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REACTIVITY EFFECTS
OF VERY INHOMOGENEOUS ENRICHED LOADINGS

. SUMMARY

The reactivity effects of one and of*two highly enriched fuel rods
placed into a natural uranium lattice thermal pile are investigated according
to the small source model. (See HW-24282 by W. A. Horning.) This model
seems well suited to problems involving very inhomogeneous loadings.
Assuming moderator constants and blackness values for the pile fuel ele-
ments, the resonance escape probabilities for those neutrons arising from
fissions in the enriched rods are calculated to be, in the case of a single
enriched rod loaded centrally into the pile, 0.855, and for the case of two
enriched rods loaded centrally into the pile, 0,868.

Il. THE SMALL-SOURCE ANALYSIS

A. Small-Source Description of a Large Pile

Consider an infinitely long pile, right circular cylindrical, of radius
R. Fuel rods are loaded parallel to the pile axis in a square array. Assum
ing that the pile is several slowing down lengths in radius, and that the fuel

rods are small enough to be treated as line sinks, the thermal neutron dif-
fusion equation is:
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where the symbols are defined in the glossary of notation. Assuming that
the pile face is many migration areas (so that infinite slowing down and dif-

fusion kernels may be be used without appreciable error due to the extrapo-
lation length at the pile face):

m 1 -

where the sums extend over all the fuel rods in the pile and where
Is the source function defined as;

F rjit »  k(»ifrH

alr

Thermalized neutrons diffuse to
here.

Neutrons become thermal
here.

Fission neutrons appear
here.

* The Gaussian kernel gives the source distribution of the thermal neutrons
and the Kc factor describes the thermal diffusion of neutrons. ” signifies
integration over all space. dyO d

The function . /j|) , considered as a function of p, is bell
shaped, centered about p * p4.
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The Qj are determined by application of their definition,

<)  <?2{ - 3.7T (K ft. )

where a la tte radius of the fuel rods, the |3.are rod blacknesses, ¢ and

JAOF I) is the total thermal neutron current density flowing
toward the 1 fuel rod, evaluated at the rod surface. Since

J. £. + OC/qu*r

(f*is the unit radial vector normal to the fuel rod surface), expression (3)
becomes:

*

&
_ A rg% RO

f f 0.6

fir

* Hod blackness is defined as the fraction of those neutrons headed toward
a fuel rod, at the rod surface, which is actually absorbed in the rod.

L] L L) 96



-a- HW-241J7

where the terms at the 1 iuel rod are written in detail and the only gradi-
ent term of importance la retained. This is a aet of linearly independent
equations, the order of which is equal to the number of fuel rods. For the
usual thermal pile, where all fuel rods are identical, all (30 (say),

hj * ho* PJ * Po* Replacing the sums in (4) by integrals ( (f ia the area of
a lattice cell), the lattice function Qj becomes a point function Q(p), defined

by the following integral equation (the terms are in the same order as in
equation (4):

Q(

- Q(f) KO(»)-<8Q(p
gnrD, . $Q(f)

- q(f)

4TT

where two integrals, one over all space and one over the i cell, replace
a single sum ~  over all cells but the ith cell, the Ith cell being centered

3%]

about the point p.
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It is found that Q (f>) - [T \Jo ") is the solution of
the integral equation which is regular over the pile, as the uniformity of

fuel loading requires. Upon performing the integrations, the following
equation for " is obtained

r <1 *_
(6) Jﬁ'e—ftl,xx ti\X) (v*-)

a7t«jz

(JIfl4. jni\v— A

.« K<o0

where ptis the radius of a cell equivAlént in areato {”°. a\ may be
recognized as the usual pile radial buckling. By solving relation (6) for

, it may be determined at what pile radius the sink density (and neu-
tron flux) vanishes. Relation (6) is therefore the pile critical relation
according to small-source theory. Note that the small-source method

yields the same cell-averaged flux as ordinary one-group theory for this
type of pile,

B. Small-Source Description of aPile with One Enriched Rod*

The pile model here is identical to that of section A. except that
along the axis of the pile there is an enriched fuel rod instead of a natural
uranium fuel rod.

