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Abstract 
The authors attempt to extend their previous efforts 

towards a reliable control scheme that guarantees a specified 
degree of reliability for civil engineering structures. Herein, a 
two degree-of-freedom system is examined. Covariance 
control techniques are explored to design a compensator that 
will provide optimal closed-loop performance, while satis- 
fying a constraint on system reliability. It was found for the 
system under examination that a stable control does not exist 
that also’meets the target reliability level. Alternate formula- 
tions continue to be investigated. 

1. Introduction 
Reliability plays an important role in the design of 

civil engineering structures, with nearly all modem design 
codes now incorporating some recognition of uncertainty. One 
motivation for actively controlling these structures is the pros- 
pect of specifying the structural reliability implicitly in the 
design process. 

Spencer, et al. [ 141 employed the reliability function 
as an inte&gaI cost which was maximized, subject to perfor- 
mance constraints, to obtain a reliable design of the closed 
loop system. Field and Bergman [3,4] employed a covariance 
control formulation in conjunction with classical dynamic 
reliability theory [IO] to design controllers guaranteed to 
achieve a specific closed-loop reliability level over the life of 
the system. This approach was successfully applied to struc- 
tures of one and two degrees-of-freedom in [3,4]. However, it 
was observed that the modal formulation employed in that 
work was inefficient for large scale structures, and alternate 
methods were sought. 

Herein, a dynamic reliability formulation suggested 
by Lutes and Tzuang [9] is employed, in which the output to 
be regulated is the sum of the modal responses of the struc- 
ture. While circumventing the inefficiencies associated with 
the previous modal formulation, this approach requires the 
ability to design to a specified output covariance; the 
mechanics of this are not as straightforward as those of the 
state covariance control formulation employed previously. 
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Fig. I :  One realization of Q(r)  outcrossing 
the safe domain 

Difficulties experienced with the formulation and solution of 
the problem are reported. 

2. Background 
Herein, two concepts are studied in detail: dynamic 

reliability and co.variance control. Previously studied indepen- 
dent of one another, their interrelationship forms the 
foundation of this effort. A brief discussion of both is included 
for completeness. 

2.1 Dynamic Reliability 
Assessment of the reliability of a dynamic system 

requires the determination of the probability that the 
stochastic process representing system response, Q(r) , here 
assumed to be Gaussian and stationary, will cross out of a safe 
region into a failure region for the first time during a finite 
time interval, r e  [O,U. This notion of failure can be 
expressed as 

and is illustrated graphically in Fig. 1 for one sample function 
of the stochastic response process Q(r ) .  

Assuming that the probability of failure is small, it can 
be conservatively estimated in terms of the mean rate, vD , at 
which Q(t) outcrosses the boundary i j  into the failure region 
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[2]. A first-order approximation to the probability of system 
failure can then given by [ 131 

-vDT 
pf = 1-e  

When considering single degree-of-freedom systems, the clas- 
sical result of Rice [ 101 for the outcrossing rate can be used. 
This methodoloa, coupled with the reliability model intro- 
duced by Veneziano et uL [ 151, was applied in previous efforts 
by the authors in the area of reliable control for civil engi- 
neering structures [3,4]. This technique, however, did not lend 
itself to an egcient means of evaluating MDOF systems. 
Herein, the authors consider a different reliability model; 
namely, the model presented by Lutes and Tzuang [9], where 
system reliability is characterized by the sum of the system's 
modal response. 

As discussed in [SI, let 

(3) 

where each qi(r) is the response of a single degree-of- 
freedom mode with damping 5,- and natural frequency ai. 
The excitations of the modes are perfectly correlated white 
noise processes, but generally exhibit different intensities. It is 
the sum of the modal responses, Q(r) , and its time derivative 
that are used to calculate the reliability of the system. The 
outcrossing rate for any level d = aoQ for a normal process 
can be shown to be [9] 

0. 2 
v * - - -Qexp(?), 2XOQ (4) 

and an estimate of system reliability follows from Eq. (2). 

2.2 Covariance Control Theory 
The state covariance matrix contains vital information 

about closed-loop performance and stability. This motivates 
the following covariance control problem: find all controllers 
which assign a given state covariance to the closed-loop 
system. This given target state covariance will guarantee 
certain closed-loop performance specifications. 

