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The structu re  of an extremely strong magnetohydroctynirmc 
•hock is discussed in the lim it ct no particle collisions. U is
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tentatively concluded that the shock transition takes place
through the mechanism of a strong electric field produced by

S I

charge separation, The pressure  in the shocked p l is n u  is 
due prim arily  to a very high electron temperature. The ions,
on thtt other hand, undergo an irreversib le  tem perature change
of only y as

mm
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I M i ♦ Work was perform ed under auspices of the U.S, A tom ic  Energy Commission.
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p a r t ic u la r  Until where the sca tte r ing  mean t re e  path is e s trem ely  lung 
com pared  to e ither an e lec tro n  o r  tort U r m o r  ra d iu s .  This p a r t ic u la r  
lim it is  applicable to the collision* of in te r s te l la r  gas  clouds and to , 
c e r ta in  p rob lem s m the co n tro lled  the rm onuc lear  p rog ram .

The method of app roach  te not intended to be rigorous, (the tloltamavm 
tre a tm e n t  o! the p rob lem  is  probably form idable) but instead the deduction* 
f ro m  c e r ta in  assum ptions a r e  ecalmned 4r. te rm *  of the  conservation law* 
of e n erg y , momentum, flux, m a ss ,  and ch a rg e .  It is  hoped that the p h y s i­
ca l  in s igh t to the problem  tha t can be gained f ro m  th«s examination w i,.  
be helpful in understanding the more rigorous so lu t;ons when and if availab le ,

In o rd ina ry  gas hydrodynam ics one of the p rin c ip a l  fea tu res  o( the 
s t re n g  shock solution is that any sound wave behind the shock can ca tc h  up 
to  the  shock, and that the shock in turn  tra v e ls  f a s t e r  than sound speed  
ahead  of it . I b i s  fea tu re  g ives r is e  to s tab ility  and  govarns a  qua lita tive  
a rg u m en t concerning the a t ru c tu re .  If the speed  of sound Is g re a te r  behind 
a  p ropagating  wave t ra n s i t io n  than ahead, then any pertu rba tion  behind the 
the t ra n s i t io n  tends to c a tc h  up to the d is tu rbance  but can not i r a v s l  ahead .
In tu rn  the shock o vertakes  any propagsttng d is tu rb an ce  Ahead, t r a n s fo rm s  
i t  th ro u g h  the shock, and by the  previous a rg u m en t maintains the fo rw ard  
propagating  frac tion  again  a t  the shock fron t. The re su l t  of the p ro c e s s  
is  that the  shock front beco m es  as  H t t p  a t ra n s i t io n  as  possible,* (w« will 
d is cu s s  " p o ss ib le 1* l a t e r )  lo r  suppose the shock  w e re  wider than •possib le*1, 
then th e  eound wave a sso c ia te d  with the m ore g radual transition  would 
ca tch  up, thereby  a l te r in g  the  m ors  gradual s t r u c tu r e .  The lim iting s te e p ­
n e ss  o r  th ickness of the shock front is de te rm ined  by a c h a ra c te r is t ic  
d im ension  of the p ro cess  tha t p a rm its  the change of state  of the gas in 

' i ' " ..................

T h is  r e p o r t  Is based upon a  ta lk  gtvan at the A m erican  Physical Society 

m eeting , fluid dynam ics sec tion , Pasadena, C alifo rn ia , M arch 195b,



I

SSSMwswwwn* i j m

lectron*

MB*
n a®

n
vm

V'?* ;

H i l l  UCRt 4SZ9

accordance wuh lilt dynamical restrictions of conservation of energy, 
momentum, mats (magnetic flux end charge), In ordinary gaa dynamic# 
thia dimension la tha scattering mtau Iran path, but It ta aeaumed hare 
without proof that If 4  process existed that could change tha aUte of tha 
gat In accordance with tha required conservation laws (Hugomot relations) 
ovar 4 diatanca smaller than tha collision mean free path, that than tha 
atrong shock would develop baaed upon thu proceea rather than upon the 
one charac.trrued by tha larger dimension.

