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Due to the good chiral properties of domain wall fermions we attempt to calculate K + 2n decay amplitudes and
Re(e’/c), on the lattice, in the quenched approximation, and using lowest order chiral perturbation theory. Since
the first resultsfor Re(e’ /c) have been reported[l] recently, we include them herealthough they were not presented
at the time of LATTIC”E ’99. At ~ = 6.0 we find
Improvements now underway are briefly described.

1. INTRODUCTION

Because XS is crucial in K, Trphysics, the at-
tractive chiral properties of domain wall fermions
(DWF)[2-4] motivate us to use DWF for investi-
gating long standing problems irl K --+ 2n decays,
namely the A1 = 1/2 rule and even more impor-
tantly an evaluation of the direct CP violation
parameter e’ [5]. We recall that these calcula-
tions require using a non-perturbative method,
such as the lattice, for the evaluation of the
K + 27r matrix elements of t:le 4-quark oper-
ators of the AS = 1 effective weak Harniltoni-
an, which we write schematically as H.$S= 1 =

xi ~C(p)iQ(p)~Ont [6]. Here ~ are the appropri-
ate CKM matrix elements, and C’(V)i [7,8] the
Wilson coefficients calculated to next to leading
order for a continuum 4-quark operator Q(p)~Or’t.
Both C’(p)i and Q(p)~t depend on the renormal-
ization scale p, but HeAms=l is scale-independent.

Direct computation of the matrix elements
(mrlQlatt IK) necessitates 4-poir,t fimction calcu-
lations and is computationally ~reryintensive. In
addition, the Maiani and Testa[9] no-go theorem
allows such direct K -+ 7rT lattice calculation-
s to be done only at threshold. Amplitudes can
then be related to laboratory kinematics by the
use of chiral perturbation theory (,YPT)[1O,1 1].
Since DWF respect XS to a high degree of accu-
racy,we can avoid these difficulties by using lowest
order chiral perturbation theory (LOX PT;I to re-
late (TmlQIK) to a linear combination of (7rlQlK)
and (O]QIK) as first suggested in Ref. [12].

Furthermore, the renormalization relating the
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Re(&v~/e~xP) = –(3.3 + 0.3(stat) + 1.6(syst)) x 10-2q.

lattice and continuum operators must be calcu-
lated. In this context, an important contribution
to lattice gauge methods was made by Martinel-
li et al. [13] who proposed a non-perturbative
renormalization (NPR) procedure which is regu-
larization scheme independent (RI scheme). Thus
Q:Ont = z2jQj$itt where Zij are the operator
renormalization constants calculated on the lat-
tice. In fact, this NPR method works very well
with DWF[14]; our study is the first application of
the NPR method to the complete AS = 1 Hamil-
tonian.

We use the boundary fermion variant of DWF
by Shamir [4]. Non-perturbatively, the residual
(or the additive) mass induced by the finiteness
of the extra dimension (IVs sites) can be moni-
tored in simulations by studying the violation of
the non-singlet axial ward identity [16, 17]. In typ-
ical simulations with ~ > 6.0 and iVS 2 10 the
induced quark mass is found to be in the range,
10–3 ~ rni’’d”ced < 10–a[16,17]. Whether or not
NS is sufficiently large can also be monitored by
demonstrating that the various matrix elements
of 4-quark operators exhibit the behavior expect-
ed from LOXPT. Thus we explicitly verify that
the operators that transform as (8,1) or (27,1) un-
der SU(3) Lx SL(3) ~ vanish with m whereas those
that are (8,8) go to a constant when m + O. As
specific examples we show the matrix elements of
the QCD penguin operator Q6 and the EW pen-
guin operator Q8 in Figs. 1 and 2 respectively;
recall Q6 goes as (8,1) and Q8 as (8,8). Note also
that Q6 is the most important matrix element for
d/c and for the AI = 1/2 rule[l].

Simulation parameters are summarized in Ta-
ble 1. We calculate both with the charm quark as
an explicit field on the lattice as well as by inte-
grating it out. IIowever, the active charm case
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Figure 1. The chiral behavior of the K --+ m ma-
trix element of QG.

is not under good systematic, and in the case
of ReAo, statistical control. Therefore, most of
the results presented here are from the approach
where charm has been inte<~ratedout. Also, since
the renormalization of the operators at /3 = 5.85
is not as far along as for the 6.0 case, most of the
results given here will be for the latter case.

