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ABSTRACT

Scattering crois sections have bean computed for taro-energy neutrons incident
upon a square well of spheroidal symmetry, depth 42 Mev, and volume equal to that
of a sphere of radius 1.45a 10°** A*~" cm. For small distortions, tha resonance
that, in tha spherical caas. occurs naar mass number 150 at first shifts slowly in
the direction of higher mass numbers and than splits. When the ratio of Use interfocal
distance to the major axis of the spheroid ie 0.4, one finds resonancas at mass numbers
of 135and 160. The effect of including abeorption is estimated by assuming thst each
resonance has the earns abapa ae it would for a spherical woll. The nat affect upon

the croes section ie to give a very broad peaking over the rare earth region, with a
maximum near maee number 170.

* This paper ie based upon part of tha author's Hi. D. Thesis (Mass. Inst, of Tech.,
1956) which was supported by the Office of Nsval Research.

t Prasant addrasa. Univarsity of California. Radiation Laboratory. Berkelay.
California. Tbs author dssirss to exprsee hit appreciation to tha A. £.C. for
supporting the terminal portion of this project.
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In its original form the optical model of the scattering of low -energy neat rone
by nuclei* wee bleed upon the nsumption that the neutrons were scattered by a
spherical equire-well potential which contained a small ( 3%) imaginary part. It
was (ound that such a potential gave a reasonable account of the variation of the
scattering crose sect ons with mass number over much of the periodic table However,
e rather narked disagreement between theory and experiment was found in the
predicted location and shape of the 4S resonance. In particular, the curve of

K tf in the vicinity of this resonance wee found to be too high and too narrow
(see Fig. 7 of Reference 1). The agreement eat only slightly improved by Increasing
the imaginary part of the scattering potential from 3»to 5~ of the well depth.

feshbach. Porter, and Weiaakopf observed that the region of the periodic table
in which the disagreement occurs (135 *A < 200) is just the region that is characterised
by the presence of very distorted nuclei. They speculated that if the scattering
potential of the optical model wore allowed to take on a nonspherical shape in this
region of elements the 4S resonance might take on a more desirable character.

This paper deals with calculations performed in order to estimate the effect
of including variations of nuclear shape with mass number ia the optical model. The
calculations were carried out for aero-energy neutrons scattered by a real square
well of spheroidal symmetry. The value ot W 1T wee then estimated by assuming

that tech resonance of the spheroidal potential had the same shape as a complex
spherical square-well resonance.*

* Feshbach, Porter, and Welsskopf, Phye. Rev.Jbj 440 (1954)..

2 1am Indebted to Professor F. Villars for suggdsting this approximation.
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The depth of the potential It 41 Mev. U »i define the eccentricity of the Spheroid
M the ratio ol the focal dletaace to the length ol the major axle we find that, ap to

Here le a complicated function which. Inthe limit of spherical symmetry, becomes
tan ... /KR. where K la the wave number of the neutron when it Is Inside the nucleer
boundary. Figure | shows the variation of  with mass number, in the vicinity of
the 48 resonance, lor dllforoot volute ol the eccentricity.

One obeervee from Fig. 1 that the effect ol Increasing eccentricity ie first to
«bill the resonance point in the direction ol Increasing mean numbers and then to
opUt the single resonance Into a pair. Calculatioan for distortions larger than
thoes shown seom to Indicate that additional spUttiage will occur at the larger distortions.

It ahould be clear that the splitting of reseeancea does provide a peesibis
mechanism for bringing the optical model Into closer accord with experiment. This
would come about because the Inclusion of as imaginary term le the scattering potential
would be expected to “smear” the two peaks of the companion pel? of a epUt resonance
into tach other, thus providing for a very broad peaking over the entire resonance
region.

One can put thie Met statement into a more quantitative form by aeeuisiiog that
each raeonance of the distorted potential has the isms shape at a spherical square-well

* raeonance et the tame mass number. In detail, we suppose that the croee section
In the vicinity of a split resonance may be written

- 4«R2 |1 - U. X6,/Xtj *Ua X6{/Xi2 2

X2* tftm/«2)VO*2{l .1 «.

J. L. Ureteky, Ph.D. Thesis, Maes. Inst, ol Tech., 19M (unpublished). It ie
shown here that s a 0.55 wouldbo a better choice; however, the calculation of was
not considered reliable for s >0.4 . It ip considered that the approximations used bore
suffice to give n qualitative Indication of the effect of distortion. 628 004
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la the Uil expression VQ It the depth *t th« potential wall, which U takaa to be

41 Mev. T it cooitanU 4j and hj art chttta la malt Ill tangent functions infinite
(in tht limit ol vanishing () at tha resonance points of tha spheroidal wall. U w
assumed that aa eccentricity o( .4 it i reasonable average In tha raiw aarih region, *
m would choose tha I*a to match tha lap curve of Fig. K Whoathia has baao dona.