It ta tha object of thU paper todiacuaa such a proceaa for an ionised 
gaa. The aound speed argument wlU aUll apply provided Alfven speed i i  
interpreted for aound speed ahead and behind the shock.

It fir at must be nude plauaible that in 4 plasma with an internal
* • *• w,V;v ■

magnetic fie Id, Urge discontinuities car take place within dimension* ot 
the order of an electron Larmor radius, ln ordinary hydrodynamics, the 
sharpest discontinuity corresponds to * shock which is s tranaition exist* 
ing ovar dimensions of a numbsr of collision mean fre t paths. If, however, 
in a plasma, the collision mean free path Is long compared to the electron 
Larmor radius in the magnetic field, than tha fores* of charge separation 
can cause a larga discontinuity within tha comparatively short distance of 
tha electron radius of curvature*

To understand tha preponderant e of tha forces of charge separation, 
imagine a group o! ions and electrons moving across a magnetic field. This
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will Immediately give rise to a charge separation, (as in fig. 1) because 

. the electrons have their velocity direction changed in the magnetic field in
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* distance short i grap*red to ih« ions. U ih* electrons a r t  M id in one 
position relative to the field fund the ton* move ahead, the e lectric  field 
of charge separation can be sufficiently Urg> to govern the dynam ics of 
the more massive ions for a  wide variety of problems. The space charge 
electric  field can he calculated assuming that either the velocity or the 
energy of the electrons and ions is equal* It is evident that assum ing equal 
velocity will result in a  sm aller electron L arm or radius with a consequently 
sharper discontinuity. However* a seU*consisteflt treatment of the one 
boundary-layer problem that has been calculated1 showed that the electric  
field of charge separation rapidly causes the electron energy to equal the 
ion energy. The latter condition is also 'ru e  when the therm al velocity is 
U rge compared to tlte ordered velocity (1. e . , weak shock). Equal energy 
will therefore be assum ed.

Assume that the charge on all partic les is unity. Let 
M a m ass of the lo t 
m * m ass of the olsctron 
u. « velocity of ions 
u^ « velocity of electrons 

d » distance of charge separation
N b number density of electrons or ions in neutral plasma 
H * magnetic field.

The condition to be investigated is whether the potential between a charge
■ " . '■ -

separation layer one electron Larmor radius thick is greater than or equal 
to the ion kinetic energy. This is equivalent to inquiring whether the space 
charge separation electric  field can reverse  the trajectory of an ion.

The potential energy per particle of space charge separation over 
a distance d is

,  V - 4 . N . 2 d2 .  3 H
The distance of charge separation equals an electron Larmor radiuat

tV M / m

« p g  *H S r  m a m ...........
Th* po ten tia l V m u .t bo rquo l to  o r  |> . . t .< r  Ikon the Ion k ln .t ic

€neriy- g g < 2$ my* f V -  4e He2 --------gi g....Z....

U M. Roser.bluth, LASL report LA-1650, Sept. 14, 1954; and Proceeding# 
of Magneto*Hydrodynamics Conference, Lockheed, December 21, 1954.
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T h e re fo re  the space c h a rg e  separation fie ld  c u  govern the ion motion 

p rov ided  the magnetic f ie ld  energy  density  is  le s s  than the e lec tro n  r e s t  
m a s s  density. This  condition i t  m et fo r  a wide range ot p la sm as .

The charac ter of the shock trans it ion  will be investigated within

the l im its  of
1. No co ll is ions .
2. Extrem ely s trong  shock lim it ( u e . ,  the p re ssu re  in the shocked 

reg io n  is many t im es  • SO o r  g re a te r  - the p r e s s u r e  Ml the unsho tked  region)
1. The shock tran s i t io n  takes p lace  within a space charge  separa tion

layer*";

% :

Kor these conditions the ions can  only be  acted upon by the charge  

sep a ra t io n  force, n am ely  an average  e le c t r ic  f ie ld  E. (There a r e  no
co ll is io n s  and tha lo r  L a rm o r  rad iu s  is la rg e  com pared  to the t ran a tt io n  
r e g i o n . ) Therefore  a l l  the Iona will rece ive  the sam e average m om entum  

im p u lse  because each  ion experiences  the s am e  e lec tr ic  field . The s ta t is t!
c a l  charge  fluctuation within a cube one e le c t ro n  L arm or rad ius on a  side;r% '••••y .%% /
Is s m a l l  so that the e le c t r i c  field any one ion e sp e n e n c c s  Is c lo se  to the 
a v e rag e .  This im p lies  th a t  if the ion th e rm a l  velocity  is sm all  com pared  
to the velocity im p a r ted  by the shock, (i. e . , s trong  shock condition ) then Mn n ...