2. Preliminary Results

Fig. 3 shows our result for the amplitude Re&
for K + 27r(1 = O). For convenience, we calcu-
late physical quantities using matrix elements IMi
defined by:

which are then multiplied by the factor j~rn~
calculated at m = 0.02 which corresponds to the
physical kaon mass. ReA,, is found to be quite
sensitive, at this gauge cc,upling, to the mixing
matrix element z~G. This is a consequence of the
fact that (Q~r’ ) > (Q~-’). We find that 226

is oldy a few percent (see l?ig. -1) at ~?= 6.0, and
therefore its computation in tile NPR method is
very demanding and requires even more thatl tile
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Figure 2. Same as Fig. 1, but for Q8.

336 gauge configurations that were used. The er-
rors on ReAo due to ZZGare still rather large and
are much larger than those due to the matrix ele-
ment calculations. Furthermore, unphysical con-
tamination to ZZG from lower dimensional oper-
ators, likely to be small, still needs to be sub-
tracted[14]. So, while we see indications of the
AI = 1/2 enhancement, this is not yet a demon-
stration of the AI = 1/2 rule. Fig. 5 shows our
result for ReA2. Clearly AJ receives large higher
order corrections in xPT as the dependence on
m indicates. Nevertheless, it is consistent with
experiment to better than 30Y0.

Fig. 6 shows the ratio of the two amplitudes i.e.
the AI = 1/2 rule and comparison to experiment.
More data is being taken to improve our calcula-
tion of ReAO. Note that in Fig. 3, Fig. 5 and
Fig. 6, where horizontal lines indicate the experi-
mental values, comparison of the lattice data with
the experimental results should only be made in
the chiral limit, i.e. m S 0.02. In particular, da-
ta points with m 20.05 are too heavy for xPT
or for K + m decays and are not very relevant;
they are being shown for completeness.

Since our calculation of ReAO is not very accw
rate yet, we take that as input from experiment
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Matrix elements
6.0 I 163 X 32 X 16 j 0.01-0.1.25 [ 98
5.85 ] 123 X 32 X 20 ] 0.025-0.25 I 68

Z Factors
6.0 163 X 32 X 16 0.02-0.3 52
6.0 163 X 32 X 16 0.04, 0.2 336

5,85 163 X 32 X 20 0.025-005 25
5.85 163 X 32 X 20 0.025, ().2 300

Table 1
Simulation parameters.

and find[l]

:~e(EkWF) = -(3.3+ 0.33, 1.6)X 10-2, (2)
v ~EXp

where q is the Wolfenstein parameter of the CKM
matrix and the statistical error was obtained from
a jackknife analysis.

As usual the systematic errors are very hard
to determine reliably; this is especially true in a
calculation of this nature which has never been
done on the lattice before. In i~ny case we esti-
mate 15% due to finite volume effects, 15YOdue
to isospin violation, 25% due tc~non-zero-lattice
spacing, 10% due to choice of renormalization s-
cale and the effect of Landau gauge ambiguity.
The uncertainty in Wilson coefficients is taken to
be about 2076. xPT errors are estimated at 25%
and quenching errors at 107o. These systemat-
ic errors are rough at this stage. Adding them
in quadrature, we arrive at a systematic error of
48%.

Perhaps the most interesting aspect of this re-
sult is the sign. The origin of the minus sign in
Eq. (2) is the sign of the QCD penguin contri-
bution, (mr\Q6IK), which is opposite to that of
conventional phenomenology[19] and is the domi-
nant contribution to ImAo. Thus Bd as defined in
conventional phenomenology[19 [ is negative, 2.e.

a complete breakdown of the vacuum saturation
approximation (VSA), Bi ~ 1. The lattice data
(see Fig. 8 and Fig. 9) explicitly show that the eye
contractions, which are difficult to handle phe-
nomenologically, dolninate over figure eight con-
tributions. Indeed the latter colltribut,ion has the
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Figure 3. ReAo in the case where the charm quark
has been integrated out. Values are shown for
renormalization scales p = 2.05 GeV (octagons),
2.3 GeV (squares), and 2.9 GeV (diamonds) [18].
The horizontal line denotes the experimental val-
ue. Note that the bare quark mass m = 0.02 cor-
responds to a meson made of degenerate quarks
with the mass of the physical kaon.

sign consistent with phenomenological expecta-
tions[19]; it is just that it is sub-dominant. It
must be stressed that on the lattice chiral sym-
metry provides crucial consistency checks (see e.g.
Fig. 1, Fig. 2, Fig. 8, and Fig. 9), something sim-
ply not available in a phenomenological approach.

