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Abstract. A new approach to solving the kinetic equation for the beam distribution 
function, (very useful from t,he practical point, of view), is discussed. In which we also 
obtain a complement to t,he Skrinsky’s condition for the self-focused bunched beam. 
This problem belongs to the theory of nonlinear systems in which both regular and 
c:haotic motion is possible. The kinetic approach, based on Vlasov-Poisson equations, 
are used to investigate the focusing and acceleration of bunched beam. Special atten- 
tion is given to the studies of sta.bility in a bunched beam by means of the two norm, 

which may be used to describe t!he motion of high - energy particles. 

I INTRODUCTION 

The localized physical structure such as bunched beam, halo beam, vortex, etc.; 
can be represented in the f0r.m of soliton-like solution of some evolution equations, 
by hydrodynamic or kinet’ic approach. In accordance with contemporary studies 
the soliton-like solution arises due to a sufficiently large influence of external forces 
and ialso because of nonlinear effect of self-influence. Objects, which are formed 
in th.is case, have unusual properties. The selfconsistent Vlasov equation [I] is 
one of the most frequently used equations for the time dependent description of 
many- particle systems. By varying the selfconsistent Vlasov equation we can 
find different analytical solutions by means of which, its phase portraits can be 
studied.The selfconsistent Vlasov equation is a partial differential equation of a 
first order and the time evolution of its solutions are entirely determined by the 
initial distribution function. This property will be used below to organize the 
localized structure. It may be noted that the localized structures in a finite region 
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are integrable models. The construction of such solutions will have physical sense if 
and only if they will be stable (in some sense), and obviously, every asymptotically 
stable solution is a self - foculsed solution. As well known the notation stable may 
vary as defined in various works (papers), for clarity in the case under consideration 
we will appeal to the notation of Lyapunov (stable) and its modifications only. That 
is? we consider 1) the stable solution of Vlasov equation having relation with an 
initial value of a position and vel.ocity of so:me particles. 2) The stable solution of 
Vlasov equation as stable initial-value problem for the initial perturbs of an initial 
value for the beam distribution function. 3) The stable solution of Vlasov-Poisson 
equation with respect to action of the corresponding magnetic field. The exact 
sense of these notations will be established below. 

Always there exist an electro-magnetic field satisfying the Maxwell equation for 
a given arbitrary motion, i.e. any motion. of the beam may be realized by an 
electr’o-magnetic field which satisfy the Maxwell equation. 

In contemporary physical World there are many interesting and challenging prob- 
lems that may be resolved by solutions of Vlasov equation. For example, the motion 
of the muon bunches into a collider. 

In a muon collider complex, a rapid acceleration.to the collider beam energy is 
needed to avoid expensive particle loss from the muon decays. It can be achieved, 
initially in a linear accelerator and later in recirculating linear accelerators, rapid- 
cyc1in.g synchrotron, or fixed - field - alternating - gradient accelerators. Positive 
and n.egative muon bunches are then injected in opposite directions into a collider 
storage ring and brought into collision at thse interaction point. The bunches circu- 
late and collide for many revolutions before decay has depleted the beam intensities 
to an interesting level. Useful luminosity can be delivered for about 1000 revolu- 
tions for a high-energy (e.g. m 4 TeV) collider and about 450 revolutions for a 
low-e:nergy (e.g. N 100 GeV)I one [4]. 

Since Vlasov equat,ion has high degree of confidence for sufficiently small time 
of Beam motion, given the li-mited muon life time (T, = 2.2,, at rest), the Vlasov 
equation well describes the muon beam dyna,mics. In this approach, design concepts 
for acceleration and strong focusing of the muon beam are being developed. Now, 
we can perform study of the nonlinear motion of the muon bunches by Vlasov- 
Maxwell system. 

II P’RELIMINARIES 

We are going to consider the motion of many particles in the following standard 
form 

.:,r V> P= qE -I- f(v * H) 

here p = mu is impulse of the particle, v = (vi, vuf~, va) is the velocity, z = 
(:ci, x2, Q) is the vector which ch.aracterizes the position of this particle in (Euclid) 
space {xi, z2, Q}, i.e. (~1, x2, ~3‘) is the coordinate system, q is the charge of it, m 



is the mass, E is the electric field and H denotes the magnetic field. The fields E 
and hr are generated by a charged bunch and current, Ej, Hj (here j = 1, . ..lc) are 
quantity of the beams. If there are some ou-tward fields E0 and Ho then 

E= 6E.j’ H= k Hi. c 
j=o j=O 

Let Qt,, be any set of the phase space E. = {x,p}. If !&, E E. and 
{xt(x~),pt(po)} some solution of equation (1) for (xo,po) E Q,, then obviously 
fit = {q(~),pt(po); (ZO,PO) E fit,}. Let p(t,x,p) be some function such that it 
yields a simple equation 

J PVO, x0, Po)d~odPo = J ~(6 xt > r+)dwk+ 
Rt0 nt 

folr any domain !2to, which we will call density (of the integral invariant). As is 
well known, if system (1) have some integral1 invariant with the density p then the 
function p(t, x, v) satisfies the fol.lowing equation 

&p + &pw + &p[qE + F(w - H)] -t. p - diw(w, qE + :(w . H)) = 0 

but is easy to see that, div(u, qE + :(v * H)) z 0, consequently 

&p + vi&p .’ [qE - t(u . H)]&p = 0. 

