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In order to provide an aAdtllsma® V<4 for ths study of tne
lew-energy proportWo of highly momspherieal ok U I, a computetlorn of
eigenstates hot boon w it for o particle mooing In « spheroidal
potential well under the influence of « strong spin-orbit Interaction.
The nucleus Hot boon regartsd to ¢ collection of independently moving
portlclto bound In the toot potential toll, in o winner U ihr to
thot In tho shell model. Asimplified nucleon Hamiltonian hot boon
used. FirUfiiN hate boon treated it bound in on isotropic harmonic
oaciiUtor potontlol to which throo perturbation* not* boon applied.
These consist of the tpir-orbit interaction, * nonisotropic deformation
term, and « truncation tom thot act* to fUtton the bottom of tho
potential soil. Approximate ooluttono hate boon obtained by on exact
diagonaiiaatlon of thoae soUtatrices of tho perturbation Hamiltonian
that connect only harmonic oscillator states within ths same Major
oscillator shell. Eigenvalues and eigenfunction expansion coefficients
are presented In tabular form as functions of tho deviation of the
potential shape fro* suhericity.

To illustrate the applicability of the single-particle
eigenstates to nuclear systems, a study has been mads of the ground-

slats spins and magnetic moments of a large number of deformod nuclei.
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1. vmmcnm
IM pm until fun Pm imr a great Imntman It oar
iil wNrtualifl] il 4dn Ut*mrv pfnirtlti of milt,

largely through the of W»* eheU eodei1|| and the collective
nuclear model. *** la lit etapleet formUttoe* the eheli model tm ti
the nucleue ii « ifitM of noninterecting nucleone merit** la ft eimer-
Uaily Ilymretric potential and under the Influence of etrong epin-erblt
firti*. The potential team by each panicle U attorned to b# an i»«nj|i
ef the specific interaction of that nucWon with ofteh of tho ©there,
and wy residual interactions beyond Ute isotropic iv#rtj(i are taken n
negligible. With this simple picture It hif boon possible to account
for those IUconMnullle* in various systematic properties of nuclei
aModeled with tho to-called magic numbers, to understand ouch of tho
rftthftr Kaphaaard tuccoesion of ground-state spine of nudel, oral to give
bettor MmlquantH alite description* of moh nrncssses at looaorle
transitions arvl beta decoy«.5

toong the notable qualitative and quentltatlve failures of tho
*hell aodol hove boon its inability to account for tho large and
predominantly positive quadrupole aoaenti and the rapid slectric-
quadrupols transitions”™ occurring in many of tho heavier nuclei. The
collective nature of tho Urge quadrupoit eoaente was first realltod
by Townes et ftI.7 and by Rainwater,g who propooed the explanation that,
because of their nonisotropic motion, nucieone beyond a cloeed
sphorloal configuration could cause a polarisation of tho nuclear core,

with tho result that tho nuclear ease distribution would become strongly



nonapharlcal. Rainwater further proposed that the shall-Modal treatment*
be extended Vo indude set!oil in nonefhertaat aot-er.itala, in »f4w to
obtain quedrupolt memn\ contributions free a ma'ority of nudeon IU U i
Biwfrtr, it was 1. M ip” Mnho first struck it ths etsence of the trouble
with tht realisation thit because the nucleons aove in o potential thit
thoy thaw elves create, there ere collective nolion* of the particles,
which in turn nffoct U»e patentlal seen by agy «+. With tho fomuUtton
of thooo Idd24 Into atheory, u portitl return mi nacke to th« oidor
liquid-drop picturo of tho nucleus,In the unifind nodtl tt first
proposed/ tho nucleus it tmttod tt t eort consisting >f tn irrolt-
ttonal, inconprttilblt fluid thtt ctn undsrgo nurftct oscillations

(i.t., collective vibrations), plus t Group of nucloont that lisa beyond
tht cora and novas in a potential dat-iminad by tht ccr* antpa. this
nucloon group la, tnerefore, dynanically couplad to tho core. Tha
degrees of fraadon of tha collective notions are tmatad as unrelated

to thosa of ths particlas. Tharo is thus a neglect of ths innllcit
constraint conditions that arlsa fron ths fact that tha coilactiva nodes
r.ra ths rsault of corrtlatad individual -partids notions..ll’l? is s
consaquanca of tho coupling between tha particle nnd collective motions,
tha angular ncaentua of tha individual partliclas Is no longer a
conserved quantity,5’9 bacauaa tha tpharicai syrwatry of tha potential

in which they aova has bean dastroyad. Rather there is now a sharing

and exchange of angular aonsntua between each particle and tha core.

a
Because tha partlclas in this nodal nova in a nonisphsrical nonstatic

potantial, a correlation has bean introduce into their notion as

regarded fron tha laboratory fixed coordinates.



The o-UtaMii* achievements of tilte theory have boon in 1m Ua(
with nuclei whose neutron *rxi proton number* ere for removed from the
magic numbers. this 1* the rollon of *etroi« coupling,* where nuclear
core* can iim m stable spheroidal shapes of rather large eccentricities.
Whan tho collective-model Hamiltonian It vritttn In terms of variables
of tne intrinsic coordinate system of tht spheroidal asst distribution,
ths oscillations eitsring tbs degree of elliptlelty of these nuclei are
found to bs of alnor importance In tho low-lying states, so that thsst
nuciti m; bo irtsttd as a rotating ellipsoidal mass and potential
distribution, with tho extra-core nucltons soring therein. further,
as ths rotational frequencies art, in jsnersl, snail compared with ths
intrinsic nucleon frequencies, tht rotstional couplings of the nucleons
may be neglected and ths system treatod adlabatically, with the
particles couplsd to the vibrations only through ths fact that ths
potential they "see" is now ellipsoidal. As was noted ty Bohr,9 this
dfcoupooitlon into independent vibrational, rotational, and particle
notions is in many ways reminiscent of the treatment of complex mole-
cules. However, this is unlike the treatment of molecules in that the
vibrational component of motion is of least Importance in the consid-
eration of ths heavy deformed nuclei.

That ths nuclear mass distribution nay be taken as spheroidal*
is evidenced by the simplicity of ths rotational spectre of excited

13 . .
states of the deformed nuclei. These rotational energies are of the

The suggestion has been made that rose nuclei may prefer a pear-

shaped density distribution,” though spheroidal distributions are
uoually favored.



Where 1Q and | art ths spina of ths ground and meUsd «ut«i of

N indicates that two of tha thraa principal aonriti of Inartla of the
aaaa distriuution suet ba equal and tha third aery m il, thereby
establish)  tha existence of an axis of symmetry in tha nucleus.
further evidence ccnea fron aaaaurad branching ratio* for d*eays to
states within a single rotational band.

