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Abstract 
Hexagonally close-packed arrays of optical fibers were investigated for 
partitioning a laser beam into individual beamlets for distribution to 
remote and variously located regions for experimental purposes. 
Equations were derived giving the eficiency of coupling the laser beam 
into .the fibers as a function of the fiber cross-section geometry and the 
number offibers in a given hexagonal array, assuming that the laser beam 
justfilled the outermostfibers in the array. The analysis was done also 
for the case in which a small lens was used in conjunction with eachfiber 
in the array. For the lens-fiber combination, the effect of spherical 
aberration was calculated and equations were derived giving the location 
and radius of the so-called circle of least confusion as a function of the 
lens geometry. The effects of aberration were also compared with the 
calcuIated diflaction-limited focal spot size for a lens in the array. The 
effect of misalignment of a lens relative to the laser beam was analyzed 
with regard to the eflciency of energy coupled into the matingfiber. A 
prototype array was fabricated utilizing a hexagonal array of 61 fibers. 

Summary 
An analysis was made of hexagonally close-packed arrays of optical fibers for 
partitioning a laser beam into individual beamlets for distribution to remote regions 
space. Equations were derived giving the radii of the circles on which the fiber cenl 

n 
:rs ie 

in the hexagonal configuration. The efficiency of coupling the laser beam into the fibers 
was calculated as a function of the fiber cross-section geometry and size of the close- 
packed array, assuming that the laser bearp diameter was just large enough to fill the outer 
fibers in the drray in each case. In addition to losses in the interstices between adjacent 
fibers, the fiber core diameter represents only 90 percent at best of the outer fiber 
diameter that includes the nontransmitting protective buffer coating and the cladding. -As 
a result, for core-to-outer buffer diameter ratio at the highest practical limit of 
approximately 0.87, the fraction of energy transmitted by the fibers is only in the range 57 
to 62 percent for array sizes up to 85 fibers. When small identical lenses are used to . 
couple the beam energy into each fiber, the analysis shows that the efficiency is in the 
range 75 to 82 percent for arrays up to 85 fibers in number. 

For lens-to-fiber coupling, the effects of spherical aberration were analyzed and compared 
to diffraction-limited spot size. Also, the size of the so-called circle-of-least confusion 
was investigated and equations were derived giving the radius of the circle as a function 
of the lens diameter, refractive index, and focal length. The analytic results, based on 
third-order theory, were found to be in good agreement with exact results obtained from 
ray tracing. Moreover, on the basis of geometric optics, calculated relative intensity 
distributions in the plane of the circle of least confusion showed that the intensity is high 
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at the center, high at the periphery of the circle, and lower in the intermediate region. 
' This is in contrast to the case in the focal plane in which the intensity is highest at the 

center and decreases with radial distance outward. 

On the basis of ray tracing, the shift in the center of the illuminated region on the fiber 
face was determined as a function of the angular misalignment of the lens with respect to 
the axis of the laser beam. The fraction of energy passing through the lens and failing to 
enter the fiber as a result of lens misalignment was calculated for various ratios of spot 
radius to fiber radius. The calculations were done both for assumed uniform and 
Gaussian intensity distributions within the illuminated spot in the plane of the fiber face. 

prototype array containing 6 1 hexagonally close-packed lens-fiber combinations was ' 
fabricated. Each lens was 3.0 mm in diameter with a focal length of 20.08 mm. Based on 
the calculations in the present work, the longitudinal and lateral spherical aberrations at a 
wavelength of h = 355 nm are 0.1416 mm and 0.0106 mm, respectively. The circle of 
least confusion has a diameter 5.26 x 
fiom the paraxial focal plane, in the direction toward the lens. The diffraction-limited 
spot diameter at 355 nm is 5.8 x lo3 mm, and hence the lens operates in the borderline 

~ between spherical aberration and diffraction-limited. Calculations showed that the 
angular alignment of the lens with respect to the laser beam must be within approximately 
0.39" to achieve 90 percent coupling of the laser energy into the fiber, assuming an 
illuminated spot diameter of 0.4 mm on the 0.6-mm-diameter fiber core. Misalignment 
of lens to the beam by the iimount of 0.5" results in only 75 percent calculated coupling. 
A few of the lenses in the prototype were estimated to be misaligned by as much as 0.8 O , 
resulting from variation in lens height and resultant shifting on assembly of the lens array. 

mm and lies in a plane at distance 0.1064 mm 
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Discussion 

Scope and Purpose 

Analyses were made of the use of close-packed arrays of optical fibers for partitioning a 
laser beam into a number of individual beamlets. The efficiency of the partitioning was 
cglculated as a function of the dimensional ratio of fiber core/cladding/buffer geometry 
and the number of fibers in a given array. Analyses were also made of the alignment 
tolerances in the use of an individual lens combined with each fiber in an array. The 
work was done in support of those experiments which require that a single laser beam be 
split into a number of parts that are to be distributed to desired locations otherwise 
inaccessible. 

- 

Activity 

Introduction 

In some applications it is necessary to divide a single laser beam into a number of smaller 
beams, or “beamlets,” for distribution to remote locations. Combinations of prisms and 
beamsplitters can be used.for partitioning the laser beam, but this is primarily useful when 
the be&lets are of the same diameter as the original beam. In an application in which it 
is necessary to introduce each beamlet into an optical fiber to achieve a desired fluence 
and to pass the beamlet through a circuitous path to deliver the fluence at a remote 
location, it is probably advantageous to convert the single beam into beamlets merely by 
grouping a number of fibers into the path of the beam. Otherwise, if splitting occurs first 
with prisms to provide beamlets of the same beam diameter, then a conversion of each 
beam has to occur later for suitable entry into the fibers. 

Geometry of the Hexagonal Array 

1. Rectangular Pattern 

The concept of bundling optical fibers together, with their axes parallel, to place the 
greatest possible number within a given region of space leads naturally to a hexagonal 
close-packed arrangement as can be seen as follows. Begin with a single fiber of 
diameter D and place fibers of the same diameter in contact with it and with each other, 
as shown in Figure 1 b. The center fiber touches each of the six outer fibers, whereas each 
outer fiber touches three fibers: the center fiber and two adjacent fibers sharing the ring. 
The basic unit o f  this structure is the triplet of fiber cross-section circles whose centers lie 
on an equilateral triangle of side D. Connecting the centers of adjacent fibers (circles) in 
the outer ring results in a hexagon of side equal in length to the fiber diameter, D. 
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Figure 1. Beginning With a Single Fiber in (a), the First Two Completely Filled Hexagonal 
Arrays Are the Patterns in (b) and (c). 
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Placing a fiber in contact with each adjacent two fibers in the arrangement of Figure 1 b 
leads to the larger hexagonal pattern in Figure IC. The centers of the outer fibers lie on a 
hexagon of side 2 D. 

As this process is continued, the centers of the outer fibers lie on the sides of larger 
hexagons. Let i be an indexing integer denoting successive horizontal lines coinciding 
with the sides of the hexagons as the arrays are built in numbers of contained fibers. 
Then, i = 1 and i = 2 for the hexagons in Figures l b  and IC, respectively. For increasing 
values of i, Table 1 provides a tally of the number of fibers on the hexagon side, the 
number of fibers on the central row, and the cumulative number of fibers as the 
hexagonal arrays are assembled in an ever-increasing fashion. 

