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Abstract 
In order to determine if a statistically significant difference exists between shipper and 
receiver measurements, a statistical combination of the shipper’s and receiver’s limit-of-
error (LOE) is calculated to determine the shipper/receiver limit-of -error, LOES/R. The 
shipper’s and receiver’s LOE may possess random and systematic components. 
Depending on the interpretation of the systematic and random components, the 
determination of the LOES/R can be performed by several different calculational methods. 
These calculational methods and their associated underlying assumptions are reviewed  in 
the context of the LANL shipper receiver program. This paper, by presenting the 
assumptions that form the basis of a site-specific shipper/receiver difference calculation, 
can assist those individuals responsible for calculating LOES/R. 
 
Introduction 
According to DOE M 474.1-1, A S/R difference is defined to be statistically significant 
when the magnitude of the difference exceeds either of the following: 
 

1) The limit obtained by statistical combination of the valid limits of error of the 
shipper’s and receiver’s measured values 

or 
 
2) The square root of two times a single valid limit of error when either the 

shipper’s or the receiver’s limit of error is not valid. 
 

Error can be categorized into to parts: random and systematic or called fixed error. 
Random error is characterized by a mean of zero and some variance. Systematic error is 
usually defined as a constant, either additive of multiplicative. The amount the measured 
value is consistently different from the “true’ measurement is often called the bias. If a 
measurement, which possesses only random error is repeated an infinite number of times, 
the average of the measurements would be the true measurement. If a measurement , that 
possessed only systematic error was repeated once, or multiple times, the average of the 
measurment(s) would be the true measurment plus the bias (noting that the bias could be 
negative as well as positive. 
 
Definitions 

LOES: Limit of error for the shipper for an item 
LOER: Limit of error for the receiver for an item 
LOES/R: Combined limit of error for the shipper/receiver 

 



 

TLOER: Total limit of error for all the receiver’s measured items 
TLOES/R: Total limit of error for the all shipper’s measured items 
 �R:  Bias for the receiver’s measurement 
 �S:  Bias for the shipper’s measurement 
 XR : Receiver’s measurement of an item  
 XS : Shipper’s measurement of an item  
 �R: precision for the receiver 
 �S: precision for the shipper 

 
Discussion 
If  all the systematic and random errors are known , then the shipper/reciever difference 
calculations, would be relatively straightforward. Random errors can be assumed to be 
normally distubuted and can be added in quadrature; systematic errors can be summed 
(accounting for the signs of the bias). If each individual measurment mi had identical 
values for systematic and random error, then the error of the sum of the measurement Σmi 
would possess a larger systematic component than a random component (for multiple 
measurements). The larger the number of measurements, the larger the systematic 
component.  
 
The situation is somewhat analogous to measuring a football field with a yardstick, where 
the yardstick is one inch short. If each measurement with the “short yardstick” has a 
random error (standard deviation) of one inch, the total measurement error of the football 
field (100 yards) with the yardstick would consist of a systematic error component 
greater than ten times the random component. The situation can require additional 
consideration if a second individual who measures the football field with different “short 
yardstick”, is required to find the measurement difference error between the summed 
measurements of individual one and individual two. If the signs of the systematic errors 
are unknown or if the individual only knows the absolute value of systematic errors, an 
over-estimate of the true error could be calculated.  
 
To continue the football field example, assume the yardsticks for both individuals are 
both one inch short. The signs of the systematic error are unknown; therefore, the 
absolute value of the systematic errors are used. The true error of the difference between 
the football field measurements is between 14 and 15 inches. The calculated error value, 
due to adding the systematic errors instead of canceling the error terms, is over 200 
inches. 
 
As can be inferred from the above, the proper treatment for systematic error is essential to 
any statistical combination of shipper/receiver calculations. As can be implied from the 
above regulation, while valid LOEs may be known for shipped items, no regulatory 
guarantee exists that a receiver will know the shipper’s systematic and random error 
components of the LOER. In addition, other outstanding error issues may exist that 
possibly require further consideration: the method used to estimate systematic error, the 
possibility that systematic error is a combination of sets of systematic errors and the time 
period used to determine a systematic error.  
 

 



 

An example of the above issues with systematic error, consider a measurement system 
that measures a series of waste containers. The matrix of the containers is different for 
with each individual container. The matrix of the containers are unknown. If the operator 
of the measurment system knew the matrix of the container, then a bias for the 
measurement system could be calculated. The bias, in addition, could be calculated for 
each waste container, if the “true” measurement value was known. Unfortunately, no 
other technique is available for this container. A general systematic error, �mean, has been 
calculated for this instrument, by comparing mean historical measurement difference 
between this instrument and some “gold standard” measurment (possibly calorimetry or 
chemistry) for a general series of measurements. This assigned systematic error, �mean, 
could be higher or lower than the true systematic error �i of the particular container being 
measured. Alternatively, the estimate of the systematic error could be a maximum of the 
systematic error found �max. In this case, the assigned estimates of the systematic error 
�max should be equal or less the true value of the systematic error �i. As an additional 
consideration, the distributions of �i may not be normal since certain matrix effects 
(alpha-n production, self attenuation, density, etc) are not necessarily linear and 
completely independent 
 
What is the systematic error that should be assigned to the waste container?  A suggested 
answer is that, given the above limitations, the mean of the systematic error �mean should 
be assigned with a corresponding variance observed (taking into account the type of 
distribution). Another solution is to determine the 95% interval of the observed estimate.  
 