We note that our signs for ReAo (Fig. 3), ReA’

(Fig. 5), 1mA2, B~ (Fig. 10), and B~ff are al-
1 positive and consistent with experiment, pre-
vious lattice estimates [20], and/or phenomeno-
logical expectations[19]; only the sign of l!{fj
(which is difficult to deal with phenomenological-
Iy), and consequently of ImAo, is different from
phenomenology[21].

Another interesting feature that emerges which
is rather distinct from the phenornenological ex-
pectations[19] of the past decade is that the con-
tribution of the electroweak penguins (EWP ) to

AI=3/2 .
c’/e originati~lg from lm.4z (i.e. QT,8,9,10) IS smal-
1, less than 10% of QG, and in any case their com



4

0.1

0.05

0

L’ r I
r ~-----l

‘“”m

‘:L2__l
o 10 20 30

n(q2)

Figure 4. The mixing coefficient &Ij. The
points used to renormalize operators are n(qa) =
4, 12,26 where the magnitudes of the external
quark momenta (p, p’) and the net momentum
transfered by the gluons (q) are equal, which de-
fines the renormalization condition. n(qy ) is an
index, and the above three integers correspond to

[PI = IP’I = 191= 2.0 (swwes), 2.3 (diamonds),
and 2.9 (crosses) GeV, respectively [l!l].

AI=3/2tributions to c’ add. Note that Jfe is about
10% of M6 and gets enhanced by Re.&/ReAz z
22. However, Cs(p) is much smaller than CG(p)[7,
8], so the final contribution is small. The fact that
there are no significant cancellations between the
QCD penguins and the EWP makes the lattice
calculation of e’/e unexpectedly robust, with the
major contribution comin~; from a single opera-
tor, QG.

3. CONCLUSIONS

Our first study of 1< + m and e’/~ with D-
WF shows quite unmistakably that (;~mlQ6IK) is
positive, in sharp contrast to phenomenological
expectations[19] where it was considered negative
based on lJSA and faCtOriZ21tiOIl.Also this matrix
element is found to be the Inest,ilnpoltant one for
d/t. In addition, 13JVP cclltribut,ions are small.
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Figure 5. Same as Fig. 3 but for ReAa. Symbols
same as in Fig. 3.

Assuming q w 0.37 [22] yields a negative value of
c’ /e, about a factor of 5 bigger in magnitude than
experiment [23] with rather large errors. It may
be that some input from phenomenology is still
in error or there is an unforseen problem with our
quenched simulations. If our result persists after
extensive scrutiny and verification, then, and only
then, should we seriously entertain the (dramatic)
possibility that the SM-CKM paradigm does not
correctly describe indirect and direct CP violation
in K decays with a single CP-odd phase. Given
the potential for such far reaching conclusions, it
is clearly important to improve our understanding
of the theoretical underpinnings and also simul-
taneously make progress in improving our lattice
calculations. We are currently improving our da-
ta sets at 3 = 6.0 and 5.85. Studies at weak-
er couplings and larger volumes are also planned
in the near future. Simulations with dynamical
quarks are also desirable.
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Figure 6. The ratio of ReAo to ReA2. Symbols
same as in Fig. 3.
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Figure 8. The K + 27r matrix element of
the bare operator Q6; The contributions from
“eye’’(fancy squares), “figure eight” (fancy dia-
monds), and vacuum subtraction(squares) con-
tractions are shown. The tc,tal(diamonds) is dom-
inated by the eye contribution and is thus posi-
tive.
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Figure 9. Same as Fig. 8 except that @ = 5.85.
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Figure 10. The kaozl B parameter (2 GeV in
the ND R scheme) compared with Kogut-Susskind
(KS) results(see Ref. [20]).


