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ABSTRACT 
In an effort to evaluate earthquake liquefaction po- 

tential of soil media, several statistical models ranging 
from purely empirical to mathematically sophisticated 
have been devised. WhiIe deterministic methods de- 
fine susceptibility of a soil structure to liquefection, 
for a given seismic event, in the sense that the site 
does or does not liquefy, probabilistic approaches incor- 
porate statistical properties associated with both the 
earthquake and site characterisation. 

In this study a stochastic model is formulated to 
assess liquefaction potential of soil structures in general 
and earth dams in particular induced by earthquakes. 
Such earthquakes are realisations of a random process 
expressed in the form of a power spectral density. Un: 
certainties in the soil resistance to liquefaction are also 
introduced with probability density functions around 
in-satu measurements of parameters associated with 
the soil strength. The attempt of this study is to devise 
a procedure that will lead to a continuous probability 
of liquefaction at a given site. Monte Carlo simulations 
are employed for the probabilistic model. In addition a 
stochastic model is presented. The dynamic response 
of the twephase medium is obtained with the help of 
the POROSLAMcode and it is expressed in the form 
of a transfer function (Unit Response). 

1.0 Introduction 

During an earthquake event of considerable du- 
ration and intensity an earthen dam can experience 

partial or total failure that stems from either loss of soil 
strength due to liquefaction or reduction of the inherent 
resistance to sliding along a potential failure surkce. In 
trying to assess the potential to failure in either mode, 
one has to essentially incorporate two types of prob 
abilities. One that is sssociated with the occurrence 
of an earthquake in the proximity of the structure and 
the other with the state of the soil and its tendency to 
liquefy or fail in shear. 

The coupling of the two essential components (exci- 
tation and soil state) with inherent statistical properties 
can only be achieved through response analyses that 
allow for the combined statistics to participate. A 
promising approach is the one involving the Unit Re 
sponse of the domain that can eventually provide the 
system response resulting from a seismic event which in 
turn represents a stochastic process. Such procedure, 
however, implies that the domain exhibits linear behav- 
ior. While in typical soils this is only true in small 
strains, the benefits of the Unit Response approach 
compensate for the lack of nonlinear considerations. 

The constitutive response of the granular soil s t e l e  
ton and its coupling with the fluid phase is formulated 
around the Biot dynamic equations of motion. The fi- 
nite element analysis n t ibed  in the evaluation of the 
dynamic response is a linear in character but it treats 
the soil as a two-phase medium. While the drawback 
of linearity is somewhat compensated with the equiva- 
lent hysteretic damping, it is the two-dimensional pore 
water/soil skeleton interaction that provides a realis- 
tic description of the behavior of the soil in a dynamic 
mode. The solution takes place in the frequency domain 



and the resulting harmonic response, inverted with the 
use of Fast Fourier Transform techniques, provides the 
intergranular stress as well as the pore water pressure 
fluctuation during the seismic event. 

The probability of liquefaction failiire is evaluated 
by incorporating the i n - d u  strength conditions, which 
exhibit a random behavior around soil strength proper- 
ties, and seismically induced random dynamic stresses 
a t  various potentially liquefiable locations within the 
cross section of the dam. The driving random forces in 
such process are the dynamic (cyclic) shear stress that 
is generated in the soil layers and the buildup of pore 
pressures. A limit state function that contains the fail- 
ure criterion is established M a cumulative effect for the 
duration of the random earthquake and it is an indica- 
tor of the pore pressure build-up. It should be noted 
that while a linear analysis can only predict the buildup 
of pore pressures only heuristically, i t  can provide the 
level of shearing at low strains that the soil experiences 
during the seismic event. Since most probabilistic mod- 
els of soil liquefaction provide deterministic answers 
(probability can only take the values of one for liquefac- 
tion occurrence or zero when no liquefsction occurs), the 
present model through Monte Carlo simulations both in 
the earthquake and in the soil strength, expressed as 
function of a single field parameter ( SPT N-values or 
relative density D,), results in a continuous probabii- 
ity between 0 and 1. Lastly, a purdy stochastic model 
of liquefaction failure is presented based on relations 
linking the statistics of the random input (input power 
spectral densities) with the output counterpart along 
with the stochastic nature of the soil strength. 

2.0 Seismic Response of a Dam 

Dynamic analysis of the 2-phase medium 

In assessing the dynamic response of the embank- 
ment the saturated state of the soil must be accounted 
for. The pore pressure of the water trapped in the soil 
skeleton will fluctuate during the earthquake and impact 
on the intergranular soil stresses. Since the strength of 
the soil is tied to the intergranular stresses, it is vital 
that the dynamic pore pressure be captured. The cou- 
pled behavior of pore water and soil skeleton requircs 
that the medium must be treated as a two-phase one 
with governing equations that reflect the coupling. 