The distance between adjacent fiber centers in a row is the fiber diameter D, and the 
perpendicular distance between lines passing through the fiber centers of adjacent rows is 
D ( f i  /2), as seen in Figure 2a. The length of a side of the hexagon that will just 
circumscribe an array is i D + 2 D ( f i  /6), as can be seen from Figure 2b, and this 
distance is tabulated in Table 1, along with the diameter of the circumscribed circle, 
(1+2i)D. 

2. Angular Pattern 

A close examination of the hexagonal array of fibers shows that the centers of the fibers 
lie on concentric circles of various radii, with each circle centered at the center of the 
central fiber. Unlike the regular rectangular grid of fiber centers above, the increment in 
radius of successive circles on which the fiber centers lie varies as the array size 
increases. 

Analysis of the circular ring radii is important in calculating the fraction of laser beam 
energy received by an array because the illuminating laser beam itself is normally circular 
in cross section. Consider the array of dots in Figure 3 representing one sixth of the 
centers of fibers in a hexagonal array. The array shown is repeated angularly about the 
central fiber center at c to fill all of the angular space. In terms of the rows referred to in 
Figure 1, the rows for i = 1 . -. 8 are shown in Figure 3. Consider the point labeled a, 
which lies in the i = 6 row and at the second space to the right of the vertical dashed line. 

The distance of this point from the center at c is [(2D)’+ (6 D /2)2] 7 . Next, consider 
the point labeled b which lies in the i = 7 row at a space-and-a-half to the right of the 

vertical dashed line. The distance of b from c is [(7 D f i  /2)2 + (3/2 D)’] 7 . This can be 
generalized readily to give the following relations for the radii of the circles on which the 
fiber centers lie. In these relations, i denotes the row and j denotes the interval along the 
row, measured relative to the dashed vertical line in Figure 3. 
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Table le 

( i +  &/3)D 

Features of Hexagonally Close-Packed Arrays of Optical Fibers as a Function of the Array 
Size 

( 1 + 2 9  D 

Indexing 
Row No. i 
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5 

No. of Fibers 
on Side of 

Array 

6 

i + l  

No. of Fibers in 
Center Row of 

Array 

9 

11 

ii+ 1 

Cumulative No. 
of Fibers in 

Array 

7 

19 

37 

61 

91 

1 + 3i (i + 1) 

Length of Side of 
Circumscribed 

Hexagon 

.(I + &/3)D 

(2 + &/3) D 

(3 + &/3) D 

(4+ &/3)D 

(5 + &/3) D 

Diameter of 

Circle 
' Circumscribed 

3 D  
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7 D  
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11 D 
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0 

0 

0 

0 

0 

0 
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0 

0 

0 

0 -  '1 

I =  i D + D f i / 3  -1 
(b) 

Figure 2. Features of Rectangular Hexagonal Array Pattern [showing distance between 
adjacent fiber centers in a row and distance between adjacent rows in (a) and 
length of circumscribed hexagon side in (b)] 
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.i=lV e 

’ Figure 3. Portion of Rectangular Pattern, Showing Row Locations Out to i = 8. (Repeating this 
pattern five additional times rotated about point c gives full angular array of fiber 
centers with a total of 217 fibers.) 

i even: 

i odd: 

i j = 0,1,2,...- 
2 

Ri,j =/[iD$)2 +[(j-;)D]’ j=1,2 ,...- i + l  
2 
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A tabulation of the radii of the circles on which the fiber centers lie, based on the foregoing 
relations, is given in Table 2 along with the number of fibers in a given ring and the cumulative 
number of fibers within all of the space filled out to the given radius. 

Note that some fibers lie on circles having radii that are integral multiples of the fiber diameter 
D. The other radii all involve square roots of prime numbers or products of the square roots of 
prime numbers. Not all prime numbers are represented, however. For example, within the array 
sizes represented in Table 2, the prime numbers 5, 11, 17,23, and 29 do not appear, although 3, 
7, 13, 19,31,37, and 43 do. 

Those radii containing products of square roots of prime numbers contained in smaller radii are 
curious. For example, the radius R5,2 = .J? f i  D contains the product of the multiplicative 
factors in R2,o and R3,l. Similarly, R7,2 contains the product of the multiplicative factors in R2,o 
and &,I. 

In Figure 4a is shown an array out to row i = 4 containing a total of 61 fibers, based on the 
rectangular pattern of Table 1. The same array represented in the angular pattern is shown in 
Figure 4b, where it is seen fiom Table 2 that there are 8 rings in the array. Note the 
nonuniformity in increments in the ring radii. 

For i > 7, the relations in Equation 1 can exhibit degeneracy for certain combinations of i, j. 
This does not pose a problem as long as it is taken into account in summing the cumulative 
number of fibers out to a given ring. For example, the first degeneracy occurs for i = 8, j = 1, 
because R8,l = R7,4. 

Fraction of Laser Beam Energy Intercepted bv a Hexagonal Array of Optical Fibers 

The circle diameter mentioned above was referred to as the fiber diameter. Only the fiber core 
will transmit light under the conditions of numerical aperture for the particular fiber. The core is 
surrounded by the cladding, and, in turn, the cladding is surrounded by a protective buffer 
material of outer diameter D, as indicated in Figure 5. Generally, the transmitting core diameter 
is 80 to 85% of the outer diameter D. It follows that a given fiber will transmit only the energy 
incident on a circle of area n  ED/^)^ where E is the ratio of the fiber core diameter to the fiber 
outer diameter D. Now, an array with the outermost fiber centers lying on the radius R,, can be 
just fully illuminated by a laser beam of diameter equal to the diameter of the circumscribed 
circle, which.is 2 Rij + D. Let Ni, be the cumulative number of fibers filling the array. Then, the 
fraction of laser beam energy intercepted by the collective fiber core diameters gives the 
transmitted energy. 

N ij (E  D/2)’ 

(R, + D/2)2 
Transmitted Energy = 
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Table 2. Features of the Angular Pattern Representing the Hexagonally 
Closed-Packed Fiber Array as a Function of Increasing Array Size 
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Figure 4. Rectangular ,Hexagonal Array and Corresponding Angular Array Pattern. 
[(a) Rectangular hexagonal array with i = 4. (b) Same array in the angular 
representation corresponding to 8 filled rings.] 
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FIBER CORE 

PROTECTIVE 
BUFFER 
OUTER 
DIAMETER 

OUTER DIAMETER 

Figure 5. Cross Section of Optical Fiber (showing outer diameter D, cladding, and transmitting 
core of diameter ED. where €4. 

A plot of the fraction of total laser beam energy captured by the cumulative numbers of fiber 
cores is given in Figure 6 for two different ratios of core diameter to outer fiber diameter. The 

~ ratio of E = 0.87 is approximately the highest practical value for manufactured fiber. Even so, 
the highest fractions transmitted are only in the range 59 to 63% for array sizes up to 17 rings. 