The notion of a covariance control theory was first 
introduced by Hoe and Skelton [6]. Since then, the concept 
has evolved into a control design scheme which addresses 
many modem control problems including those involving 
state feedback, static and dynamic output feedback, measure- 
ment noise, and minimum ene ra  for both continuous- and 
discrete-time systems. A complete discussion of the covari- 
ance control theory is contained in [12]. 

For the problem formulation contained herein, covari- 
ance control as applied to the static output feedback problem 
is relevant. Consider the stable, actively controlled, linear 
time-invariant system shown in Fig. 2. When subjected to 

Fig. 2: Closed-loop system assuming 
static output feedback. 

additive Gaussian white noise excitation, the equations of 
motion are 

i ( t )  = Aq(r) + Bu(t) + TG(t), - - 

E[w(t)J = 0,  E[G(t)vCT(7)] = W q t - T ) ,  W > O .  (5) 

Here, q(r) is the n dimensional state vector, written in terms 
of the modal coordnates. 

It is of interest to find the set of all output feedback 
gains, G , such that the closed-loop state covariance matrix, 
defined to be 

reaches some specified (positive definite) value, H .  In the 
literature [6,11,12], this is referred to as the State Covariance 
Assignment (SCA) problem. 

Skelton et al. [6,11,12] provide an overview of the 
SCA problem, which is briefly summarized here. When 
considering the static output feedback problem, the following 
theorem provides necessary and sufficient conditions to deter- 
mine whether a specific is contained in I: (see [I21 for 
proof). 
Theorem: The static ourput feedback SCA problem may be 
assigned srate covariance mamx B e 

(I - BB+)(TWTT + AH + nAT)(I - BB+) = 0, 

(I-C'C)B-'(TWT'+AH+HA )H (I-C+C) = 0 ,  T --1 

(I - RR+)(I - C+C)B-'P = 0 ,  

where R = (I - c+c)H-'BB+. (7) 



Moreover, if the staie covarizkce matrix satisfies these condi- 
tions, the set of all state feedback gain matrices, G ,  that 
guarantee fi can be found from (see [ 121 for proof) 

--1 + {GI = <B+(P+s)H c , 

I 
S = [@+Y +(1-8+O)Sf](I-O+Q)-(@+Y) , 

r 1 

0 = [ 1, y = 1 ]P. (8) 
(I - C+C)H-I (I - c + c ) a l  

Here, Sf is arbitrary skew-symmetric and all G E { G )  are 
stabilizing. In summary, this set of control gains ensures that 
the open-loop system of Eq. (5 )  will attain, in the steady-state, 
the target closed-loop covariance, H , provided the conditions 
of as. (7) are met. 

One final comment on the practical use of covariance 
control for output feedback problems. It has been discussed in 
[8,11] that upper bounds on performance might be more 
useful than the more difficult task of assigning exact perfor- 
mance. This motivates the concept of the covariance upper 
bound control problem: determine if there exists a controller 
which stabilizes the system and yields an output covariance 
bounded above by a given matrix. As will be shown in the next 
section, it is difficult in practice to determine an admissible 
target covariance matrix for the covariance assignment 
problem. As a result, future work will investigate the possibil- 
ities of relating the dynamic reliability formulation of 92.1 to 
the covariance upper bound control problem. 

It remains to show how the concepts of dynamic reli- 
ability and covariance control complement one another. It can 
be shown, however, that this relationship is obvious, since a 
convenient way to choose a performance requirement is to 
place a hard constraint on the reliability of the system. This, in 
turn, leads to an objective for control design. 

3. 'pwo Degree-of-Freedom Example 
The two degree-of-freedom system shown in Fig. 3 

was utilized to illustrate the reliable control method. 
Assuming some type of actuation on the first cart, the 
dynamics of the controlled system are given by 

where the xi  's are relative displacements (i.e.. xi = zi - IO ), 
rn is the mass of each cart, k is the stiffness of each spring, 
and Kft) is the ground acceleration, modeled as a Gaussian 
white noise process. To proceed, convert to the modal space 
and apply modal damping 

140) + Zq(r) + hq(r) = aTyiG(r) + aTbu(r), where 

b = [I ,and x(r) = @q(r). 

3.1 Covariance Control Issues 
For covariance control purposes, Eq. (10) must be 

transformed to the state space 

P 7 

With the following output equation, 

r 7 

the output vector is consistent with the reliability expressions 
of Eqs. (3) and (4) 

With these preliminaries complete, the control design problem 
becomes: what static output feedback control will guarantee 
that the output vector attains a given target covariance? With 
this in mind, 83.2 describes how to derive this target covari- 
ance matrix to assure the closed-loop system will attain a 
certain level of reliability. 