•im&M

the  ions will a ll  have a un ifo rm  d irec ted  vc loe ily  behind the shock. Since 
th is  p ro cess  is r e v e r s ib le ,  the re  is no change in entropy.

The e lec tro n s  will be acce lera ted  through the shock gaining som e

m-V-7 /.i v--

f r a c t io n  of the potential of the charge sep a ra t io n  layer . The e le c t r ic  field 
in the layer is  in a  d ire c t io n  such as to push the ions in the d ire c t io n  of the

V f i f e ;  . r

shock  while acce le ra t in g  the r lec trona  back  through It. This is the  only 
p o ss ib le  direction of the  e le c t r ic  field. The e lec tro n s  will move in c irc u la r  
o rb t ta  in the magnetic f f t ld  of the shocked reg io n  and will tend to  be coherent. 
T h a t  i s ,  s ince the p h ase  of a ll  e lectrons going through the shock lay e r  a t  a 
g iven  time is identical, then the phase in the shocked r e g u n  will be a co h er­
en t  function of position  aa  well as tim e, and a s  a  re su lt ,  the e le c t ro n  density 
and velocity functions will oscil la te  with a  U rg e  amplitude, Such a  strongly  
a sc t lU t in g  function does  not Und Itself to a continuous shock solution* 2

. # ____________________m
t .  This  was f i r s t  reco g n ised  and pointed out by M arshal Rosenblutlt and 

Conrad Longmire of Los A iam otJ^flj
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A dissipative or randomising process Is needed in order that tbs slsctYOfi 
kinetic energy behave Uke a constant pressure function. Fortunately -  for 
ease of solution - the electron phases are rapidly rendomiaed within & very 
short distance (an electron Larmor radius) behind the shock. As will be 
discussed later, this occurs provided the shock pressure is less than 160 
time* the unshocked pressure. This represents a very strong shock indeed 
and not many physical problems a r t  liksly to extend into regions of greater 
pressure ratios.

Therefore, a derivation of tha hydrodynamic quantities wilt be made 
on the basis of the assumption that tha electron pressure behind the shock 
Is a uniform, constant function. Afterwards, with the use of the velocity 
talationships the randomisation of the elettron distribution will be examined.

If a piston of pressure P^ pushes against an infinite plasma of pres* 
sure Pj , thsgi a  disturbance wiU propagate into the plasma fees Fig, 1).
In general, there wiU bs a perturbed and an unperturbed region. The sepe* 
ration between these two regions is assumed discontin uous and is called 
the shock. Ths stats of the plasma in both regions must he uniform and 
time* and space*independent except for ths shock transformation. Other* 
w ise a steady •state solution cannot run to infinity. The piston pushing on

Piston
interface g Shock 

vs locity

tfnakoched 
region, Pj

mmk

Fig. 2, Shock nomenclature.
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»h« plarma t* th* vacuum ft* Id H0  i 9 ^ / 9*  * Th* fbockad r*gion ha* a 
magnetic fifld  in it and ft uniform lor v*iocity u, B«c*u#« of #pac* 
charg* con#*rvation th* *l«ctrone lu v r il*o  4 (tow velocity u* ©Ourrwi#*, 
ft email »p4< 4 -char 1® ••  pa ration will giv* rt#* 10 4 larg* oWctrtC (laid (ft# 
di»cu#i*d aarlUtr} ft ml th# ion v*locity would b« ching*d. Thi# if contrary 
to th* ftffumpnon ot wmlorm mftff flow behind the *hock. Thw rffw t the 
electron flow, o r d rill velocity, m u tt b* the u n u  *• th* ion '•rUx tty, 
SmuUriv the* magnet u he 'd  Itn*a In lb* fhoehtd region H "  mw#t mov* 
with th* m m  (low* ether wife there would again b# chftf||« aepftratioa with 
Hi ttfuUftftt in* on# latency, Thi* concept of uniform flow of magnetic flu# 
tin** iropli** that th* magnetic fi*ld 1* lotshod to th* fluid and undergo##
* it tt tty th* n m #  corop»*#iion# f t  th# fluid,

