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SOFTWARE ABSTRACTIONS AND COMPUTATIONAL
ISSUES IN PARALLEL STRUCTURED ADAPTIVE

MESH METHODS FOR ELECTRONIC STRUCTURE
CALCULATIONS*

SCOTT KOHNt , JOHN WEARE$ , ELIZABETH ONG$ AND SCOTT BADENf

Abstract. We have applied structured adaptive mesh refinement techniques to
the solution of the LDA equations for electronic structure calculations. Local spatial
refinement concentrates memory resources and numerical effort where it is most needed,
near the atomic centers and in regions of rapidly varying charge density. The structured
grid representation enables us to employ efficient iterative solver techniques such as
conjugate gradient with FAC multigrid preconditioning. We have parallelized our solver
using an object-oriented adaptive mesh refinement framework.
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1. Introduction. Electronic structure calculations attempt to accu-
rately model the chemical properties of important materials through com-
puter simulation. These computational methods complement traditional
“wet” laboratory experiments. They help scientists to understand and
predict the chemistry and structure of complex compounds. Simulations
can provide insight into chemical behavior and material structure that is
often unavailable from experiments; such insight can be used to guide the
design of new classes of materials with desired properties.

Computations at the quantum mechanical level require the solution
to some approximation of Schrodinger’s equation. The direct solution of
Schrodinger’s equation is currently computationally intractable except for
the smallest of molecules, since problem size scales exponentially with the
number of electrons in the system. One common first-principles approxi-
mation—and the one we use here-is the Local Density Approximation
(LDA) of Kohn and Sham [19].

Over the past thirty years, computational scientists have developed
various approaches to solving the LDA equations. The most common and
successful techniques in use today include Fast Fourier Transform (FFT)
methods that expand the LDA equations using a planewave basis set [23]
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and LCAO (Local Combination of Atomic Orbitals) methods that use a
Gaussiam basis set [2]. Other computational techniques include finite dif-
ference methods on uniform grids [9,6], wavelets [10,25], finite elements
with &refinement (but not spatial refinement) [27], and adaptive coordi-
nate methods [13,14] that locally deform a logically rectarqgdar mesh.

We are primarily interested in studying aperiodic systems that exhibit
multiple length scales and therefore require local spatial refinement [8].
Examples of such systems include metal-carbon clusters or molecules with
loosely bound, diffuse electrons. Ideally, our basis set should adapt to
local changes in the electronic charge density, such as near atomic centers.
Although LCAO methods support a form of local refinement, they do not
scale well with increasing system size and can be inefficient when coupled
to molecular dynamics. Planewave methods do not readily support local
adaptivity since Fourier basis functions cover all space; consequently, local
changes are propagated throughout the entire computational domain. The
adaptive coordinate method has been somewhat successful in supporting
spatial adaptivity; however, it is limited in the amount of local refinement
since large mesh deformations can result in numerical instabilities.

To address the limitations of current simulation techniques, we have
developed a prototype LDA code based on structured adaptive mesh re-
finement techniques using a finite element basis set. Adaptive methods
nonuniformly place computational effort and memory in those portions of
the problem domain with the highest error. Using our adaptive approach,
we have studied systems with very short length scales that would have been
difficult or infeasible with a uniform grid method.

In this paper, we describe some of the computational and numeri-
cal issues surrounding structured adaptive mesh refinement methods for
electronic structure calculations. In particular, the software infrastructure
needed to support these applications can become quite complex, especially
on parallel computers. We also present computational results for some
simple diatomic systems. Although our adaptive implementation is not yet
competitive with the more mature planewave methods, we have identified
changes that will improve the accuracy and competitiveness of the adaptive
approach.

This paper is organized as follows. Section 2 introduces the LDA equa-
tions, and Section 3 describes the numerical methods employed in solving
the LDA equations on a structured adaptive grid hierarchy. Section 4 pro-
vides an overview of the software framework and parallelization techniques.
Section 5 evaluates our approach for a few diatomic molecules with known
properties. Finally, Section 6 summarizes this work and highlights new
research directions.

2. The LDA Equations. In the Local Density Approximation, the
electronic wavefunctions are given by the solution of the nonlinear Kohn-
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where the symmetric, indefinite LDA Hamiltonian X is

(2.2) 3Y= (–V2 )--j--+vat+ VII(p)+v=.(p) .