Further, the ability of the soil to resist liquefaction 
is one hand dependent on its initial stress state (effec- 
tive stress) and on the other hand on the intensity of the 
dynamic shear stress. The shear stress variation at dif- 
ferent locations in the embankment and the foundation 
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as well ~9 the number of stress cycles during the earth- 
quake event determine whether the soil is susceptible to 
such failure. 

Therefore, to effectively analyre the system, the 
employed theoretical/computational model must enable; 

a. The description of the domain M a two-phase 
medium. 

b. The implementation of actual or representative 
earthquake input. 

c. The evaluation of the time variation of s t r s s a  
resulting from the seismic input. 
In order to perform the dynamic analysis, which 

satisfies the above requirements, the POROSLAM code 
is employed. The code is a two-dimensional finite 
element representation of Biot's dynamic equationa for 
both soil and fluid phases. Biot's equations are a hear 
description of the response of the soil skeleton and of 
the pore water in the form, 

where, 
[uZ, uv] = components of displacement of the soil 
[ w ~ ,  wtr) = components of displacement of the pore 

water 

T 
(73 = { Q 22 - a P f ,  Qyy - aPfr Q . v }  

while, f = porosity, e = total mass density, ef = 
fluid mass density, a = compressibility of solid, hf = 
compressibility of the fluid, 7 = fluid viscosity and k = 
soil permeability. 

The resultant equation that expresses the total 
stress vector in terms of the displacement vector while 
considering hysteretic damping, t a k a  the form: 
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Explicit definition of the above equations can be found 
in [5] 

Harmonic Solution 
The dynamic input can be either deterministic 

or stochastic. In the deterministic mode the given 
ground excitations or dynamic loads are expressed in 
the following form 

N 

k=l 

where wi are the frequencies of the harmonic analysis. 
In the stochastic mode the base excitation or the forcing 
function is expressed in terms of the complex input 

Evaluation of the response a t  the frequencies W; leads 
to the complex frequency response a ( w ) .  The Fourier 
coefficients of a r e s p o ~ e  quantity Y ( 0 )  (displacement 
or stress) from a synthetic input with coefficients X ( O )  
can be obtained through the relation 

Y ( w )  = a ( w ) X  ( w )  (3) 

In probabilistic analysis that is based on a Monte 
Carlo scheme (multiple evaluation of the response at 
the same intensity level but with random distribution 
of peaks), the simulated earthquakes or dynamic loads 
belong to a certain family. Such family can be char- 
actcrised by a response or a power spectrum. 
Earthquake (or load) records can be synthesized on the 
basis of these properties. For the case of an earth- 
quake family described by the Kanai-Tajimi power 
spectrum 

where, a o  = z, A = [ ( g , w g , S ~ ] T .  
A synthetic time history g ( t )  generated from the form 

is e redimtion of the process described by the 
power spectrum. In order to accommodate the non- 
stationary part of the ground excitation, the simulated 
acceleration or force is with the nonstationary function 
( ( t ) .  In the above expression 

WU w i = i A w  Au=- N 
where wu is a cutoff frequency and 4; is a vector 
of random phase angles uniformly distributed between 
0 and ZR. Different choices of the vector of random 
phase angles will lead to a different simulated dynamic 
inputs. The synthetic process g ( t )  is periodic with a 
period To = E. 
3.0 Probabilistic Liquefaction 

As it has been previously mentioned, the assessment 
of the probability of liquefaction failure a t  a given 
site given that an earthquake has occurred is typically 
deterministic or in other words the probability takes the 
value of 1 for liquefaction occurrence or the value 0 
for no Iiquefsction. In this study a procedure through 
which a continuous probability between 0 and 1 can be 
established will be adopted. 

In assessing the likelihood of liquefaction one has 
to keep in mind that several sources of uncertsinty 
exist. Uncertainties emanate from the definition of 
the earthquake snd from the characterisation of the 
particular site. There are various vectors of parameters 
that can characterize both the earthquake and the 
site. A typical set of parameters for an earthquake arc 
the peak ground acceleration and the duration or the 
magnitude. The equivalent vector for the site indicating 
resistance to liquefaction could consist of the cormted 
standard penetration resistance or the relative density 
and the percent fines content. The two independent 
uncertainty sources will be addressed separately but the 
limit state function that reflects the failure criterion 
will incorporate both uncertainties. 