ft In ord«r to •  labor *! * thi# (urth#t» <©n#td*r th* Hun within th* 
boundary A BCD in f ig  , l  * By •ym m otry the electric fit id along th* ##g* 
ro*nt AB mu#t ««actly cai*c«l that in th* oppotit* direction along CD* (l* t . » 
th* ahoch if  plan* paralle l^  Th*r« u n  b# no electric fit*Id Along th* #*g» 
went BC , bacftui* thif t* atatiotury in th* un#h*Kktd region and no per­
turbation tan  have reached it* th *  rem aining *«gm*nt DA t« moving 
with tht ptfton m u r ia te ,  Since th* p titon  can h* * perfectly conducting 
membrane * 0, g« , *ol*d rnetftl • no elwrtftc f**ld can *Uftt parallel to th* 
•urfac*. Therefor* th* curl of K around th* path A BCD i* earn  *nd 
th* included magnetic flu* if  <on#*rv*d, Th* *vid*nt co ro llary  tf  that n 
a  given area of magnetic flu* in th* un»hock*d region t» tr*rt*form#d ft# 
th* ram* Hum in th# fhockcd region, but com prtiied  by eaactly th* fluid 
t*mpr«*»totw Thi« tmpit## that th* « on«*rvahon of m at* and flu# a r t  

VV equivalent,
Th* fbeejt velocity i# v, and th* on*hocked region ha« ft magnetic 

fitld H, , d*n*ity NM, and tem perature T. •

Th# ron**rvft«ion law* of th* fhock a r t
j ,  Ccm>*rvation ol m i » l l Vhi* I* tgutvftWnt to th* c o n i* »vat I on

of magnatic fUu, If th*c;om |irtffion from  region " i "  to **i'* t# n • th*n
; $ -f4<< -.ft-

n  - **

• •

Mz « nHj

Th* compr*»fio«t con b* wt ut*n in term * of th* valoritU«,

#1 * m
i e s

*
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■ g The rat e of work done by Ibc piston moat 
***** tke rate of work don* a c ro a i the shock. The velrcity of the piston i« 
lh# sam e aa the flow velocity u, *nd thr p ressu re  driving thr piston is in* 
t im e  «• the pressure m the shocked region **d% (it the pressures w ort not 
t quft}, th* piston would accelera te  or decelerate. th« r«by contradicting the 
assumption of uniform steady-sta te  flow .)

This g«v r * rice to th* relationship

P  | f  ^  .: •;/ f ^ :  5  M ' '

‘•'ir*u «[fr* ^K̂ lt • tj,ij

* t ^ * ,T>) -£•£]• -,. -„ -,.-----. ..,
The presaurn t« tht shockv4  region t * th* sum of the magnetic field p ressure  
H |V l t  and ths particle pressure.'" Th# p srtlt te pressure  is prim arily duo 
to the elec tron temper Slure T j  j!  because the Ion tem perature ia assum ed 
• n u l l . ; A-ll the tons s n  *« r eierated unt'ormly through the shock tra rs tu o *  
duo to the average electric field, whereas the electron energy gamed through 
the shock is randomised. This r a n d o m , o f  th# else Iron energy uk«« 
place ut two dimensions only since it  i t  a phaas broadening. (It wtU be die* 
reseed  in more detail la ter*} The restriction of two dimensions implies that 
the ehictrosi pressure and onergy density ara «qu*l« Three degress of freedom 
would give n e e  to the standard relationship that p » s S X  . tt i t  just this 
real vie t i n  Id the dimensionality of the electron gaa that results in the hydro* 
dynamic behavior of v equaling i  (ratio of tp e rd u  heat at constant presswr* 
to that at cen tum  %etum«>).