It has long boon known that deformation is intimately related

to tha shall structure of tha nucleus,ls’lgnd that nsar cloaad major
shells, no atabla dafomationa ara pradletad, whereat midway between
shsll closure* tha opposite la trua, Furthermore, a hydrodrna*le*l
cora haa baan shown to ba unrealistic by its prediction of rotational
excitations of energies thraa to five tins* aa :reat aa ara observed,17
is an alternative to tha assumption of a hydrodynamical cora, tha antlra

nucleus can ba traatad as i collection of particles aoaing In a single
4,16,19,20

deformed potential. This is a ratum to tha original

proposal by Rainwater, and It is this sort of model that is considered

f This relation for tha rotational energy holds for even-evtn nuclei
and for odd-A nuclei in which the last odd particle has ar. intrinsic

i component of angular momentum other than one-half. In this latter

event, an additional term of form

2
-h

appears. I



In Ilit inveetigatUn *"*borted here. ¥h. the vibrational 3«<rt«i of
frwedoa are nsglacted, u mentioned above, the nucleus is treatcu at
t symmetric top rotator of moment of inertia ~ , in wheat spheroidal
routin* field tnt nucleons move, uiuffectod by centripetal and

Coriolis foreftft. for odd-A nuclei, tooh ft «y»t«a nay be described by

a pr«duct-«tate function

*hoot exact fora It tht result of tht tyaattritt attributed to tht
nucleus, The function* ~ , describing tht ooUwtivi rotations,
fora t(21 -f 1)-dimensional representation of tht rotation group and

or# tht well-known solutiont of tht wave aquation for tht symmetric

along tht intrinsic *uii, . Tht quantity Vk,jTL i» tht
antisymmetrised product wav* function of tht tingle-particle nuclton
states, which art coupled to give an intrinsic t component of angular
momentum -A- . Tht index k summarises the other particle quantum
nuabtra describing the aUta. As stated above, particle angular
aoasntua it not conserved In this aodtl, but, because of the syaaetry
about the intrinsic a axis, -A. is a constant of the notion for
each partlcLs state. This type of model may be criticised on many
grounde beyond the omission of certain interactions between particle

and collective motions. (These may not always be neglected with

impunity, as is illustrated by the necessity of including a direct

principal defecta are, of courat, the replacement of the strongly
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correlative two-body interaction* by a uniform potential Mil in which
the nueisons move incsependter.tly at ana another, and the treatment of
particle Ad collective motions as separate entitles of unrmlisted origin,
wiit the result that there ars several degree# of freedom beyond the

3A degree# of the true nucleus. Howmver, it t» net ths objmet of this
vortt to investigate the.# nttiri, but, trm tho phenomenological
standpoint, to in Vvhit may bo obtained on a simplified basis In spits
of them. Tho successful application of ouch models to many nuclear
problems has established thoir merit.

Tho principal took to which thlo Investigation It devoted It
tho construction of a sot of single-psrticle sluts® in * spheroidal |
potontUl thtt will bo applicable to th* nuclear model described V%n»i.
Tho potsntiil that has boon chosen for thus r*~ta u velocity-
Indopondont0 and, at hot bean implied, possesses equlpotential
surfaces consisting: of confocal olllpsoldo having two equal semiaxes.
Tho exact choice It Ilkt that made by NIIoson19 Ir a similar calculation,
but contains a number of atsontlal differences. Adiscussion of this
potential and tho eolutlon of the single-particle equation is presented
in tho following section, whore some comparisons with Nilsson's work
art also mads. Section Ill contains a more precise consideration of
the rotational model employed in this work, together with the
derivation of formulas to be used in the applications that are

presented in the final Section .IV. There are a greet number of

In keeping with the traditional way in which shell-model type

23,U
calculations are performed, velocity-dependent potentials

are not considered here.



application* in tAloh Uit panicla »uu* my ba aaployad, eocaarim a
*Wa ran*a of coopUnity and varying froa apln Hilctiunla to tha
ealcuUtlon of (mm transition ratM and bata-docay ft valuta.
B&Wiplta of aararal of tha at«plar of thaaa hara baan conaldarad and
tra praaantad to diaplajr tha applicability of tha V function#
to tha interpretation of phyaical data and to aaaaaa thb dagraa of

t Mceota *f tha Modal.
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1. THJ 3X*Ut-PAKTICU IM S

In attempting to devise ft mod*! for the calculation of elgen-
tfttftt applicable to opheroldally deformed nuclei, ono oust make ft
compromise between ft deft)*e for simplicity ftrd ft doaire for ft high
defrve of realism watr* respect to tho cnoice of the collective nuclear
potential. At U well known from shell-model and optical-model
investigations, tho average tingle-particle nuclear potential
In heavy nuclei it composed of ft well, V(F) , of relatively constant
dopth over »oit of tho nucloar volume, which drop# off to tore tn f
eail! fraction of tho nuclear radius, plus ft strong spin-orbit intor-
aetton tom, U(F, t). The quantities t, and T ftro respec-
tively tho position vector of a partido rolativo to tho nucloar
center of mum, tho particlo momentum operator, and tho opln operator.
If tho assumption* aro made that tho nucloar nasr distribution fellow*
tho average nucloar potontiftl closely and that nucloar matter la
essentially incompressible, tho condition that tho shape of tho
nucleus la spheroidal imposes tho restriction that V is a spatial
function of O - "D(x?fy 2)4-1J/D only. Tho nuclear
volume is then independent of tho deformation parameter D, as

necessitated b7 tho assumption of incompressibility, and the single-

particle Hamiltonian takes on the form
K 8 -1LV 2+v(0o} +u(r,% 9) , (im)
2J

where y Js tho nucleon mass.
Tho s mnplost soluble potential ponsessing some of the

features requited of V(<T) is that of tho anisotropic harmonic



oscillator. This potential contain* Uo unrealistic features. It is
not sufficiently flat-bottomed and It represents an infinit# well
rather ttuih a finite one. As a result of both the rounded bottom and
the Infinite walls, the aero-defomation ordering of the energy levels
does not correspond to the empirical shell-model arrangement (minus
the spin-orbit splitting), at is necessary to make the spheroidal

model consistent with the spherical model. The high angular-momentum
states within each of the principal harmonic oscillator shells are
found to be too high with respect to the etatee of low angular momentum.
Also, the uppermost partible states within a nucleus would be described
by wavs functions thst would be more tightly bound than is physically
expected. On the other hand, the harmonic-oscillator solutions are
particularly tractable, and because they comprise a complete set of
discrete states, U.eir use in perturbation treatments is uncomplicated
by the necessity of including continuum states, which occur with

finite wells. Astill more ussful feature is that because the harmonic
oscillator represents a diffuse infinite well, it dooa not fix the
nuclear-well depth and rallus a priori; thus all results nmay be applied
to any desired nucleus. This is particularly important because the
strongly deformed nuclei, to which these results art most applicable,

cover a wide range of mass numbers.

