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Abstract 

This report describes the numerical procedure used to implement the Green’s 
function method for solving the Poisson equation in two-dimensional Cartesian 
coordinates. The procedure can determine the solution to a problem with any or all of 
applied voltage boundary conditions, dielectric media, floating (insulated) conducting 
media, dielectric surface charging, periodic (reflective) boundary conditions, and 
volumetric space charge. The numerical solution is reasonably fast, and the 
dimension of the linear problem to be solved is that of the number of elements needed 
to represent the surfaces, not the whole computational volume. The method of 
solution is useful in the simulation of plasma particle motion in the vicinity of 
complex surface structures as found in microelectronics plasma processing 
applications. A Fortran implementation of this procedure is available from the author. 



I. Introduction 

superposition once Coulomb’s law is introduced. In general though, problems are 
specified in terms of known voltage boundary conditions, not charge distributions, 
which requires the solution of partial differential equations or integral equations.’ 
Finite difference techniques for solving the Poisson or Laplace equations are standard 
fare. They require numerical solutions covering the whole computation volume of the 
problem. An alternative method is to use the Green’s function for an unknown source 
distribution, with sources localized to the surfaces, and to formulate the solution as a 
Fredholm integral equation of f is t  kind; which becomes a linear algebra problem 
once discretized. The advantage of the Green’s function technique is the smaller 
dimension of the array of surface unknowns as compared to the number of volume 
elements filling the whole computation volume. This is illustrated by considering a 
square of N elements on a side. The Green’s function method has 4N unknowns and a 
4N by 4N coupling matrix. A finite difference formulation would have N2 unknowns 
and a N2 by N2 matrix. However the latter matrix is sparse (tridiagonal, perhaps) and 
numerical methods exist to take advantage of the sparseness. 

due to a distribution of charge p is 

The fields about a prescribed distribution of electric charge are solved by 

The Poisson equation (PE) in three dimensions (3D) for the potential field V 

v2 V ( R )  = - p ( R )  / Eo 

where SI units are used: namely, distance is in m, Vis in volts (V), p is in C/m3, and 
the vacuum permittivity E, is in C2/J m. The PE can be resolved by use of the free- 
space Green’s function: ‘92 

- -  
Go (R,  R‘) = - 1 / 4+?-R’I, 

V i  Go(R,R‘) = 6 3 ( R - R ’ ) ,  

as 
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The form of Go is chosen to vanish at large distance analogous to the Coulomb field 
of a charged particle. Homogeneous solutions of the Laplace equation are not 
superimposed with the PE particular solution, because all fields are due to, or 
represented as, the superposition of real charges. This carries over to the 
representation of dielectric media, which are replaced by charged surfaces rather than 
a space-dependent permittivity, E ( @ .  

A point of importance in the application of the Poisson solver to plasma 
physics problems is the stiffness that is associated with the light electron mass and 
relatively high temperature. This is discussed in the Appendix of this report. 

11. The Two-Dimensional Poisson Equation 

the PE in Eq.( 1) or the Green’s function solution as given in Eq.(3). This is not 
completely straightforward due to a divergent integral that occurs when one assumes 
that the charge distributions extend to f 
limiting process, however, and the result is the conversion to 2D coordinates: 

The 2D PE may be obtained by introducing a restricted spatial dependence into 

in the z coordinate. This can be done in a 

Lower case F is used to denote a vector in (x,y) space. The new 2D Green’s function 
is2 

G(T,T’) = (1 / 2n)ln(r / R l ) ,  

+ - G(T,?’) = 6 ( x - x ’ ) 6 ( y - y ’ )  = S2(?-?’), ($ ;2;) 
where R1 is an arbitrary constant fixing the location of the zero of the potential field 
about a 2D line source of charge, which is the idealization of a long charged wire. 
One notes that the 2D Green’s function always diverges at both large and small r. 

The potential due to a volume distribution of charge is given by 
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Of course this distribution and potential are uniform in the z coordinate. In the case 
that a surface charge is present, say CT(?), in units of C/m2, the appropriate potential 
is given by taking a zero-thickness or surface-delta-function limit of a volume charge. 
Let t be the local coordinate normal to the surface, which is located at t,, then the 
substitution of 

will convert the volume charge integration to a surface integration. The solution to 
the surface-charge problem is represented as the 1D integral covering all surfaces: 

where the 2D vector 7’ = T’ (s ’ )  traces out the surfaces. The path of integration is 
along the surface, perpendicular to the local surface normal. 

It is also necessary to evaluate the electric field produced by all the charges. 
As the electric field is the negative gradient of the potential, the field can be evaluated 
from Eqs.(6) and (8). For the volume sources: 

p(7) = 0 ( 3 ) S ( t  - t,) (7) 

1 
€0 

V(7)  = - -Ids’ G(T,T’)o(T’), 

1 
EO 

I?(?) = -/d2r’ TrG(F,?’)p(T’), 

VrG(?,?’) = 
1 7-7’ (9) 

For the surface charges, the result is the same, except that the volume charge density is 
replaced by a delta function localized at the surface. The arbitrary constant R1 
disappears from the electric field expression. 