The rale of werh done a t rose the chock i t  the velocity of the shock, v 
tim es the t  hangs in energy a  a  unit volume to the onshocked region transposed 
to the shocked region. The H a t  and electron# change both their therm al and 
h»n#tw energy across the shock* iince the p ressu re  in the unshocked region 
»s sm all compared to the shucked region, T |# * T j% «o 0 i also •  T j4 «* i  , 
so  that the thermal energy term

* • » * .  * T u  * Tn  * T .,> 4  * » * .  •
Sim ilarly the mas* of the electron ran be neglected compared te the ten. so 
that Ike kmatte energy term  becomes 

(M ♦ m| ! £  •

ijpl
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a «
The rite  of doing work in compressing the magnetic field from a 

value H| to la the velocity of compreaaton timet the difference in 
energy of Hj^/8* at volume " l H and / I f  at volume *2M, orm

dC ,  „ *H2 " I  1
3T v llS n  ’ V 7“ J •

Note that thu is not simply the energy difference per unit volume, 
but instead the energy difference associated with a unit of flu*,

1, Conservation of momentum: The pressure equals the time rate 
of change of momentum.

iH,.£
j f  ,  i j i L  * ^ K t T 28 ♦ T 2i) .  NK(TU  ♦ T l t ) ♦ j i -  ♦ NMuv

% Again the temperatures , T je , TjjS are small. The mass is 
contained all in the ions so that the momentum is NMu. The rate of change 
is proportional to the shock speed v.

If |T | f  T ^) • «j **4 T2i « «2 then using the conservation of 
flux and mass the equations become j

r t|ZH 2 ,  p o u J  H. 2
u [  y —i -  f *|NK(T2 ♦ *2) J » V [NK(T2 ♦ *2 - «, > ♦ + g j -  (n - UJ

-

■g.-?— f nNK(T2 ♦ «2) •  NKVj ♦ NMuv

m

i,NK(T2 ♦ «2) » j i -  (t -  ♦ NK«J ♦ NMuv

substituting into (10), and using q « v/(v • u) 
i  2

U ( j i .  ♦ NK«, ♦ NMuv) « v f c ~ 2 .  ( j i -  (1 - n*> f U - vj| NK«j ♦ NMuv) | p
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T  a V •  U • ♦ NK« f l -  ( * 0  * 7 NK* . l  ««»

t  • v *Tmr [*p + NK'i

i S I
111111

.  ..

Therefor®
■ • 1 v

v - i w + i m j 7

n r  ♦ N K ,i

♦ NK«,

NM

,

„ „. . . .

S i l l ?

Since ♦ N K tj i t  the pressure in region Ml» \ P^ , then by
Eq*. (12) end (15) the compression becomes

n ar 3
l i(p,-»,lj

(IS)

1

However, in the strong shock l im it  *  P| • so Out the compression 

approaches 3* This can be derived more sim ply from  the strong shock 
resu lt of o rd ina ry hydrodynamics in  which

m

s

* 4 4  .....................
■

sl-r
For a two-dimensional system, y •  2 , so that the compression has the 
lim iting  value 3*

Equation (9) im plies that the energy per e lection is  equal to the
kinetic energy per ion

K  2 -
— f  qNKT « NMuv -  
8« *

Let q *  3 , v -» , by (IS) therefore

i t  *
- g ~ -  ■ JNKTe > N H ^ .

i l l  i l l : !

U9)