Because of the advantages described above, the potential U<7)

has been chosen as follows:

V(<7) S i/J U»2a 2+ W(CT) |, (11-2)



where

yo) tJKvxJo'+tyyS 0;  (or o< CI<d)

(11-3)
0 (for O>CJ0)«

Here uy it the oscillator frequency, which it fixed when ¢ nuclear
radius is epeclfled. The potential Md o, . which il dependent on the
single parameter o . s has the effect of raising the low angular-
momentum states relative to those of hilsch angular momentum, as la
necessary to achieve the shell-nodel level ordering at sero deformation.
It has the further iffect of removing some of the coupling to the
symmetry axis of V(<7), since for (, less than Oq, V(CT) la
uniform and thus is indistinguishable from a spherical potential. In
this sens*, as in others, the deviation from sphericity is primarily a
surface effect.e An ?jtlasts of the magnitude of this decoupling
property of Vo(0) may be gained from the fait that in general it
reduces the deformation-dependent part of the matrix element of V(0)
by amounts ranging from 10)( to 5Cfif, though, in some instances it
increases the off-diagonal elements.

The potential described above is similar to that used by
HiIason19 in a recently published calculation. The principal dif-
ference lies in that his reordering of the enorgy spectrum of the

oscillator was accomplished by the addition to the Hamiltonian of a

The fact that the momenta of inertia of deformed nuclei are lees
than the rigid-body moments indicates that not all the nucleons
take part in rotational excitations. It is primarily the nucleons

near the surface that appear to partake in the rotational motion.
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term of the fom f(KX \xit<™*d of a ton fucn u WVMCCT). Here
f(U) it » numerical function of the oscillator ahell number H, »¥ f
it in# orbital angular-momentum operator. It nay bo r.otod that
miftaon'a torn does not contain tho decoupling features of VD(<7).
True fact Hat Barred as ono of tho Motivations for undertaking tho
study prsoontod here, as It Is hoped that this difference and soveral
others may result in a somewhat more realistic set of eigenstates.

The spIn-orblt interaction that hie been used here Is
uc?,2/*) r -2 x*uXt \ (11-3.)

where A Is an adjustable parameter and X and are the orbital
and spin angular-momentum operators for a particle, respectively. S
comments are necessary with regard to this interaction. If the spin-

27
orbit energy consisted of a Thomas-like term , at it often assumed,

we would have
U:-2sPt-V V(O) x

z*2fry'+J* DTt~ 2gn//u/( X - o)«t'txp'-2 tVVDhx

On this basis, what has been done in using only Eg. (11-4) is to neglect
tho coupling between the spin-orbit and deformation energies on the
ground that the deformation is small, to assume that gu/ = A is a
constant In order to avoid the nece§sity of specifying u-/ before
wave functions can be calculated, and finally, to disregard the W

» term, which docs away with the onin-orblt Interaction in the central

region of the nucleus. This last omission nmay be in part Justified



qual natively by noting that It cause* the innermost nucleons to "eee"
too such spin-orbit Interaction, but the mm it true for tht outer
pwrtlclee becauee tht U(f , ft t) tern has not boan t#t equal tc itro
beyond tht nuclear radius. Thus * small value for ~ giwe* til
particles a more or Ittt proptr spin-orbit energy.

Tht wave equation

HV s EN' <XI-5)

It not Immediately soluble. Approximate perturbation solutions hate
therefore boon obttintd to firit order. For thit purpose, tht Hamlltoni*

has bttn separated into an unperturbed tern
H, - -*/?2/IV + ifJu r (11-6)
and a perturbation tent

H = Jtfu/(D - )r2+ j/vu/(l . 0)i2+ »h(a) - 2XHu t "t
D

(1-7)

Tht unperturbed Hamiltonian hat the well-known solution
In,i, J,SI> s Hl (otr)~ ~A~0, 0,.) , (11-«)
VI.J.A * 1 -»> o N-")

Here n represents the number of radial nodes of Rn £ » Including
the node at-infinity; jt and J the orbital and total angular-

momentum quantum numbers, respectively; and Si the projection of J
along the s axlt. The parameter oc is yp The functions

Sa
Rni’L may be expressed in terms of Laguerre polynomials, Those
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racial function! of interest in this calculation have boon listed In

Appendix B. Thu angular function! L1A say bt written In terms
of ths normalised aphorlcal harmonica2* (), and the spin
functions X | oo

+ * AH “lunl .-l (110

where ths C*s are the appropriate Clebsch-Gordan coefficients.
The evaluation of matrix elements may be caiTled out with
particular ease in this representation. The matrix elements of the

perturbation Hamiltonian have been calculated in Appendix A The

resulting expression is

L(nE  H 1Ny 0) 2
fiu

la-»{rS,.V

- Sxi'A* [rn,I|n".f" « J‘%\ V. I%/05%/0]

0

L0, #j,j- 4o, [F5LI*] )

+ e@S>*ZA(niwt I*V IV fwt>-mhm]

Eq. (11-%1) Cont.
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2-.J] u? -93
(a#- 3)(ai+U(2/ - 1)

+ C rLL+A U|———+ LANE 1
SxSH|(2t+1)(2%+3) (2f- V)(2i+1) )

| (1+)2-a2] [(/+D*. 7T j
" (21 +1)(2]| + 5)(2i4 3)2

I'».i) A

+ Q,-U.n» »-J)c ‘s njl-4%| i

0 JI-t-J

(11-11)

where
rOO

<SBEEH | R1%I(*r> = J RLic>AN,[.(/,)V

= i E*»#*?** .
0

The right side of Eq. (11-11) is independent of the parameter *
which specifies the nuclear radius; it is fixed when A , 6

and D are given. Furthermore, only states of the same and of
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the same parity art connected by H* Therefore the matrix elements
between states of adjacent oscillator-energy levsls will all vanish,
because the parities of degnerets oscillator states are always the
ease and are opposite to those of states of adjacent energise. Because
etates of nonadjacent oscillator levels are well separated in energy,
their matrix eleaents do not contribute greatly to the energy or wave
function of a perturbed'estate. In the following, only matrix eleaents
between states in the sane oscillator shell are considered as nonneg-
llglble. This amounts to making computations within the framework of
first-order perturbation theory.

For want of a better notation, the eigenstates of the total
Hamiltonian have been labeled by the deformation parameter £ , to
be discussed later, and the quantum numbers of the state to which it

reduces when all perturbations are turned off. Thus we have

when we let H go to zero. Of these four indices, only JX remains

a good quantum number of H7 for 6 & 0, although | still
determines the parity in the usual way. The state ~ 0l
can be expanded in terns of the eigenfunctions of the unperturbed

Hamiltonian that have the same parity and the same value of J\

V s f(mod 2)
(11-12)

The parity Is oven for | even and odd for | odd.
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whtre  k represent* the indices &n,t» ] of \U A

Neglect of the contributton* to V from states of different oscillator

*h*Il* imposes the restriction 2n* 4 |' * 2n 4/ or. the summation.

This will be noted, hereafter, by a prime attached to the auamation
sign and to ~ i

(11-13)

to be an approximate eigenfunction of the total
h* (»J *-rt.

