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EFFECT OF PERMANENT-MAGNET IRREGULARITIES

IN LEVITATION FORCE MEASUREMENTS

John R. Hull

Energy Technology Division

Argonne National Laboratory, Argonne, IL 60439 USA

In the measurement of the levitation force between a vertically magnetized permanent magnet

(PM) and a bulk high-temperature superconductor (HTS), PM domains with horizontal

components of magnetization are shown to produce a nonnegligible contribution to the levitation

force in most systems. Such domains are typically found in all PMs, even in those that exhibit

zero net horizontal magnetic moment. Extension of this analysis leads to an HTS analog of

Earnshaw’s theorem, in which at the field-cooling position the vertical stiffness is equal to the

sum of the horizontal stiffnesses, independent of angular distribution of magnetic moments

within the PM.

INTRODUCTION

Measurement of the levitation force between a permanent magnet (PM) and a bulk high-

temperature superconductor (HTS) has become a popular method to characterize HTSS. A

number of PM properties contribute to its utility in these measurements for the study of (RE)-

BCO HTSS. The measurement is directly applicable to the design of HTS bearings, which rely

on the levitation force for their basic operation [1]. SmCo or FeBNd PMs have internal

magnetizations poM >1 T, which is usually sufficient to determine the penetration magnetic

field and other performance parameters of the HTSS. These PMs are commercially available in

sizes commensurate with the size of single-domain (RE)BCO. The PMs are compatible with

submergence in liquid nitrogen (LN) and do not need a power supply. The magnetizations are
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steady in time at a fixed temperature.

Sophisticated analytical and numerical models that are based on the properties of the PM and

the HTS have been developed to predict the levitation force in axially symmetric systems [2-6].

Typically, when predictions of these models are compared with experimental results, the PM is

assumed to be magnetized in the axial direction.

The present manufacture of high energy-product PMs involves aligning the magnetic powder

in a magnetic field to orient the easy axis of magnetization [7]. This green compact is then

sintered to obtain final density. Under typical alignment procedures, there is a substantial self

demagnetization effect, and cylindrical compacts that are otherwise very homogeneouswill have

an alignment distribution that is concave. Locally, this alignment conilguration gives rise

horizontal components to the magnetic moment. Globally, there is no net horizontal moment in

the ideal case, although the vertical moment is reduced from the theoretical maximum.

Imperfections in the manufacturing process further exacerbate this situation and may give rise to

net horizontal moments. Typical mean angular misorientations of grains in PMs such as the ones

we are using are in the range of 20-40° [8,9].

In this paper I discuss the effect of horizontal magnetic moments in PM/HTS levitation

measurements. I show that ignoring their presence can lead to erroneous predictions in which the

measured levitation force may even exceed the theoretical maximum between the PM and its

diamagnetic image. The theoretical maximum force between a PM and its image has been

suggested for an absolute standard in comparing the performance of an HTS in a PM/HTS

system. Thus, it is important to understand the scope of influence of the horizontal moment on

the calculation. In thk paper I use the frozen-flux model [10,1 1], which provides an economy in

understanding the relevant features of the levitation forces and stiffnesses in this case but does

not predict hysteresis loss or account for the physics of the more physically correct critical-state

model.
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FROZEN-FLUX MODEL

The general schematic of the frozen-flux model for a dipole-dipole interaction is shown in Fig.

1, in which the HTS surface is a horizontal plan. In zero-field cooling (ZFC), the PM produces

its dku-nagneticmirror image below”the HTS top surface, while in field cooling (FC), two images

appe= one is the diamagnetic mirror image and the other is the frozen image, as shown in Fig.

l(a). The interaction force between PM and HTS is provided by the superposition of the

magnetic field from the PM, the source of the frozen image (due to trapped flux in the HTS), and

the diamagnetic mirror image (due to screening currents in the HTS). The diamagnetic mirror

image moves when the PM moves so that its lateral position equals that of the PM and its

vertical height below the HTS surface equals the height of the PM above the surface. Once

formed, the frozen image does not move, and has coordinates (O,-h). The magnitude of the

magnetic moment of the frozen image is exactIy equal to that of the PM so that there is no net

force upon field cooling. This is the typical case with good melt-textured HTSS, such as those

that we are using, in which the Meissner fraction after field cooling is negligibly small.

An advantage of the frozen-flux model in this discussion is that there are no free parameters.

The forces may be derived from measured properties of the PM. For a first-order

approximation, the PM/HTS interaction can be represented by the forces between dipole images.

This approximation readily shows the basic concept of the frozen-image model and produces

readily derived analytical expressions. Calculation of forces in realistic geometries requires

numerical integration over three dimensions in the most general case. Figure 1(b) shows how to

determine the image moments if the PM dipole is oriented at angle 61 to the vertical. The

orientation angle 02 for the diamagnetic image is given by (32= n -01. The angle for the frozen

image is given by (32= -01. Themagnitude of the image moments are identical to that of the PM

moment.

.
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A physically equivalent, but numerically easier, method to calculate PM/HTS forces in

cylindrical geometries is to model the PM and its images by equivalent Amperian current loops

[11]. In the most general case, a two-dimensional numerical integration is required, however, if

there is no horizontal offset the calculation reduces to a one-dimensional numerical integration.

Figure 2 shows a comparison between the theoretical predictions, calculated by this method and

experimental results [11] for (nearly) ZFC for the range of gap in which the frozen-flux model is

expected to be valid. The temperature of the PM was carefully controlled in the experiments.

The dipole moment of the magnet was measured and assumed to be vertical in the measurements.