i m m m
K T # * M

m m w m
• - .......... • ■

' • 4 3

*
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Since the tons everywhere move with the same velocity a t  the 
magnetic field lines, the magnetic (told itself cannot do work on the ions* 
Similarly, the mean (ree paths are long to  that scattering cannot acceler* 
ate the ions across the shock front* Therefore* the impulse given to the 
ions must come from  an electric field existing within the shock front* 
parallel to ths motion of the shock front* To first order the impulse 
given to each ion will be a constant so that the random velocity of the ions 
in the moving (ram s will be the same a s  the random velocities in the 
stationary frame* Since the tem perature is proportional to '.he mean 
square velocities in the fluid frame, it is  evident that the ions do not under* 
go a tem perature change comparable to their change in kinetic energy. 
There is* however* a socond-order effect which increases the ion tempera­
ture after passing through the shock front; U every ion received exactly 
the same impulse through the shock* then the change in tem perature would 
be aero* However* an ion with in itial velocity Au directed towards the . 
•hock spends a  sh o rte r time in the e lec tric  field and hence receives a 
sm aller impulse* Ths converts is  tru e  for an ion with in itial velocity 
directed with ths shock* This separation of the “sheep from  the goats “ 
results in an increase in the random velocity and hence tem perature 
increase in shocked region.

A solution to ths heating can be obtained by considering «he change 
in energy of ths ions when measured in the moving frame of the shock* If 
the electric f i e l d s  Ely) where y ie m easured in the moving fram e of 
the shock, J  E(y) dy • V where V is  a constant* o r the voltage 
across the shocL The integration is acro ss the shock front* so that the 
limit# imply a U rge  distance from one side to the other of the shock*
The change in energy of an ion m easured in the shock fram e will be a 
constant independent cf the initial velocity of the ions* because the ion 
falls through a  constant potential V*

Ths change in energy in the shock fram e can be written

m

§ |M i

H

V *  | V *  * {V * u ) '

Taking the strong shock limit and Eq. (IS) gives v « iu /2 .  Therefor*
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V ■ !£> [ Q ) Z ■ ( ^ . u ) 2 |  * M ./ (23)

If An ion Has an  in itia l ve locity  ± Au # then c o n se rv a tio n  of energy in the 
shock f r a m e  gives a  final la b o ra to ry  velocity  u u  by the re la tion

:§fl8f
V • Mu2 = £  [ < £  * Au>2 -  - .. ? k)2]

mwmH i#
(24)

Solving fo r  x gives
tL-3 I* V MX ?  l u  A u  •  A u 2 a

T h ere fo re

..

° -

u a “Ju? ?  I2u Au ♦ 4Au^‘

(29)
-

(26)

If -• 0 ,  j .  e . ,  the s tro n g  shock lim it, then 

x * t l A n

*§gg|g
(27)

’■mm
The ion tem pera tu re  ra t«o  w ill bewmmm m

T_ 1

H

* 9 m
i

The p a ssa g e  of a shock th e re fo re  m ultip lies the ion te m p e ra tu re  by 9* 
if the io n s  w ere  co m p ressed  a d iab a tira lly  by a fa c to r  of 3 instead of 
undergoing a change of s ta te  th rough  the shock fro n t, the in c rease  of 
te m p e ra tu re  would be 3 a lso . Ar. adiabatic co m p re ss io n  of a two- 
d im en sio n al gas causes an in c re a s e  in te m p e ra tu re  p ro p o rtio n al to the 
co m p re ss io n . The in c reased  heating of the lops by the shock p ro fe s s  
over and above the adiabatic ra i io  re p re se n ts  an i r r e v e r s ib le  m crease  
in en tropy . T here fo re  m a c y c le  of shock followed by adiabatic  expan­
sion the  te m p e ra tu re  of the ions w ill be in c reased  by a  fac to r of 3 per 
cycle .

r  -v -- ,ill. THICKNESS OF THE SHOCK FRONT 
E quations (21) and (22) in d ies te  som ething of the  th ickness of 

the shock fro n t, nam ely, th a t it  m w i be ap p ro x im ate ly  an e lec tro n  Lat m or 
rad iu s  th ick . Suppose it w ere  thin som pared  to  an  e le c tro n  Larmof/ ra d iu s . 
Then an e le c tro n  would fa ll th ro u g h  the field E(y) »n a linear path and the 
energy  change in the moving fram e  y would be

43 i i a
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This it  equivalent to saying that the shock frame is essentially at
rest insofar a t electrons are concerned, and that a free electron would

i1

gain the full potential energy of the layer. However, Eq. (22) indicates
that the potential of the layer must be

V .« Mu*
By equation (21) the electrons must pick up only half of this energy, namely 