Hamiltonian, we must have

Kor Y

The degeneracy of the oscillator functions leads to the result

flulzn 0 -0) e x

. so that we obtain



(K,A)H* [n', f, J\/\)
1”19

* | -y kA ',* i > 1
U V.I‘.jIA(Hln'“'D

(XX-H)
Multiplication of Eq. (XI-IM on the loft ir. turn by «Ach member of the
degenerate set of states corresponding to
the usual eecular equations from which tht expansion coefficients d
and the perturbation energies E' can bo obtained. This not of

squatlens is most conveniently written ae

where the various indlcea range over tho quantum numbers of the
degenerate set of states In question.

As was mentioned earlier, in order that this model be consistent
with the shell model, It must result in the same predictions as the
shell model when we have D - |. In particular, It must give the
empirical shell-model level ordering at aero deformation. This can be
accomplished by a suitable choice of the respective spin-orbit and
truncation parameters, A and £ . For this purpose, Ds 1 level

diagrams were made for a wide selectlor of A *sand i ’a. These



wé&m

were coopered with the sealempirical ordering of natron levels* obtains*
by Klinkenberg” as %hot shsll-eKidsl fit for the solns of odd-neutron

nuclei.* It woe found that only for values of £ between About 2.1

and 2.6 could ths over-ell feature* of Klinkenherg't diagrtu be
approximated. Asingle value of £ m 2.4 hM boon used In reputations,

herein, which In turn required a choice of A 5 0.045. Th# llinkenberg
level scheme and that obtftinod here with thft above choice of A and

i are show:;, In ft|* I,

The un of a single choice of A and | for all parttela states
involve* two laportant assumptions. The flr*t i« that the well eseon" hy
any nucleon lo the same aft that seen by any other, and the seeotd is that
It Li meaningful to prescribe a single ordering of nucleon stat-.s in

which the lower ones remain unaltered by the addition of more ftrUcles

* The pmlon-level ordering ift only slightly different from that of the

ntutrone. The calculated eigenstates should thus apply about equally
wall to odd-neutron and odd-proton nuclei.

Selection of the undefonoed energy apectru* by comparison with that

given by Klinkenberg is not a completely justifiable procedure. Is
already stated, hift arrangement of levels was proponed on the basis

of a study of spina and magnetic moments of odd-A nuclei and a
correlation with ihsll-nodel assignments for theet quantities. Such
s procedure has no validity In the region of strong daforaation
where these quantities are related to the single particle states in
a manner different from that used in the shell model. However,
though the Klinkenberg level ordering night be expected to be
unreliable betwwn the higher closed shells, it should ipproximats

the level structure woll near the major shell extremities.



fi-.«@oxf

*Hee< »'# ft 1=ttt N8 > ee=

Pr«t*M

frig 1 Comp-triuon of thr hiinkenberg lev* 1ordering for ahcll-
model stateR with the *«ro-deformation ordering employed in
the present anleolation.

(1 would Uke to expn m\ <upreciation lo Dr Klinkenberg f<
permitting the reproduction of his level diagram in this report )



to a nucleus. Both these assumptions are undoubtedly inaccurate, but
they are nonetheless retained in order to avoid the introduction of an
excessive number of arbitrary parameters.

The solution of the secular Eq. (11-15) has been carried out at
several different deformations by an exr.lt iterative procedure on the
I3M-650 digital comoutor at the University of California hadiation
Laboratory *t Livermore. Eigenstates have been obtained through the
eighth oscillator shell. The deformations are listed in terms of the
more customary parameter <&c (b - a)/)K , where b is the symmetry
seiriaxis of the spheroidal nuclear mass distribution, a is the
semiaxis perpendicular to b , and H is the average nuclear radius.
The quantity S may be related to D as follows.

If tho spheroidal surface bounding the nuclear volume is given
by pft: D™ f y») 4 we then have | * p//IF find b = pD.
Furthermore, for small deformations, the average nuclear radius is

&«1 (2* 4-b). Thus we obtain

= PD- p//P
I [Pp/yfd 4
and (11-16)
LULA
3 -s
The nucleus is irolite for £ 2~ 0 and oblate for i 0. The
values of d at which solutions hav obtained are S et.0 1,

k 0.<, and i 0.U. States of the total Hamiltonian of plus and minus

-A  are degenerate, other quantum numbers being equal, and ae
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of - |TI are related to the -f -TL  states, given ir. Eq. (11-12),
W

1o J'-i
Y
LW -A U> - Z (-X
{n".t"y)
(1-17)
where is an arbitrary phase factor.* It has been necessary therefore

to solve only the secular equation for states of positive -CL , Tables

The total Hamiltonian is invariant under the intrinsic coordinate

transformation i y -a -y. This is equivalent to letting

o-*TT-e, O0r+ -0, Xy » and n

The function obtainod by making these substitutions in Eq. (11-12)

must, therefore, also be an eigenfunction of H. Such a transformation

afreets only the r\JcI)_'I. (8, 0, s) functions. In particular,
, LA
E;. (11-10) transforms to
t (

Employing the properties of the spherical harmonics and the Clebsch-
Jordan coefficients29

A <1T-«, o*).(-1)*
Cj ffis) . (-1)' ~ A Cf © b,-»)

gives the result



Thui we obtain

(k-fl) I .V *a)

where the phase factor /3 nay be chosen arbitrarily. The choice
of /3 is discussed further in the following section.

of eigenvalues and eigenfunction coefficients, d}_.#t i

lis 1

, are given

in Appendix B, together with a plot of energies Zn - . -./tiu as a
function.of the deformation. The eigenstates have been listed with the
assumption that no crossing of levels of the same -H. and from the
same oscillator shell may occur. The possible crossings, or lark
thereof, among states of like JX and parity coming from different
oscillator shells has been disregarded completely. Subject to the
approximations made in this paper, taking accov-t of such crossings

would at most necessitate a trivial change in the labeling of some
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states, and would only complicity the a*nner In which the wave-fundion
coefficients hive been tabulated.

A few rgmarks nay be made regarding the deformed level structure
and the eigenfunctions* At deformations of > 0.1 »u
semblance of a shell structure hae vanished. It Is this complex mixing
of energy levels that is the cause of the large stable deformations,
Tills mixing also illustrates some of the difficulties that would be
encountered in a finite-well perturbation calculation, in which one would

find many unbound tero-deformation states coming down out of the continuum

separation of the states of a nucleus into a definite unambiguous core
surrounded by a small number of extra-core particles in the region of
large distortion. This in turn tende to prevent such investigations at
the testing of the strong-coupling scheme for the assignment of nuclear
spins by the introduction of two-body forces between the extra-core
particles.

In a comparison of our level diagram with that by Nilsson, it
Is found that the general features of both are very similar. This is,
of course, to be expected. Some differences in the ordering of states
do occur aside from those which may be directly attributed to a differ-
ence of choice of the sero-defonrAtion arrangements in the two schemas.
A more evident difference in the lower portion of the diagram is that
the stages of our calculation have been less affected by the deformation
than are Nilsson’s. This is because of the nature of MegCr), which
has already boen discussed.