The efficiency of the array for captured energy is notably dependent on the size of the array. For 
example, arrays with 13,43, 97, and 127 total fibers are relatively inefficient whereas arrays with 
55, 85, 12 1, and 15 1 are the highest in efficiency for array sizes up to 17 rings. The variation in 
efficiency is a result of nonuniform increments in successive ring radii as fibers are added to 
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Figure 6. Fraction of Laser Beam Energy Captured by Cumulative Fiber Cores Versus Hexagonal 
Fiber Array Size (for two ratios of fiber core diameter to outer fiber diameter.) 
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create increasing.array sizes. Referring to Table 2 and Figure 6, this can be understood by way of 
an example. In going from array size of ring 1 to ring 2, six fibers are added, but the ring radius 
increases from D to J? D, which is a 73.2% increase. However, adding six more fibers to give 
an array'size of ring 3 requires an increase of only 15.5%, from 
Consequently, ring 2 with 13 fibers total has an efficiency of 49.5% for E = 0.87, but ring 3 with 
19 fibers total has an efficiency of 57.5%. 

D to 2D, in ring radius. 

From Equation 2, it can be,seen that the highest efficiency, for a given array size, occurs for 
E = 1 .O. However, this is not practical because it represents a fiber with zero-thickness cladding 
and zero-thickness buffer. If a lens of only slightly larger diameter than the fiber is used to 
transfer a portion of the beam energy into the fiber, and if this is done for each fiber, then an 
array of close-packed circular lenses can be formed that represents E = 1 .O. A plot of the fraction 
of laser beam energy captured by the lens array is given in Figure 7, as a function of array ring 
size. It can be seen that the efficiency is as high as 77.6 to 83%, depending on the array size for 
ring number up to 17. As in the case of Figure 6, certain array sizes are much less efficient as, 
for example, in the case of ring numbers 2,6, and 12. 

In Figure 7 it is assumed that both lens surfaces are coated to minimize Fresnel reflection losses. 
If not, then each fractional transmission in Figure 7 must be multiplied by 1 6n2 (n + 1)4, where n 
is the lens refractive index at the laser wavelength.' For example, for n = 1.5, an uncoated lens 
would transmit only 0.9216 of the values in Figure 7. 

Combination of a Lens With Each Fiber 

When a lens is used to capture a small portion of the laser beam and focus it to a region 
appropriate for entry into a fiber, several considerations must be taken into account. 

Particularly for the case in which relatively high optical power densities are involved, others have 
shown that damage to the fiber face can be avoided if the beam is allowed to pass through the 
focal region and begin to diverge before entry into the fiber. This means that the lens must be 
capable of forming a focal region smaller in diameter than the fiber core diameter for the 
particular fiber in use. However, if the medium surrounding the lens and fiber is air, then a lens 
providing too small a focused spot diameter is undesirable because air breakdown can occur in 
the focal region when high optical power densities exist? For all these reasons, it is important to 
consider the size of the lens focal region based both on diffraction-limited spot size and based on 
the effects of spherical aberration, in relation to the fiber diameter. 
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FRACTION OF LASER BEAM ENERGY 'CAPTURED BY CUMULATIVE LENSES IN ARRAY 



1. Spherical Aberration 

First, the effects of spherical aberration will be considered. Even when the lens is perfectly 
aligned relative to the beam of a fixed wavelength, the rays arriving in the focal region of the lens 
will exhibit spatial spreading. Consider the simple lens of refractive index n and focal length f as 
indicated in Figure 8. Paraxial rays, or rays near the lens axis, from & object at distance s to the 
left of the lens will tend to focus at distance S',  to the right of the lens. These rays obey the 
simple lens equation 

1 1 1  

s+sb=T' (3) 

However, a ray arriving at transverse distance h in the plane of the lens will cross the axis at a 
point closer to the lens as indicated by the distance Slh. This effect for a perfectly aligned lens, at 
a single wavelength, is known as spherical aberration and the distance . 

AS' = Sb - Sk (4) 

is referred to as the longitudinal spherical aberration. Based on third-order spherical aberration 
relations, the distances S', and S',, are related through the expression3 

1 1  L, =--- s; s; 

Figure 8. Longitudinal Spherical Aberration, AS', and Lateral Spherical Aberration, ASt, 
of a Simple Thin Lens 
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where the q k t i t y  L, is given by 

e]. 3 

-q2 +4(n+l)pq+(3n+2Xn-l)p2 + 
n-1 L, = . 

In the latter, p is the position factor that can be expressed in terms of the distance s and the focal 
length as 

(7) 
2f 

p=--  1, S 

and q is the lens shape factor defined in terms of the radii of curvature of the left and right lens 
faces in Figure 8 as . 

After some manipulation, the longitudinal spherical aberration in Equation 4 can be expressed in 
terms of L, in Equation 6 as 

AS‘ = 
1 + L& (9) 

In the focal plane of the lens, at distance S’, fiom the lens, the distance ASt is referred to as the 
lateral spherical aberration, and it can be seen from’ Figure 8 that this distance is 

for a ray incident on the lens at height h. So, for a perfectly aligned lens, the diameter of the 
focal spot in the focal plane at distance S’, in Figure 8, is 2ASt, as a result’of spherical aberration. 

2. Circle of Least Confusion 

As it turns out, there is a region just to the left of the paraxial focal plane in Figure 8 where the 
envelope of rays actually pass through a region of smaller radius than that given by Equation 10, 
and this is referred to as the “circle of least confusion.” This region can be understood by the 
schematic representation of rays depicted in Figure 9. In Figure 9a, a few paraxial rays and rays 
at larger distances h are drawn schematically and symmetrically about the lens axis. As a result 
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Figure 9. Geometry Used in Deriving Equations 16 Through 21 of Text (giving radius of the circle 
of least confusion and the plane in which it lies.) , 
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of the geometric pattern of the rays passing symmetrically through the focal region, there is a 
plane through which the transverse radius encircling all the rays is a minimum. This is referred 
to as the circle of least confusion. It has been described qualitatively by many4, but the following 
analysis provides a quantitative relationship between the radius of the “circle of least canfusion” 
and lens focal length, ray height, refractive index, and object-image relations, based on the third- 
order spherical aberration expressions in Equations 5 through 8. This can be done as follows. 
Note that each of the rays after exiting the lens in Figure 9b is straight because the medium is 
homogeneous, that is, air in this case. The slope of each ray in this region is governed by its 
height h as it entered the lens and by the lens geometry as the ray underwent refraction in passing 
through- the lens. Notice that the ray with the most positive slope is the ray that is incident on the 
lens at the maximum distance h, below the lens axis. In the geometric fan of rays with negative 
slope, one of the rays intersects the latter ray at a maximum distance y, from the lens axis, in the 

. transverse plane at x,. All other rays with negative slope intersect the ray at distances x that are 
less than x,,, or greater than x,. By symmetry, similar reasoning applies to the ray with.most 
negative slope in relation to the fan of rays with positive slopes. Therefore, the distance yni is the 
radius of the “circle of least confusion,” in the transverse plane at x,, at distarice AX, = S’, - x, 
to the left of the paraxial focal plane. Relationships for the distances y, and x, can be derived as 
follows. Taking the origin of an x-y coordinate system at the lens center, the equation of the line 
representing the external ray with the most positive slope is . 

