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Introduction 
The standardized fourth central moment (standardized according to the variance) is often 
regarded as the definition of kurtosis and has a history of usage for testing normality and 
multivariate normality (Schwager, 1985). Its relationship to other standard central 
moments (e.g., skewness and variance) is also documented (Balanda and MacGillivray, 
1990; Teuscher and Guiard, 1995). However, the poor performance of the standardized 
central moments skewness and kurtosis as discriminators for normality has led to seeking 
alternative statistics and definitions (Rayner, et.al, 1995, Balanda and MacGillivray, 1988, 
and Ruppert, 1987) to capture distribution shape characteristics. Included in these kurtosis 
statistics are quantile based statistics and L-kurtosis (Hosking, 1992), which comes from 
L-moments. 

Balanda and MacGillivray (1988) provide a more general definition of kurtosis as the 
location-free and scale-free movement of the probability mass from the shoulders of the 
distribution to its center and tails. Different scaling techniques and positionings of the 
shoulders result in different forms for kurtosis related to peakedness and tail weight. 

Often counter to popular view, kurtosis is both tailedness and peakedness, simultaneously. 
It is related to skewness, spread, tail weight, quantiles, and influence functionsVarious 
kurtosis statistics have been developed as indicators for bimodality, tail weight, peakedness 
and normality. These are also useful for distribution comparisons, such as goodness-of-fit, 
distribution crossings and distribution orderings. Kurtosis measures are related to Box- 
Cox transformations and Kullback-Leibler information. 

In the following sections, we examining various kurtosis measures, and illustrate their 
performance using a case study where understanding distribution shape is important for 
comparing simulated and mixtures of distributions. The concluding remarks include 
drawing attention to areas for further study. 

Kurtosis Statistics 

Kurtosis coefficient 
The standard fourth central moment for distribution F forms the usual kurtosis coefficient 
as: 

where 

and 

B, =P4(F)4 a N 2  

P4(F) = kx-P(F))4dF(x) 

d (F) = Ax-p(F))'dF(x) . 

Because the value of Bz is 3 for the normal, the kurtosis coefficient is often redefined as "/z 
= /3? - 3. Common nomenclature is: 
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E < 0 or p2 < 3 => platokurtic 
"/z > 0 or p2 > 3 => leptokurtic 

E = 0 or pz = 3 => mesokurtic. 

The averaging nature of y2 (or pz )makes it a poor characterization of distribution shape. 
Studies continue to show that it does not perform as well as goodness of fit tests for testing 
for normality. It is the most adversely affected measure of kurtosis from contamination in 
both the center and tails of a distribution. Bimodality can be considered the opposite of 
peakedness. However, there is evidence that "/z is not a good indicator of bimodality. The 
sign of y2 is a poor indicator of normality especially when the central values of a density 
function are compared to those of a normal distribution. 
If m(.) measures skewness, then m(lx-mediun\) measures kurtosis (Groeneveld and 
Meeden, 1984). The relationship between skewness and kurtosis is well established using 
the definitions of the standard central moments. Some inequalities (Rohatgi and Szekely, 
1989) between them include: 

PI2 I p2+ 2 (for distributions with finite fourth moments) 
PI2 I p2 + 5/6 (for unimodal distributions) 

P1Sp2 (for infinitely divisible distributions), 
where p is the standard skewness coefficient, the third central moment squared divided by 
( d ( F ) )  . Balanda and MacGillivray (1990) provide more on coupling and decoupling of 
skewness and kurtosis for asymmetric distributions. 
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To address the above shortcomings of y2, other kurtosis statisticdmeasures have been 
developed. Some indicate tailedness and tail weight, others indicate peakedness which also 
includes indicating its opposite, bimodality. 

Kurtosis and spread 
A spread function is a location invariant function that passes through the origin and is 
strictly increasing. It describes the manner in which probability mass is placed 
symmetrically about the median (Balanda and MacGillivray, 1990). Such a spread function 
for distribution F, S,, provides the first of several quantile approaches to kurtosis: 

SJa) = F' (0.5 + a) - F'(O.5 - a) 
for o< a 50.5 and where a corresponds to the interquantile distance. 