The wave functions obtained in this calculation are about

equally divided among those whDse properties vary little with deformation
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and those which exhibit rapid change* because of strong interactions
among the unperturbed states. The general structures of the energy
diagram and of the state functions appear to be relatively stable with
respect to snail changes in the mAtrix elements, as was learned in the
course of correcting several solutions obtained with erroneous matrix
coefficients. This perhaps further Justifies the omission of matrix
elements between nonadjacent oscillator shells In the eolLution of the
secular equation.
It is shown in Section IV tint the eingie-particle states

constructed in tne manner described above may be successfully applied

to the interpretation of rattty physical properties of nuclei in the

regions of largo deformation.
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[1l. DHOVATIOH OF FCfiHUUS

A number of equations and other relatione are ueed repeatedly
in the applications contained in the following section. These hare all
appeared previously in various publications dealing with the properties
of nonsphericalnuclei.However, weconsidered it worth while
to rederlve these expressions here instead .of nerely stating thee in
order to clarify their origin and the nature of the model that haa been
employed In this work.

In the simplified nuclear model that is used in this investigation,
all collective modes of motion other than rotation have been neglected,
The nucleus is assumed to consist of arigidly rotating spheroidal
potential in which the nuclear particles are bound. The density
distribution of the nucleons is assumed to be of the same shape as the
potential, and to have associated with it a set of momenta of inertia
for the rotational motion, produced in some unspecified way. The
particle motion le further assumed to be independent and unaffected
by the rotational notion when viewed from the rotating coordinate
system, The total Hamiltonian of this system is most easily written
in terms of "intrinsicl coordinates referring to the nrincipal axes of
tho nuclear mass distribution. If Tf is the rotational angular-
momentum operator and J the angular-momentum operator of the oarticles

in the rotating coordinate system, the total Hamiltonian for this

system is

$| « H mft V h2
92 19)J

The term 8* will be defined presently. The moments of inertia,

(11-1)
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are related in the following manner:

Lfrz v # - 9 -3 «}
Equation (Il1-1) may be rewritten in terms of the components of the
total singular-momentum operator | : B + J. This results in the
expression

23 2 2 2 T2 2 2-|

H o« (H* +ttL )+ JL a3*3J) + £. x -13 -]
*yy Ah N L J

S L i+ iy (xn-a)
L J
where 1+=1, + il and 1 m1nM- il2 with similar relations for
and j.. Use has been made of the commutation relations
3 0 for components of | and J in the intrinsic

coordinate system. The quantity H1p+ ft j refers only to the

particle motion and is set equal to the pattiicle Hamiltonian Hp given
by Egs, (I1-6) and (II-7). The form of Hp is such that it excludes
all effects of rotation on the intrinsic motion of the nucleons.
Furthermore, the fourth term of Hp which couples the rotational
motion to that of the particles, is assumed to be effective only
Insofar as it has diagonal matrix elements for solutions of the re-
mainder of the Hamiltonian, l.e., it contributes to the energy of the
system only and not to a coupling between eigenstates of the first
three terms of ftp (In the following discussions the Itatniltonlan ftp
w ill be treated as if this assumption were precise.)

For the system described by the Hamiltonian Eq. (111-2),

and are both constants of the motion. TMa is true for jj because

S
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the particle potential la axially symmetric, and for

because the
mass distribution is symmetric about the intrinsic z axis and therefore

behaves like a symmetric top rotator.® The eigenfunctions of Eq.

(IX1*2) are the products of the state rectors of its two basic parts,

H and ji» *1 . Using the notation of Section I, we hare

% ,11 S '
2-2 I 2 |
z N dhk 1 “k.k >
%
J3 1 KIDKX
The quantity sh

i» the eigenfunction of the A«nucleon Hamiltonian,

Hp. Xt is labled by the quantum number -ft , which is the net intrinsic

i component of angular momentum of all the particles, and by some set

of other quantum numbers that have been lumped into the index k. The

Dg

*** normalized functions of the Eulerian angles that describe

the position of the intrinsic rotating axes of the mass distribution with

respect to some space-fixed coordinate system * The term | represents

See, for example. Principles cf Mechanics by Synge and Griffith.

The expressions for the specs- fixed coordinates in terra of those

of the body-fixed syat are given below. The space-fixed

coordinates are primed.

X' =x |coa Ot cos cos fn - sin Oe sin YeJ

4y P= cos O€ cos 6, sin*” - ain 0" 4 a cos Of sin
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y’ . x[ein co» Of coi Yt 4 cos Ot sin Y*]

4y sin cos 60 sin Y# - cos 0# cos YQ 4 x sin 0# sin O®

s* s - xsin 9# cosYO 4 y sin iinYf 4 acos 9« e

the total angular momentum of the system, and M and K are the «
components of angular momentum along the space-fixed and body-fixed axes.
Both Y | and | ara degenerate with respect to changes of sign

of any of the quantum numbers X1 , M and K The state functions for

the complete system have the form

(111*3).
(The phase factor (-1)*"~, which appears between the two terms of the

combined wave function, Bg. (111-3), ie dependent on the value of the
arbitrary phase parameter «« , which is discussed in Section I, page 25
In the present considerations, /s haa been set equal to tero. However,
it should be noted that in the table of wave-function coefficients of
Appendix B, some of the states are listed with o - Tf -) The
appearance of terms of both signs | and -A in the above equation
stems from the invariance of the nuclear ehape under various rotations
and reflections of the intrinsic coordinate axes. Because there is

no definite orientation of the nuclear mass distribution in soace, no

physical significance can be attributed to a specification of this
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orientation. The wave function describing the complete system must

about the nuclear symmetry axle, or a simultaneous inversion of the
intrinsic y and * axes. These matters have been discussed more
fully by Bohr. Only the results of performing the symmetry operations
described above are given. The first, l.e., the 160° rotation about the
syrmnetry axis, restricts the value of (K -/I) to ovem integers,
0,12, i U etc.. The second inverts the intrinsic z axis but retains
the right-handedness *f the internal coordinate system. As a
consequence, the quantum numbers K and A  change sign and appropriate
phase factors appear that restrict the wave function to the specific
form given by Lg. (I11-3). Another important property of this model
is that the rotational functions > do not contribute to the ground-
state parity of tie system and therefore the parity is determined solely
by that of the particle wave functions,

Three (quantities will be of interest for the applications of the
following section. They are the expectation value of the total

eHamiltonian, the quadrupole moment, and the magnetic Moment. Relations

for these are derived below In the order mentioned.

