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A PARTICLE-CORE MODEL FOR TRANSVERSE DYNAMICS
OF BEAM HALO IN PERIODIC-FOCUSING CHANNELS

TAI-SEN F. WANG
MS H808, Los Alamos National Laboratory

Los Alamosj New Mexico 875J5,USA
E-mail: twang@lanl.gov

This work is a numerical study of the particledynamicsin the halo regionof mis-
matched chargad-particle beams propagating through periodic-focusing channels
using a recently developed technique baaed on the particlecore model. Numer-
ical examples and preliminary results of finding the boundaries of the resonant
region in the phase space where particles can be driven into the beam halo will be
presented.

1 Introduction

In recent years, there has been a growing of interest in the halo formation in
intense ion beams, and progress has been made in understanding the particle
dynamics in the beam halo by using both analytical approach and numerical
simulations. 1– 16 In the analytical studies, the particle-core model has pro-
vided insight of halo formation for a mismatched beam propagating through
an axisymmetric uniform-focusing channel. However, the progress in applying
the same model to a beam propagating through a periodic-focusing channel
remains limited. 13–16 The main obstacle stems from the flutter in the beam
envelope and in the particle orbit introduced by the focusing. Owing to this
flutter, the dimension of a Poincar6 section made by strobing a particle’s phase
space is usually higher than two. 17 One then has to slice the phase space or to
project the higher-dimensional Poincar6 “plot” onto a two-dimensional plane
in order to study the particle dynamics. The former approach is complicated
by the searching for suitable phase-space slices, wKlle the latter approach may
result in a plot with few features to be deciphered.

Recently, a method has been developed to show that by using proper
canonical transformations and strobing, the flutter due to the periodic fo-
cusing can be minimized in the new phase-space variables so that the primary
resonance between the particle and the core can be manifested in the projected
stroboscopic plots. 15J16Using this method, it was found that the parametric
resonance, like the one studied in the uniform-focusing case, is still the major
mechanism to cause the largeamplitude oscillation of halo particles. We also
learned that certain particles with initial oscillation amplitudes slightly larger
than the core radius, but not in the halo region, can be brought into resonance
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with the core oscillation by the fluctuation of the periodic focusing. Since the
transverse density profile of a realistic beam inevitably has some tails instead
of a sharp-edged distribution, some particles in the tails of a mismatched beam
can be driven into halo by this kind of mechanism. Previous particle-core stud-
ies of halo formation in the uniform-focusing channel found the existence of a
separatrix between the core ac.d the resonant region, and concluded that either
the halo particles were initially in the resonant region 5~12or the halo particles
were brought across the separatrix from the core by some kind of process like
coherent instability. 1s For periodic-focusing channels, the flutter caused by the
periodic focusing introduces another possible process of halo formation.

This present work is intended to be a continuation of that in Ref. 16.
The main purpose here is to present some numerical results not covered in
the earlier papers 15’16including the preliminary results from searching for the
approximated boundaries in the phase space for halo formation. To make this
paper somewhat self-contained, we will first review the proposed method for
studying the halo dynamics in periodic focusing channels before giving the
numerical results. We will omit discussion of chaotic motion and stability of
the core oscillation.

2 The Model and the Approach

The system considered here has a test particle and a continuous beam (the
core) propagating in a periodic-focusing channel with a speed v in the axial
direction, the z direction. Particles are focused in the transverse direction
by a linear force that varies in the z direction according to GF(kz), where
G is the maximal gradient of the focusing (or defocusing) strength, F’(kz) is
a periodic function of Z, k is the wave number of the periodicity, and the
maximum of IF(k.z) I is normalized to unity. The particles in the core are
assumed to follow the Kapchinskij and vladimirs~j (KV) 19 distribution in
transverse phase spm,e. In the following, we shall “consider the axisymmetric-
and the quadrupole-focusing separately.

2.1 Atisymmetric-Focusing Systems

In this case, the dimensionless equations for the beam envelope and the trans-
verse motion of the test particle are

d2X
~+ Q2XF(r)–; –&=o, (1)

and
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d2x L2
— – ~ + Q2xF(?) =

{

qx/X2, for z < X,
drz q/x, for x > X,

(2)

respectively, where X = Xr G, x = XT~,. = k., X, is the beam
envelope, Xr is the transverse displacement of the particle from the sym-
metry axis of the system, ~ is the beam emittance, L = L./(movE), q =
qI/(27rcomo-y3v3 kc), Q2 = qG/(mo~v2k2), q and m. are the charge and the
rest mass of a beam particle, respectively, -y is the relativistic ma.% factor, 1
is the beam current, co is the permittivit’y of free space, and Lr is the angular
momentum of the test particle about the z axis.