Spread-spread plots of these functions for symmetric distributions are similar to Q-Q plots 
and can be used to compare distributions by determining kurtosis orderings, 5,. For 
example, 

U-shaped I, uniform I, normal I, logistic Is double exponential. 
Spread-spread plots can also be useful in decoupling tailedness from peakedness in 
distributions. 

L-kurtosis 
L-moments are expectations of certain linear combinations of order statistics (Hosking, 
1992). L-moments exist for a real valued random variable, X, ifs X has finite mean. A 
distribution whose mean exists is characterized by its L-moments. 

The first four L-moments for random variable X are defined by: 
AI = EX = /X(F) dF 

A2 = I/2E(X2:,- XI:,) = /X(F) (2F-1)dF 
A, = 1/3E(X3,,- 2X2:, + XI:,) = /X(F) (6F2-6F+l)dF 

A4 = 1/#E(X4,,- 3X3:4 + 3x2:4- XI;,) = /X(F) (20F3-30F2+12F-1)dF 



where X,, is the kth order statistic for sample size n , E is the expected value, and the limits 
on the integrals are 0 to 1. Royston (1992) provides some calculator formulas. 

L-skewness and L-kurtosis are defined as L-moment ratios: 
2, = aja2 

2 4  = m 2  . 
The advantages of L-moments over central moments are they 1) suffer less from the effects 
of sampling variability, 2) are more robust to outliers in the data, 3) provide better inference 
capability for small samples about the underlying distribution, 4) work on censored data, 
and 5) can give more efficient parameter estimates than MLE. A disadvantage of L- 
moments is the higher computational requirements. 

Other quantile based measures of kurtosis 
1. Hogg (1974) developed the first of several quantile based estimators using adaptive 
locations estimators and the ratio of interquartile ran es. 

where kaSO.5, and U (upper tail) and L (lower tail) are the tail means, the average of the 
largest and smallest 100a% of the sample. This statistic is useful for determining tail 
weight especially for asymmetric distributions. 

QJF)  = [V’(ol) - L-’(ol)]/[U 9 (0.5) - L-’(O.5)], 

2. Ruppert (1987) developed another interquartile range statistics for asymmetric 
distributions even more robust than Hogg’s. It preserves some of the measures of 
distribution orderings such as those proposed by Van Zwet and Lawrence (see Balanda and 
MacGillivray , 198 8). 

R , J F )  = [F1(1-ol) - F’(ol)] /[F’(I-q) - F’(q)], 
where O<ol<q< 0.5. 

Ordering based approaches are location and scale free and provide methods for comparing 
distributions. These are related to the kurtosis measures especially regarding tail weight. 

3. Groeneveld and Meeden (1984) expanded on Hogg’s idea with a statistic that measures 
the persistence of mass at the center compared to quartiles. 

P2(a,F) = [F1(0.75+ol) + F’(O.75-a) - 2F’(O.75)] /[F’(075+a) - F1(0.75-a)], 
where area under the distribution a is in [0,0.25]. This statistic is useful for examining tail 
weight in symmetric distributions. 

4. Horn (1983) developed a quantile based statistic for the purpose of measuring 
peakedness. It examines the spike at the center for symmetric, unimodal distributions. 

where m is the median and O<a<O.5. 
mt, = l-d{flm) [F’(OS+ol) - m]] , 

5. A general quantile based form has emerged depending on values of a as measures of tail 
weightlthickness for symmetric distributions. 

Values of 0.45 and 0.49 for a have been suggested. 
t,(F) = [F1(0.5+a) - F1(0.5-~)]/[F’(O.75) - F’(0.25)]. 



Study 

The situation consists of developing a prediction distribution for long term use of a 
automotive system (up to 100,OOO miles). The only available information for constructing 
this predicted distribution are three other distributions that are somehow all related, but the 
exact relationships are unknown. The three other distributions are: 

U-prototype or under development system at zero miledno usage, 
Tu-prototype or underdevelopment system at aged miles (e.g., lOO,OOO), 
S-developed, in-use system at zero or low mileage, and 
Ts-predicted, developed, in-use system at the desired mileage (e.g., 100,OOO). 