* For purposes of this discussion, an enriched fuel rod is one containing
an alloy of aqd Al. The aljoy content is, by weight, 95. 65% AJ, of
2S quality.4.06% U"®..30% U238. The alloy density is 2.792 g/cm3.
However it may be seen that the analysis would apply, with small
changes in detail, to any other kind of fuel rod placed at the pile axis.
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Denoting the sink strength of the enriched column by Qp, the rod
multiplication by he, the resonance escape probability to be associated
with neutrons arising from fissions in the enriched rod by ”~ ¢* the
boundary conditions may be seen to be:

For the Xh fuel rod (jy£et the enriched rod):

LK) - Ks(if)
avap U] F O Qixufi-fti)

+feMVT
tr'e
+eo ® <,

For the enriched rod:

© = STQ

KA .p,

4** The resonance escape probability for the neutrons originating in fis-
sions in the enriched rod must be somewhat greater than p for surround
ing lattice, because of the absence of U”38 (with its resonance capture
levels) in the enriched fuel rod.
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Clearly, this method of separation of the resonance escape proba-
bilities is not fully accurate, since there should be a shading of p from a
high value down to the latticelvalue, moving away from the enriched rod.
However, the present technique, used consistently, gives good results and
has the advantage of simplicity.

Replacing the sums by integrals as in section A (the terms are in
the same order as in equations (7) and (8):

£ <?I) IC )% |

X Qt Fff)
CuR

the expression valid for p>p (because the central pile cell is enriched).
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Nk, (w)

If the sink function (p) AJ I\/Vo)+ BY* (#p) is tried,

equation (9) becomes (the terms are in the same order as in equation (9))
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where the symbols are defined in the glossary of notation. Clearly if B

-—-"0, the pile approaches the uniformly loaded lattice status. That is,
the parameter B is a measure of the strength of the enriched rod. It may
be shown that F(p) is asymptotic to & 0, ®

and that A d P/ IS asymptotic to

e « To a first approximation, the
asymptotic forms may be substituted for the integrals. This is equivalent

to neglecting very small terms proportional to rsj Kqg * Then the

p-dependence of the expression is a linearly independent combination of
Q. (p) and of KO ( * p).

Prale
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Equating to zero the coefficient of Qj (p), there is obtained simply
the relation (6). Equating to zero the coefficient of KQ( ¥ p). there is
obtained a relation among the several parameters. Substituting (p)
into equation (9), there is found another relation among the parameters
(the terms are in the same order as in equation (10)):

N a jehmptBX

(12)
o noM Qt
- N B7?y%)+
. K
<~mreCLI 11
+ (IW fcM R *)
In(12), F@ and 7~ N X0 M3

are calculated accurately, by numerical techniques.

It is convenient to regard A as a normalization constant. Of the
several ways in which these equations may be applied, the one chosen here
is the calculation of %8 # the effective resonance escape probability for
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neutrons arising from the enriched rod. Pile critical measurements give
< and B/A*, and the rod blacknesses are also determined experimen-
tally. The he is well-calculable. Knowing , the pCho product may

be found from equation (6). Conventional values are assumed for the
moderator parameters.

C. Small-Source Description of a Pile With Two Enriched Rods

In this case, two enriched columns were located at the ends of a
diagonal across the central lattice cell of the pile, replacing the two ordi-
nary fuel columns. Analysis very similar to that of section B, case I,
yields the following expressions;

o(f) K.wQ(fi-baQ,k(yyi
Xntap. _ Mikity)}
N2 Q)

(13).

d Vo (*p)

+

* Since the neutron flux and the sink density expressions are proportional
over all the reactor, for p > i 3/7- where

R is the pile critical radius.
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where Q(p) = * B X (Wf¥*) and refers
to the sink strength of each enriched rodj

N Ja JoW+BY™* P
(14) <3 Mfil-hKofo) Qi. sLK*(vXir)Qe
= *\ -NfASWTBTrAH"}

A Ja.MNAoftf) 2/
[+N>.h.BANV'AS$

rJ to. K. B f QeFV») S
+|3c.fet p('faUr) (
t "0oNASW+Btyw-"?

x{")+Rv0")}

+ XK M Qe »K(ygfr) &e

As in the case of the single enriched rod, the coefficient of Q(p)
yields just the relation (6). F(p) and OY* (di) {&)A~P'
are replaced by their asymptotic forms (in (13) only; not in (14)). The

coefficient of fco (‘hp") yields a relation among the parameters,

Since a pile critical measurement was performed for this case,

also, it is possible to determine for this case, proceeding pre-
cisely as in section A, Case I.



