with the adaptive Riemann solver.

Another course of action that has a certain elegance
would be to include some analytic information in
the numerical scheme. The Riemann solution has
the desired analytic information and if thk is ap-
plied to piecewise constant initial data, the original
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Figure 4. Sod’s shock tube computed using a high resolu-

tificial viscosity despite their differing philosophy.
Wilkins (1980), following Kurapatenko’s lead tied the
form of a Hugoniot for an ideal gas or ideal solid
to the forms of artificial viscosity. Rider (1999)
in turn tied this to construction of a Rlemann
soIver. Dukowicz’s work has been more recently ex- ~
tended by Miller and Puckett (1996) and the author
(Rider (1999)). The notable aspect of the earlier work
is that it is implicitly oriented toward the computa-
tion of strong shocks, while the later work (limited to
one particular formulation of Riemann solvers) is more
local. Below, we will discuss the broadening the appli-
cability of the recent work to other IMernann solvers
and artificial viscosity.

The robustness of computing the solution to a V*
riety of shock phenomena is intimately related to the
capacity of the dlssipat ion mechanisms in the solver

tion Godunov method with the adaptive Riemann solver.
The solution is generallyof high quality with crisp transi-
tions and minimal oscillations.

Godunov (1959) method results. For the shock tube
problem dkplayed earlier, the results are improved
(see Figure 3). If we apply this to the second-order
predictor-corrector scheme we get something akin to
our original scheme with artificial viscosity. Taking
these methods to the task of our shock tube problem
provides a measure of effectiveness. As we see, these
methods provide pleasing results that should surprise
no one who has read the literature over the last two
decades!

We now know how to clear up most of the remain
problems with the above schemes via the techniques
pioneered by van Leer (1979). Using slope limiters a
variety of nonphysical oscillations can be nearly elim-
inated from the solution. This is shown in Figure 4
where the solution is qualitatively better than earlier
solutions. It is arguable what is more important, the
nonlinear limiting or the other dissipation mechanisms
(Riemann solvers or artificial dissipation), but both
are essential in constructing robust numerical meth-
ods for shock physics.

Christenson’s flux-limited viscosity is an example
where the advances in the arena of Godunov/TVD
methods has improved the older field of artificial vis-
cosity (Benson (1992)). Tl& has allowed the combha-
tion of linear and quadratic viscosity to shine. Usually
the linear viscosity is not useful because it is overly dif-
fusive, but when applied with limiters it can control
the small high frequency ripples that are the bane of
classical methods.

All of this is not new. Several authors have
made explicit ties between Riemann solvers and ar-

to appropriately handle disparate flow configurations.
Accomplishing thk with a Riemann solver often im-
plies a great deal of dissipation, which, if applied too
freely, destroys resolution. The desire to get robust-
ness without losing resolution motivated the author’s
recent work (Rider (1999)). In that work the wave
speed estimates are intimately related to the local
state of the flow field as well as the equilibrium ther-
mod ynamic characteristics of that flow. Because of
the tie of artificial viscosity through the shock Hugo-
niot this adaptive wave speed selection can be applied
there.

A common representation of the shock Hugoniot is
the Us – Up form,

P(UP) =2%+ Pousup = PO + pocoup + pow--, (4)

where O denotes quantities taken at the centering
state. For an ideal gas this can be evaluated exactly,
with two limits being particularly important: the weak
shock limit Up + O where s = 1/4(7+ 1), and the
strong shock limit, Up ~ 00 where s = 1/2 (v + 1). In
(Miller and Puckett (1996)) Rlemann solvers were de-
veloped that use (4) in the weak limit in constructing
numerical fluxes. More generallys can be evaluated as
the curvature of an isentrope in the weak shock limit.

