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PERTURBATION THEORY IN THE ONE-PHASE REGION
OF AN ELECTRON-ION SYSTEM

George A. Baker, Jr. and J. D. Johnson

Theoretical Division, Los Alamos National Laboratory
University of California, Los Alamos, NM 87545 USA

ABSTRACT: The region of validity of our previously derived series expansion
for the pressure of an electron-ion system in powers of the electron charge is inves-
tigated. For the case of Hydrogen, we both assess the radius of convergence of the
series, as a function of the de J3rog1iedensity, and cross-compare the results with those
from the spherical cellular model. These methods more or less agree in an under-
standable way, and indicate that the region of validlty lies well inside the one-phase
region. We are then in a position to combine the series results with our experiential
knowledge and thus extend our assessment to general values of Z. Also, as is well
known, there is a region of high density and low temperature where the pressure and
the internal energy are almost independent of temperature. For this region we may,
for each density, use the highest temperature for which that independence holds (to
the desired accuracy) and thus extend the series results.

1 INTRODUCTION

In a previous publication 1, by means of finite-temperature, many-body pertur-
bation theory we derived through order e4 the corrections to an ideal Fermi gas of
electrons, plus a Maxwell-Boltzmann gas of ions. We carried out this computation
for general values of the de Broglie density, ~ defined by

(1.1)

where Z is the ionic charge, N is the number of ions, Cl is the volume, h is Planck’s
constant, m is the electron mass, k is Boltzmann’s constant and T is the absolute
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temperature. In that reference the expansion is in terms of the dimensionless electron
charge y, which is define by

The expansion is given as,

Pa—=
NkT

Go(~) + G2(~)y2 + G3([)y3 + G4(~)y4 + o(e4),

(1.2)

(1.3)

where the possible term G1(c)y vanishes identically. The specific problem which was
addressed in that reference is defined by the application of equilibrium, quantum,
statistical mechanics to the Hamiltonian,

( 1.4)

where F, 17are the position and momentum for the electrons and E, # are for the
ions. The ion-exchange terms are ignored in that calculation as relatively small.

In order for these results to be of practical value, it is necessary to investigate
their range of validity. That is the aim of this paper. Specifically we will find, in rough
general outline that if either (i) the temperature is of the order of 70Z513(p/gmw)lf6
(ev) or higher, or (ii) the density is of the order of 1500gmwZ2 (grn/cm3) or more,
where gmw is the gram molecular weight, then the series method yields the pressure
to withh an accuracy of about 5% or better. A more detailed and precise description
of our results follows in the remainder of this paper.

These results can be used in at least three ways. First, they directly give an
accurate equation of state when just high temperatures or high densities are involved.
Second, If the equation of state is known by other means for moderate temperatures
and densities, it can be joined in a smooth way to these results by the well known
method of Pad6 approximants 2. Third, these results can be used in their region of
validity to cross compare with other equations of state.

2. THE Z BEHAVIOR OF THE COEFFICIENTS

In this section we study the behavior of the radius of convergence of the series
expansion of the pressure in powers of y as a function of ~. We shall use two indicators.
They are

Y1 = Vim7Zi, Y2 = ~, (2.1)

where p is the fractional error. In Fig. 1 we shown yl and y2 for p = 0.05 in the case
of Hydrogen as functions of ~. For small ~ the yl contour tends to a constant. By
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Fig. 1. The values of ~1 and giz for ‘p = ().()5 as estimators of the magnitude of the radks of

convergence of the y-expansion as a function of the ionic charge Z

use of the small ~ limit of the coefficients, as reported by Baker and Johnsonl, the
value is easily found to be

yl + (m3
2p —

l+Z

1/3

(2.2)

Likewise horn their results, we find that for large ~

+(W2’3 1,3“JP 2–1/6[2/9 (2.3)

is not so simple, We have plotted in Fig.The study of the Z dependence of yz
2, the minimum over all values of ~ of y2. The behavior of &i~(Z) presents a less
well defined picture, but for larger values of Z it behaves like <reincc 2–1/9. It is a
straightforward consequence of these two scalhg relations that

Tminx Z22/27, ~~i~ M Z1/9. (2.4)

However we have not had the need to consider these relations as yl is smaller that
yz at its minimum point.

In the limitl as ~ + O, yl ~ a constant and y2 cx ~–li12 + co. In the other
limit, yl w ~2jg and y2 w ~1112.Thus the minimum is proportional to ~li12. However,
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Fig. 2. The minimum value of Y2 for P = 0.05 as a function of the ionic charge Z

as we shall.see in the fourth section, we will not need to compute any results for large
~. Thus we need not be concerned with this issue.

3. COMPARISON OF THE CELLULAR MODEL
AND SERIES RESULTS

We will now compare the results for the pressure from two approaches. In
a previous paper3, a cellular model was developed. Although this model has been
derived for arbitrary Z, its results have so far only been evaluated for Hydrogen.
For that reason we will confine our attention to the case of Hydrogen. The spherical
approximation used in this model led to a variation of its results for the ideal Fermi
gas of up to 5 percent. In order to make a proper comparison with the series results,
which of course give the ideal Fermi gas correctly, we have divided the results of the
cellular model by the model’s results for the ideal gas at the same value of [ and
multiplied by the correct ideal Fermi gas pressure. The series are summed by means
of the [3/1] Pad6 approximant 2 formed from the y expansion with the coefficients
functions of ~.