It It a simple rnattar la calculate ~*/D la order la obtain tha curvta oi Flga. 2 aad 1

Aa tha .igures indicate, tha calculation waa carried out for two diflora At value*
of e aand tht rooultt art compared with tht corrttponding ratulto for tha apherteal
equart wolU. to oach caao a "transition line" haa baao sketched to remind ua that wa
mutt taka Into account a smooth variation from aphorical to opharoldal thapo In tht
vicinity of matt number DO.

In fig. 2 wo not* that lor a | of O.Ul the "tn*oaring"” elitet from tha raeoaaaco
at mate number 135 it negligible. It follows that tha main effoct of tht distortion lo
to provide a slight shift in the position of the resonance. It otemt clear that there
It little improvement in the theory for thio cate.

The situation it quits different when t ie increased to 0.04. There ie now e
marked “"smearing" effect, which it apparent In the asymmetry of the resonance at
mesa number 145 (solid curve of Fig. 3). The inclusion of a "transition line™ Joining
the curves corresponding to distorted end undlstorted ecatterset leads one to the
prediction of a double peak in the resultant curve of ™ /IT. U appears that thia
prediction ie qualitatively fulfilled by the experimental data. ) One might remark
that a detailed quiiilVtii agreement should not be expected, both because of the nature
of the model and because of tht approximations that have been incorporated into the
calculation.

It teems reasonable to conclude that low-energy neutron scattering from ths
rare earth elements is dtscrlbable In terms ef an optical model, provided that
dletovtlona in nuclear shape are taken into account. The parameters describing ths
scattering potential are just those which give a good fit at lower mass numbers,

except that the imaginary part of the potential should be increased by a factor of
approximately two.

* The experimental data are taken from Carter. Harvey. Hughes, and Pilcher,
Phyt. Rev. 9b, 114 (1954) (circles); and Schwarts, Pilcher, Hughes and Zimmerman,
Bull. Amir. Phys. Soc., Series 11 1. 347 (1956) (triangles). lam indebted to
Dr. ttrk McVoy for bringing the totter data to my attantlon.
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1 with to thoak Proioooor Victor Wolookopf. who oufgeatod tho problom,
Proffiion Phillip M. Mom, Herman Ftokback. Foil* VilUro, And Dtvid Ptiilie,
and Or. Worrea HocK rotte for intorotting diocuootoao. The computation*! work could
not horn boon accompli*hod without tho invaluable oooiotnoco ot Or. W. J. Corboto and
ttw otoft of tho MI? Whirlwind computer.
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APPENDIX
*« use the spheroidal coordinates |, D, * and eigenfunction# 57" f. i«m|*

k«m| as delined by Moras sad Fsehbach.5,2 Ths boundary oi ths acstUrer la at

(a, end ths interfocal distance is 2d. Ths dimsntloniaas wavs snumbsr psrsmstsrs
ars defined by

Hl . KV

h* «kV - 0, t>t0

Where k and K ars, respectively, the wavs numbsrs inalds sad outside ths acattersr.

Ths wavs (unction outside ths scsttsrsr is expanded in spheroidal harmonics and,
In ths limit of aero energy, is

V <»!>(e, k.0,(0.« 6,

while inalds ths spheroid ws havs

AXOX M JCK

Application of ths usual continuity conditions loads to ths infinite sat of aquations

i Afd V<« [j«0, <«e t0» - r°X« «>/ QV t»>]

*01 (h*V

The Important step in ths derivation of ths last equation is ths observation that wa have

hu*0 h.0,h. ) -h'  Qj(( .

where Q|( t) is ths irregular Legendre function. Ths primed summation symbol In
Eqt. (1) Indicates that only even values of f ars to be included.

623 007
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By contide ring the asymptotic form of the spheroidal functions* one can easily
*how that Iha scattering croaa section ie, In tha sero-ene rgy Until, Just

»0 ag(t)) 2 ». 2

c 4«2 1. 2= 0(»9.
whsra wo define

: A.d-tH Of) J*of (H, t >.
| «0 0

It follows that the croea section is determined once Eqi. (I) have bean solvad for the
AV .

The solutions ware approximated by considering tha finite set of aquations obtained
from Egs. (1) by restricting | , X to tha range

0 i I, t <20.

Tha MIT Whirlwind computer was used to generate the matrix elements, solve the
equations, and compute the value of U was found that this range of « . V was
sufficient for good convergenet for values of « lass than about 0.4.

P.M. Morao and H. Feshbach, Methods of Theoretical Physics (McGraw-Hill,
New York. 1951), p. 1576.
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FIGURE CAPTIONS

Fig. 1. The reeonance parameterJ»vi nuclear mats number (or varioue prolate
distortions. 1he vertical lino shows the position o( the 45 resonance o| a root
mquart well.

*Fig. 2. 'lhe reduced width at | ev versus nuclear mate number (or a aphertcal aad a
prolate acattar«r, each with imaginary part, VQe ¢ 42 Mev, r0 e« 1.45. The
transition Una i« included as a rough guana at the nature of the curve if distortion

were allowed to vary smoothly with mate number.

fig. 3. Same at Fig. 2 except that the potential le given imaginary part.
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