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Abstract
A collision model for the Direct Simulation Monte Carlo (DSMC) method is
presented. The collision model is based on the BGK1 equation and makes use
of the Cercignani2 ellipsoidal distribution to incorporate the effects of heat
conductivity. Results obtained by the DSMC method and its BGK and BGKC
modifications for a 10° wedge and a flat plate are presented and discussed.

Introduction
An area of interest for particle simulation

codes is that of dense near-equilibrium flows in Micro
Electromechanical Systems (MEMS) in which the
scales of the phenomena make the application of
continuum techniques questionable. However, the
extension of particle simulation methods to high-
density flows is usually associated with very small time
steps needed to resolve the large number of collisions
that take place each time step. The computational load
that high-density flows impose on particle simulations
is such that it challenges even the most modern
computer platforms.

MEMS flows are typically subsonic - the mean
velocity is significantly smaller than the thermal
velocity of the particles. As a result, a particle may
suffer several collisions within a single time step.
Simulation of all these collisions is very time-
consuming, and it does not add any information to the
flow since these flows are already in near-equilibrium
or equilibrium. The same issue appears when
simulating charged flows, in which a charged particle
may suffer many collisions within a time step.

The issue of modeling collisional processes
extends back nearly three decades to the early days of
digital computers. One of the early approaches to
reduce the computational load was to replace the
collision operator of the Boltz.mann equation with
simpler forms that maintain most of the fimdamental
properties of the original equation. The idea behind the
simplification of the collision term of the Boltzmann
equation is that most of the details of the two-body

interactions are not important in reproducing some of
me experimentally measured quantities.

In this paper extensions of some of these
methods, that were initially proposed for the analytic
solution of the Boltzmann equatio~ are investigated as
possible alternatives to reduce the computational load
associated with modeling high-density flows. The
BGK’ equation (named tier its authors Bhatnagar,
Gross and Krook) is used as the starting point, and
related approaches are developed by adding more
sophisticated distributions and increasing its physical
accuracy.

The Boltzmann equation
The velocity distribution function~in the six-

dimensional phase space (V,7 ) provides a complete
description of a gas at the molecular level. The
relationship between the velocity distribution fimction
and the variables it depends on is given by the
Boltzmann equation:

[1~(nf)+7.~(nf)+F.~= ~(nf)
collision
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where f and fl are the pre-collision distribution
functions of the two colliding particles andfl and flf
are the post-collision distribution functions. In the

same equation’ n is the number density, ~ is an
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external force that applies to the particles, c, is the
relative velocity of the colliding particles, o is the cross
section of the binary collision, and Q is the solid angle.
The term on the right-hand side of the Boltzmann
equation is the collision term. The details of the bin~
collision are included in the collision cross section.

The BGK equation
The complexity of the nonlinear structure of

the collision integral of the Boltzmann equation led to
the development of simplit3ed models that retain most
of the properties of the Boltzmann equation but are not
derived directly from it. Bhatnagar, Gross and Krookl
(BGK) proposed a simplfilcation that takes the form

ra 1

M~(nf ) = n V(fo – f) (2)
collim”on

where ~o is the Maxwellian distribution corresponding
to the local temperature and average velocity, and v is
the collision frequency. Examination of the BGK model
indicates that it reproduces the equilibrium solution f =
$ at equilibrium. The BGK equation also reproduces
the correct moments and satisfies the H-theorem. For
the highly collisional regime, and when used with @e
Chapman-Enskog expansion, it leads to the Navier-
Stokes equations. In this equation the term nvfi
represents the collisions replenishing the equilibrium
distribution~o, and the term nv~represents the collisions
depleting molecules out of distribution~

The physical interpretation of the assumption
that the replenishing number of collisions is given by
nvfo is that post-collision molecules are selected from a
Maxwellian distribution at the local average velocity
and temperature. It is evident that this behavior can
readily be incorporated in a particle code. By doing so,
the burden of calculating individual collisions for each
particle is avoided.

A difficulty with the BGK model is ‘the
definition of the collision frequency, v. One way to
specify the collision frequency is with the aid of the
coefficient of viscosity w

nkTp.— (3)
v

where T is the temperature of the cell and k is the
Boltzmann constant.

A possible modification of the BGK model-is
to allow the collision frequency to depend on the
molecular thermal velocity instead of being locally
constant. This assumption is supported by experience
with most molecular models and becomes important for
high molecular thermal speeds. The assumption pf, a
velocity-dependent collision frequency adds to the
computational load of the simulation since the
calculation of the collision frequency has to be repeated
for each @cle instead of just once for each cell. For

the purposes of this study, the velocity-dependent
collision frequency was ignored.

The BGK model has the inherent feature that
the Prandtl number is unity for all cases. This is a
significant disadvantage for cases in which the thermal
conductivity plays an important role. Instead of using
the coefficient of viscosity, the collision frequency can
be specified using the coefficient of thermal
conductivity R

()-~=~ ~ nkT

2mv”
(4)

where m is the mass of a particle.