Atomic units are assumed throughout this paper. The electronic charge
density is P(Z) = ~~1 hoi(z) 112,and N is the number of occupied electron
orbitals describing the system. The electronic charge density can be inter-
preted as giving the spatial distribution of the total electron charge. The
eigenvectors (or wavefunctions) q!Jiare orthonormal and .a is an eigenvalue.
In general, we require the lowest iV eigenwdues and associated eigenvectors.
For a typical system of interest, N is a few tens to a few hundreds, and
the number of basis functions used to describe each tj~ is on the order of a
quarter million.

The first term in the Hamiltonian operator represents the kinetic en-
ergy of a wavefunction. Vd describes the interactions between an electron
and the nuclear ions. The Hartree potential VII models electron-electron
repulsion and is the solution to the free-space or infinite domain Poisson
problem

(2.3) vw@) = –47rp(z),vl.l(z)= o asIlzll+ m.

V=. is the electron exchange-correlation functional and depends only on
the local charge density. In our implementation, we use the correlation
parameterization obtained by Vosko, Wilk, and Nusair [26]. Both VII and
V.. are functions of the electron density, which, in turn, depends on the
eigenfunctions; thus, the Kohn-Sham eigenvalue problem must be solved
self-consistently.

The length scale difficulties in the LDA equations arise in the accurate
representation of the external potential term V.zt, given by

(2.4)

where the sum is over the atoms in the system, and atom a has nuclear
charge Zo and position X~. We have solved these “all-electron” problems
with the ~ singularity in V~ztusing our adaptive code but find that inner
core electrons, which play little-if any—role in chemical bonding, create
stiffness and conditioning problems for the discrete eigenvalue equations.

The core electron ~ singularities can be removed without much loss of
accuracy by replacing the Coulomb attraction of the atomic centers using
separable pseudopotentials [15,16]. For each species of atom a, we define a
collection of pseudopotentials Via and corresponding pseudowavefunctions
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u? that solve the single-atom LDA equations for the valence electrons alone.
The number of pseudopotentials in the expansion roughly depends on the
type of bonding behavior associated with the atom; typically, three or four
pseudopotentials are sufficient to approximate each atom. The V&t term
in the Hamiltonian then becomes

(2.5)

(2.6)

(2.7)

a

~Oc~l is the local ionic pseudopotential and is typically chosen as the pseu-
dopotential ~ with the largest quantum number 1.

The application of pseudopotentials significantly softens V&; however,
depending on the types of atoms in the molecule, V& may still be too stiff
for uniform grid methods. Pseudopotentials maybe softened, but softening
can introduce artificial physics. Our adaptive approach haa been motivated
by the need to accurately describe atoms such as oxygen or transition
metals with stiff pseudopotentials.

Note that we have presented the LDA equations assuming a restricted
spin formulation; that is, all up-spin electrons are paired with down-spin
electrons. In many molecules, however, spins are not paired and the Local
Spin Density (LSD) equations must be used instead. The LSD equations
are similar to the restricted spin equations given above except that the
exchange-correlation functional V.c is now a function of two densities, pt
and PJ, corresponding to the two types of electrons.

3. Computational Approach. We seek to accurately model
molecules containing atoms with steep pseudopotential representations,
such as oxygen, florine, or transition metals (see Section 5). To do so
requires some form of local spatial refinement about the atomic center to
capture the rapidly varying pseudopotentials.

Structured adaptive mesh refinement methods solve partial deferential
equations using a hierarchy of nested, locally structured grids. All grids
at the same level of the hierarchy have the same mesh spacing, but each
successive level has higher spatial resolution than the ones preceding it,
providing a more accurate representation of the solution (see Figure 3.1).
Structured adaptive mesh techniques were originally developed for compu-
tational fluid dynamics [4,3].

We have implemented an LDA application using the techniques of
structured adaptive mesh refinement methods. Although the data represen-
tations are similar, our eigenvalue problem has very different mathematical
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properties than computational fluid dynamics and therefore requires differ-
ent dkcretizations and solver algorithms. The following Sections cover our
discretization approach and numerical algorithms in detail.

3.1. Finite Element Discretization. We dkcretize the Kohn-Sham
equations (Eq. 2.1) using the finite element method, which for our applica-
tion has a variety of advantages over competing dkcretization techniques.
Finite elements reachly admit local adaptivity. Finite element baais func-
tions are very localized in space, interacting only with their immediate
neighbors, and therefore do not suffer from the scahng problems of LCAO
methods that use Gaussian basis sets. Finally, the finite element approach
provides a consistent framework for defining operators across coarsefine
grid interfaces in adaptive grid hierarchies, as opposed to finite difference
or finite volume discretizations that can result in nonsymmetric operators
with complex Kohn- Sham eigemm,lues.