Rotational Energy £

The expectation value of the total Hamiltonian is

terns with [K,-fl] -> |-K,
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Inserting Hj, and writing Ep(k,il) 1 | Ho| *

give#

(”t> « *p

- K-DY* n rank % L-jfi LMo+ X4 | DKK Y..n)
4- a ten* with {Ki-A} — j & A}j . an-*.)
Making use of the properties of 14 and 1_, l.e.,
]+ ok, k  * vick+ 1 K+ D) on,ic- i )
|
W%r* = ya - ku + i + 1) V K+ 1

one obtains
\IK,-K % ,-A II,]-+ 1-J* |°K,K 'k./1)

l<i)l.,l <t..nl >1Y»A) = <M-»

(The commutation rules for the component* of | in the rotating, body-
fixed system aro
(u =v] "
rather than the usual
» V] * £AIA T
As a consequence, the roles of 1~ and |1_  Are interchanged, 1°

bfcoming the lowering operator, and | tne raising operator.)
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Ml Ih# fom of th« portlcl# wot* function only throu#i th* 4*«oupllAC
conoUnt. Slnet both Vi* ao«n*U* MMnt // on! th* Oocoupllr*
conotont ft or* 41r#clly oooourobi* qvoivmu#, Eq. (111*14) oon b*
u»*4 ee 0 rolhor *on#itit« chock on tho ooouaptiono thot hov* ton* Into

th* oolcuUtion of tho Mirwfit« otfwmU.
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ero thuo function* of tho *» jot ttn*fWKitioO norinotor p» *
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hot boon ftodo botw#on tho io«#l oKorlr*# #f tho nowlfont OM| prctoot

in toil pukooo Fencing wu, in* rotwlt* of
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botrin* ott ttiw » 0 orbital oooignotf to « giton m tltwo,
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thuo on onprooioblo A”ant el 4? oriouty t'4 o”biguity In $** of tho

orbital oooigmonU tnd cidgwtat* »t.
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Th« fuot on* oinplott onolKotion tbot un bt M o with th«
epnoroidol orbital* it U ovit*p* u torroUio tho ofecorvw* opln* sf
e*M a nwclo: in tno r**ion of otr*>t>* dofotooUbh oitn tat otat*# of
U.t onorof'iovol 4Ugro*> Koch onor*r otato of o «f*oroldol notontul
will hot# o two-ftM 4#gof*r*cy Ci>rro*r»r>dlft| to arioniotion* tAonO
* A of tho coopontmt of otrucii ~nsvi*r oooontyi oion* tat Intriiiiitf
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nU4 for tho mnstoi to to etmoldorod Horo, thooo tUioo or* flUbl -

polrwioo ty rwelocno ol *0Odc tyro, ihouring o eoncolutiw of oil /!



contribution* eeeeri from peMibl* unpelred p~rtidM, Thi gruund *uu

epln of e deformed nucleus. le in **n«rei liven by 1 s

except uhen thl* M equal* *n#*half , Even-even nuclei ill have mk
epin, eherei* nuclei of odd mm* number* has* spina equal to lit A of
the unpaired nucleon, i>mU«4 A *J If A »t» « UIM Im
relational elate el *he nucleus could Mce»* the nuclei/ |round state,
cauelni t U be poeeltly freater then oneheif, Thl* possibility
U ne|leeled in th« flint consideration* of entn eseifnmente tine d
neglected it the possibility that ttr**va "pairing” force* M loMtiMi
rawes the unpaired paft,tel* to be other thin W* list, *e specified ty
tns energy*level ordering

bpin u» U aw ti hive been nmde by te*am* the level ordering i*
literally M possible, iRVMtlgati r>of mutlttr eplne entitle the
aetianment ot appraisal« value* of th* deformation parameter, &
to the nuclei under (rontideration (ehich is di*eue»ed presently).
Ulth 1 chosen, e March of the energy-level efheme i* made for
itite* of A equal to the measured nuclear epln tn the vicinity of
thin deforestion end vhe occupation number corrasponding to th*t of
the Uet unpaired nucleon* The state* listed ere not aiueyt it
exactly the prescribed nucleon occupation level) they er* emretlate
Just shove or Ju*l belo* it. ThI* i* not felt to he * serious defect
of the Model, for ve ere primarily interested in describtna th*
over-all systematic* of the strorgly deformed nuclei rather than the
characteristics of any one nucleus the availability of a state of
the proper A in the correct region of the level diagram indicate*
thet ccmplete uareement of the sort desired could be obMined by a

emall change In the model potential or th* a priori level ordering -
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«1 $ a C, epplieeble to the RMiwi in without *Ung bn
epprecUfele entitle in the breed feeture* of the Im | dtegret or In

the ftitlUl were function#. A definite ftllur# of Hit #«he*e i#

«14*r.V only when no lorel of fl « X eon bo fourvi for th# odd
nucleon, end even hoto the pooftlhiiity thet to note [/} « i %4

1) fl aunt ftret bo invertigoted. for * proper to* igh\Hnt of crowd-
etote .rm*I» to the loot wipeired necleene, o conpwrteon of the peitom
of portUio exelUtion# of the raielew* with thet predicted by the level
dUgmi should bo i%ede. However, thit hot not boon done hero.

4 more eerioue eebtguity occteiontlly occur# when eeverel rtetee
of the ooA# IX fell in clot# proximity %d m« to epply eoutlly
ooll contender# for tho odd-m*cleon eUt# tn ouch t*»»t hm
othor criterion *'»t bo utod if « perilmUr orbitel U to bo tingled
out #o tho correct one,

No group# >f nuclei, thooo of tho lenthenidoe tnd of tho
ec'Inldee, hove boon considered. tn eech, tho odd-proton end odd*
niutron nuclei hoot boon lifted eeperetely* In moot <n»oi, oelgreet*.t»
cf equilibrium deformation novo boon eede by eeewlng tho nuclei to
hove « uni Tom chore* diftri button over t spheroidal region of everege
rodiuo Ri 1.2 x 100® I} ca#end routing tht jctH IU quedrupeie

soment "  obtained thereby to tho epectreecoplc velue Q@ through

tho equation

Q , U*l - 0 A
(141) (21 4))

With theee approximation*, for * erherold of eevlexee #x *y 8 p D

tnd t( » p O represented by p2 * D(x24- y2) 4 »2f'[2 end cherg#
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density * | ', om obtains
*tr
o o’rple tW
(i »* -
/ *
y *pO /| ¢
-3i
t | I P*(02- 1/D)‘10
Usli* the previous definition of Section II, t,I,#
il
f = Im-1 end 0 s 3+ 3#
-15-7?
where H * *g) » one (eta

Ak 4 70724 1] (14 £ S )

The further aiepUfyln* approxiaatton ho* been wade that [1 | ~0.3,
to th*t (I + | ( ) con be rtplaced by 1.05 when we hove 6 > 0

end by 0,95 "h«t *» bevt £ < 0. The final coeblnetlon of all

quantities *lvts

_ x367  (for | > 0)
| « =V U+D@A+» 9
Zi2/3 1(31 - 1) 91.37 . (for 5 < 0)

TM« r.Ution 1* of court# Inv.UJ If 1- J. Optleolljr mMiurod
value# for Q ere used when available. In other caae, valuta of

obtained directly from S2 tranaltlon probabilities have been used.



These are considered iaea reliable. Where no knowledge of Q or @ it
hod, levels of X« Xl Koto boon sought In the deformation range

0.1 < 4 < 0.i.. The computed values €6 1 «un not bo taken too
»*rlou»ly because the measured friadrupole eoeaents Mgr bs considerably

in orror.