The theoretical curve is the equivalent of a set of magnetic dipoles interacting with the set of their

images. It is generally believed that this is the maximum possible force that can be generated in a

PM.IHTS system, yet we see that the experimental measurements exceed the theoretical

calculation by as much as 20Y0. Similar results, in which the experimental forces seem to exceed

the theoretical maximum have been seen elsewhere [12]. Measurements in FC also showed a

larger theoretical force than the theoretical maximum [11]. Such results motivated investigation of

the role of the horizontal moment in these measurements.

DIPOLE-DIPOLE FORCES

From magnetomechanics, the force between two magnetic dipoles acting on dipole 2 is [13]

(Znpr)(r?zpr)r
12’

(1)

where p.. is the permeability of free space, ml is the magnetic moment of the first dipole, mz is

the magnetic moment of the second dipole, and r is the separation vector between the dipoles.

We are interested in the interaction of a dipole in the PM with its own image, as well as its

interaction with the images of other dipoles. The double vector sum of the forces between each

dipole and all of the images gives the total force. However, the scope of the problem can realized
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by considering the vertical force of a dipole of moment m, oriented at angle 0 to the vertical, with

its diamagnetic image, which is

3pov?
FZ=——

47C(2Z)4
[2cos26+ sin20] , (2)

where z is the height of the diple above the HTS surface. If we measure the vertical magnetic

moment as m cos @and calculate the force assuming the moment is purely vertical, we obtain

3pov?
I?z = —[2COS2 e] ,

47C(2Z)4 (3)

If the mean angular misorientation is 6 = 20°, Eq, (2) will predict a force approximately 18%

larger than Eq. (3), and this is consistent with the discrepancy between experimental results and

theoretical predictions shown in Fig. 2. In general, a proper calculation must involve the

interaction between all diples and all images and requires a knowledge of the PM magnetization as

a function of location within the PM.

HTS EARNSHAW ANALOG

I now use the frozen-flux model to calculate the magnetomechanical stiffiess of the dipole-

dipole system in the FC position. The vertical stiffness between a dipole oriented at angle 6 to

the vertical and its frozen image is

Kz,fi = -dF%fi /az=-2[2cos26 + sin2 @]
t (4)
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Remembering that the diamagnetic image moves the same amount as the actual dipole and the

assignment of%ngles shown in Fig. 1, the vertical stiffness between a diple and its diamagnetic

image is opposite in sign and twice the magnitude of Kz fr. Thus,
9

3p. m2
—[4cos2@+2sin28]‘z,dia = ~ ~2z)5 f

The total vertical stiffness is

3pom2
Kz = Kz,fi + Kz,tia = [2cos2e+sin2 e] -

n (2Z)5 ~

(5)

which is positive, indicating stability in the vertical direction. There is no horizontal stifi%ess

associated with the diamagnetic image, and for the frozen image we must distinguish the x

direction in the plane of the tilt of the magnetic dipole from they direction which is

perpendicular to the plane of the tilt. The horizontal stiffnesses are

(6)

3p. m2
Kx = [COS2e + + sin%]

z (2Z)5 t

3p. m2
KY = [COS2e + +Shw]

‘n(2Z)5 !

(7)

(8)

The horizontal stiffiesses are both positive, indicating stability in all directions, which is

consistent with many experimental observations. In comparing Eqs. (6)-(8), I note the

relationship

Kz = Kx + Ky , (PM/HTS), (9)
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which is valid for any orientation of the dipole. I consider Eq. (9) to be an HTS analog to

Earnshaw’s theorem [14,15], which when applied to magnetic systems can be written as

Kz + Kx + Ky = 0, (PNUPM), (lo)

While the derivation was for a diple and its own images, it is readily shown that Eq. (9) is

valid for any PM/HTS system with the geometry shown in Fig. 1, i.e., with a PM above an HTS

with a flat surface. Between any pair of dipoles (e.g., a PM dipole and a frozen image of a

second dipole), Eq. (1O)must be valid. Then, using the smae logic as used in deriving Eq. (4)

from Eq. (3), when we include the diamagnetic image of the second diple and constrain our

system so that lal dipoles in the PM move the same incremental 6z, we fmd that Kz = Kz,~ +

Kz,dia= - Kzfi for every interaction between any PM dipole and any frozen plus diamagnetic “

image from any other diple. Thus, Eq. (9) must be valid for the entire PM/HTS system. Eq. (9)

has been experimentally verified for at least one system [11].

I note that Eq. (9) is strictly valid only at the FC position.

CONCLUSIONS

A generalized theorem for PM/HTS systems, analogous to Earnshaw’s theorem for PM/PM

systems has been derived. The theorem states that in the field-cooled position, that the vertical

magnetomechanical stiffhess is equal to the sum of the horizontal magnetomechanical stiffnesses.

I have shown that the presence of localized horizontal magnetic moments in PMs has the

potential to obfixscate comparisons between experimental measurements and analytical or

computational models of levitation forces in PM/HTS systems. A method to measure the

distribution of these moments must be developed for accurate comparisons to be made.
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FIGURE CAPTIONS

Fig. 1. Schematic of frozen-flux model. (a) Field cooling occurs at (O, h) while measurement

occurs at (x, z). The diamagnetic image (dia) follows the permanent magnet (PM), while the

frozen image (fr) remains in the initial position. (b) PM tilted at angle 611from the vertical

results in diamagnetic image at angle z - (I1 and frozen image at angle - f)l.

Fig. 2. Levitation force versus gap between PM and HTS, comparing experimental results under

zero-field cooling versus theoretical prediction using measured vertical magnetic moment of

PM.
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