and the equation of an arbitrarily oriented ray with negative slope, having been incident on the 
lens at distance h, is 

The y coordinate of the point of intersection of the ray with most positive slope and an arbitrarily 
oriented ray with negative slope can be determined by eliminating x between Equations 11 and 
12 to give 

. 

y =  hob[ S‘ -S’  ho ).. 
hS;, + h0S; 
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From Equations 5 md 6 ,  S'h and S'ho can be expressed in terms of h and h, to give 

Sb s; = s; s;, = 
1 + ASbh2 l+AS;hz . 

where A = [8f3n(n - 1)11[ =q2 n-1 + 4(n+ 1)pq + (3n + 2x11- l)p2 + "i] n-1 . ( 1 9  

After some manipulation, Equations 13 and 14 can be combined to give 

I -  h: - h2 
h +  h, +ASb(h: + h') 

y = h,hASb 

The latter gives the y coordinate of the point of intersection of the ray with greatest positive 
slope, with a ray of arbitrary negative slope in Figure 9b, as a function of the incident ray height 
h. The value of h for which y is an extremum can be determined by taking the derivative of 
Equation 16 with respect to h, setting the result equal to zero, and solving for the extreme value 
h,. The result obtained is a cubic equation in h, 

(17) 
3 1 
2 2 

h i  +-h,hi --h: = O ,  

and this can be factored to give 

(h, - i ho ) (hm + h,Xh, + h,)= 0 .  

From the factored form of the cubic in Equation 17, the roots are h, = 1/2 h, and the two equal 
roots h, = -h,. The dual roots h, = -h,, do not represent a physically meaningful solution to the 
cubic because the ray at -h,, does not represent a ray of negative slope that intersects the ray with 
maximum positive slope under the conditions of the reasoning leading to Equations 11 and 12. 
Therefore, the only root that has physical meaning is the root h, = 1/2 &, which indicates that 
the point of intersection for which y in Equation 16 is an extremum is the ray with incident 
height one half the extreme ray height, Le., 1/2 h,,. Hence, substituting h = h, = 1/2 h,, into 
Equation 16 yields 
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and substituting y i  for y in either Equation 11 or Equation 12 and using Equation 14 gives the 
corresponding position xm of the plane in which ym lies. 

Sb 
3 
4 

x, = 
1 + -AS;h: 

From Equation 20, the separation between the paraxial focal plane at x = S‘, and the plane in 
which the circle of least confusion lies is given by 

If the light incident on the lens is parallel, theri S --P co in Equation 3 and hence S‘, can be 
replaced by the focal length, f, in Equations 4, 5, 9, 10, and 14 through 21; and the position factor 
in Equation 7 becomes p = -1. For a plano-convex lens with the plane face toward the focal 
region, the value of q from Equation 8 is +l. 

Finally, it can be seen from Equations 19 and 21 that the distance Axc can be expressed 
alternately by the simple relation 

A plot of the lateral spherical aberration in the focal plane of the lens, versus the ratio of the lens 
focal length to the lens diameter, f/D, was calculated from Equation 10 and is given by the short- 
dashed curve in Figure 10. The lens medium is fused silica for which the refractive index was 
taken as n = 1.478 at the wavelength h = 355 nm. The curve is based on a maximum ray height 
of h0 = 1.0 mm. So, for example, a lens with f/D = 8 has lateral spherical aberration of 
4.97 x lo-’ mm, for D = 2 mm. However, a lens with f/D = 8 that is fully filled where 
h0 = 2 mm, i.e., D = 4 mm, has a lateral spherical aberration of twice this value or . 

9.94 10” mm. 

The solid curve in Figure 10 is a plot of the radius of the circle of least confusion calculated from 
Equation 19 as a function of the lens ratio f/D, for a lens ray height of h, = 1 .O mm. As can be 
seen from the graph, a lens with f/D = 5 will exhibit a circle of least confusion of radius 
3.15 x 10” mm, for D = 2 mm. Ifh, = 1.5 mm and D = 3.0 mm, then a lens with f/D = 5 will 
have a circle of least confusion of 1.5 times this value, or 4.72 x 10” mm. 
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Figure 10. Lateral Spherical Aberration, Circle of Least Confusion, and Diffraction-Limited Spot 
Size as a Function of Lens Focal Length to Diameter Ratio, for Parallel Light Incident 
on a Plano-convex Lens 
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When conditions of the lens geometry are such that diffraction limits the size of the focal region 
in the focal plane, then a difiaction-limited spot size is said to exist; and its radius is given by 
y1 = 1.22 h(iXI).’ Taking h = 355 nm as above, the radius of the diffraction-limited focal spot 
size in the focal plane of the lens is given by the dashed straight line in Figure 10. Note that for 
the lens refractive index n = 1.478 for silica at h =‘355 nm, the lateral spherical aberration and 
diffraction-limited spot size are the same for a lens with f/D = 9.05, with h, = 1.0 mm. When 
f/D < 9.05, aberration dominates the focal region in the focal plane, whereas, for E?> > 9.05, 
diffraction limits the focal spot size. 

Rav Tracing 

A plano-convex lens is a readily manufacturable lens shape for use in capturing a portion of a 
parallel laser beam and focusing it to a region suitable for entry into a fiber. In order to confirm 
the third-order equations derived earlier giving the position and the radius of the circle of least 
colrafinsion, some straightfom&d ray tracing can be done for the plano-convex lens. To this end, 
consider Figure 11 in which a parallel beam of light inclined at angle 8 with respect to the axis of 
the lens is incident on the face having radius of curvature r. The thickness of the lens is L. Let 
an x-y coordinate system be oriented with the x axis parallel to the lens axis and the origin on the 
curved face. If n is the lens refractive index, then it is shown in Appendix A that a ray incident at 
height h on the lens will intersect the transverse plane at distance x at a height y given by the 
equation 

. 

I 

X 

Figure 11. Parallel Light Beam Incident on Convex Face of a Plano-convex Lens, With Beam 
Axis Inclined at Angle 8 Relative to Lens Axis. (A ray-incident at height h crosses 
the transverse plane at x at distance y from the lens axis.) 
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y = h + x, (tan0 - tan&)+ L(tani2 - tany *)+ x tmy 

where xl is the smallest root of the quadratic 

A,x: +B,x,  +C, = 0 

A,  =l+tan20 
B, = 2(htanO - r,) 

C, = h2 . 
with 

In the latter, y2 = arc sin (n sin i2). The angle i2 is defined by 

where y = arc sin (sin i/n) (26) 

and i=o ,  + O .  (27) 

The angle o1 is a = sin-' - + - tan0 . The foregoing equations for i and i2 apply for o1 > 0. [:; I 
If o1 < 0 then i2 and i are given by i2 = o1 - y and i = o1 -0. 

If the angle 0 is small, the intensity in any plane at distance x can be determined as follows. If E 
is the total energy in the parallel beam of assumed uniform intensity incident on the lens, then the 
energy in a ring with inner and outer radii hk and hk+', respectively, is 

where is the beam radius. 