-17- HW-24137

I11. NUMERICAL RESULTS

The following numerical values are used:

D, - * 0.95 cm © * 358 cm?2
3
- 50 cm b2«452.50m * Afit
a =1.723 cm A *0.465 =0.315

These blackness values are those at the surface of uranium col-
umns, these columns being surrounded by a thin film of cooling water, the
whole assembly being contained within an aluminum tube. Pile critical
measurements give directly the critical radii, the values of R for the case
of uniform loading and for lattices containing one and two enriched col-
umns. Applying the definition of geometrical radial buckling ( P » 50|l

A IF

where jOQ( is the first root of the Bessel function JQx) and R is the pile

critical radius), the reactivity effects are determined in terms of buck-
ling increments. The computations give:

Parameter One Enriched Rod Two Enriched Rods Un form Loading
Pile radial ) * '
buckling 48.4 x 106 cm2  52.3x10 ®m2 <f*45.6x10'6
Pile buckling +2.8x 10"6cm2  +6.7x10 @m2
Pe (fin>‘e pile) 0.855 0.868
Pe (infinite pile)* 0. 875 0.890
* Corrected by the factor 6 . Where \/ iB the total

(radial plus 16x10'fI cm? axial) pile buckling.

mmromm
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It must be emphasized that these are effective values of the reso-
nance escape probabilities to be associated with neutrons arising from fis-
sions in the enriched rods, under the assumption that surrounding natural
uranium columns generate fission neutrons with the same resonance
escape probability that they would have were the enriched rods not pres-
ent. Consequently, the values of p listed above form ceiling estimates of
the value of p for the natural metal lattice. To estimate this last number,
notice that the pile buckling increments for the two-rod case stands to the
increment for the one rod case as ipg s 2.4. One might then expect that
the difference in p between the one enriched rod case and the homogeneous
lattice would be about T71* timei the difference between the two enriched
rod and one enriched rod cases, or x (0. 890 - 0. 875) =0. Oil.

According to this estimate, then for the natural uranium lattice
0.875 - 0.011 =0,864.

IV. ACCURACY OF RESULTS

Two relations among the parameters A, B, p h , , and
Qe are obtained in section B, case 1. One of these is equation (12), the
other, the coefficient of \ in equation (11), which is

equated to zero. If Qpis eliminated between the expressions, and the
resultant relation differentiated, it is found th«it

(15) - e 1337 aess(tt)

for the one-rod case. If expressions (13) and (14) are treated similarly,
for the two-rod case, there results:

(18) OX7(") -
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Since (fortuitously) ~ B/B is very nearly equal to

Nea7uvilyilncriGnentent> [ he fmtl]mV XProves t0 be essentUlly
linear in the small range of x necessary - approximately the first root of
JO(x)] , relations (15) and (16) provide the uncertainty in pg (and ultimately
inp A for the natural uranium pile - see section Ill) for uncertainties in
measurement of the reactivity increments, measurement of rod blackness,
and computation of he, the rod multiplication. The reactivities were
measured to better than one per cent. The computation of h , based upon
very accurate knowledge of alloy materials of the enriched rcnetal, Is as
accurate as the cross-sections of BNL-170 and AECU-2040. However,
the blackness measurements very possibly may be low by as much as ten
per cent.

One may question the values of 0, L, and DQused in these compu-
tations. It must be pointed out, however, that with these quantities and
the measured value of , a value of the product POhQwas computed
from relation (6). These numbers then are self-consistent; a change in 0,
L, or Dg would cause a largely canceling change in POhQ

V% APPROXIMATE COMPUTATIONS
A, Weighting Theorem

Knowing that the value of h * 1.977, that the critical radial buck-
ling of the homogeneous lattice is 45.6 x 10°° cmz, that the buckling
increment due to the insertion of one enriched rod is 2.8 x 10 © cnf , that

the pile axial buckling is 16x107° cm2, and that the area of one cell of
the lattice is 452.5 cm”, knowing that a” .87 and 650 cm”,
one can compute approximately by the weighting theorem as fol-
lows:

| +652 fa. 8 y
L b*v

(1.177) C 97)
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where <y\ = /\ Jo(V 4if.6 X/O"'y0) U>S(\/llpXI0~""y) ,