In Figs. 3 and 4, we show a comparison of the approximate contour where the
two approaches differ by 5 percent, and the contour where the deviation of the series
pressure from ided is 5 percent of the ideal Fermi gas pressure.

One sees from these figures that, although the two curves are rather similar,
the region of agreement is, particularly for larger [, greater than for the series 5 %
contour. For small ~ the 5 Yo series contour tends to a constant whose value is given
by Eq. (2.2). It is tempting to suppose that the series would be valid to that limit
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for all small ~; however, at the last place that we have results, the agreement curve
is heading to smaller y. In addition4’5, in the case of the Thomas-Fermi model, the
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Fig. 5. The ratio of the electron pressure in the spherical cellular model of hydrogen to the pressure

of an ideal electron gas for the four densities which are the result of compression of 1, 0.1, 0.01, and

0.001 of a system of the density of liquid hydrogen. The temperature is in electron volts.

A somewhat more reliable guide to the low density behavior maybe the cellular
model. From Fig. 11 of Baker3 reproduced here as Fig. 5 for the convenience of the
reader, we see that the electron pressure drops rapidly to zero as the temperature
drops to a density dependent value. Analysis of this behavior shows that, at the
lowest densities studied, the contour of the Pel.~tron/~l&.] = 0.5 constraint is well
describe by y cc ~ljg. In addition, as a curve of constant density is described by
y w [3/9, we will consider y to be a function of cl/g

In line with these ideas, we propose that the series expansion can be expected
to be valid for Z = 1 in the region,

y < 0.6~1/g, [ ~ 0.4865652,

y ~ 0.65(2/9, 0.4865652< ~ <1052.2742, (3.2)

g < 0.3(3/9, 1052.2742~ ( <2.7 X 104.

The reason for the last upper bound is not intrinsic, but merely as far as we have
carried our computation. The values of y at the intersection points in Eq. (3.1) are

6



0.55384615 and 3.0513889 respectively. The values of the (p, T) pairs are (6.25612,
117.458) and (1046.24,21.3194). The last equation inEq. (3.1) corresponds top=
a constant. We illustrate these bounds and the 5?Z0agreement contour in Figs. 6 and
7.

4. DEGENERACY REGION IMPLICATIONS

We know that for high densities and low temperatures, the pressure and the
internal energy are independent of the the temperature. The boundary, of this region
is set by the rule that the temperature is roughly equal to the Fermi energy. In terms
of our dimensionless variables, this rule is simply expressed as ~ = a constant. This
feature is’ illustrated in Fig. 8, where we show the cold curve for the cellular model
and the series expansion validity boundaries. We define the cold curve here by a 5
% deviation of the pressure from its low temperature limit. One observes that the
cellular-model, cold-curve is roughly parallel to the constant ~ contour. Thk contour
was selected to intersect the point of intersection of the g m <2/9 and the y a ~3ig m p
lines. By the aforementioned properties of the high-density, low-temperature region,
it will suffice for those temperatures lower than the ~ = 1057.27 line to simply
compute the pressure for the same density, and the temperature that corresponds to
that value of ~
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5. EXTENSION TO GENERAL Z

The region of validity described in the previous sections may, in fact, be a bit
too conservative, as the series results may actually be valid in a wider range. Never-
the-less, we will try to pursue the same cautious philosophy in this section. As we
saw in the second section, since the minimal value of VI decreases with Z by Eq. (2.2),
and by Fig. 2, that for g2 increases, we expect the radius of convergence derived from
gl to remain dominant for larger Z.

We propose a scaling solution to extend our results to general Z. Specifically,
in line with the high and low ~ limits discussed in Section 2, we write for the series
validity boundary,

,+#&&)3’4c]. (5.1)

When we use this form to extend our Hydrogen results, Eq. (3.2), we obtain,

()
1/12 Clp 3/4

3/s0.6 & — <<<~
()

22
21/12 ‘

= 0.4865652 —
1+2 ‘

~2/9

()

22
3/4

Y S o.65m, <1<[<[2 = 1052.2742 —
1+2 ‘

(5.2)

()

1+2 1/12 3/9
c

()

3/4

$/<0.3 -y- —
21/4 ‘ & <[<2.7x104 $
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The values of y at the intersection points are

()2 1/6

()

2 1/6

0.55384615 —
l+Z

and 3.0513889 —
l+Z

respectively. The values of the (p, T) pairs at the intersection points are

(5.3)

( ()
1/2 1/6

6.206639gmwZ512 ~l+Z ())
, 117.45822Zllj6 ~ and

( ()

1/2 1/6

1037.9666gmwZ5/2 ~
l+Z ())

, 21.319407Zl116 ~ (5.4)

respectively.

In the high-density, low-temperature region, we may compute the pressure by
using the temperature equivalent to < = <2 at the required density. Specifically, by
this extension to the series method, we can compute the pressure for all values of
the temperature when the density p > 1038gmwZ512[2/(1 + Z)]l\2 (gm/cm3). We
illustrate our general Z results for the case of Cesium in Fig. 9. We note that, as
in Fig. 4, the 570 series contour overstates the expected region of validity for low
densities and understates it for high densities.
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