According to Equation 23, the energy the ring hk -+ hk+l passes tJough a Illig of radius 
Yk + yk+l in the plane at distance x. Therefore, the intensity in the transverse plane at x is 

(E/ h: )(hi,, - h: ) 
I k . k + l  = -I 

YZk+* - Y k  
7 

where yk and Yk+l are the values of y at h = hk and h = hk+l, respectively. 
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1. Comparison With Analytic Results for Circle of Least Confusion 

The foregoing equations were used to trace ray paths of parallel incident light through a plano- 
convex lens with axis aligned parallel to the incident light, that is, for 0 = 0”. The calculations 
were done for a lens of diameter 3.0 mm with complete filling on the curved face. This means 
that the ray height varies from h = 0 to h = 1.5 mm in the equations. The radius of curvature is 
taken as rl = 9.6 mm which yields a focal length of f  = rJ(n-1) = 20.08 mm at a wavelength of 
h = 355 nm, for which n = 1.478. The lens thickness was taken as L = 3:5 111111. The results are 
shown in Figure 12 for paths in the region between the two planes at x = 20.4 mm and at 
x = 2 1.4 mm beyond the flat-face of the lens. The position of the paraxial focal plane is shown, 
along with the plane in which the circle of least confusion lies, just to the left of the paraxial 
focal plane. 

The radius of the circle of least confusion as measured from Figure 12 is 2.5 x 10” mm, and the 
value calculated from Equation 19 of the text is ym = 2.62 x 10” mm which is in good agreement. 
Ray tracing results were obtained for a range of other values of by and the solid dots in Figure 13 
give the radius of the circle of least confusion measured from the graphical ray traces. The solid 
curve in Figure 13 is the radius of the circle of least confusion calculated from Equation 19 ‘as a 
function of the ray height incident on the lens. 

Equation 29 of the ray tracing equations was used to calculate the relative intensity in the 
paraxial focal plane and in the plane containing the cifcle of least confusion for the lens 
represented in the traces of Figure 12. The results are plotted in Figure 14 as a function of 
transverse distance in each of the two planes. In the paraxial plane, the intensity is highest at the 
center and decreases radially outward. Note in contrast that the relative intensity over the circle 
of least confusion is high at the center and the outer region of the circle, but relatively lower at 
the intermediate radial distances. 

2. Misalignment of Lens in Path of Incident Beam 

Let the lens be misaligned by the amount 0 = 0.2 degree in the path of the incident beam. The 
ray tracing equations for h = -1.5 mm to h = 1.5 mm yield the results shown in Figure 15 where 
only the outer bounds of the rays are shown as they diverge past the paraxial focal plane. As can 
be.seen, the plane at x = 20.25 mm beyond the flat face of the lens provides an illuminated region 
of diameter 0.4 mm, which is an appropriate size for entry into a fiber core of diameter 0.6 m a .  
The center of the 0.4-mm-diameter circle lies at the transverse distance y = 0.078 mm from the 
lens axis. That is, a 0.2-degree tilt of the lens fiber axis ielative to the incident light will cause a 
shift of 0.078 mm in the position of the center of a spot of diameter 0.4 mm in the diverging 
beam. 
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Figure 13. Comparison of Calculated Radius of Circle of Least Confusion, 

Equation 19, With Ray Tracing Results 

Further ray tracing was done for angular misalignment up to 8 = 1 .Oo of the lens-fiber axis 
relative to the incident beam. A plot of the shift in the center of the 0.4-mm diameter spot as a 
function of the angular misalignment is given in Figure 16. 
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Figure 14. Relative Intensity Distributions in Paraxial Focal Plane and in Plane Containing Circle of Least Confusion 
for Lens Represented in Figure 12. (Equation 29 was used, assuming uniform unit intensity in parallel 
incident beam on lens.) 
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Figure 16. Shift of 0.4-mm-Diameter Illuminated Spot on Fiber Face as a Function 
of AngularMisalignment of Lens-Fiber Axis Relative to Laser Beam Axis 

For a 0.4-mm-diameter spot centered on the 0.6-mm-diameter fiber core, a shift of 0.1 mm 
is the maximum that can be tolerated for all of the spot to be received by the fiber core for 
transmission. From Figure 16, it is seen that the corresponding maximum angular shift of the 
incident beam relative to the lens-fiber axis is 0.26'degree. 
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3. Comatic Aberration 

When the axis of .the lens is misaligned with respect to the incident beam, the rays passing 
through the lens near its center will tend to focus at point Cl in Figure 17, whereas those rays 
passing through the periphery of the lens will tend to focus at point C2. Based on third-order 
spherical aberration, the distance C1C2 is referred to as the tangential coma and is given by6 

yh2 3 2 n + 1  3(n+1) 
c, =3- f 3  [ ( 4 n  ''+4n(n-l) 

where f is the focal length of the lens, h is the incident ray height on the lens, n is the lens 
medium refractive index, and p and q are the lens position factor and lens shape factors given by 
Equations 7 and 8, respectively. The distance y in Equation 30 is the shift in the paraxial focal 
spot C1 as a function of the angular misalignment. 

h I L  

Figure 17. Schematic Illustration of Comatic Aberration Resulting From Misalignment of Lens 
Axis Relative to Incident Parallel Light Beam. (Associated aberration in plane 
perpendicular to page not shown.) 
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For the plano-convex lens the shape factor q = 1 .O, and for parallel incident light the lens position 
factor is p = -1. For light at wavelength h = 355 nm, the refractive index for a silica lens is 
n = 1.478 and, hence, for lens focal length f = 20.08 mm the coma is given by 

C, = y (0.52 x mm) 

for h = 1.5 mm. Now, based on ray tracing results, the shift y in paraxial focal spot as a function 
of angular misalignment 8 is y (8) = 0.35 mm per degree over the angular interval 8 = 0 to lo. 
Therefore, the comatic aberration, from Equation 3 1, is given by the linear relationship plotted as 
a function of angular misalignment 8 in Figure 18. It can be seen that the comatic aberration 
introduced by angular misalignment up to 8 = 1 O is much less in magnitude than spherical 
aberration for the same lens. However. a misalignment of 8 = 1 O causes serious shifting of a 
0.4-mm-diameter spot on the fiber, as seen from Figure 16. 
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Figure 18. Comatic Aberration as a Function of Angular Misalignment of Lens-Fiber 
Axis Relative to Laser Beam Axis 
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Effect of Lens MisaliFnment on Fiber Transmission 

Assuming that the illuminated spot radius r on the fiber face is smaller than the fiber core 
radius R, the spot can shift from center by the amount R - r before a decrease in transmitted 
energy begins. As the shift becomes greater, the decrease in energy received by the fiber can be 
calculated under two assumptions of intensity within the illuminated spot. The easiest is to 
assume a uniform intensity, but the transmitted energy can also be calculated assuming a 
Gaussian intensity distribution in the illuminated spot. These two cases are treated below. 