Consider the following limit state function, 

Strength ( x )  
Induced S t r e s s  (+) - 1 = O  (6) - - 

where x = the parameter vector of the site and 
7,b = +(pga,T) is4he earthquake Ioad vector. The 



probability that g ( x ,  $) < 0 conditional to the occur- 
rence of an earthquake and a given vector of site soil 
parameters x = x i s  

p [9 $) < Olquoke] = p [g (x, < 01 d* 

(7) 
where *( 4 )  the probability distribution of the param- 
eters in the earthquake characterization vector. Quan- 
tities with a bar over them are considered to be known. 
To reduce the complexities, the parameter indicating 
the earthquake duration is no longer considered random 
(tendency to only incorporate the strong motion por- 
tion of the record which in turn can be defined by an 
average value). Hence, the conditional probability can 
be written 

p [g (xi 4)  < OIqmke] = p [g (x ,a)  < 01 d* 
(8) 

where a is the random peak acceleration of the earth- 
quake. If one estimates the earthquake occurrence rate 
A per year for the particular site from appropriate has- 
ard curves then the probability of liquefaction failure 
per year at the site and a t  a specific location character- 
ised by the vector = z( N, D,, etc)  can be deduced 
from 

WjS, a) < Olyearl = 

-- 

In order to incorporate the uncertainties of 
the site characterization into the probability mea- 
sure, the randomness of the vector parameters in 
X = x ( N ,  D,, etc)  must be established. The e l ~  
ments of the above vector are indicative of the soil 
liquefaction resistance. If, for the sake of simplicity, one 
can deduce a single parameter that can fairly represent 
the soil, then the randomness of the selected parameter 
will characterize the uncertainties of the site. The SPT 
blow count N values can play that role. 

To establish its statistics for a particular site one 
has to consider the following: It is not realistic to accept 
a distribution of N-values for a site as a function merely 
of the depth and the type of soil unless one considers the 
soil medium perfectly homogeneous. If such is the case, 
then for a given site and type of soil the N-values can 
be estimated based on the effective overburden stress 
(not random) and the relative density of the soil which 
in turn can be considered as the random variable. In 
most applications, however, one has available a profile 
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of the SPT N-value with depth from actual b d u  
testing. It is expected that variability of the N-value at 
any depth exists along with the variability with depth. 
Rather than attempting to establish a distribution for 
the entire medium, randomness to the value of N at a 
given location can be assumed. If a good size sample 
is available (very rare) for every location, the statistical 
properties can then be established (mean, variance etc.) 
as well as the distribution type. 

If (as in most cases) a single value of N is available 
for the location, a distribution can be assumed about 
the value which can represent the mean. The random 
nature of the members of the assumed distribution will 
provide the uncertainty in the liquefaction resistance. 

Denoting the probability distribution about the 
SPT N-value at a location h as S ( N )  ( h  then 
the probability of a liquefaction failure a t  the specifled 
site and this particular location within a time period 
T years can be estimated through the expression 

The integrals JN and Ja are evaluated between the 
range of expected minima and maxima for the site (Le. Ja = Jam" and JN = J-nu +nu ). 

Qmin 
For the process to be complete an explicit definition ' 

of the limit itate function g(x,$) --l = 0 must 
be established. There are several ways in defining soil 
strength or resistance to liquefaction and seismically 
induced action. Specifically, the vulnerability of the 
soil to liquefaction is determined by the level of stress 
or strain that develop during a dynamic event or by 
the build-up of pore pressure in the saturated soil. 
In addition, one must keep in mind that the failure 
criterion it is not an instantaneous event but rather 
the result of an accumulated effect for the span of 
the earthquake and can be estimated based on the 
induced cycles of the soil straining. For a shear stress 
or strain failure type the developed stress or strain in 
the soil must exceed a threshold value for failure to 
occur. Typically, an equivalent stress ratio revia = 

and an equivalent number of cycles Nevia is 

estimated from the shear stress response at a particular 
location and the resistance to liquefaction is determined 
as the ratio of fiom appropriate 5 vs. N 
curves. For complex stress state, however, where the 
impinging seismic waves cause more than shear action, 
it is suggested that sCrength curves be developed (fiom 

e0 

'IN# i' 

0 0  



laboratory tests) reflecting the strength of the soil as a 

function of the stress invariant &. 
An alternative definition of tlie limit state function 

is tlie evdluation of the resistance to liquefaction based 
on the generated pore pressures. With this approach 
liquefaction occurs a t  sero effective stress. Since the 
state of failure is reached progressively, a cumulative 
damage index is evaluated as the earthquake passes by 
and it has the form 

(11) 
1 D ( t )  = - 

induced cycler Nliq 

Niiq represents the number of uniform cycles required 
to induce liquefaction at  the shear stress level of one of 
the actual stress cycles the soil is subjected to. 