The technique employed in Refs. 15 and 16 for reducing the flutter is to
use new variables (u,, w.) and (u, w) which are related to Xe, dXe/dr, z, and
dx/dr via the canonical transformations

and

(.e,we,=(+,~)=(:xm$ .x=), (3,

‘Uw’=(%%)=(+x$-xay(4)

where Xm (t-) = Xm (~ + 2m) is the envelope of the matched core; the new times
s and @ are defined by ds = dr/X& and d+ = dr/X2. In terms of the new
variables, Eqs. (1) and (2) can be rewritten as

du.
—=w~,
ds

dw. 1

()

1

ds ‘~–
u~ + qx$ ——ue ,

ue

dti—.
d@ “

(5)

(6)

(7)

dw L2

()

1
ZJ=2

–u + qx%(u – 1) – – u ,
u

(8)

.

where 9(z) is the Heaviside step function. We notice that the focusing function
‘F is eliminated in Eqs. (5) to (8). Furthermore, the flutter due to the periodic
focusing which is only a fraction of Xm or X is now contained in the terms
proportional to the beam current. Therefore in the integrated solutions, the
fiutter in the new phasesp~e variables is substantially reduced. When I = O,
the flutter in these new variables is suppressed completely. We also note that
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one can also choose
made here is solely

to “normalize” T and x by X~ instead of X; the choice
for simplicity. In terms of the variables u and w, one

finds that the Hamiltonian corresponding to Eqs. (7) and (8) is a constant
for particles inside the phas~space ellipse of the beam core, so that particles
in the core will remain inside the core. For particles outside the core ellipse,
the Hamiltonian is time dependent and non-integrable except for some special
cases.

The proposed approach is to study the dynamics of beam halo in the phase
space of (u, w). Since the oscillations in u and u= are not periodic in most caaes,
stroboscopic plots are made by strobing at a fixed value of Ue or we (e.g., at
the local maxima where we = O), instead of iixed time period, to minimize the
phase shifting between the strobing and the core oscillation. Numerical results
indicate that strobing at a constant period does create a larger spread of points
mostly due to the phase shift between the strobing and the envelope oscilla-
tion (see Figs. 2 and 3 below). Thus, the stroboscopic plots proposed here
are different from the usual Poincar6 plots (plots made from two-dimensional
Poincard maps). These two kinds of plots are the same for uniform-focusing
channels where u~ is periodic. We shall loosely call the relation that links one
snapshot to the next the “stroboscopic map”. At very high beam current,
particle motion can become chaotic. One of the deficiencies in projecting a
higher-dimension phase-space section onto a two-dimensional plane is the dif-
ficulty in detecting the onset of chaotic motion. Another deficiency is that
discerning higher-order resonances can be hard or impossible most of the time.

2.2 Quadrupole-Focusing Systems

For quadrupole-focusing systems, the equations for the beam envelope and
particle motion in the x-direction are:

and

(#x
.

~+ Q2XF(+# &-:=0,

dzx 2+X
~ + Q2zF(~) –

=.(== +s,) =0’

(9)

(lo)

respectively, where X = Xv&, Y = YT&, XT and Yr are the beam envelopes
in the x and y directions, respectively, x = x.fi, x. is the displacement of the
beam particle in the z direction from the beam axis, ij = ql/(27reOm073z13k),

(X2 + ~)lf2, and EV =e= is the beam emittance in the x direction =,-==
(Y2 + ~) 1/2. The value of &is zero when the particle is inside the beam, and is
given by the solution of the equation (z/=z )2 + (y/EV )2 = 1 when the particle

4



*

.

.

is outside the beam, where y = yrG, and yr is the excursion of the beam
particle in the y dkection from the beam axis. The equations for the beam
envelope and particle motion in the y direction are similar.

The method proposed for axisymmetric systems can be general~ed to
quadrupole-focusing systems by the change of variables according to u= = z/X,
w. = x(dz/d7) – z(dx/dT),u=== xm/x, w.. = x(dxm/dT’)– Xm (dX/dT),
and similar change of variables of y d~ection. However, due to a lack of good
guidance to the global phase-space structure of this kind of dynamic system,
attempts in making two-dimensional plots have only very limited success. It
is found that for a particle having nonzero angular momentum, even a small
amount, the points on the plot are totally dispersed. It appears that two-
dimensional plots, except for some special cases, do not seem to provide in-
sightful displays of the global system behavior. Thus, to deal with a problem of
two degrees of freedom like this, it is necessary to consider the z and y motion
of the particle separately by setting one of the ,coordinates to zero, e.g., y = O
and dy/dr = O.