Further we denote p by f (for tradition), thus the following equation 

(2) 

(3) 
is Vlasov equation which we will. study. 

Let us now find the solution f(t. x, v) of Vlasov equation in the form 

j = fo(x, v)emiwt 

Su’bstituting (4) in (3), we get 

(4) 

vd&, + [qL - :(u . H)] . &Jo = iwfo (5) 

and an operator form of the formula (5) yields 

Lfo = iwfo (6) 

for unknown fo, where L is a linear operator in a given Hilbert space L2(fito) 
which is generated by an operator 

Lo* = G&O +[qE - :(v. H)]&o 

The domain D(L0) of the operator Lo is dense in the space Li(s2,,). Thus the 
divergence of the phase space {x, v} is id.entically equal to zero then dynamical 
system for the operator L retain some measure. Consequently [16] there is the 
solution (strong or weak) and f,j E L2(R,,). 



III BUNCHED I3EAM IN ELECTRIC FIELD 

The Maxwell equation reduce to the form rotE=O if magnetic field vanishes, and 
E = -- v U, where U is an electro-potential. An ultra-relativistic driving beam can 
be represented by the following equations 

i= v (7) 

(m i) = qE. 

Here .z = (x1, x2, x3) is a position vector, v = (vl, v2, ~13) is a velocity vector of q is 
the beam particle charge, respectively. We suppose that a velocity field is given in 
the position space such that 

i= 7](x) (8) 

Next we consider problem o-f ex.istence of some field E such that the motion of 
the beam will be identical to the motion given by (8), for case when initial values 
coincide. The statement becomes apparent when it is considered as the following. 
The equation (7) have an integral manifold 

‘u - q(x) == 0 (9) 

Intro’ducing into consideration the vector function 

0 = v - q(x) 

and calculating its time derivative with respect to the given equation (7) we get 

o= F(x, 0). (10) 

Obviously F(x, 0) z 0 for 8 = 10. Let us consider (10) together with the equation 
(7). In accordance with existencb? and uniqueness Theorem for ordinary differential 
equations any solution with initial data x = x0, v = v,,, 0 = 00 for t = 0 has the 
trivial solution 0 G 0 if 00 = 0. This means that equation (7) has integral manifold 
(9). In other words, if vg = I as t = 0 then v = q(z) for all t. 

Thus, the solution of the equation (7) satisfies also the equation (8) and conse- 
quently it is coinciding with its solution. Now let us consider the following problem: 
Suppose the integral manifold 0 and the distribution of velocity r](v) on it is given. 
To fi:nd the field E which is focusing and accelerate the beam for all (x0, 210) 4 0, let 
us consider equation (10) and corresponding to it the Cauchy problem for equation 

IW 
;& = w, V(0) = 0 



Thus s E $‘$F with respect to l;he given system (10) and the function w is to be 
such that the following holds 

co 

I ?L@,(Oo))dt < 00, 

0 

Then V(0,) = V(Oo) - ~~(~C3~(c)o))dt. Here Q. = 21 - ~(2) for t = to and Qt(Oo) 

is solution to equation GO). Although, we Ihave neither the solution Qt(Qo) nor a 
criterion of such choice for the function w, evidently, the function w, (the solution 
of equ.ation( 11))) may be represented by the following equation 

W == / k(C, 5M0-K (12) 
n 

where [, < E R c R". Differentiating formula (12), the left-hand and right-hand 
sides .with respect to the (9) we obtain 

WK) I== / k(C, 0w(l)K. (13) 
$1 

Here I;= $!F(c), and { E 8. Tl:le conclusion from this is that, the equation (11) 

will be resolved if its right si.de is a solution of the Fredholm’s integral equation 
(13). For detailed proof see e.g. [l5]. Here kernel w([, <) is given by a sum of series, 
i.e. 

where h(J)) is a complete orthonormal set, in L2 (a) and {X,} is a set of numbers 

XE; = &+ i& and ,& is eigenvalue for the kernel Z . A common way of regarding 
this fact is to suppose that the domain fi is the attractor for the singular point 
0 = 0 of the equation (11). 

In view of the solution for the perturbation equation (9) it is clear that in some 
neighborhood R of the singular point 0 = (31 condition for all &< 0 holds. In this 
case t,he neighborhood s2 is an attraction region. From equation (13) we deduce 
some results about boundary of the domain Cl. 