The ellipsoidal statistical model (ES)
Despite the shortcomings of the BGK

equation, it is able to reproduce the main features of
the Boltzmann equation. Several modifications to the
BGK equation have been proposed at the expense of
the simplicity of the model. Cercignani2 proposed a
modflcation to the BGK equation that would allow it
to reproduce the same viscosity and thermal
conductivity as the full Boltzmann equation. To do
this the Prandtl number is introduced as a parameter in
the equation. The generalization of the BGK equation
is obtained by the replacement of the Maxwellian
distribution with a local anisotropic three-dimensional
Gaussiq referred to as the ellipsoidal statistical (ES)
model:

[1f. = @-3/2 (’etA)l/2 3exp – ~Avcicj (5)
i,j=l

where the matrix A is:

Ati = [(21?T/Pr)dv - 2(1-Pr)pj /(pPr)]-l (6)

where R is the universal gas constant, p is the local
density of the flow, Pr is the Prandtl number, and pi is
the pressure tensor. The pressure tensor is calculated
from the particle velocities according to the following

Jpv I p = Cicjfh (7)

A disadvantage of this method is that it is not
known if it satisfies the H-theorem. However, it
reproduces the correct moments of the Boltzmann
equation like the original BGK.

The calculation of matrix A and its inversion
can be a time-consuming operation. This operation can
be greatly simplitkd if it is assumed that the off-
diagonal terms are smaller that the diagonal terms. In
this case the ES model can be expressed as a
moditlcation to random vectors chosen from the
equilibrium Maxwellian distribution.
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If Z“ is a random vector chosen from a
Maxwellian of temperature Z the modifier tensor S is
applied to the velocity vector according to:

z = SE* (8)

so that Z is a velocity vector chosen from the ES
distribution. The tensor SVis given by:

x

I(9)

The BGK model with the Cercignani ES
model is herein termed BGKC from the initials of the
authors.

Application of the method
The main requirement for a method that

performs collisions of particles with a background
distribution is local conservation of momentum and
energy. Energy and momentum conservation are
conserved only in the limit that the number of particles
in a cell is very large. However, failure to conserve
energy and momentum exactly may introduce a random
walk into the calculation. An alternative to using a very
large number of particles per cell is to calculate the total
momentum and energy in a cell before the collisions
and to adjust the velocities of the particles in the cell
after the collisions to ensure that momentum and energy
are exactly conserved. However, this operation has a
computational overhead, so the BGKC method may be
slower than the DSMC method in a collisionless or
near-collisionless regime, while it is faster when the
number of collisions increases.

Computational method
The Sandia DSMC code Icarus was used for

the simulations. Icarus was developed following Bird’s
approach3 by Bartel and co-workers4 for massively
parallel applications and can be run on a variety of
computational platforms. The calculations presented
here were performed on 512 nodes of a 1024-node
NCUBE parallel computer with a maximum speed of 1
GFLOP. A calculation typically used 350,000 particles
and required slightly less than 10 hours of run time to
produce statistically acceptable results.

Computational results
Argon flow over a 10° wedge

The first test case examined is that of the flow
over a 10° wedge. The sides of the wedge are assumed
to be specularly reflecting. The gas was pure argon at
an ambient temperature of 180 K and a number density

of 1022m-3with an upstream velocity of 1365 rids. The
domain was discretized with 25,000 cells and a time
step of 10-8 s was used. The downstream boundary
condition was assumed to be non-reentrant (vacuum),
which is acceptable for the supersonic flow
downstream of an oblique shock. This test case was
simulated with the DSMC, BGK and BGKC methods.
Steady-state conditions were observed after 5000 time
steps while the code executed a total of 65,000 time
steps. To ensure that the results were filly converged
and grid-independent, a number of additional rons
were made in which the grid density, the number of
particles, and the time step were successively
modified. In these runs the total number of cells was
changed from 25,000 to 6,500 (cells four times as
large), the number of particles was halved and the time
step was first reduced by one order of magnitude and
subsequently doubled. All of these runs gave identical
results, indicating that the results presented here were
independent of the time step, the cell size, and the
number of particles. Caution was also exercised to
ensure that all cells were smaller than a tid of the
local mean free path and the particles were not moving
more than a quarter of the local mean free path in
every move.

This test case is particularly interesting for
validation purposes because both the post-shock
conditions and the angle the shock forms with the
upstream velocity can be analytically calculated. The
shock angle ~ is given by (see Anderson):

tane= cot fl(Msin2 P – 1)
(10)./

)’+1~7. -(~2sin2 ~-1)
2

where M is the free stream Mach number, E3is the
angle of the wedge (10° in this case), and y is the
specific heat ratio. There are two solutions to this
equation; the first one representing a weak oblique
shock and the second one representing a strong
oblique shock. In the above situation, the weak
solution applies. For this test case the pre- and post-
shock conditions are given in Table 1.

Figure l(a-c) presents the number-density
contour lines as calculated by the DSMC, BGK, and
BGKC methods. Figures 2(a-c) in the same fashion
present the corresponding translational temperature
contour lines.