3 Numerical Results

Figures 1 and 2 show examples of stroboscopic plots made by strobing at the
local minima of u= for F(7) = cos2 T. The parameter values considered are
L = O, Q2 = 0.1202, q = 0.2082, and U.(T = O) = 0.8. For a particle inside
the matched core, the phase advance per period (or the tune) is about 90°
at zero current and 60D at MI beam current. These plots were created by
first computing x, dx/dr, X, dX/d’r, X ~, and dX~/d~ simultaneously using
Eqs. (1) and (2). The quantities u and w were then calculated using Eq. (4).

As reported in Ref. 16, that when tune depression is small, there are
roughly five classes of particle motions. Class I particles remain inside the
core. Class II particles are outside the phas~space ellipse of the core but
not in resonance with the core oscillation because they experience less tune
depression than the core particles. These particles stay close to the core.
Particles in class III oscillate at frequencies near on~half the core oscillation
frequency so they can resonate with the core motion to become halo particles.
Class IV particles oscillate with large amplitudes and are depressed least in
tune so they do not resonate with the core. Figure 1 shows a stroboscopic plot
of four particles representing these four classes. The particles in this example
start initially from rest with the values of u equal to 0.6202, 1.1410, 1.5150,
and 3.3852, for the class I, II, III, and IV particles, respectively. The points
of the class II, III and IV particles appear to be scattered near the invariant
curves of the Poincar6 plots for uniform-focusing channels.
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Figure 1: A stroboscopic plot on the (u, w) phase plane showing four classes
discussed in the text.
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Stroboscopic plot for a cl=, V particle on the (u, w) phase plane.
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Figure 3: Shown is a pIot on the (z, dz/dr) phase plane made by a constant-period stroblng
forthesame particle in Fig. 2.

The points of class V particles fall near the separatrices in a Poincar6 plot
of the uniform-focusing case. Particles in this class can be driven into and out
of resonance by the periodic-focusing and the flutter, an effect not found in the
uniform-focusing systems and wks left out by the smooth approximation in an
earlier work. 13>14Since a realistic beam inevitably has some tails instead of a
sharpedged density profile in the transverse direction, in a mismatched beam,
some of the particles in the tail may belong to classes III and V to become halo
particles. Figure 2 is a stroboscopic plot for a class V particle with the initial
condition (u,”w) s (1.3138, O). At large tune depression and strong focusing,
the identification of particles’ cla%es becomes ambiguous except for the class
I particles.

To demonstrate the advantages of using the variables (u, w) and the “str~
boscopic plot”, a plot on the (z, dz/d7) phase plane made by strobing at the
averaged envelope-oscillation period for the same particle in Fig. 2 is shown in
Fig. 3, where we see that points are more scattered and the 2:1 resonance is in-
discernible. The larger scattering of points in Fig. 3 is mainly due to the phase
shift between the strobing and the envelope oscillation as well as the projec-
tion. It should be noted that although the stroboscopic plots of most particles
on the (u, w) phase plane do show spread points for most cases with nonzero
beam current, special cases of very small spreads (or maybe zero spread) like
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the example shown in Fig. 4 do exist. The parameter values considered in
Fig. 4 we Q2 = ().2039, q = ().z7&j, u,(o) = 0.8, u(O) = 1.4665 w(0) = O, and

L = O. For a particle inside the matched core, the phase advance per period
(or the tune) is about 120° at zero current and 80° at full beam current. Here,
the averaged phase advance of the particle is about 120.4385° per period and
is about one half of the averaged envelope phiise advance per period. Without
the guidance of an analytical solution, it is not clear if an invariant exists in
this case.

Figure 5 shows an exampleof the stroboscopic plot for a particle with

nonzero angular momentum, where u=(0) = 1.6, u(O) = 1.5614, w(0) = O,
L2 = 6, u = ~(T/X), r is the radial position of the particle in the polar
coordinate that rotates with the same angular speed of the particle; the param-
eters of external focusing and beam current are the same as those considered
in Fig. 4.