As an example, consider a measurement system with a random error of 10% and a mean 
systematic error estimate of 10% with an observed range of systematic errors of 1% to 
50%. A normal (Gaussian) standard deviation is calculated to be 8%. Approximately 95% 
of the observed distribution or systematic errors is within the interval 3%-30%. (implying 
a logarithmic distribution). If ten different received items are measured the total 
systematic error by the various calculations methods are as follows: 
 
Mean method: total =1000 units with a error of 100 units 
Max method: total =1000 units with a error of 500 units 
Mean method with normal standard deviation (2σ): total =1000 units with a error of 260 
units 
Mean method with log-normal standard deviation (2σ): total =1000 units with a error of 
300 units 
Interval estimation: total =1000 units with a interval between 1030 and 1300 units 95% 
confidence) 
Total interval estimate: total =1000 units with a interval between 1010 and 1500 units 95 
 
As the above example illustrates, a range of solutions is available to estimate the 
systematic component of the limit-of-error. Methods that are more accurate usually 
require the calculation of at least one additional parameter (standard deviation or an 
interval estimate). The actual site-specific calculation of LOE can be dependent on 
systematic error information provided to the individual responsible for calculations the 
LOEs, thus limiting the calculational options. 

 



 

 
LANL Site-Specific Guidance on Calculating S/R Differences 
Taking into account the above considerations, LANL is currently reevaluating the 
assigned estimate of systematic error. Currently, calculational options are limited because 
only the mean estimate of the systematic error is provided for LOE calculations. In the 
interim, calculation methods for computing shipper/receiver LOEs are required to exist. 
The following interim guidance was provided to the LANL safeguards group responsible 
for calculations of shipper/reciever differences. This guidance attempts, while providing 
“cookbook” operational solutions”, to recognize that some systematic errors are 
estimated and that further improvements the estimation of systematic errors can be 
further improved. 
 
a) LOE calculation 
The process to calculate the total limit of error S/R differences can be divided into the 
following major steps: 
 

1. If required, use the below formulas to determine the LOES/R, LOES and/or 
LOER  for each individual LANL measured item. 

 
1)  Bias and precision provided by the shipper 

Experience has indicated that it is rare for the shipper to provide a bias 
and precision. The formula used (and described in the 2000 MC&A 
Plan) to determine if a verification measurement fails to validate the 
original measurement is  

 
| X1- X2|>| �1X1|+| ß2X2|+ 2�{(�1X1)2+(�2X2)2}  (1) 

 
Using the above formula, the limit-of-error (LOE) for two 
measurements can be considered to be the right hand side of the 
equation; therefore, given shipper and receiver relative standard 
deviations for precision and a relative bias, the LOE for a shipper 
receiver difference is: 

 
LOES/R=| �SXS| + | �RXR| + 2�{(�SXS)2+(�RXR)2}  (2) 
 
where the subscripts S and R indicate the shipper’s and receiver’s 
value for the item. 

 
2) LOE not provided by the shipper 

If the shipper limit-of-error, LOES, is not provided, then, the “square 
root of two times” the receiver’s limit-of error LOER is used (per DOE 
M 474.1-1). The LOER (for an individual item) is calculated as 
 
LOER=| �RXR|+ 2�{(�RXR)2}= XR ( | �R| + 2�R)   (3) 
 
The Shipper/receiver limit of error LOES/R is then calculated as: 

 



 

 
LOES/R=�2* LOER=�2XR { | �R|+ 2�R}    (4) 
 
A statistically significant difference (on the item level) exists if  

 
| XR- XS|> LOES/R        (5) 

 
 

3) LOE provided by the Shipper 
If the Shipper LOES  is provided, then, a “statistical combination” 
of the shipper and receiver  LOE is performed. First the receiver 
(LANL) LOER is calculated as in (3), then the a “statistical 
combination” of the LOER and LOES is performed. This 
calculation assumes that the LOES consists entirely of random error 
(precision component) and can be preformed by two methods. 
Method (1) adds the LOES to the precision term of LOER: 
 
LOES/R= | �RXR|+ 2�{(�RXR)2+( LOES/2)2}   (6)  

 
Method (2) adds LOES and LOER in quadrature; this combination 
will provide a lower LOES/R than in equation 6 since no fixed bias 
is assumed in the final calculation. 

 
 LOES/R= �{( LOER)2 + ( LOES)2}    (7) 

 
Example 1: Assume that a item is received in the shipment and the 
LOES/R is calculated individually. The LOES is 20g. The item is 
measured by CAL/ISO (FRAM) and is 1000g. The LOER for item 
1 is LOER= .00654(1000)+ 2(.005*1000)= 16.45g.  Using method 
(1)  the LOES/R= .00654 (1500)+2�(52+102) =28.90g. Using 
method (2)  LOES/R= �{(16.45)2+(20)2} =25.89g.  
 