The finite element approach expands a function j(z) in a basis of M
functions {@j (r)} with coefficient weights aj

f(z) = ‘&@j(z).
j=l

All spatially varying quantities in the LDA equations—including the wavr+
functions vi, the chazge density p, and the potentials Ve=i, VH, and V=c—
are represented by their dkcret e expansion coefficients as indicated above.
The Kohn-Sham equations are discretized using a R]tz formulation, result-
ing in the discrete nonlinear eigenvalue problem

1 1 / /~ V@j .V$j+ rjj(V&+VH(p)+V zc(p))$i = Ci $j$i, j = 1,..., M

where the unknowns are the coefficients in the expansion of @i. Note that
we have shown only one wavefuntilon @i and one eigenvalue q to simplify
the notatio~ the full Kohn-Sham equations involve a set of N @i coupled
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through the chaxge density p. Our current code uses a 3d trilinear baais
element +j and approximates the rightmost two integrals in the above equa-
tion using the mid-point integration rule. The Hartree equation (Eq. 2.3)
and the pseudopotential equations (Eqs. 2.5 through 2.7) are discretized in
a sirrdar manner.

Numerical computations on structured adaptive meshes consist of local
array-based calculations on refinement patches and “fix-up” computations
on the boundaries of the patches. Since computations are over structured
domains, there is no need to explicitly create and store a sparse matrix.
Instead, all operations are performed matrix-free. For example, the code
to compute the discrete Laplacian operator on the interior of a grid patch
uses the standard second order finite element stencil; however, the form
of the stencil on coarse-fine grid interfaces becomes more complex. The
following Section describes how to manage the computation at interfaces
between coarse and fine grids.

3.2.Grid Interfaces. Our composite grid hierarchy uses node-
centered refinement, as this is the natural centering for a second order
linear finite element discretization. One difficulty with nodecentered re-
finement on adaptive grids is that not all grid values are true degrees of
freedom; rather, some grid points are “slaved” to the values of other nodes
in the hierarchy. Here we refer to these grid points as “slave nodes.”

As shown in Figure 3.2, there are two types of slave nodes. In the
first case, the slave node adjoins a coarse grid cell. To maintain continuity
across grid interfaces, the value of the slave node must match the value at
the edge of the coarse grid cell. For linear elements, the fine grid slave node
is linearly interpolated from the two adjacent grid points. The second type
of slave node exists wherever two fine grid cells overlap. In this csse, the
same degree of freedom is represented on two different refinement patches.
One of the replicated values must be designated as the “real” value (the
black point in the Figure) and the other as the “slave” (the grey point).
To differentiate between slave and free nodes, we impose an ordering on all
grid patches at one level of the refinement hierarchy. Degrees of freedom
on lower numbered patches are designated real nodes and all overlapping
nodes on higher numbered grids are marked as slave nodes. The numer-
ical algorithm must ensure that slave nodes remain consistent with their
corresponding degrees of freedom.

Recall that the calculation of an operator (e.g, the Laplacian) on the
interior of a grid patch uses the standard uniform grid stencil; however,
something special must be done on interfaces between coarse and fine grids.
To compute the operator at coarse grid points, it is sufficient to inject nodal
values from the fine grid into the coarse grid and then apply the uniform
stencil. The computation on the fine grid interface is more complicated,
especially in three dimensions. There are many interface cases to consider
(see Figure 3.3 for two examples), and it would be tedious to catalog the
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appropriate stencils for thes.e vmiou.s cmes.
Instead, we exploit the variational nature of the finite element formu-

lation to compute the operator on the exterior of fine grid patches. The
algorithm is as follows.

1.

2,

3.

4.