Empirical data is often available for one or more of the three distributions, with vague 
notions of the relationships between them and the predicted distribution. However, it is not 
obvious how to translate this vague information into parameters, moments, quantiles, 
distribution families or other distribution shape characteristics. In the quest to define and 
use distribution shape, the concept and measures of kurtosis are examined. 

To illustrate the use of kurtosis for this study, a simulated training set of the four 
distributions (with sample sizes of 12,000 each) is given in the figure. These were 
constructed as a test case to examine the usefulness of kurtosis and other distribution shape 
characteristics in developing methods for constructing the prediction distribution, Tu. S is 
a one to one mixture of two normals, one with a smaller mean and larger variance than the 
other. Ts is the same one to one mixture, where the values are doubled or tripled and a 
small random normal component is added to each value. U is a mixture of two normals in 
a ratio of three to one with the normal distribution of lower proportion having a larger mean 
and variance. Tu is the same distributions as U multiplied by 1.5 or 2 plus some small 
random normal components. The choices for these mixture combinations and mean shifts 
were made so that the produced distributions mimicked the shapes of distributions seen and 
postulated in automotive systems. 

The table below shows the mean values and standard deviations of the various kurtosis 
measures from 50 samples of size 4,000 for these four distributions. 

Distribution 
S Ts U Predicted Ti 

2 normals bimodal skewed highly skewec 
-0.22+_00.040 0.13f0.019 0.6f0.034 1.06W.024 
3.22kO. 105 2.02k0.024 3.47f0.095 3.64a.090 

0.13k0.005 0.02f0.003 0.14f0.004 0.15f0.004 
1.77k0.010 1.57k0.007 1.79f0.008 1.87a.008 
1.6 lf0.027 1.38f0.015 1.65f0.029 1.97f0.043 
2.5 1k0.054 1.83f0.021 2.64k0.041 3.0210.062 
3.6kO. 100 2.32k0.029 3.74k0.083 4.01f0.094 
3.78f0.009 0.84f0.007 0.77k0.011 0.72k0.010 

0.27f0.023 0.05f0.021 0.40f0.016 0.48f0.016 

-0.04f0.007 0.04f0.005 0.1 lf0.006 0.24f0.005 

3.01f0.060 -0.13f0.091 0.14k0.054 0.27f0.034 



Without critical values andor comparison studies for these measures, interpretation is 
difficult. However some conclusions can be drawn. Those measures focusing on tail 
weight, and p2 and T ~ ,  the following tail orderings and kurtosis orderings are suggested: 

T s < S < U < T u .  
Likewise, the orderings indicated according to peakedness are the reverse: 

T u < U < S < T s .  

By constructing and examining spread-spread plots, the following kurtosis orderings are 
indicated, consistent with the statistics above: 

U < T u  
T s < S .  

These orderings offers little help in determining the change in kurtosis due to aging. In the 
prototype case, aging appears associated with decreased kurtosis, while in the developed 
case, it’s associated with increased kurtosis. However the reversal of the comparisons 
could be due to the change from the prototype system to the developed system. Without 
further information, this is pure speculation. 

As for predicting Tu from the other three, in this instance it would be a distribution with 
kurtosis and tail weight more than the three, and with less peakedness. Distribution U 
appears to be the best predictor of Tu, with little contributing information from the 
prototype distributions. Again, extreme caution is needed in generalizing these results from 
the simulated case to the real data case. 

Conclusions 

In the quest of understanding and using distribution shape characteristics, kurtosis as a 
representative of both tailedness and peakedness is useful, provided statistics other than the 
standard fourth central moment are used. Further study is needed on these kurtosis 
measures and statistics. Specifically, test statistics and corresponding critical values are 
needed. Power studies would be helpful to compare these measures against various 
alternatives such as bimodality and extreme skew. Many of these measures are applicable 
only to symmetric distributions, indicating more work and development of measures for 
asymmetric distributions is needed. For the asymmetric case, the complicating factor of the 
skewness measures comes into play, making it necessary to decouple or at least understand 
the coupling between skewness and kurtosis. 
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