A qualitative comparison indicates that all
three simulations are in agreement about the basic
characteristics of the flow field. In all cases the flow
travels from the left to the right. At x = y = O, the
location of the leading edge of the wedge, the shock
layer forms. The flow downstream reaches a
maximum number density that is about double the free
stream number density. The fact that the DSMC, BGK
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and BGKC solutions predict the same downstream
tempemture and number density confirms that the new
methods do not artitlcially increase or decrease the
momentum and energy content of the flow.

Upstream Conditions
Molecular Mass 39.99 amu
Specific Heat Ratio 5/3
Number Density 1022m“3
Temperature 180 K
Speed of Sound 249.75 dS

Free Stream Velocity 1365 IU/S

Mach Number 5.465
Downstream Conditions

Number Density 2.1x 1022m-3
Temperature 335 K
Speed of Sound 341 In/s
Velocity 1304 rrds
Mach Number 3.823
Wedge angle 10°
Shock angle 19.550

Table 1. Shockwave conditions

Comparing the three figures in more detail, the
BGKC and DSMC solutions are seen to be in
remarkable agreement thoughout the domain. The angle
that the tempemture and number-density contour lines
form with the horizontal is 19-20°, as theoretically
predicted.

Figure 2(a-c) presents the temperature contour
lines for the DSMC. BGK and BGKC solutions. The
shock layer formation is seen to occur at the leading
edge of the wedge. The temperature increases from 180
K in the free stream to 325 K in the downstream area.
The computational domain is not long enough for the
flow to reach the equilibrium temperature, 336 K.

Again, the BGKC and the DSMC solutions are
in very good agreement throughout the flow field. A
minor difference is noted in the location of the 185 K
contour line. The BGKC solution appears to be about
5% thicker than the DSMC solution, whereas the BGK
solution appears to be 5% thinner than the DSMC
solution.

It is of particular interest to obseme the 325K
contour line close to the wedge surface. The BGKC
solution is in excellent agreement with the DSMC
solution in this regio% while the BGK solution differs
appreciably from the DSMC solution. This is attributed
to the more accurate heat conductivity modeling of the
BGKC method in comparison with the BGK.

Argon flow over a flat plate—
The previous example indicated that the

BGKC solution was in better agreement with the
DSMC solution than the BGK was, especially regarding

heat-transfer-related phenomena. To examine this
idea, a second series of computational experiments
was performed with the same ambient gas flow over a
ditli.uselyreflecting flat plate. The flow is again from
left to right, and the leading edge at (0,0) is the
transition point between specular and diiYuse
reflection.

The number-density contour lines are shown
in Figure 3(a-c) for the DSMC, BGK, and BGKC
methods, respectively. The contour lines indicate that
the boundary layer and the oblique shock separate
about 20 mean free paths downstream of the leading
edge. The number density across the shock increases
at first but then decreases to a value below the tlee
stream density in the area between the boundary layer
and the shock.

As in the previous section, the BGKC
solution agrees much more closely with the DSMC
solution than the BGK one does. Agreement degrades
somewhat in the low-density area behind the shock.
The DSMC solution presents a smaller area in the
1.5x 1022 m-3 numberdensity contour line than the
BGKC. It is interesting to note the almost excellent
agreement in the area of the boundary layer. The
discrepancy in the 1.5x10= m-3contour line should be
attributed to highly non-equilibrium phenomena
involved in the boundary layer-shock interaction. The
termination of the boundary layer at x = 0.005 m
should is attributed to the supersonic boundary
condition on the exit plane.

The temperature contour lines are presented
in Figure 4(a-c). The formation of the boundary layer
is associated with the rapid increase of the temperature
close to the leading edge, where the temperature
increases from 180 K to 850 K. The temperature of the
flow increases both from the free stream and the plate
to the core of the flow. The abnormal termination of
the temperature contour lines on the upper boundary (y
= 0.003 m) and the right hand side (x = 0.005 m) can
be attributed to the boundary conditions: a specular
reflecting wall for the upper boundary and vacuum for
the right boundary. Qualitative agreement was
achieved between all three simulations. Again the
DSMC and the BGKC solutions were found to be in
good agreement, with differences of less than 10VO
throughout the domain with the exception of the
precursor shock area. The differences in this region
may be related to the non-equilibrium conditions that
prevail in the corresponding areas of the flow field.

It should be noted that the conditions of these
simulations do not favor the BGKC model since
significant non-equilibrium regions are found. The
BGKC model can be used with cotildence only in
areas of near-equilibrium. However, its application to
non-equilibrium situations indicates that even in areas
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of non-equilibrium the model works with reasonable
accuracy.

,:

Conclusions
A new approximate collisional model for the

Boltzmann equation has been developed. The aim of
the new model is to reduce the computational load for
flows in near equilibrium. Application of the method in
situations of near-equilibrium indicates that excellent
agreement can be expected. Areas such as mild shocks
and boundary layers can be predicted accurately by the
BGKC model. Even in areas with significant non-
equilibrium, the new model is in reasonable agreement
with the DSMC method.
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