Whenever a new refinement level is created in the hierarchy, the
boundary points of each new fine grid patch are tagged as to the
refinement status of the ceils adjacent to it. For example, the
center node in Figure 3.3a would be tagged to indicate that the
cells to the northwest and southwest are coarse cells. Likewise, the
center node in F@me 3,3b would have northwest, southwest, and
southeast tagged.
To compute the operator on the boundaries of the fine patch, first
add a ghost cell boundary layer two cells wide to each patch, FOl
the ghost cell region with interpolated coarse grid data. Then copy
into the ghost cells data from adjacent fine grid cells, overwriting
coarse grid data where there is overlap.
Apply the uniform grid stencil to the interior of the patch along
with the one ghost cell layer surrounding it.
Fkmlly, iterate over all the points on the boundary of the fine grid
patch. Update the operator value by adding in the appropria~ely
weighted values from all surrounding nodes that are not true de-
grees of freedom on the fine grid. The weights are determined from
the finite element basis functions (see F]gure 3.3).

Using this approach, there is no need to catalog all the various types of
stencils at the interfaces. Instead, a relatively simple procedure can be
used to compute stencil vahes dkectly. The only additional bookkeeping
is a flag for each point on the boundary indicating the type of refinement
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3.3. Eigenvalue Solver. The Kohn-Sham equations (Eq. 2.1
and 2.2) pose a nonlinear eigenvalue problem. Standard eigenvalue solvers
such as Lanczos [12] are not appropriate, since the Hamiltonian may change
during the solution procedure due to the nonlinear coupling through the
electronic charge density. Using a naive algorithm, such as steepest de
scent, would require extremely small step sizes (to guarantee convergence)
dictated by the smallest length scales in the system, resulting in numer-
ous iterations and unacceptably long solution times. Therefore, we use an
eigenwdue solver technique developed hy Longsine and McCormick called
Simultaneous Rayleigh Quotient Minimization with subspace dlagondlza-
tion [20].

The bsaic idea behhd this approach is to take iterative steps that
minimize the Rayleigh Quotient

where ‘H is the Hamiltonian (Eq. 2.2) of the Kohn-Sham equations. The
algorithm begins by freezing the no!diiear terms in the Hamiltonian. It
then cycles through the wave functions in turn. For each wavefunction ${,
it takes a few iterations of the form v~w + Oi + ad, where a minimizes
the Rayleigh Quotient for that wavefunction,

min RQ(@i + cd),
a

assuming all other wavefunctions are tied. Under the assumption that the
Hamiltonian operator is approximately linear about the location ~i, the
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method can compute the step size a efficiently without a nonlinear search.
The step directions d are generated via a CG-like process. After workkig
through all wavefunctions, the solver performs a subspace diagonalization
that accelerates the overall convergence of the method.

Our Rayleigh Quotient solver is essentially a band-by-band conjugate
gradient solver, similar to other methods used in the materials science com-
munit y. Unfortunately, these methods suffer from ill-conditioning problems
with additional levels of refinement. We are actively pursuing a multilevel
preconditioning technique to reduce the dependence on the number of re-
finement levels and therefore speed convergence. We are considering either
a multigrid preconditioned [7] or a multilevel nodal basis preconditioned [5].
Experiments by Sung, Ong, and Weare [24] for planewave methods show
the effectiveness of multilevel preconditioners for the eigenvalue equations.

3.4.Hartree Equations. Recall from Section 2 that the LDA
Hartree potential VH is the solution to a free-space Poisson equation

(3.1) VWH(Z) = –47rp(x),vH(z)= o asIlq+ m.

VH is a function of the electron charge density p, which depends in turn
on the wavefunctions vi. Thus, VH must be recalculated many times dur-
ing the eigenvalue solution procedure. There are two parts to computing
VII: (1) obtaining the Dirichlet boundary conditions on a finite computa-
tional domain, and (2) solving the resulting boundary vahe problem on a
nonuniform grid hierarchy.

3.4.1. Free-Space Boundary Conditions. Fast numerical meth-
ods such as multigrid require a finite computational domain fl with bound-
ary conditions g(z) on Ml:

(3.2) v2vH (Z)= ‘4TP(Z),vH(Z)= 9(Z)On ~~.

Therefore, we must find a fast and accurate scheme for computing the
boundary values on dQ that would arise from free-space boundary condi-
tions on an infinite domain. We would prefer a method that scales as O(N)
since our multigrid solver scales linearly with the number of unknowns.