1. Uniform Intensity in Illuminated Spot 

If the illuminated spot on the fiber face is assumed to have uniform intensity, then the fraction of 
energy received by the fiber core is proportional to the common area between the intersecting 
circles representing the illuminated spot and the core of the fiber. This is depicted in Figure 19, 
and the common area can be found as follows. First, the relation between the angles 8, and OR is 

Rsin8, = rsine,, 

and the distance y between the fiber center and the illuminated spot center is 

OPTICAL FIBER CORE 

ILLUMINATED 
SPOT 

/’ 

Figure 19. Geometry Used in Deriving Equation 36 of Text 
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The common area is 

where 

A, = m 2  -(A, -A,) (34) 

A, = r2B, - r cos8,r sine, 
(35 )  A, = R28, - RCOS8,RSin8,. 

The fraction of energy in the spot received by the fiber-core is Ac/(xr2), and hence combining 
Equations 32 and 35 with 34 yields 

A, 
m2 

Ratio = - 

In Figure 20 the fraction of energy'coupled into a fiber core of radius R = 0.3 mm is plotted for 
three ratios c = r/R as a function of the distance, a, by which the shift of a given spot size r 
exceeds R - r. Obviously, the smaller the value of r the more quickly the energy intercepted by 
the core decreases as the illuminated spot edge shifts beyond the fiber core edge. 

2. Gaussian Intensity Distribution in Illuminated Spot 

In practice, the intensity distribution in the spot on the fiber face very likely is not uniform. This 
can be the case not only because the intensity is not uniform in that portion of the laser beam 
illuminating the lens, but also because the lens is being used in a region close to the diffraction 
limit. Therefore, it is useful to consider a non-uniform intensity distribution, and the Gaussian 
distribution is a natural one because it has an adjustable constant (the l/e2 radius) that can well 
represent the outer spot boundary. 

Let the intensity distribution in the spot on the fiber face be represented by 

I = 1,e -2( ,/A)* 
9 (37) 
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where Io is the intensity at the spot center (r = 0) and A is the l/e2 spot radius, so called because 
I = Ioe-2 when r = A. When the center of the spot coincides with the center of a fiber of large 
radius R, the fiber receives its maximum energy, Eo. As the spot center moves a distance y from 
the fiber center, a portion of the spot distribution fails to intercept the fiber core and, therefore, 
the fiber receives a lesser amount of energy, E,. A numerical method must be used to calculate 
E, and hence the ratio E,/Eo because the Gaussian factor e~p[-2(r/A)~] is qot integrable over 
finite limits on the value of r. It is shown in Appendix B that the ratio EYEo can be calculated by 
a summation method with the aid of the following relations. For the case y < R, the energy E 
intercepted by the fiber core of radius R is 

E = E ,  + E ,  

where 

and 

where 
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As the spot moves to the location where y 2 R, the energy intercepted by the fiber core is 

4R N-' E = -ZrnO,In 
N n=O 

where 

r n = y - R +  n + -  ( 3: 1 

In the foregoing, the summation limit N represents the number of segments into which the 
Gaussian spot distribution is'divided in the summation of energies. By choosing N sufficiently 
large, the energy received by the fiber core at a given value of y can be calculated to a desired 
degree of accuracy. 

3. Coupling of Energy to Fiber 

A comparison of assumed uniform spot intensity and assumed Gaussian intensity distribution in 
the spot is provided in Figure 21. The fiber core diameter is taken as 2R = 0.6 mm and the 
uniform spot diameter 2A = 0.4 mm. The solid curve for the uniform spot shows that the center 
of the spot can move a distance R - A = 0.1 mm before a decrease in coupled energy to the fiber 
core occurs. Thereafter, the solid curve is calculated from Equations 32 through 36. For the 
Gaussian intensity distribution, the l/e2 radius of the spot is taken as A = 0.2 mm and the 
decrease in energy coupled to the core as a function of the shift in spot center is calculated from 
Equations 38 through 43, with N = 500 to assure good convergence, and plotted as the dashed 
curve in Figure 2 1. From the dashed curve it is seen that some decrease in coupled energy to the 
fiber core occurs even for a shift in spot center less than R - A = 0.1 mm. This is true because 
the Gaussian distribution is non-zero beyond the l/e2 radius of 0.2 mm. In the region 0.14 to 0.3 
mm shift in spot center, the uniform spot intensity assumption leads to a slightly greater decrease 
in coupled energy, but the order is reversed in the shift from 0.3 to 0 . 4 5 . m .  
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The corresponding angular misalignment 8 between laser beam and lens-fiber axis is plotted on 
the top abscissa in Figure 2 1, and these values of 8 are keyed to the lower abscissa scale of shift 
in spot center relative to the fiber core center, as determined from Figure 16. Therefore, an 
angular misalignment of 8 = 0.26 degree can be tolerated with no coupled energy decrease for 
uniform spot intensity, but a decrease of 3% occurs at 8 = 0.26 degree for a Gaussian 
distribution. An angular misalignment of 8 = 0.5 degree would result in 74% coupled energy for 
uniform intensity, but 80% coupled for a Gaussian. 

Fabrication of a Prototype Array 

A total of 60 beamlets was desired and it can be seen from Table 2 that the nearest completed 
hexagonal array is one containing a central fiber with 8 filled rings of fibers centered 
concentrically for a total of 61 fibers. The fiber chosen by Lawrence Livermore National 
Laboratory (LLNL) has a fused silica core of diameter 600 pm with a silica cladding of diameter 
660 pm and a polyimide buffer 15 pm thick for a fiber outer diameter of 690 pm. 

The lenses chosen by LLNL for partitioning a portion of the beam into each fiber had diameter 
3.0 mm. Accordingly, the plate for holding the fiber array and the plate for holding the lenses 
were fabricated in the s h e  setup with matching fiber hole and lens hole centers lying in the 
same pattern with center-to-center distance of 3.0 mm. The corresponding distance between 
rows in the rectangular array was 2.598 mm. The holes in the 1/8-inch thick aluminum fiber 
array plate were 690 pm for a close fit to the fiber outer diameter. The corresponding holes that 
served as apertures for the lenses were 0.0992 inch in diameter, which allows an annular region 
of thickness 0.0095 inch (0.25 mm) for the lens to contact. 