Obviously, the boundary is a closed surface S = a - R such that if t E S 
then g(r) = 0, i.e., FP(<) = 0, < E S. Also assume that on the surface 

the foIllowing conditions are satisfied: (i) it is surface in phase space such that the 
particle beam can not go through it i.e., it Iplays the roll of the impenetrable wall; 
(ii) it contains whole trajectory of dynamical system (11). 
To be more clear we consider the following example. 
EXAMPLE: Let (~2 = x3 = 0, 212 = 213 = 0) be an integral manifold. Denote 
XI = .c, v1 = v and H = (HIO, 0), thus 

z= v 



v= qE 

1 

AU I=: -47rq 
s 

f(t, x, v)dv 

-1 

This reasoning yields a simple equation: 

1 

i3,f + v&f --. 4~q J f@, 5, v)dv * &f = 0 
-1 

Now taking the solution f in the form f(t, X, v) = fO(s, v)eiwt we get 

w&f - 45rq J / f(t, x> v)dv * &Jo = iwflJ (14) 

-1 

Remark 1 Taking U = Uo(Tc)eiu’, we see that U, = -47rq 

The equation (14) is quasi-linear equation, therefore it will be reduced to a linear 
equation 

where @ = @(II;, v, fo) is an integral of the linear equation (15) As known, the 
equalion (15) yields 

da: dv dfo -- =z: --=-_ 
8nfo 

(16) 
21 Gfo 

Remark 2 The function fo play roll of an independent variable in the equation 
(5). Now it is easy to estublish the existence of an integral basis [20] for equation 

(15): 

(87ffoz2 + v2, vx - Yf2) 

Remark 3 Without loss of gemrulity it can be assumed that u E [-1, l], as was 
assumed in the above. 

The solution of Cauchy problem (initial--value problem) is called the solution of 
equa,tion (14), fo(x, v) satisfying some initial conditions: fi = q(v) for x = x0. Here 
the function r] is a distribution of the velocity w for some fixed point x0. 



Example 4 Let x = x0 = 0 und n(v) = e~p(-$) where E is some constant. Using 
the technique of Cauchy problem solvability, we will easily see that the solution fo 
on the integral manifold have the following form 

where 0 < x 5 L, v E [-I, l] 

Corollary 5 We have arrived at the following result: The function fo(x, v) 
possesses the property and the: form which it succeeded from the function 
cp.Consequently, there exist situ&ions such that the solution fOeiWt have the soliton- 
like form. For this we choose the function cp(v, x0) in accordance with this condi- 
tions. E.g., see [17], [la] 

Example 6 

y(xo, v) - 4 tan-i {exp[(z:o - vt)/(l - v2)1/2]} 

The “classical” problem of thie soliton solution can be posed as follows: identify the 
Lorentz force Fl( E, II), such that the motion on the integral manifold will be an 
asymptotically stable. We are going to consiider the problem of the stability in the 
above mentioned solutions. Assume conditions xl(to) = ~10, x;z(to) = 520, xs(tO) = 
x3o; and vl(to) = ~0, vz(t0) = v20, vz(to) = v30 are satisfied. Next we suppose 

that (0,520, X30) E 62,, (0, ‘L%, 7730) E !&,, where fl, = Xi0 : 5 xfo 5 1 , %I= 
2 

3 

Vi0 : C V,fO 5 1 without loss of generality it can be assumed. Thus the perturbed 
7 

has place in the -planes ((~2, x3) x (~2, ~3)). Let D = Q, . R, be a topological 
multiplying the domains f12, and Q,. 

Let {(&(X2,X3)} and {(sk( 212, ~a)} be complete orthonormal sets in R, and R, 
respectively, then {ykQIT} be a complete orthonormal set in D. 

Now we can construct the kernel 

where x, y, E R,, U, u E 0,. Now by using (.l2) and (13) we can find the solution of 
the Cauchy problem (11). 

Note that, present techniques are just arriving at the point where this approach 
can be proved if the phase space of the physical system is limited and is closed, i.e. 
the phase space is a compact with bound. 

IV TWO-DI::MENSIONAL PROBLEM 

In view of the above and numerical algorithms of the solutions, it is clear that 
simplification of the physical. model is necessary to yield practical solutions. 