 
2. If required, determine if a statistically significant difference exists for the 

individual receiver (LANL) and shipper (offsite) measured values by using the 
following formula 

 
| XR- XS|> LOES/R       (8) 

 
 
3. Calculate the LANL TLOER by statistically combining the individual LOER 

for each individual item to obtain a total limit of error TLOER. Individual 
LOER are statistically combined to form the TLOER by one of the following 
methods:  

 
 

 



 

(1) by linearly adding the individual biases and adding in quadrature the 
individual precision values: 

 
TLOER = � | �S

n
 XS

 n
 |+ 2� �{ (�S

 n
 XS

 n)2 }   (9) 
     
where the n superscripts indicate a particular item and the �  indicates a 
summation performed over n (the number of items). If the bias and 
precision is the same over all the items and summed then  
 

TLOER = | �S
 � XS

 n
 |+ 2�S

 � � {(XS
 n)2}   (10) 

 
 

or (2) adding the individual LOER for items in quadature. To perform this 
calculation, each LOER

n is considered as twice the random standard 
deviation. 

 
  TLOER= 2� � {( LOER

n /2)2 }=� � {( LOER
n )2 }  (11) 

 
Note: The that method (1), which assumes a fixed bias all the entire 
measurement and time range, will provide a larger LOE than method (2), 
which assumes a fixed temporary bias,  which can be considered random 
over a sufficient measurement and time range. Method (1) can be 
considered more consistent with LANL statistical assumptions than 
Method (2); however, method (2) is acceptable since a smaller TLOER is 
generated (possibly leading to a higher false alarm rate) 

 
Example 2: Assume that two items are received in the shipment. The items 
are measured by CAL/ISO (FRAM). Item 1 is measured at 1000g and item 
2 is measured at 500g. The LOE for item 1 is 
LOER

1=.00654(1000)+2(.005*1000)=16.45g. The LOE for item 2 is 
LOER

2=.00654(500)+2(.005*500)=8.22g. Using method (1)  the TLOER= 
.00654 (1500)+2*.005�(5002+10002) =20.99g. Using method (2) = 
TLOER= �{(16.45)2+(8.22)2} =18.39g.  

 
4. Determine TLOES/R for the total shipment. If the shipper’s TLOES is given 

then the TLOES/R is calculated by either (1) adding the one-half the TLOES to 
the precision part of the equation for TLOER: 
 

TLOES/R = � | �R
n

 XR
 n

 |+ 2{� �{ (�R
 n

 XR
 n)2 + (TLOES /2) 

2 }  (12) 
 

or (2) by  adding TLOER  and TLOES  in quadrature: 
 

TLOES/R= 2�{( TLOER /2)2 + ( TLOES /2) 2} =�{( TLOER )2 

 + ( TLOES ) 2}       (13) 
 
 

 



 

 
Equation (14) can be written as adding all the individual LOEs in quadrature 

 
TLOES/R= � � {( LOES

n )2  + ( LOER
n )2 } 

 
Note; method (1), which assumes a fixed bias over the entire range of 
measurement and time and will yield a higher value than method (2).  

 
 
Example 3:  Assume a TLOEs of 20g (shipper precision of 10g). Using he 
data from example 1 (TLOER =20.99) method (1) yields: TLOEs/R= 
.00654 (1500)+2�{(.005*500)2 +(.005*1000)2+102) =32.72g; method (2) 
yields : TLOEs/R=�{(20.99)2 +(20)2} =28.99gg 

 
5. Determine if a statistically significant difference exists between the total 

receiver (LANL) and shipper (offsite) measured values. A statistically 
significant difference exists if 

 
  | � XR- � XS|> LOES/R       (14) 

 
6.   For any statistically significant differences, resolve the issue in accordance 

with the verification measurement discrepancy resolution process described in 
the LANL MC&A Plan. 

 
 
Conclusion 
If systematic errors are of similar magnitude to random errors, the total measurement 
error of multiple items can be overwhelmed by the systematic component. In addition, 
the systematic error may not be a fixed term. Consequently, the calculation of 
shipper/reciever LOEs can be fraught with compromise solutions based on a limited 
understanding of the systematic error. Different site-specific compromise solutions for 
addressing systematic error can result in an overestimation or underestimation of the true 
shipper/reciever limit-of-error. Underestimation of error can lead to misunderstanding 
between the shipper and reciever. Overestimation of error can lead to a decreased 
safeguards posture. It is essential that shippers and receivers of nuclear material 
understand the fundamental causes of improperly assigned LOEs and strive to improve 
the estimates of error calculations in order to optimize LOE calculations.  

 


	The Application of Fixed and Random Error to Shipper/Receiver Differences
	Abstract
	Introduction
	Discussion
	LANL Site-Specific Guidance on Calculating S/R Differences
	a) LOE calculation
	1) Bias and precision provided by the shipper
	2) LOE not provided by the shipper
	3) LOE provided by the Shipper


	Conclusion