III. Overall Structure of Solution 
The specification of the solution is done by means of voltage boundary 

conditions on conductors, typically metal surfaces. Metals are at a constant voltage,’ 
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but with an unknown charge distribution at the surface. These also include highly 
conductive plasma interfaces. All metals will have an unknown total and surface 
distribution of charge, except that floating or insulated metal parts will have a fixed 
total charge and an unknown charge distribution and voltage. Dielectrics will have 
unknown surface charges to modify the fields inside the media. This takes the form of 
jump conditions in the normal electric field at the dielectric interface surface. 
Boundaries that are markers for periodic reflections of the solution will have zero 
normal field conditions (periodic boundary conditions). 

One can see that it is necessary to break all surfaces into finite elements or 
increments in order to obtain an accurate numerical representation of the quantities 
that vary along the surfaces. Let all the elements be indexed by j , with the 
understanding that two materials in contact with a region of their surfaces in common 
will have just one set of elements in the common region. Each element will have a 
centroid at Tj , a length dsj , and a unit normal f i j .  If there is a volume charge, the 

volume elements, which are really incremental cross sectional areas of infinite depth 
in z ,  will be specified by the centroids Tj and the areas dAj . 

Some labels or partitionings will be introduced for the surface elements. 
Volume elements will be labeled by a “v” in all cases. The surface elements will be 
labeled with either: (1) an “m,” denoting a voltage boundary condition as on a metal 
including floating metals, (2) an “r,” denoting reflective boundary conditions with 
zero normal electric field, (3) a “d,” denoting a dielectric interface, or (4) an “s” 
denoting an element in any of the surface partitions. The total number of elements in 
these partitions is N,, N,, N,, Nd, and N, = N, + N, + Nd. 

Consider a system of voltage-specified metal surfaces with a given space 
charge in the volume. Together Eqs.(6) and (8) relate the voltage at the metal surface 
elements to the charges on the metal and in the volume. Without loss of generality, 
the integrals can be replaced by numerical quadratures or by sums over f ~ t e  elements 
of the surfaces and volume to give the linear algebraic version of the system: 

j c m  j c v  
I .  
i 
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It is important to see that the only unknowns in this linear system of equations are the 
charge densities on the metal elements, qy . All the q; are defined as being the 

charge per length on either a surface or a volume element: 

q; = h i  o(@, 

qy =dAi p(Q.  

There are as many unknowns, Nm, as equations in this system described by Eq.(lO). 
The exact procedure of discretizing Eqs.(6) and (8) will be discussed in the next 
sections. Eq.( 10) constitutes a complete definition of the problem as formulated with 
potential boundary conditions and space charge. The solution of the linear system of 
equations for the unknown charges on each of the metal elements determines the 
fields everywhere in space. Note that the number of points involved in evaluating the 
space charge is not involved in inverting the coefficient matrix in Eq.( 10). The 
accuracy of the solution will be determined by the number and density of elements 
chosen on the surfaces and volume. The numerical solutions should converge to the 
exact solution as the density and number of elements increase everywhere. 

Now consider the next generalization, the inclusion of a reflective or periodic 
boundary somewhere in the system. This requires that the electric field normal to the 
boundary be zero and forces that boundary to be broken down into incremental 
elements just as if it were an actual surface. Thus there is now another set of 
equations numbering N, to be added to the previous set, all derived from Eq.(9) or its 
surface version: 

j e m  j E r  j w  

A label of "n" is used the matrix Gi,  to denote a normal component of the gradient 

of the Green's function. The latter surface sum was rewritten to show that the 
partitions may be usefully combined. 
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The last illustration is the dielectric match condition. This takes the form of an 
inhomogeneous condition on the norrnal field at each element on a dielectric interface: 

j c d  

The quantity Vi: is of physical dimension V/m. In addition to describing the 
dielectric match, the d partition also contains the effects of known added amounts of 
charge to the faces of dielectrics. This details of this will be given later. At the 
moment, the purpose is to illustrate the form of the total system of equations 
determining the solution. 

Write Eqs.(lO), (12)-(13) in vector matrix notation, suppressing the indices: 

Vm GmS GrnV 
' 0 1 = [ KGdS nGrs n ' E w ]  dv [z:). 
V d  

This can immediately be rearranged to solve for the unknown charges, qs : 

GrnS Vrn GmV 
[nGrs)(qs) n GdS = [ V d  0 1 - [ n G w )  n GdV (q'). 

It is to be noted that the partition s contains the partitions m, r, and d, all of which are 
surface elements with unknown charges. Only the partition m contains known 
voltages. The volume charges are known, as are added dielectric surface charges 
which will show up in the V terms. The dimensions of the vector-matrix quantities 
appearing in Eqs.(l4) and (15) are evident: the vectors V x  and qx are columns of 

d 
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length N,, and matrices GV are N, by N,. The partitioned matrix on the LHS of 
Eq.( 15) is thus square, with an equal number of unknowns and equations. 