Mu2

There are two ways of understanding how the electrons can pick up 
less energy than the full potential of the layer. The simplest concept is
that the layer is more than a Larmor radius thick. Then the fraction of the
potential that the electrons experience will be less than the full potential, 
roughly inversely proportional to the thickness of the layer measured in
electron Larmor radii. Another concept of the processes for the electron
to gain lees than the full energy of the layer concerns the orbit of the elec
Irons as they undergo multiple collisions with a receding Infinitely thin 
layer (see Fig, 3), An slsctron will in general be reflected from the reverse
side of an infinitely thin layer because the kinetic energy of the electron 
relative to the receding layer is less than the full potential of the layer. 
Bosfnbluth and Longmive have shown in closed form that the electron loses 
exactly 1/2 its energy after the multiple collisions with the Layer, The 
integration of the path is complicated. The same result can be seen from 
the fact that the slow receding oMhe layer away from the electron cuiding

'A3 i i *
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*Fig, 3, Electron orbit after accelerating through infinitely vhin Layer 

and subsequent bounces from the rear side of the layer. The orbits are

represented in the shocked, or fluid frame of velocity u,
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center behaves like an adiabatic expansion of an electron gas* Since the 
phase space volume doubles (from one-half o rb it to full orbit) the kinetic

. . V i  • ' V  y ; .  'V- V - ; V r ' - j -  .
energy must he reduced by 1/2* This factor of 1/2 identically sa tisfies 
conditions (21) and (22) for the final kinetic energy of the electrons and 
potential of the layer* However, the electron orbit behind the layer is  not 
the equilibrium orbit an the fluid* The drift motion parallel to the shock 
front causes a large cu rren t an<< consequent magnetic field change* so

“ ' 1 ■" '  v • •’T i  . , '  ■ [-'<■'! - '• - 1 i . "  •’ r » * *■*[’ •’ ';.'v  1

that the original assumption of the layer being infinitely thin is inconsistent* 
It must remain for a self •consistent calculation of the charge and cu rren t 
denaitles of the layer to determine its actual structure  and thickness* The 
above considerations do indicate that the layer must be at most as thick as 
a couple of electron L arm or radii and possibly much thinner. The properly 
of randomising the electron phases does not depend upon thd thickness of 
the layer*

IV. ELECTRON RANDOMIZATION 
The derivation of the shock hydrodynamics was based upon the 

assum ption that the electron pressure term  NKT was a constant indepen­
dent of position or tim e in the shocked fluid* Aa pointed out e a rlie r  a 
•ingle-orb it picture would give a  strongly oscillating current and charge 
density oscillation and we must look for the p rocesses that tend to ‘ran ­
dom ise the phases of the individual electrons that make up such oscillations, 

Let u t firs t consider the structure of such an oscillation* In the 
shocked region the re la tive  phases of electrons should be preserved inde­
pendent of the thickness of the layer* provided sta tistical density fluctua­
tions within the layer a re  small* As can be Seen from Fig* 1* the position 
(*) of the guiding center of an electron m easured in the fluid from  behind 
the shock depends only upon tbs position of the shock at the time when the 
electron  was accelerated through it* The phase is sim ilarly determ ined 
at that instant* Therefore the phase is a (unction of the position of the 
guiding centers* Fig* 4 shows the electron distribution for a  group oi 
e lectrons whose phase ehifts » /2  redians for every diameter shift of the 
guiding centers*

U is evident that the charge separation and current oscillation 
repeats for a wavelength equ il to i t  t The principal wavelength is the 
distance between guiding centers that corresponds to 2 t change in .

'43 10
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Charge bunch Charge bunch

Electron distribution for a hypothetical phase relation 

for Ax • electron orbit diameter * 2r ♦

Unshifted center

Shifted center

7  ig. 5. Shift in guiding center due to initial tran loetty.