The author considers the strong shock limit in con-
structing an adaptive form of the effective dbsipation
(Rider (1999)). The key aspects of the adaptive solver
is the form of the quadratic term in solver that moves
between the weak and strong limits,

S(MP) = max(so, 2s0 – l/l&) (5)

where MP = —Au/c. Thk form is chosen for discon-
tinuities are large enough, i14p> 1/2. For the rarefac-
tion an alternative form is chosen for its asymptotic
properties. As an example, the spherical Noh prob-
lem is solved using the adaptive and strong shock limit

Paper 4.259 22nd Intemationtd Symposium on Shock Wavea, Imperial College, London, UK, JuIY 18-23, 1999
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Riemann solvers. As Figs. 1 and 2 show, the adaptive
Rkmann solver produces results with much smaller er-
rors. This problem can not be computed successfully
if only the weak limit is used.
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Figure 5. Solution to the Spherical Noh problem using an
Adaptive Riemann solver in Eukrian coordinates. The ex-
act solution is the solid line, and the approximatee solution
is shown using symbols. Note the lack of “wall heatingn
usuallycharacteristicof this problem.
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Figure 6. Solution to the SphericalNoh problemusing an
fixeds in the strongshocklimit Riemann solverin Eukrian
coordinates. Note that the errorsnear the r = Oare much
larger than computed with the adaptive Riemann solver.
The shock also exhibits oscillationsnot present with the
adaptive Riemzmnsolver.

4. Wave spleed estimates

There are two ways one can provide a second-order
estimate of the wave speed across a shock,

c. = ;(CO+C*) (6)

or

c’ = co+ ;So(uo – u*) (7)

with the second being the basis of the quadratic Rie-
mann solver, i.e.,

P. = Po + pofa (% – u.). (8)

Many Riemann solvers require some sort of wave
speed selection procedure. Typically one is required
to provide some sort of appropriate bounds for the
wave speeds in. a problem to get robust behavior. Ex-
amples of this are the HLL family of Riemann solvers

(Toro (1997)). The techniques discussed above can
b~: used to provide robust, accurate estimates of the
wave speeds appropriately bounding the actual wave
speeds where current techniques can fail to bound
wave speeds in some cases.

Further ties can be drawn to other Riemann solvers. i
An example would be Roe’s solver (Roe (1981)) where
the wavespeed used in the dissipation does not bound
the values present in a shock. One might consider
using some sort of inequality to chose the larger of the
two estimates for the dissipation (i.e. the eigenvalue
from the Roe matrix versus M + co + S(U. – w)).

To see this problem consider the case of a reflected
shock. Here, there is some initial pressure, ~ and a
velocity +M. For simplicity set p = 1. For an ideal
gas, computing the Roe averaged state gives a pressure
crfp + p/2 (~ – 1)/~u2. Evaluating the Hugoniot in the
weak shock limit gives p + p(c + u(7 + l)u/4)u. The
Roe state will bound the physical result for u/c <
447/(4–7)(7– 1). For 7 = 1.4 this is a Mach number of
5.4. Obviously, there may be difficulties in computing
very strong shocks.

Similar steps can be taken in the construction of
the Osher-Enquist solver or the local Lax Friedrichs
met hod. Each of these would have the impact of more
accurately achieving a bounding value for the chosen
wavespeed.

As we will see shortly, the quadratic Riemann solver
has a direct tie to a modern artificial viscosity. The
ability to select an accurate estimate of the wavespeeds
present in a Riemann problem can be found using the
above ideas.

!3. Artificial Viscosity

F’urtherrnore, takhg this work back to its origins pro-
vides a tie to artificial viscosity. The standard linear
plus quadratic form is related to the US – UP form for
the Hugoniot. It is readiIy accepted that the linear co-
efficient is proportional to the local sound speed in the
medium. What is not so generally appreciated is that
the quadratic coefficient is proportional to the value of
s (the curvature of the isentrope). This implies that it
should be a local parameter, i.e., dependent upon the
fl[ow solution. The same technique used to construct
the adaptive Riemann solver can be used to define the
coefficients used by the artificial viscosity.

Taking another approach one can establish a
clear line of tbought linklng approximate Riemann
solvers and von Neumann-Richtmyer artificial vis-
cosit y. Perhaps the simplest form of Riemann
solver are the Harten-Lax-van Leer (HLL) solvers
(Harten, Lax and van Leer (1983)). The HLL solvers
in their simplest guise only require some sort of esti-

Paper 4259 22nd International S~poaium on Shock: Wavea, Imperial College, London, UK, July 18-23, 1999
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approximate sense on a staggered grid
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Flgure7. Staggeredgridpredictor-corrector sehemewith
a new HLL-based articial viscosity solving Sod’s problem.
The solution is generally high quality with an especially
crisp centact discontinuity.
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Figure 8. The Richtmyer-Lax-Wendroff method with the
coupled HLL-Q. As is characteristicwith HLL-based solu-
tions the contact has sui7eredsignificantdiHusion.

mate of bounding wave speed and simplify the similar-
ity solution to a two-wave form. A compact algebraic
form can be written down

A. F(U1) – Afl’(ur) +A,A (u, – Ul)
Fir =

A, – at
(9)

where A, = max(~+, O) and Af = max(~-, O). For
example A+ is an estimate of the largest wave speed in
the Riemann fan and .4- is an estimate of the smallest.