- 

The radii of the circles on which the centers of the fibers and the lenses lie in the array are given 
in Table 3. Also listed in Table 3 are the relative angular positions of the fibedlens 
combinations. ' 

The sequence of steps involved in assembling the lendfiber array is depicted in Figure 22. First, 
the plate with 0.0992-inch diameter holes was placed over the pins and down on the fiber-hole 
plate, in Figure 22a. Next, a lens was placed at each hole site in the plate, with the convex 
surface in contact with the rim of the hole, as seen in Figure 22b. A small dot of epoxy was then 
placed in the region between each triplet of holes in an identical plate and the plate was placed on 
the pins and moved down into contact, under a weight, with the flat faces of the lenses, as seen in 
Figure 22c. The dot of epoxy was approximately 0.020 inch in diameter, which was small 
enough so that some would be trapped between the outer region of the lens and the plate, without 
protruding excessively into the region that would obscure the 0.0992-inch aperture of the lens. 
In addition, some of the epoxy was trapped along the sides of the lenses and provided some 
support through bonding to the plate and to the lower cylindrical portion of the lenses. The 
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Table 3. Radial and Angular Locations of Hole Centers in Hexagonal Lens 
Array Plate and Mating Fiber Array Plate 

Ring Ring Ring 4 
1,39598 296 Pattern 1' Pattern 2 
0 30.00 19.107 40.893 
60.00 90.00 79.1.07 100.893 
120.00 150.00 139.107 160.893 
180.00 2 10.00 199.107 220.893 
240.00 270.00 259.107 280.893 
300.00 330.00 3 1 9.107 340.893 

Ring No. 
0 
1 
2 
3 
4 
5 
6 
7 
8 

Ring 7 
Pattern 1 Pattern 2 
13.898 46.102 
73.898 106.102 
133.898 166.102 
193.898 226.102 
253.898 286.102 
313.898 346.102 

Ring Radius 
0 
0.1181 inch 
0.2046 inch 
0.2362 inch 
0.3 125 inch 
0.3543 inch 
0.4091 inch 
0.4259 inch 
0.4724 inch 

No. of Holes. 
1 
6 
6 
6 
12 
6 
6 
12 
6 

ular Pos itions of Ho les (Degrees) 

RING 4/ RING6 
RING 5 
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Figure 22. Various Steps in Assembling a Hexagonal Array Lens Plate (b), (c) 
and Mating Hexagonal Fiber Array Plate (a), (e) 
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epoxy used was a 50-50 mix of EPON 828, which was allowed to cure at room temperature for 
24 hours. After cure, the plate was removed by sliding it upward along the pins, as depicted in 
Figure 22d. Next, with the fiber array plate free, a fiber was carefully inserted into each hole 
with its face flush with the plate surface. A small amount of the EPON 828 was placed on the 
fiber at the point of entry into the plate to bond the fiber in place. After curing for 24 hours, the 
plate containing the lenses was inserted on the pins as shown in Figure 22e, with the flat lens 
faces toward the fibers. A photograph of the fiber array is given in Figure 23. 

Assuming parallel light incident on the lens, the magnitudes of the spherical aberrations 
and locations are depicted in Figure 24. The focal length of the plan0 convex lens is 
f = rl/(n-1) = 20.08 mm: where rl is the convex radius of curvature, 9.6 mm, and n = 1.478 is the 
refractive index of silica at h = 355 nm. The paraxial focal plane is located at distance 
f = 20.08 mm from the-plane at pl, which lies at distance U = L/n = 3.5 mml1.478 = 2.368 mm to 
the left of the lens plane face in Figure 24.8 For a lens radius of 
that the longitudinal spherical aberration is 0.14 16 mm, and the lateral spherical aberration is 
0.0106 mm, in the paraxial focal plane. The circle of least confusion has radius 0.0026 mm and 
is located in the plane at distance 0.1064 mm to the left of the paraxial focal plane. The plane 
containing the-0.4-mm-diameter spot lies 2.536 mm to the right of the paraxial focal plane, or 
2.642 mm to the right of the plane containing the circle of least confusion. 

= 1.5 mm, Figure 10 shows 

The.specification on the lens thickness, or “height” in the views of Figure 22b and 22c,.was 
3.5 mm k 0.2 mm. The diameter was 3.0 mm + O.O/-0.05 mm. Several of the lenses were shorter 
than the low limit on height tolerance. This manifested itself when the plate in Figure 22d was 
retracted by virtue of the fact that 13 of the 61 lenses were not bonded to the plate. In fact, the 
group of 13, located randomly among the array, had no epoxy residue, which indicated that the 
small epoxy dots were not tall enough to make up for the difference in height. These 13 lenses 
were later bonded in place by carefully placing small dots of epoxy on the plate, in the regions of 
vacancy, and then placing the lenses down into place. Among the 6 1 - 13 = 48 lenses that were 
bonded in place the first time, some evidently were shorter than the tallest ones, by as much as 
0.2 mm, but were tall enough to be contacted by epoxy. But, by being shorter, the plate could not 
firmly contact the lenses to hold the lens flat face parallel to the bonding plate face. Now, the 
space available for tilting is approximately 0.02 mm, along the length of the lens. Therefore, the 
angular tilt could be 8 = arc tan (0.02 md3.5  mm) = 0.327’. 
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Figure 23. Hexagonal Fiber Array Containing 61 Fibers 

Accomplishments 

Hexagonally close-packed arrays of optical fibers were analyzed for coupling efficiency in 
partitioning a laser beam into a number of individual beamlets. Equations were derived giving 
the number of fibers in a given array and the radii of the circles on which the centers of the fibers 
lie in the hexagonal configuration. The equations give the circle radii in terms of multiplicative 
factors times the fiber outer diameter. The intriguing aspect of the hexagonal array is that the 
multiplicative factors are of only three types. First, one group of factors is simply the set of 
integers. Other multiplicative factors are the square roots of certain prime numbers, as well as 
integral multiples of these. The third group of multiplicative factors is the product of the square 
roots of certain prime numbers, with the result that some circles have radii containing the 
products of factors occurring in two smaller circle radii on which fiber centers lie. 
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Figure 24. Lens Used in Hexagonal Array, Figure 22. (Optical characteristics based on 
n = 1.478 at the laser beam wavelength h =355 nm.) 

A ratio of 0.87 is the approximate highest practical value of core diameter to outer fiber diameter, 
and the efficiency calculations show that only 57 to 62 percent of the beam energy can be 
coupled into the fibers, for arrays of 85 or fewer. However, if a small lens is used to focus a 
small portion of the beam into an individual fiber, then arrays of 85 or fewer fibers will result in 
a coupling efficiency of 75 to 82 percent of total beam energy. 

The effects of diffraction-limited spot size and spherical aberration were calculated in terms of 
the ratio of lens focal length to lens diameter for the arrangements using a lens to couple energy 
into each fiber. Also, equations were derived giving the location and radius of the so-called 
circle of least confusion in the focal region of the lens. The analytic results, based on third-order 
theory, were found to be in good agreement with exact results obtained from the tracing of rays 
through the lens. Based on geometric optics, relative intensities in the plane of the circle of least 
confusion were shown to be higher at the center and near the edge of the circle than in 
intermediate regions, which is in marked contrast to the case in the paraxial focal plane. 
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Equations were derived giving the fraction of energy intercepted by the fiber core as a function of 
the location of the illuminated spot center relative to the fiber center. Ray tracing was used to 
determine the shift in illuminated spot location on the fiber face in terms of the angular 
misalignment of the lens-fiber axis with respect to the laser beam axis. The ray tracing results 
were combined with the transmitted energy function to determine the fraction of energy 
transmitted by the fiber as a result of angular misalignment between lens and laser beam. 