Tables A, I, C, and 0 given below lift tho following apin infor-
mation according to isotopet The first thro# columns contain tho experi-
mental valuee of Q and 1 along with a number referring to tho source
of the data. References on aagnetlc-thosaent measurements are also given
here. Colusm four gives our computed value for $ . A parenthesis
about the number indicates that the deformation has been obtained fay
using transition-rate data rather than optically Matured quadrupole
momenta. Xn columns five and six, the spins and orbital number* of
states that could qualify for the last unpalrod nucleon are given. In
those instances where the state occurs at the exact GC* .patlon number
and near the listed deformation, the etats number has been bracketed.
Finally, in columns seven and eight tne orbital number hen been repeated
if it le found to correspond to one of the state assignments that have
beer, mads by use of the schemes of Nilsson”2*” and Qottfrled.20 A
line has bean drawn through thoss locations in columns seven and sight
where the nucleus in question has not bean studied with tne Nilsson or
Qottfrisd level ordering*.

An examination of the accompanying tables shows that a state
of the proper -A to give a nuclear sniln of 1 - fl can invariably
bs found In the desired region of the snergy-lernl diagram. In many
cates more than one such state Is available, so that an immediate

unambiguous assignment of an orbital for the last odd nucleon is
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impossible.  Tnit ambiguity of choice becomes wort* as th* occupation
number of tha odd nudson become* larger, because energy levels become
denser In tha u;per portion of th* level diagram. This it considered
to be t rather seriou* defect of the present nodtl." What It chitfly
to be notad it that a very high degree of correlation exists between
th* spins of th* deformed odd-A rate1*1 and th* #tat*t of th* energy-
level diagram obtained in the present calculations. However, result*
ar* not sufficiently clear-cut to make reliable prediction* of nuclear
spins possible. The orbital assignments are ditcusaed fvirther in the
folic/wtng section on magnetic moments.

k comparison between Ih* present orbital assignment* and
thco* mad* witn the Nilsson or Ctottfried level orderings shows that
although there are many cases of agreement, there are similarly many
instances Its which the assigned orbitals are different, i.0., thpy
originate from states of different angular momentum at xero deformation.
The origin of these differences lies primarily in the differences in
the { < O level ordering chosen Ijr the various authors. Ths
disagreement is particularly evident in the odd-proton nuclei because
the level ordering in this particular work has been chosen to rnsmsble
that of the neutron arrangement rather than that of the proton arrange-
ment. This apparent lack of consistency among the various spheroidal-
well calculations is considered to be another defect of this type of
model in general, but one which can be resolved when sufficient

comparisons with experiments have been made according to the sevenl

models.
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B Ke”netlc Moments of Odd-A iuclel

The calculation of nuclear magnetic WW U MI* it a somewhat
more etringent test cf the applicability of Ut present model to deformmd
nuclei than dot* ih* assignment of spin* It strve* further *» 4 crlttrlon
for rejecting iom of th* orbital* that have toon selected as possible
states for tht unpaired nucleon of odd-A nuclei. Th# magnetic KOMnti
of a largo number of spheroidal odd A nuclei Havo been measured, ttpoclolly
In the rar# earth rtgf a considerable number of to*#*, however, the
precision 1* not very grtat Moments of these nuclei for which data aro
available have boon '-caputed by use of Egs (21) through (24) of Section
Il and th# orbital assignment* of Part Aof thl* taction. ThO resulta
of these calculation* have been presented In .graphical font In the
following page*. Por teen nuclei* considered, a plot hat been made of
theoretical magnetic moments predicted ny the assigned crbitals, a* a
function of the deformation. Except where specific knowledge to the
contrary was available, all nuclei have beer, considered to be prolate
and therefore moments for f S 0 cnlj hare been given. Orbital* yielding
magnetic momenta that differ widely from the measured values, or with
improper decoupling constants, have been rejected and excluded from the
graph*. Each plot contain* horitonttl lines snowing tne mean observed
moment, and when sufficient soace is available, the nearest Schmidt-line*
and Dirac-line moments. The Dirtc-Ur.e moment is equivalent to the
Schmidt-line moment, except that the gyromagnetic ratios of lIdeal Dirac

nucleons are used in place of the observed value*, i*., for the proton the
* . 20 t

As was noted by Gottfried , because | and J are no longer
good quantum number*, the nearness of a magnetic moment to a given

Schmidt line no longer gives an Indication of the parity of a
nucleus a* it does in the shell model.
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Girac gyr<rtagneUc ratio 1» z 2, for the neutron g* =o0. All
moaintt are given In nuclear jsagnetrons. The estimated deformations of
the various nuclei he** been nc*id on the grarfis as vertical lines
labeled with the symbol £c¢< In those capes in which only the absolute
magnitude of the magnetic moment is known, the word "negative' or

sltive™ beneath the state numbers indicates the signs of the momenta
arising from the orbitals,

ki examination of the graphs shows that for most of the nuclei

considered, an orbital can be found In the vicinity of the proner
deformation and odd-particle occupation numher that gives a magnetic
moment v«ry close to the observed value, or at least substantially
better than the Schmidt-line moment. There are too many example* here
for individual comment on each. However, some remarks are necessary
concerning several cf the nuclei. The orbital No« 25 has been assigned
to ¢ This is a state of positive parity, unlike the Nilsson
or Gottfried assignments in which negative parity states have been
suggested. The predicted magnetic moment is seen to agree excsntionaily
well with the experimental mcfnert. The great difference betweon the
magnetic moments of and ~Eu”™* is also exhibited by the
orbitals selected for these nuclei, although the computed ~JBu
moment la scmevhit smaller than is observed. For a number of nuclei,
all assigned orbitals predict magnetic moments in very poor agreement

with the empirical values. This is particularly true for

*bu o, AOI?D, AELT o UIR3 aW <Aru e theoretical
moment of “ has not been shown. In the tungsten Isotope, the
poor agreement can be attributed to the failure of the adiabatic

treatment of the particle motion as independent of the rotation. %2
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The only orbital of J\ z 9/2 that fcight reasonably be assigned to
72Hf179 le Ho. 3® Hw«m, this gives a magnetic moment of the wrong
sign and of a different magnitude from that obaervod. The next closest
X1 : 9/2 state is No. *0, cooing fro* the !../» configuration.
Although it is quite far from the correct particle occupation number,
Ita magnetic moment has been calculated and found to be ir. better

agreement with the experimental value. This tends to indicate the

The large degree of uncertainty

of this value has been indicated on the graph by light diagonal lines.

that gives a magnetic moment of magnitude even approaching the
required value. However, a state of g J, No, 78, giving a
ground-state spin of | : 9/2, la present at the correct proton
occupation number for this nucleus, and its magnetic moment has been
found to lie within the experimental errors of the empirical result.
The suggestion that <"l\p237 might have an anomalous rotational
spectrum and ground-state spin was first made by John O. Rasmussen.%
Unfortunately, recent Coulomb-excitation studies of this nucleus, by
J. 0. Newton,35 indicate that in spite of the netter magnetic moment
resulting from this assumption the odd nroton of "Np237 is not in
a state of XI = |-

To summarize the results of the spin assignments and the

magnetic-moment calculationst it is felt that the agreenent with



the experimental diet* 1o sufficiently clobb in most cases to call the

present model successful. Whether It has specific advantages over the

procedures of Hiisson or Gottfried cannot be said without a more

complete analysis of data relating to strongly deformed nuclei.
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APPENDIX A.  MATRIX ELEMENTS OF THE PERTURBATION HAMILTONIAN

* The matrix elements of the perturbation Hamiltonian
h' . iVUIV(D - 1) + Il - D)+ Ww(ff) - 2Ahut -3

Ay be obtained in a simple and straightforward manner In terms of the

harmonic-ondilator wave functions In, ? described in

Section Il. The four terns of H' are considered individually below.