Fig.1 

through empirical formulae of the type 

Relative Density Dr vs. ( N I ) S O  
The shear stress ratio T,  can be related to Nl iq  

In the above expression T, is the shear stress ratio for 
an induced cycle, T o ( D r )  and T, are shear stress ratios 
associated with the strength of the soil with variation in 
the relative density Dr (set Figure 2) and ( is a curve 
fitting parameter. The last expression actually ties 
both the induced effect and the soil resistance. Thus, 
given the shear stress history a t  a particular location 

(generated randomly) and for a randomly selected SPT 
N-value, the corresponding relative density or can be 
deduced from the appropriate for the soil relation of 
Figure 1. 

With a given Dr at  the location (conditional to the 
value N) the Ni iq  718. rr relationship is established. At 
the same time, by continuously tracking the time history 
of the randomly induced stress at the same location for 
the entirety of the random earthquake, the limit state 
function is established and can be implemented in the 
probabiIity integrals. For any synthetic earthquake 
the damage index is evaluated and related to the pore 
pressure ratio T ~ ,  = with the simple relation rP, = 
o(t). Liqnefaction occurs when the pore pressure and 
the effective stress are quai  or T ~ ,  = 1. Thus the limit 
state function is defined M 

V O  

Fig.2 Cyclic Test Data for Sand 

Probability Distribution Functions 
Equations 6 through 12 incorporate the probability 

distribution functions \k and E of the two parameter 
vectors ?b and x .  It has been assumed that the 
earthquake vector = $(a) has ancertainty ody in 
the peak ground acceleration. If for a given site one 
accepts that there exists a low PGA value a0 below 
which the earthquakes for the site are insignificant and 
that the occurring earthquakes constitute a Poisson 
process with an average rate per year, for a time 
interval (0 ,T)  (whwe T could be the lifetime of the 



structure) the significant earthquakes can be deduced 
from 

T h e  distribution of the peak accelerations of Eqn 
(13) can take the following exponential form 

= o  a < QO 

The parameter p is site specific and it ranges between 
1.5 and 2.3. The smaller the value of p the higher the 
frequency of larger earthquakes. 

The uncertainty in the soil strength vector is sum- 
marized in the SPT N-value for the specific depth where 
liquefaction susceptibility is sought. On the basis of 
in-situ SPT testing certain distribution functions can 
be deduced. For a given site where n borings have been 
performed with variability of blow counts in the depth 
as well as variability between their individual profUes 
the following assumptions can be made: (a) there exists 
a normal distribution with mean and variance approach- 
ing that of all the data in the n-borings and it represents 
the entire site. (b) at different depths h a normal dis- 
tribution about the mean vdue of EN h) also exists 
along with a standard deviation u ~ ( h  I . Given that 
there exists great variability of the soil profile in actual 
sites, it will be a hopeless task to attempt and d o  
duce a continuous probability distribution as a function 
of depth. Instead, the distribution and its properties 
mentioned above (formed from actual boring test data) 
will represent the particular depth. If one is interested 
in the probability of liquefaction failure at a specific 
depth where no data are available, the distribution of 
the entire site can be used. Thus, the random N value 
at  the selected location will be a member of the nor- 
mal distribution with an expected mean and standard 
deviation. 

Monte Carlo Simulations 
Through this approach a continuous probability of 

liqiiefaction failure will be deduced by relying on de- 
termanistic assessment for any individual realization 
of the involved stochastic processes (randomness of the 
induced ground acceleration at any level of peak accel- 
eration and randomness of the soil strength parameter 

The methodology that will lead to the evaluation of 
the probability integrals (Eqns 6,lO) is presented below. 
The ultimate god is to determine the probability that 

N). 

the site will liquefy a t  any depth during its lifetime. In 
the process, however, the annual probability of liquefac- 
tion at any depth conditional to the occurrence of an 
earthquake aa well as the probability of liquefaction at 
various depths as a function of peak ground acceleration 
can be estimated. 