As mentioned earlier, the points of class V particles fall near the separatrix
in the phase space of a uniform-focused system. It is there for interesting and
useful to know the boundaries, if they exist, between the class II and the
class V particles’ phase-space areas. Numerical results from long-term particle
tracking indicate that in the low tune depression regime, tlass II particles do
stay near the core. This observation leads to the believe that a boundary
separating the phase-space areas of the class II and the class V particles does
exist when the tune depression is small. Figures 6 and 7 show the results of an
attempt of searching for such kind of boundaries for zero angular momentum
particles under the transverse focusing of F(r) = COS2T. Figure 6 is for tune
depressions of 120° to 80° and 100°; Fig. 7 is for tune depressions of 90° to
50° and 70°. Shown in these figures are the interceptions of the positive u axis
(where w = O) and the boundaries between the class II and the class V regions
as functions of initial u~. In both figures, the ranges of ue(0) is limited to
0.5 S u.(0) s 0.98 and 1.02 ~ u.(0) s 1.6. Since particle motion is sensitive
to their initial conditions near the boundary, the results presented here should
be considered as crude approximations. In the tracking, particles were all
started at rest, i.e. w = O, and the boundaries were determined by the largest ‘
u(O) for the ‘motion of particles to remain in class II for a time duration of
T = 1600. As can be seen in the figures tiat the non-resonant region shrinks as
the tune depression and mismatch increase. For u,(O) <0.9 and 1.1< u=(0),
,the boundaries are between 15% to 2070 of the mismatched envelope in the
higher tune depression cases (u/aO = 80°/1200 and 500/900), and are not very
sensitive to the envelope mismatch. In the regions of 0.95 < Ue(0) < 1.05 for
0/00 = 80°/1200, and 0.9 < u=(0) < 1.1 for 500/900, where the mismatch is
small, the boundaries become less sensitive to the tune depression.
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Figure 4: A stroboscopic plot on the (u, W) phase plane showing very small spread of points,
The parameter values are described in the text. The averaged phase advance of the particle
is about 120.4385° per period and is about one half of that of the envelope oscillation.
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Figure 5: The stroboscopic plot for a particle with nonsero angular momentum.
rameter valuea are d~ribed in the text.
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Figure 6: Shown are the interceptions of the positive u axis (where w = 0) and the boundaries
between the class II and the class V regions as functions of initial u, for tune depressions
of 120° to 80° (dashed curves) and 120° to 100° (solid curves). The transverse focusing
considered is F(-r) = COS2~ and particles are assumed to have zero angular momentum.
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Figure 7: Shown are the interceptions of the positive u axis (where w = O) and the boundaries
between the class 11 and the class V regions as functions of initial u, for tune depressions of
90° to 50° (dashed curves) and 90° to 70° (solid curves). The transverse focusing considered
is F(7) = COS2T and particles are assumed to have zero angular momentum.
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Figure 8: Stroboscopic plot showing the resonance of a halo particle with (a) the breathing
mode, and (b) the quadruple mode oscillations of the beam envelope in a quadrupol~
focusing channel.

An example of applying the method to a quadrupole-focusing system is
given in Fig. 8 where we considered the cases in which the envelope oscillations
are close to one of the eigenmodes of the linearized envelope equations: the ‘
usual breathing mode with X and Y oscillating, in phase, and the quadruple
mode with X and Y oscillating at 180° off phase. The system parameters used
in making the stroboscopic plots are F(I-) = cos(~), CZ= Ev= 1, Q2 = 3.198,
and ij/c = 0.2502. These parameter values correspond to a tune depression
from 90° to 70° for particles inside the matched beam. The initial condkions
used are W.Z = Wev, = W= = Uv = WY = O and ue% = uev = 0.8, U= ~ 1.1958,
for (a); U.Z = 0.85, U,V = 1.15, UZ x 1.0844 for (b).
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4 Conclusions

We have reviewed a recently developed method that employs the particl-core
model’ for studying the dynamics of halo particles in a mismatched continuous
beam propagating through a periodic-focusing channel. The study assumes
that the beam-particle density and envelope are described by the KV distribu-
tion function and envelope equation. The method uses canonical transforma-
tions and a technique of strobing to reduce, in the new variables, the fluctuation
due to the periodic focusing so that the dynamics of halo particles can be per-
ceived through the stroboscopic plots. Using this method, it is found that the
2 to 1 parametric resonance, like the one studied in the uniform-focusing case,
is stilI the major mechanism to cause the large-ampIitude oscillation of halo
particles. It is also found that certain particles with initial oscillation ampli-
tudes slightly larger than the core radius, but not in the halo region, can be
brought into resonance with the core oscillation by the fluctuation of the peri-
odic focusing. Numerical examples were given for illustration and preliminary
results of studying the boundaries of the resonant region in the phase space
where particles can be driven into the beam halo were presented. The results
show the decrease of non-resonant region in phase space as the tune depres-
sion and mismatch increase. It was also found that the boundary becomes less
sensitive to the envelope mismatch when tune depression increases.
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