We can evaluate the potential on the boundaries of the computational
domain through a direct numerical integration of the Green’s function

(3.3)

However, this approach scales as O(IV$ ). To reduce the computational
cost to O(N), we have developed a method that employs a multipol~
like approximation due to Anderson [1]. Instead of evaluating the Green’s

integral for each of the O(IV * ) boundary points in 8Q, we only evaluate
it at a small, constant number of points located on a sphere that encloses
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the boundary of the computational domain. Using the potentials at these
locations, we then approximate the true boundary values using Anderson’s
multipole expansion formula. With little loss in accuracy, this approach
reduces the overall computational cost from O(i’V $) to O (IV). The current
method employs only 72 evaluation points but provides accuracy through
the first eight multipole moments.

Our approximation is justified when the boundaries of the compu-
tational domain are “well-separated” from the support of the electronic
charge density p. In practice, the boundaries axe expanded so that each
dimension of the computational domain is approximately twice the size of
the support of the charge density. Uniformly spaced grids would therefore
require eight times more storage. However, because we employ nonuni-
form grid refinements, we can represent this “expanded” area using a very
coarsely spaced grid with little additional memory storage overhead.

3.4.2. FAC Multigrid Solver. One of the difficultiesof solving the
Hartree equations on a composite grid hierarchy is that the condition num-
ber of the discrete Kohn-Sham equations is dependent on the number of
levels of refinement. As shown in Figure 3.4a, iterative methods such as
nonpreconditioned conjugate gradient require twice as many iterations to
converge with each new level of adaptive refinement (assuming a mesh re-
finement factor of two). Typical adaptive mesh computations such as the
ones presented in Section 5 need up to six levels of adaptive refinement,
resulting in perhaps sixteen times more iterations for a naive solver. Thus,
practical and efficient implementations of the adaptive method require so-
phisticated numerical algorithms and scalable precondkioners.

Adaptive codes represent PDEs on a hierarchy of grids at different
length scales; thus, it would seem appropriate to develop a multigrid-like
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solver that could exploit this multiscale information and speed convergence.
The multigrid method is a highly efficient and practical solver for many
elliptic partial differential equations. Multigrid is optimal in the sense that
it converges in a constant number of iterations independent of the size of
the linear system of equations.

We have implemented a multigrid preconditioned to accelerate the com-
putation of the Hartree potential (2.3). We use a variant of multigrid for
structured adaptive mesh hierarchies called FAC (Fast Adaptive Compos-
ite) [21]. The advantage of FAC over competing adaptive multigrid meth-
ods is that it provides a consistent framework for applying the composite
grid operator at interfaces between fine and coarse grids.

Figure 3.4b illustrates the performance of our Hartree solver with the
FAC precondltioner. (Although we could use FAC by itself without CG,
the conjugate gradient wrapper provides some extra robustness to the it-
erative solver.) Preconditioning significantly reduces the time to solution,
especially for adaptive mesh hierarchies with many refinement levels. For
example, for an adaptive mesh with five levels of refinement, the FAC solver
reduces the Hartree residual by more than twenty orders of magnitude in
the same time that the standard conjugate gradient method reduces it by
only two orders of magnitude.

4. Software Framework and Parallelism. Structured adaptive
mesh applications are difficult to implement on parallel artiltectures be-
cause they rely on dynamic, complicated data structures with irregular
communication patterns. On message passing platforms, the programmer
must explicitly manage data distribution across the processor memories and
orchestrate interprocessor communication. Such implementation difficul-
ties soon become unmanageable and can obscure the mathematics behind
the algorithms.

To simplify the implementation of our application, we have developed
an object-oriented adaptive mesh software infrastructure in C++ that pro-
vides high-level support for structured adaptive mesh applications. The
main components of our framework are illustrated in Figure 4.1. MPI [22]
is a basic message passing coordination and communication substrate. We
have used KeLP [11] to parallelize work at one level of the mesh hierarchy.
KeLP provides powerful mechanisms that manage data decomposition and
interprocessor communication for irregular block-structured applications
running on parallel architectures. KeLP adds very little execution-time
overhead to MPI but can significantly reduce the bookkeeping complexity
for dynamic block-structured codes. On top of KeLP, we have built func-
tionality to support collections of levels arranged in an adaptive mesh hi-
erarchy. Finally, the LDA application layer defines problem-specific classes
such as molecule descriptions and energy functional.

4.1. Parallelization Approach. Typically,parallelismin structured
adaptive mesh applicationslies across patches at a particularlevel of the
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FIG. 4.1. Our LDA application support framework mnsists of three la~ers of C-H
classes built on top of the MPI message passing system.

grid hierarchy. For example, the FAC multigrid method (see Section 3.4.2)
cycles through levels sequentially but can compute in parallel across the
refinement patches at each level. Thus, a natural data decomposition as-
signs each patch to a single processor. This is KeLP’s data decomposition
model.