Prior to entering a double loop in which the soil 
strength parameter and the earthquake temporal vari- 
ation are randomly selected, the effective overburden 
stress c;, the unit response of the soil domain H ( u )  
and the distribution parameters X(hi)  and CN(~;) 
are evaluated. With this information at  hand the flow 
chart of the process will be as follows: 

External Loop 
o The range of depth h; of interest starting Gom ho 

and extending to h,,, such that h; = iAh is 
selected. 

o At each increment characterised by X(h; )  and 
u(h;) n values of N are randomly selected from 
the governing normal distribution. This is achieved 
by generating random normal (Gaussian) deviates 
from a distribution with iero mean and unit vari- 
ance. When the deviate (multiplied by  hi)) is 
superimposed on the mean F(h;) a random soil 
strength parameter is N' deduced and with this 
value the inner loop is entered. 

Inner Loop 
The loop is performed over the range of peak 

acceleration anticipated for the site (crg to hz) 
with increments of Au. At each increment the 
probability distribution @(ai) is computed (Uj = 
~ A u ) .  The peak acceleration aj will reflect on the 
power spectral density function of Eqn (4). 

With a power spectrum S ( W , I )  but  for M 
realizations of the random phase angle d;, M 
synthetic histories of the form in Eqn ( 6 )  are 
deduced and through Eqn (3) the response of the 
domain is calculated. For each synthetic history of 
peak acceleration Uj the temporal variation of the 
induced shear stress and the liquefaction damage 
index are evaluated. The criterion for failure during 
any such simulated event is that the damage index 
is greater than 1.0. 

The probability of failure a t  any a;, conditional 
to a strength value N*(h;)  can be computed in 
the following sense 



where, nrf are the number of simulated earth- 
quakes at pga = CY that induced failure and &I is 
the total number of simulations. 

Repetition of the process for the selected 
1’GA range (a o.....mma,) a fragility ciirve can 
be developed reflecting the susceptibility of the 
soil to liquefaction provided that the strength 
of the soil is N*(hj ) .  The probnbility that 
S F L Q F ( ~ ~ ,  llN*) < 0, conditional to the oc- 
currence of an earthquake is 

o The probability of liquefaction failure at depth h; 
at which the strength parameter is normally dis- 
tributed about the mean N(hi) and with c~(&) 
can be written 

P [ g  < O(lh = h;] = 

n 

where E is the normal distribution density function 
of N at depth h;. 

0 Since we have discretized the distribution function 
of the soil strength parameter with the depth and 
since, for this stage, no other strength parameter 
that has a depth-dependent distribution is involved, 
the probability of liquefaction failure in the soil 
under consideration is simply the maximum of the 
probabilities calculated at  each depth, hence 

p [g < 01 = I-n&X (P [9 < OlIh=hJ) 

The above steps have been incorporated in the post- 
processing features of the POROSLAM code. The 
stress temporal variation is computed according 
to the procedures of section 2 and utilized in the 
statistical evaluation. 

Stochastic Approach 
In an effort to avoid Monte Carlo simulations, 

which are very tinie consuming, a purely stochastic 

mrthodology has been devised to address the prohaldity 
of liquefaction at a site where some actual soil strength 
data are available. As in the previous approach it will be 
assumed that the induced stresses from either random 
or determinidic earthqiinkea and the soil strength are 
deterministically or statistically independent. 

Consider the case when the excitation is n earth- 
quake that belongs to a wea& stationary process &( t ) 
of duration T, zero mean and autocorrelation and power 
spectral density functions given by the relations, 

m 
Raa (7.1 = J_, +a ( w )  e i w r b  

The synthesized time history 

N 

g ( t )  = 2 J q G p L 0 8  (wit  + 4;) 
:= 1 

can be assumed to represent ~ ( t )  as N -+ 00 and has 
both the mean and the autocorrelation of the stochastic 
process U( t ) .  

With Complex Unit Response Function of the 
multi-degree of freedom system a(#) available for 
either unit base excitation or unit harmonic load, the 
following powerful relation holds, 

where $;,,,t and are the Power Spectral Den- 
sities of the input and output respectively. Provided 
that the excitation is stationary, the response is also sta- 
tionary and all the mathematical relations pertaining to 
a stochastic process, which satisfies that criterion, hold. 
These statistical properties of the response process are 
listed below 

By utilizing the statistical properties of Equation 
(15) the probability density function of the  induced 
shear stress a t  a location can be evaluated. If the 



random stress T is a narrow-band (lightly damped) 
Gaussian stationary random process with zero mean, 
the distribution of the peak magnitude in the time 
history realization is of the Rayleigh type, 

The random accumulated damage for MY earthquake 
anticipated in the site can be expressed as follows, 

Joe 
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