Consider, the Lagrangian motion equation where
the flux is the pressure. Using the HLL Rlemann
solver flux we can derive an expression for Q. Form-
ing the momentum flux function (i.e. pressure) in an

Fu ~ pi+ ‘lW”
W,_ w, (W+l/2 ‘“i-l/2) % pi+Qij (10)

where liberal substitutions of staggered grid quantities
for the left and right states has been made. The issue f
of form of artificial viscosity then reduces to determin-
ing expressions for WI and Wr. Further enhancements
can be sought through flux limited estimates of the ve-
locity ala Christenson. In that form, (~i+l/2 – Ui-lp)
becomes u, – u~ where

Ar 8W+112
+=7Ji+l/2 --j-- & 1 (11)

where the derivative is computed via some sort of non-
lineaz flux limiter. When this viscosity is applied to
Sod’s shock tube problem, a reasonable solution is pro-
vided. As shown in Figure 7, the solution approaches
that shown in Figure ?? except for a small post-shock
feature.
struct a
tively as

The same principles can be applied to con-
viscosity for L=-Wendroff albeit less effec-
Figure 8 demonstrates.

4.5

4

x

Figure 9. Nob’s shock reflectionproblem solved by three
Lagrangianmethods. The circlesshow the high resolution
Godunov method, the triangles show the Richtmyer-Lax-
Wendroff method and the X’s show the von Neumann-
Flichtmyermethod. Note the lack of wall heating with
the Richtmyer-Lax-Wendroffmethod. The von Neumarm-
Richtmyermethod shows wall heating, not strongly exhib-
ited by the Godunov method. Each method approaches
the analytical solution near the shock with the Lax-
Wendroff and Godunov methods showing relatively few
oscillations.

As a final exercise of the methods we solve Nob’s
shock reflection problem in Lagrangian coordinates.
As Figure 9 shows each result easily obtains the
asymptotic state in the post-shock region. The
R.ichtmyer-Lax-Wendroff method shows very little

Paper 4259 22nd International Symposium on Shock Waves, Imperial College, London, UK, July 18-23, 1999
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Figure 10. Nob’s shock reelection problem solved by
three Lagrangkm methods in spherical coordinates. The
circles show the high resolution Godunov method, the tri-
angles show the Richtmyer-Lax-Wendroff method and the
X’s show the von Neumann-Richtmyer method. Each so-
lution shows a large degree of wall heating and does not
approach the analytical solution. Again, the Richtmyer-
Lsx-Wendroff method shows less wall heating and gener-
ally high quality as related to the von Neumann-l%iehtmyer
results.

wall heating and generally high quality. In a spher-
ical geometry the results are much worse (not only
40 cells are used here to highlight failings). As Fig-
ure 10 amply demonstrates, wall heating has appeared
in spades. Moreover, the asymptotic post-shock state
is not obtainecl. Again, the Richtmyer-Lzu-Wendroff
method shows I\esswall heating than the other method
although it is arguable that the high resolution Go-
dunov method is better overall.

One artifact of computing the Noh problem is the
‘wall heating” at the point where the reflected shock
forms. We will propose that this is not so much a con-
sequence of the artificial dissipation as the variable
mesh spacing in a convergent geometry. This is fur-
ther buttressed by our results shown in Figures5 and 6
where no wall heating is observed in Eulerian coordi-
nates. This wcmdd seem to indicate that the problem
has more to do with the intrinsic character of a La-
grangian code in a convergent geometry rather than
the shock capturing viscosity.

6. Conclusions

In summary, one should think that stable, high-quality
solutions of the same problem would ultimately use
the same innate mechanisms. Here, we have seen that
advances in one approach can feed the other. Sev-
eral examples have shown the synergism and cross-
fertilization of ideas leadhg to improved resolution.
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