This computation gives pe — 0.855, with an uncertainty of per-
haps ten per cent. (Carried out for the case of two rods, where the buck-
ling increment is 6.7 x 10 " cm® and the cell integration is over two cells,
a value of p CsL 0.905 is obtained with uncertainty surely at least as
great as forfthe case of one rod,) This uncertainty, involving Mz. f, and
the actual flux in the enriched cell, is certainly not removable in any sim -
ple way. It must be remarked, however, that while one cannot, appar-
ently, expect the weighting technique to predict accurately and with cer-
tainty the reactivity effects of strong lattice perturbations, the weighting
theorem might be expected to yield quite good values for the change in
strength of a perturbation upon moving it to a new location in a pile, pro-
viding its strength was well-known in its initial location.

B. Two-Region Pile

Knowing that the critical radial buckling of the pile not containing
the enriched column is 345,6 x I(fécm | that hfi =1.977, that the
replacement of a natural uranium column by an enriched column causes a
buckling increment of 2.8 x 10 6 cm2, that the area of one lattice cell is
452.5 cm?, that the pile axial buckling is 16 x 10" ¢cm?, knowing that

7 'V/.87ancj m 650 cm , a two-region pile calculation may be
performed. Inthe cell containing the enriched column (centered in the
pile), the flux is =J p) cos(.004£,). Inthe remainder of the

pile )*, *£alq( p) +BYq( p)J where B/A is determined as in
section B, page Iff . Applying the flux and current boundary conditions
at the edge of an equivalent cell (Of p”* «452.5), taking the ratio of the
two relations thus found, and recalling B/A for the one-rod case 3

-0.07106, the following compatibility relation for is determined:
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@A Je - 0.<50%X6)

which gives m O,0 " (pf <H * 607xK)
and | +m *0" <) /v, X
r? = O8l6

Similarly, for the two-rod case, where boundary conditions are matched
at a radius "\/ 2p0 and B/A *-.16410, Pe ~ =0.821. These values
must have about the same uncertainty as weighting theorem calculations,

VI. CONCLUSION

It is shown that conventional calculations of the reactivity effects
of placing highly enriched rods of uranium into a pile require quite accu-
2
rate knowledge of p, f, , and M not only for the natural metal lat-
tice, but for the enriched material placed into a lattice of natural metal
(these quantities for the enriched rod certainly being different from the

corresponding values in a large lattice made exclusively of enriched mate-
rial).

The small-source method requires knowledge off), , the
moderator constants, the critical buckling of the natural metal lattice,
and uranium rod blacknesses, a reduction in the number of those con-
stants of a pile which are difficult to know precisely. Consequently, this
model seems quite appropriate ~othis type of problem,
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GLOSSARY OF NOTATION

Dqg 8thermal diffusion coefficient of pile moderator.
L =1I/X s dermal diffusion length of pile moderator.
8 sink strength of fuel rod i per unit length of fuel rod.

£> * resonance escape probability of neutrons arising from fission in the
ith rod.

h, * number of fast neutrons arising per thermal fission in the ith rod.

— = age slowintdown kernel for fission neutrons to
N

HW

(thermal) age 0—here a normalized (to unity) distribution function
d for thermal neutrorps arising from fissions in the itll rod.
j signifies integpafionover all space.

df * pdpdf 1element of area in cylindrical coordinates.

Vo ffi)- %

8 distribution of thermal neutrons arising from a line fission source at
P * Pr
Q(p) 8 sink density per unit length of pile at radial position p.

P+ >, (#]>0) Ke K toflj + 1

S(p0) * pO \h\\]lf,uoj

%
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m . Dy, (Xp'IE. () +y y.T)

a * fuel rod radius
f3 * fuel rod blackness
iIf = pile radial buckling

(le2-/ JM

lo =V —radius a cylindrical cell equal in cross-sec-

tional area to a lattice cell of side J(r :
length of an edge of the square lattice cell.

Ir