Parallel loops over patches are executed as follows. First, the frame-
work uses KeLP’s communication schedule building mechanisms to describe
the data motion that must take place to satisfy data dependencies. These
descriptions of data motion can be quite complex. For example, the proper
management of the slave nodes shown in Figure 3.2b implies that the slave
values must not be included in data dependence computations since they
do not represent actual degrees of freedom. If these slave nodes were com-
municated, their values might overwrite valid data. Next, this description
is executed, forcing communication between processors via MPI’s message
passing mechanisms. The actual communication of data is managed by
KeLP and is invisible to the programmer. Finally, now that data dependen-
cies between patches have been satisfied, the patches have been decoupled
and computation may proceed in parallel.

For our LDA application, the workload associated with each refine-
ment region is directly proportional to the size of the region. Our simple
but effective load balancing algorithm calculates the approximate average
workload to be assigned to each processor and then recursively divides each
patch until it is equal to or smaller than this average workload size. This
guarantees that larger patches will be evenly divided across processors.
However, we do not allow patches to get too small; although small patches
may reduce load imbalance, they introduce additional interprocessor com-
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consists of fotw 1...1s, each udth capprozirmtely 643 grid points. The problem cold not
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munication.
After the patches have been subdivided, they are aasigned “prefer-

ences” to processors based on the amount of overlap between the fine grid
patch and the patches on the next coarser level. The patches are then
sorted by decreasing size and bin-packed to processors. If possible, patches
are assigned to their preferred processors; otherwise, they are assigned to
any undersubscribed processor. More details concerning the load balancing
and processor assignment algorithms can be found elsewhere [17,18],

4.2. Parallel Performance. In this Section, we present parallel per-
formance results for the IIartrea solver in the LDA equations. Recall from
Section 3.4.2 that this entails solving Poisson’s equation on an adaptive
grid hierarchy using conjugate gradient along with an FAC multigrid pr~
conditioner. We did not gather parallel performance results for the entire
LDA application since we have not yet studied sufficiently large molecular
systems to justify parallel computation. In faxt, the LDA solver should
scale better than the Hartrw solver alone, since much of the other work in
the LDA solver, such as orthonormalization and the computation of V.c,

requires little communication.
F&ure 4.2 shows the parallel performance of our Hartree acdver test

case on the Cray T3D. The application was compiled with full optimiza-
tion. The hierarchy consists of a bme level and three levels of refinement
with approximately 643 unknowns per level. The numbers are reported for
one iteration of the CG solver, which includes several applications of the
composite grid operator, two FAC preconditioning cycles, and a number
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FIG. 4.3. A s-nqwhot of the PCG-FA C H.mtree computation on eight pmce.mom of the
Cmy T3D. Portions of the timeline without a filled k. rqrment numericnl comp.to-
tion. This pictwv tom genemted using Upshot, a pamllel pnxynrn .imalization tcul.

of inner product evaluations. The times are dkided into four categories
overall execution time, time lost due to load imbalance, intralevel com-
munication among grids on the same level of refinement, and interlevel
communication between h:erarchy levels. For thk small problem size, scal-
abilityy was limited to about sixteen processors, mostly due to the increasing
costs of intralevel communication for the fixed problem size.

The relative cost of intralevel communication is shown graphically in
F@re 4.3. This image is a snapshot of the Hartree computation on eight
processors of the T3D. Time increases from left to right, and portions of
the timeline without a filled box represent numerical computation. The
leftmost portion of the timeline is the computation of the composite grid
residual in FAC; note the interlevel communication to compute values at
coars~fine grid interfaces. The rightmost portion shows one multigrid V-
cycle. Here communication is obvioudy dominating computation at the
coarser levels of the multigrid hierarchy.

5. Computational Results for Diatomic Molecules. To validate
the adaptive mesh refinement approach, we have applied our adaptive tech-
niques to some simple dlatomic problems whose LDA solutions are known.
F@re 5.1 illustrates LDA results and Morse energy curve fits for Bez, Liz,
BeF, and F2.