The perturbation motion is described in the plane which is orthogonal to the main 
motion. Thus our approach can be improved by simplicity of the two-dimensional 
problem. In this section we further develop the technique which was proposed 
above. We shall use z-complex plane to express the disturbance. As before we 
consider the motion of a beam in a plane i[~z, ~3) with a velocity (~2, ~3) . Now 

we introduce complex variable z : z = x2 + ix3 and i=& +izg = V, then we 
have lthe following system 

(17) 

where ,!? = Ez + iEs, and [VYH]= [VH],, + i[VH],,. 
From these definitions, we immediately obtain the following relation 

By the use of the WKB approximation, that is, the wave packet form, we have 

f(t, z, V) = fo(z, V)eeiut. (18) 

Substituting (18) in (17): we get 

va,j;., + Fla,fo = iwfo. (19) 

Now have to resolve this; equation. If we consider the variable z E C = 
{Z : IzI < 1)) then 

the set {cpi} is some complete orthonormal system in the circle C. Let 

1 () pk z = reike ,r = (cc: + :c$)‘i2) b e one. For the orthonormal system we obtain 

,& I= s (Pk(&kI(z, V)dz, 
C 

thus ok = f&(v). 
B;y substituting the value series (20) in I(12)we obtain 

f~(z, V) === iw / k(z, c)f,+(e, V)dJ, 
C 

(21) 

~~,~ E G (J&t) = c%(z)@(J). 
Using the values of the coefficients {ck} we get 



l 

b 
. 

k(Z,f) = a: &+ l)(ZF) = & _1Zi)2. 
n-0 

Substituting (22) in (21) we get 

(22) 

It may be noted that there exist;3 an infinite number of different orthonormal sys- 
tems the circle C, but the functions Ic for all systems coincide. 

It is easy to see that the system (21) can be written as 

2.:~ V, & Fl. (24 

Using this equation we immediately obtain the important equation 

where 

(25) 

We rmecall, the function E is the second time derivative of Ic with respect to the 
given system (24), i.e. 

Then here exist function fo(z, I/) such th,at the integral equation (25) hold. The 

equal;ion (25) is called the F’redholm integral equation with kernel E (z, [). Here 

the sret {iw} is the spectrum IS of kernel ! . Examining the differential equations 

dfo 
-= 
dt f0 

d.h - 
dt 

--.bJ2 f0. 

We recognize that its characteristic numbers are &iw.Consequently the general 
solution 

f(t, Z! V) = cl C ~_(~V)r"e~(~~--~~) + c2 C ck(V)7-kei(k'+wt) 

where eland c2 are some constants which depend on initial condition. Therefore 
if it is chosen c2 = 0 and IJ =: ZX, where X > 0 then the perturbed function 



f(,t, z, ZJ) -+ 0 as t + 00. Thus the bunched, beam survive the full energy so that 
for this condition we have self-focusing and accelerating system. 

It can be shown in the usual way, that if iw E o(g) be such that 

Im o(Z) t o! > 0 (27) 
then the integral manifold {3;i,x2 = 0, z3 = 0) is self-focused and acceleration. 

Indeed, under condition (27) we can construct the function < = fo fo> 0 such that 
its time derivative with respect to the given. system (21), (i.e. the expression 2 = 

-2l4.W1), is p OS ive everywhere except at the singular point where it vanishes. ‘t’ 
Under this condition, consequent81y c(z, V) -+ 0 as t + o. 

Furthermore, the boundary of asymptotically stable is defined by a condition 

Thus the equation (28) is a common way of looking for the electro-magnetic field 
resolving the 2-D problem 1. 

V THE STABILITY OF THE SOLUTION OF 

VLASOV-POISSON EQUJATIONS IN THE SENSE 
OF TWO METRIC 

As well known, the stability of local str.uctures or solitons by two metric have 
important physical sense. Thus the solution of the J’lasov-Maxwell system is the 
stability for the metric po and p if for all E :> 0, there exists b(s) > 0 such that from 
po(zo, ~0) < 6 follows p(f(t, :c, v)) < E for all t > 0. If in addition p(f(t, x, v)) --+ 0 as 

t --+ 00 then we have the asymptotically st,able. Let pt = 
s If(G x, 412& = IPIll, 

Do 

be th.e norm of the function in a. space L2(D), then po = 
s 

]f(O, z, u)j2dp, where p 

Dt 
is some measure in &(D). From the above mentioned result about pt we deduce 

pt = J’ If(t, 2: v) 12dp = J If(O, x, v)j2 exp ] divX&-& 

Dt Dt 0 

here divX is a divergent of the vector field X = {‘v, Fl + G(t, 5, v)} and G(t, 5, v) 

is so:me disturbance of the Lorentz force (e.g., it may be collision of the particles). 
Notice there exists some constant B such that an inequality 

t 

exp divXdt <C BeVat I _- 
J 
(I 

(29) 



iff Reo(k) 2 -CY < 0. The in.equality (29) yields: pt 5 BpOeeot and ,Q + 0, as 
t -+ co; as only Rea(k) < --a! if ~10 < 6 . 

It is easily seen, that norm /Y in the Hilbert, space L2(D) have to deal with volume 
and is determined up to measure zero. This volume may be m-dimensional chaotic 
attractor in some dissipative phase space. 
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