». Toa H'It z -2Xhuts

The evaluation of the matrix element of may be accomplished
without actual reference to the form of the function In, / by
noting that t , S, and J are good quantum numbers for this state.

The total angular-momentum operator for the particle state is J=/ + S,

Squaring this gives

N9 ) )
y s f t S 42F-S. Thus we have 2!-S = J - £ - S

(n\ r.J".il" | n\ | n./d.rt) s
= -Aaxw(n, LY.m\f -V.s21 t,un)
z - A*U>[j(j+1) - tUhI) - 3(8+1)]

Insertion of S - J and evaluation for the two possible cases,

Jb |l 41 and Ja | - J» gives the final result
R T I B 4 :

n - A*lwSn,n' dj,J' (a.rf ©(If)
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b. Tent H2 » }/iu/(D * Dr*
The matrix decent of H”" i»

AR Ll #I* i H2 | on, 1,00 2

"W V<< dda T.y.A,.,Jn

m
falel Vel ¥ L § Y/ J mMM R, ld
where the well-known orthogonality property of the AN©,0,»)

functions has been used The radial functions may be written in terms

.. 28
of Laguerre polynomials  as

22
|  -i<r «*i 2 2
r>=N.l <* r> « Ln | (* r)'

where

3
K& . 20C ~ (n - 1)! (4 A
n»f ~ [ r

[Hn + £fi)J

Furthermore, the Laguerre functions obey the orthogonality relaUone

$pp, [r<n*l M)]?
(-

LX+32 0 -y Jf*
P 6 Ln-I

InB, [f<n 4 140)] 2 2Ltl- *
L .

n,n (n )|
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22
Substitution of f>- <C r In the radial Integral of tbs H 2 matrix

e lament tnd use of the above expression for Bn»"'*( <r) fields

(i3 A" | «, | nld-h) r

£I(], £JIt ~ tja, H ' wn*f
2<C

c /> 1% 141
N S :

1 Annt AL ApLA|R AT

This computation is merely t proof of the virial theorem for the harmonic

oscillator.

c. Term w\ = - Dt*

The matrix element of H” s

(n\ 1"J"A" | H3( z
lo]

iw A -D )I < 1)r2R H( < r)r2 dr

2
j Yr | cos“ 8 Oé)f, Sl_adn

The integral over the angular coordinates can bo carried out by
insorting the expansion for the functions given in

Eq. (11-20)t



eo»2 0'H dA

4" £ “H.. n

£ | *w fy'* oBiQr ofl's BH)X i,J

Applying the orthogonality properties of the spin functions, X j +j »
end the well-known recursion relations for the sphericel harmonics, one

finds, by &lengthy but straightforward calculation,

/! W .al
(St,...JIa- D2 -*2] U* -m*]
=< 1 tl+2V (21+1 (21- 3)(2<- Ir
2 2
u M, + 1

r,f 1(2+1)(2+3) @2 -2+ 1DJ

[U+2)2-5 1cd2- "
(24-1)(2 4- 5X2 4 3*

I,f-2

ACont.
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+ ic i m-d 1j(J3'./i. ».-i)

The implicit fora cf the Clebach*Oordan coefficients, jn\l),

hit been retained. The explicit fora for these may be found in Appendix A

of Reference 29.

Theiudial integrals fell into two desses, one with £ * £

end the other with i S I 2. The first of these has already been

evaluated in Pert b of this appendix end is given by

fOO
Rn',I r>pk Rl rxdr * “n,n'" [2n+ i- 0 .
N o)

The evaluation of the second radial integral with £ - f f 2

is somewhat more involved than that of the first. Only a restricted

class of these, with n' - n-f1, is neceaaaiy for the computations of

the investigation at hand. Without explaining here the details of the

integration, one finds*

*2 (VLi-2 | Vt) =+//MmaBsa) - 1]

If one tries to evaluate this integral by use of the equations on
page 785 of Methods of Theoretical Physics by Morse end Peshbach,
the result will appear with a minus sign. This is because of a

different choice of the phase relations among ths Laguerre
polynomials from that used here
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1A R Nt

xxw(IL - ») £ <RI/ (« 0 |0tV | Rii| («tr))
|
t' I(t - D2-+] [<2 - »2]
y (2£-H)(2£- 3)(2/. LY

* g fo» * U*-- 1

@ft- )C24- 3) @ - i)(2/+ 1)]
2 21
+ SU g <l«-2) -m [(l*!)3 - «2]

(2/+ 1)(2f t- 5)<2/ +3)-

X JgQHIA T mICj, A (I\ T ; n,4)

d. T.am nl 5 2b( CT)

. _ _ J 2 2  «2
The truncation function, Vb(CT), with 0" t yD(x 4] ) + jt/D

may be eeparated into three part®,
VN O) r Ju {r - 0£ ) - i/lJU ™D ~1) ~fc/lul * -iw - D)

(for 0 <0* < O)

r 0 (for o > a0)
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The second and third Urns are identical to H” and H| over the
range 0~ CJ C Oqg ¢ In the evaluation of the matrix element! of
the approximation hae been made that the bounding surface Q :z CTq ,

within which W( </) ie norttero, nay be taken as spherical Instead

of spheroidal. This pensita one to replace VA <) by

f\M 8 “iM -r2)-1v”"™ 20-D - |puVv(JL -D
O
(for 0< r ™ rQ
= 0 (for r > r0)

and greatly simplifies all Integrations over the truncation volume.
The approximation doea not alter the matrix element* significantly
because the deviations from sphericity considered here are small.
Except for the radial integrals, which extend here over the
finite interval 0~ r ~ r0 t the evaluation of the matrix elements

of ie the same as for H'g and h‘j, namely,

("(MM".al| | I LM VLS TV

Y
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Xf tht substitutions [0 - oCr and £ - at Tq *r« aads, on* obtains

(n".1".j".Ji" | n~jon,lj,.a) =

®J.J *AA* {X\f | al
-2 ]

- ifiu (- i In.,tl,,l

RBLA B

wh«r«

Xhitin,] 5 [/ » nsr”)/ .
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the cumber of noutrmi or proton* araaant In the mklmm. the orbital
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and 10.4.
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