All computations were performed using unfiltered Hamann pseudop~
tentials [15] with between 200 x 103 (for BeZ) and 370 x 103 (for Fz) grid
points per wavefunction. Molecules were embedded into a computational
domain measuring approximately 22 au. by 22 au. by 44 au. with a coarse
grid spacing of 0.75 au. The mesh spacing of the finest grid used to re-
solve Li w= about 0.1 au.; the mesh spacing for F was four times smaller.
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FIG. 5.2. Hamann pseudopotential descriptions for Be ~[Be at left) and F ~lF at
right). Note the diffenmce in vertical scales.

The refinement structures followed the atoms as they moved; otherwise,
the atomic centers—where the most refinement is needed-would not have
been resolved on the finest grid levels.

The number of refinement levels and mesh spacing were determined ad
hoc by looking at the solution of the corresponding single-atom problems
and comparing those solutions to the known LDA atomic energies. Clearly,
this approach has limitations; for example, it cannot detect the formation
of charge localization due to bonding between atoms. The design of a good
automatic error estimator for the LDA equations is still an open research
problem.

The Bw and Li2 systems are easily calculated using the planewave ap-
proach, and our results match the planewave solutions. BeF is an example
of a material with two very disparate length scales: the Be pseudopotential
is very soft and delocalized whereas the F pseudopotential is very stiff and
localized about the nucleus (see Figure 5.2). Computations with an unfil-
tered Hamann fluorine pseudopotential would require grids of size 1283 or
larger for the planewave method as compared to an equivalent of about 703
for the adaptive method.

The oscillations in the solution about the Morse fit for BeF and Fz are
due to accuracy limitations in our current implementation of the adaptive
method. We are currently using only second order finite elements, and our
mid-point integration scheme does not preserve the variational nature of the
finite element formalism. Obviously, these oscillations must be eliminated
before it is possible to accurately calculate forces, which require derivatives
of the energy profile with respect to position.

The 0(h2 ) convergence of our current finite element discretization
means that we must use numerous mesh points to obtain the millihartree
or better accuracy desired for materials calculations. Figure 5.3 illustrates
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FIG. 5.3. Convergence in total LDA enen?u as a function Of discmtization order and
mesh spacing for ~ Bes molecule. These rt-s-dts suggest that a sizth order O(hO) stencil
requires appmzimately half as many points (40 vs. 75 in ench dimension) as a sec-
ond onier O(h2 ) stencil for the same millihartrve accumcy. In three dimensions, this
represents an eight-fold rvduction in mesh size.

the slow convergence in energy for the second order method as compared
to the higher order methods. These results were calculated for Bez on
a uniform computational grid with various orders of finite difference dis-
cretizations. (We used finite differences here since the grid is uniform and
high order finite difference stencils are straightforward to derive and imple-
ment.) For millihartree accuracy, the second order method requires eight
times more points (in 3d) than a sixth order method. Equivalently, for the
same number of grid points, a sixth order method can provide 0.01 milli-
hartree accuracy as compared to only millihartree accuracy for the second
order method.

We are planning to develop an adaptive method that employs higher
order elements to improve the accuracy of the method and reduce mem-
ory requirements. We plan to use either fourth or sixth order orthogonal
elements [27]. Higher order methods should have the additional benefit of
reducing the number of levels of refinement and thus improving the condi-
tion number of our discretized problems.

6. Summary and Future Research Directions. We have imple-
mented an adaptive mesh refinement real-space code that solves the LDA
equations for materials design. Our approach is unique in that it supports
locrd spatial refinement of the computational domain. Unfortunately, our
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computational results for simple diatomics indicate that our current code
is not yet sufficiently accurate to address the classes of problems we wish
to study, such as clusters containing transition metals.

The primary limitation of our current code is the accuracy of the second
order finite element dlscretization. We plan to use high order orthogonal
elements [27]; however, such elements introduce a number of interesting
research questions. For example, it is unclear how to define the smoother,
interpolation, and restriction operations within a geometric multigrid solver
for the Hartree equations.

Another open research area is the design of an automatic error de
tector for guiding adaptive refinement. In this work, we used an ad hoc
method based on the singleatom LDA solutions. However, this approach
is clearly limited since it cannot detect the charge localization that re-
sults from molecular bonds. Given a variational formulation, we know that
adding more basis functions will always decrease the energy of the solu-
tion, but it is not obvious that we can determine a priom- where to place
the refinement patches and how much to refine given an overall energy error
tolerance.

Although we consider the results presented here promising, it is clear
that further work remains before adaptive real space solvers can be consid-
ered competitive with planewave methods.
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