A prototype lens-fiber array was fabricated consisting of 6 1 hexagonally closed-packed elements. 
Each lens, designed by LLNL, had a diameter 3.0 mm and a focal length of 20.08 mm. Based on 
the calculations of the present work, the lateral spherical aberration in the paraxial focal plane of 
the lens is 0.0106 111111. The circle of least confusion, of diameter 5.26 x 10” m, lies in a plane 
between the lens and paraxial focal plane, at distance 0.1064 mm from the paraxial plane. The 
difiaction-limited spot diameter is 5.8 x lom3 mm at h = 355 nm, which is only slightly smaller 
than the spherical aberration effects. Hence, the lens functions in the realm where aberration and 
diffraction are nearly comparable in size. For this lens, the calculations showed that a coupling 
of 90 percent of energy into the fiber requires angular alignment of 0.39” or better between the 
lens axis and the laser beam axis. 

Future Work 

Another lens array should be fabricated using lenses that have a closer tolerance on height. This 
would improve the degree of angular alignment of the lenses with respect to the plate that is 
positioned in the path of the laser beam. 

An alternate that has potential for achieving better alignment of the lens is to fabricate a sleeve 
for each fiber. One end of the sleeve would have a hole that slips precisely on the fiber, along a 
length of approximately 10 times the fiber diameter. The other end of the sleeve would be 
bonded to the flat face of the plano-convex lens, and this end of the sleeve would have a thin wall 

that the fiber face is positioned in the diverging portion of the beam in a plane where the spot is 
approximately 70 percent of the fiber core diameter. In addition to potentially better alignment, 
the use of a sleeve for each beamlet offers the convenience of modularity in the sense that a 
single fiber could be readily replaced should a fiber break. 

’ to avoid obstruction of light passing through the lens. The length of the sleeve would be such 
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Equations 23-27 of the text can be derived as follows: Consider Figure A1 which is Figure 1 1  of 
the text with added detail to facilitate the derivation. Consider a ray passing through the 
transverse plane at the apex of the curved face of the plano-convex lens, and let h be the height of 
the ray as it intersects this plane, making an angle 8 with respect to the lens axis. The equation 
of the line representing the incident ray path is 

y=h+x tan0 .  

The equation of the curved face of the lens, of radius rl, is - 
(x-r,’)+y2 = r l  2 . 

The point of intersection (x,, yl) of the ray with the convex face can be found by eliminating y 
between Equations A1 and A2, giving the quadratic 

x: (1 + tan2 8)- 2x, (r, - htan0)+ h2 = 0. 

n 

1-L- 

(A3 ) 

I 

I 
I 
I 
I 
I 
I 
I 

t 

Figure A-1 
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From the physical nature of the intersection, the smaller root of the quadratic applies, which is 

and hence the y coordinate of the point .of intersection is 

y, = h + x ,  tane. 

The angle of incidence of the incident ray with the radius-line of the convex surface drawn 
through the point of intersection (xi, yi)  is 

i = e + o ,  

where the angle ai  is given by 

. From Snell’s law, the angle of refraction that the ray makes with the radius line, as it enters the 
lens medium of refractive index n, is given by 

y = arcsin(-;;-). sin i 

The equation of the line representing the path of the ray within the lens can be found from the 
relation 

-01) 
Y - Y I -  

x-XI 
-- 

which gives 

y = y, + (x - x,)tani, 

where the angle i2 is defined as 

l2  = y  -0,. 
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If L is the thickness of the lens, then the point of intersection of the ray at the plane face at X2 = L 
is found from Equation A10. 

y2 = y1 + (L - x l )  tani, 

The angle of incidence of the ray at point (x2, y2) on the plane face is i2 and hence, as the ray 
exits the plane face into the surrounding air, the angle of refraction is, from Snell’s law, 

y 2  = arcsin(nsini,). 

The angle y2 is the angle the ray makes with the lens axis and hence the equation of the line 
representing the ray path in air to the right of the plane face is 

2- y - y  -tany, 
x - L  

or 

y = y, +(x-L)tany,. 

’ So, in a transverse plane at distance x, the height of the ray is the distance y given by 
Equation A 1 5. 

For an incident ray, still inclined at angle 8 relative to the lens axis, but intersecting the convex 
face at a negative value y1, the angle of incidence i is given by 

i = w ,  - 8  

in place of Equation A6, and correspondingly, the angle the ray makes with the horizontal as it 
travels within the lens medium is 

l 2  =lo1 - y  

in place of Equation A1 1 .  
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Let the spot be Gaussian with an intensity profile represented by the relation 

-2( ;)* 
I = 1,e 7 

where A is the l/e2 beam radius. The fiber face intercepts a finite portion of the Gaussian spot 
and; hence, for any position of the spot on the fiber, the intensity varies over the fiber face. 
Therefore, the energy transmitted by the fiber represents a complex average over the region 
intercepted in the beam. The Gaussian factor is not integrable over finite limits on r and 
therefore a numerical summation method must be used. The geometry of Figure B 1 i s  useful in 
performing the analysis. Let the fiber of radius R be positioned in the spot with its center at 
distance y from the center of the Gaussian beam. Consider first the case in which y>R, as 
depicted in Figure B 1. The fiber intercepts a radius in the range y-R to y+R within the spot. Let 
P be an arbitrary point on the periphery of the fiber. The half-angle 8 subtended by this point can 
be found from the law of cosines through the relation R2 = r2 + y2 L- 2ry cos@, which gives 

, 

r + y 2  -R2 e = a r c  cos( 2ry ).  
The arc length at radius r in the beam intercepted by the fiber is 21-0. The intensity at radius r is 
1 oe-2('/A)' and, hence, the energy intercepted by a region of radial thickness Ar at radius r is 

AE = 2r@ArI,e 
to within any predetermined level of accuracy. 

. This provides a method for calculating the energy intercepted by the fiber -2(r/A)* 

Let the radial increment Ar in the Gaussian spot be determined by dividing the fiber diameter into 
N equal segments to give 

2R 
N 

Ar = -. 

The energy intercepted by the fiber can be written as 

n=O 
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where 

' 2(rn/A)' In =I,e- 

rn = y - R + ( n + i ) A r .  

Equations B4 and B5 are Equations 42 and 43 of the text. 

For the case in which y<R, the geometry in Figure B2 is useful. The fiber face can be divided 
into two regions, the first of which is a circle of radius R-y; and the second is the region exterior 
to this circle and bounded by the fiber radius. The total energy arriving on the fiber face is then 

E = E, + E , .  

The energy E1 arriving on the circular region of radius R-y on the fiber face is 

where 
- .  

R-Y Ar, = - 
% 

rln = (n + $) Ar, 

The radial increment, Ar2, for the calculation of E2 is 

2R-2(R-y) -- 4y 
( N / 2 )  . N '  

Ar2 = - 

The radius r2,, relative to the fiber center for the center of the nth element of radial thickness Ar2 is 
. given by 

54 



The radius r2, relative to the fiber center for the center of the nth element of radial thickness Ar2 is 
given by 

and the corresponding half-angle 0, is found from the law of cosines in Figure B2. The result is 

R2 - y2 - r,,, 
‘zn 

Therefore, the energy component E2 for the case y<R is given by 

where I,, = I,e-2(rzn’A)2 and r2,, e2,, ind Ar2 are given by Equations B9, B10, and B11 

Equations B7-B12 constitute Equations 39-41 of the text. 
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