If the mast ratio is that for protons and electron*, then the repeat, wave­
length of the electron oscillation is 0, 222 r f • In other words, one elec­
tron must contribute coherently to the phase oscillation over 9 wave­
lengths withui its orbit diameter. This ie a high degree of coherence, 
and it is not surprising that small perturbations can average it out.

y • the position of an electron measured in the fluid or
shocked frame.H m

Then
a • position of guiding centers in the same frame, 
y • a  re  sm(wt ♦ ♦ (35)

(36)}  • s r ^ w U i j - )

The average velocity at a point {{r(y, t)^  determines the amplitude of 
the plasma oscillation. It ie the vector s‘im of the velociUee of all the 
electrons at y, to  that we must solve for ( ) ) m  (unction of y. This 
will be a multivalued solution and in general it will include electron phases
lrom &a ” 2r , so that ths number of phases contributing will be approai-

*
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roately * 9 in the  c u e  of protons* The e le c t ro n  distribution at *
point will the re fo re  be com posed  o '  a sum ovsr 9 c i r c u la r  r> ;dilations of 
an  e lectron* It is plausible* and can  be made r igorous*  that if the p h ase s
of a!l the e lec tro n s  a rc  random ised  by 2 t / 9  rad ians*  than the coheren t 

fluctuation* will be averaged out. t h i s  is equivalent to the s tatem ent that 
I the phase  of all e lec trons  contributing  to the charge  drns«ty at a point 
a random  with a width 2ir , then  the coherent am plitude  becom es n ep li-  

gfbiy s m a l l .

!f it  is requ ired  Shat the  o sc il la t ioas  die out w ithm  one elm  trim  

L a rm o r  rad iu s  from the shock front* then e ither the e lec tro n  phases m u s t
be r a rd o n u s s d  by 2o/9 rad ian s  on passage through th e ^ h o ck  front, or 
they m u s t  undergo sca tte r in g s  th a t  accumulate to 2 * /9  radians in the t im e
the guiding center has moved 2 r c  from  the shock from

Random ising through the shock front o c cu rs  doe to an initial random  

t r a n s v e r s e  velocity  from  an in i t ia l  tem p e ra tu re  T .  , Tire effect oi th is
in itia l te m p e ra tu re  is  to  sh if t  the guiding cen te r  r e la t iv e  to the shin k fron t

'F ig .  ) ) ; ' + - : ‘
-

The shift in the guiding, c e n te r  Ax to f i r s t  o rd e r  is
.

A u

is  the initial random  ve lo c i ty  d istribution

*u« , FT
—  *Vt7  •

0 7 )

III*

The sh if t  in guiding c e n te rs  needed  to average out the oscil la tion  J* t J- . 
T h e re fo re  for damping th e  o sc il la t ion  Ax R ~  • Or

T'\fr^ * t  r« >lfi U9»

m

Tj i  ( j ) "  § 7 * 2  * J J T  fo r  p ro tons . (40)

Since P . »I mz
NKT

v and P j  7 NKT ̂  » then i t  is evident 
that condition (40) is sa tis f ied  up to a shock p r e s s u r e  ra t io  P , / P j  * 160
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which U a very strong shock indne«J. U (hr shock pressure ratio i» stronger
•till, then the averaging of phases will ukc a longer time, and the osetila- 
Uon will die oat further behind the •hock front. This residual oscillation

fX}

will be atill further damped by small angle collisions.
Since even a small angle collision can Rive a cumulatively Urge 

phaer-angle shift, the effectively large coulomb scattering cross sections 
for very small angle collisions cannot be neglected in this instance even 
though it has been (or the shock structure itself.

A collision that changes the direction of an electron by A <J will
change the guiding center position by r ^ O

However, for damping within a distance of an electron Larmor 
radius behind the shock

therefore

AO £ -A — « 0.055 radians for protons,
• 6 9 b  :

m

The Rutherford scattering cross section behaves as 0 •  l/tt* tu  that
tbs effective scattering cross section will be 10 greater *han for scat­
tering one radian. The path length over which this scattering must occur
is larger than a Larmor orbit by the number of phases in 2rt  of guiding
center space • namely 2 x 9  phases. Therefore the effective probability

, -V' - 5of scattering is increased by 2x10  greater than the probability of one
scattering in a Larmor orbit. From two standpoints, then, it is expected 
that the electron coherent oscillations will die out rapidly and that the
presaure term becomes a constant NKT.
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