Fig. 3: Example two degree-of-freedom 
system. 
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3.2 Reliability b e s  ‘ 

following 
To address the reliability of the system, consider the 

Goal: [::I I EA for t E [O,v with probability p ,  . (14) 

This can also be stated in terms of the probability that the 
system will fail to meet the goal (ix., the complement of p , )  

or equivalently, 

where 

Assuming the failure probability, the time increment, 
and the safety level are all prescribed a set of closed-loop 
variances exists, each of which guarantees the required degree 
of reliability of the system. This set follows directly from Eq. 
(4) 

To apply covariance control techniques, one must 
choose a pair from { V }  (covariance of the output vector) that 
will cause the corresponding state covariance to satisfy the 
necessary conditions given in Eqs. (7). Therefore, knowledge 
of the relationship between state and output covariance is 
needed. Simple manipulation of the output equation gives the 
desired result 

For this specific example, 

where the Z j j  are the individual element of I?. Furthermore, 
is symmetric, so Eq. (20) reduces to three independent 

linear equations 

Because it represents the covariance of a physical system, 
elements of fl exhibit special properties 

i i i 2 0  forall i ,and 

where the first comes from the symmetry of I?, and tbe last 
two conditions follow from observations in [9].  

Choosing a target I? that satisfies the imposed reli- 
ability constraints and is admissible is no easy task. This is 
due to the fact that the necessary conditions of Eqs. (7) prove 
to be very stringent requirements. Regardless, a scheme to 
choose one such I? is given by 
Solution scheme: Find all ( h i j , ~ Q , ~ Q )  such that 

(i) a satisfies Eqs. (7) and Eqs. (21), 

(iii) hij satisjfj Eqs. (22). 

To solve this system of nonlinear equations, routines 
from MATLAB’S Optimization Toolbox [5] were used. In 
particular FSOLVE with the Gauss-Newton algorithm was 
applied. However, after careful study of the two degree-of- 
freedom problem using the scheme described above, a feasible 
solution was extremely difficult or impossible to achieve. The 
numerical scaling of Eq. (18) is poor when considering highly 
reliable systems, leading to an ill-conditioned problem. As a 
result, a solution was attained only when the reliability 
requirements were sufficiently relaxed (i.e., larger p j  ). These 
results proved useless, however, since the reliability model of 
Eq. (2) is accurate only for small failure probabilities. 

4. Observations and Conclusions 
The application of covariance control methods can be 

advantageous when the control objective is to define the 
behavior of the state variables in the mean square. Previous 
work [4] illustrated how the theory of covariance control could 
successfully be applied to guarantee the reliability of a single 
degree-of-freedom system. Reliable control schemes for a 
three degree-of-freedom system with state feedback were 
introduced in [3]. 

Herein, attempts to derive a reliable control law for a 
two degree-of-freedom system with output feedback met with 
considerable hardship. After careful study, it was determined 
that the solution method described is successful only when the 
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reliability constraints were. sufficiently relaxed. As a result, 
another method to solve this problem must be derived if this 
work is to proceed. 

One possible solution is to apply the covariance upper 
bound control schemes introduced in [8,12]. Instead of 
prescribing specific closed-loop performance, an upper bound 
can be utilized. As a result, the admissibility conditions on the 
state covariance matrix are relaxed and a feasible solution to 
this problem may be attained. To proceed in this manner, 
however, the map between system reliability and an upper 
bound on the response covariance must be attained. 
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Nomenclature 
A ,  B , C , r 
G output feedback gain matrix 

H target state covariance matrix 

equations of motion in state-space 

k, m 

Pf’ Ps 

99 4 

i i ( t )  

vector response rocess with 

deterministic realization of Q(t) 
reliabiliy specifications 

stifiess and mass coeficients 
probability of failure and stabilig 

deterministic realizations of Q 

white noise excitation process with 
intensity W 

response vector process ]with 
x( t )  = transpose x l ( 0  x,(t) 

modal damping and stifiess 

Q(t> = transposef&) ~ ( t j  

and8 + 

cp modal matrix 

T;W 
T(t> vector modal response with 

scalar response of mode i 

q(t) = transpose 

state vector in modal coordinates 

variances of position and velocity 
response processes, respectively 

3 
g t >  
0, 0-. Q’ Q 
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