IV. Discrete Approximation of the Green’s Functions 

Eq.( 15) are given. The first item to be discussed in Section IV.A is typically the most 
universal of all the coupling terms. One should note that the evaluation of the 
potential or field at any particular surface element requires summation over all of the 
known and/or unknown charges in the system. Thus the coupling matrices are 
typically full, but also well conditioned; due to the nature of the Coulomb interaction. 

In this section the details of the formation of the linear system illustrated in 

1V.A. Surface Potential Response to Surface Charge 
Consider the potential at a surface element labeled i due to a surface charge 

distribution. The point in question is a part of the surface itself. Begin with Eq.(8) 
and write the integral as a sum over surface elements. Within each elemental region 
of the ds’ integral, treat the charge as constant. At each point where the potential is 
to be evaluated, average the potential over the linear element. This leaves: 

The total charge per length, q = dsj o(Fj) in C/m, has been introduced for each 

surface element as written in Eq.(ll). Write Eq.(16) as 

j E s  

to correspond to the vector-matrix notation introduced in Eqs.( lo),( 12)-(15). Since 
the potential is only needed at the metal (m) elements, the range of i is restricted to the 
m partition. Note that G i j  is not the same physical dimension as the dimensionless 
2D Green’s function G in Eq.(5), as the - 1 / E, constant in the PE is now included. 
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For i # j the sum-and-average integrals of the Green’s function over the finite 
element can be approximated as 

i e m ,  j e s , i #  j . 

This is valid if the surface is smooth, meaning that, approximately, I$ - 7’1 2 dsi or 

dsj . A surface with sharp bends may need refinement of the incrementation. For 
i = j , the diagonal term in Eq.( 16) requires a more precise evaluation because of the 
self-interaction singularity. The diagonal coupling term can be reduced (with some 
algebra) to 

In the case of a collinear line of equal-length surface elements, the largest relative 
errors introduced by approximating Eq.(16) by Eq.(18) are 10% for nearest neighbors 
and 2% for next-nearest neighbors, as derived by analysis of the sum-and-average 
integrals in Eq.(16). Although it is possible to improve the accuracy by use of 
coupling terms which depend on the orientation of the individual elements, it does not 
seem worthwhile, since a systematic reduction in error can be achieved by increasing 
the number and density of the finite elements. 

1V.B. Surface Potential Response to Volume Charge 

computed from Eq.(6) just as indicated in Eqs.(lO) and (15). This involves no self- 
interaction terms in order to evaluate the potential on the metal surfaces, so the result 
can be approximated as previously done for the non-diagonal surface-surface terms: 

If there is a space charge in the system, the potential of that charge must be 
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Any improvement in this result would involve incorporating information about the 
shape of the volume elements next to the surface. As it stands, one might refer to the 
result in Eq.(20) as a “wire-wire” interaction appropriate for the far-field of the 
interaction between the finite elements. 

1V.C. Imposition of Reflective Boundary Conditions 
Reflective boundary conditions, which are used to restrict the solution region to 

a small part of the total space of the problem, generate periodic replicas of the solution 
as one moves across the boundary. Of course what is really imposed is the vanishing 
of the electric field component normal to the surface zone in question. Unless the 
conditions are logically set up and consistent, the reflective boundary condition will 
only generate a perplexing field solution which has surface elements with unusual 
field conditions imposed. With this caution in place, the analysis proceeds as follows. 

the system, both on surface and in volume, as given by Eq.(9): 
Consider the field at a boundary point in the “r” partition due to all charges in 

+ - jd2r’  1 vrG(T,T’)p(T’). 
EO 

The gradient of the Green’s function is given in Eq.(9). Choose F to be arbitrarily 
close to the surface of point i, and dot the field with the unit normal of element i to 
find the component of field normal to that surface element. The result should be zero: 
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Approximate the integrals in Eq.(22) as sums of terms assuming that the charges are 
constant within each of the surface and volume intervals, as before. This allows the 
introduction of the charge per length quantities, 45 and 4; . The result is precisely 

as symbolized in Eq.( 12) with: 

i # j ,  i E r ,  j e s  

and 

i e r , j e v  

The volume sources are not concerned with self-interaction, but the surface-surface 
relation in Eq.(23) must be evaluated for that case. The integral is truly discontinuous 
as 7: is carried through the plane of the element. The analytic evaluation of the self- 
interaction term gives: 

with the positive sign when the unit normal points toward the “computational side” of 
the element. This is the same as knowing that the electric field about a sheet of 
positive charge points away from the sheet on both sides and has the magnitude 
B / 2 ~ ,  on each side.’72 The averaging that was done previously in order to obtain an 
improved self-interaction term is not necessary here as the limiting values in Eq.(25) 
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are obtained anywhere along the finite surface element. The k sign in Eq.(25) will be 
fixed at + by setting up the unit normal vectors such that they point towards the 
computational side of the periodic boundary. 

appear in Eq.( 14) or (15). A detail is the specification and storage of the unit normal 
vectors. Specifically arrays of the sin and cos of the unit normals are stored at the 
solution outset and used in the evaluation of the dot products when needed. 

Eqs.(23)-(25) fill in the definitions of the G" partitions of the matrices as they 

1V.D. Imposition of Dielectric Matching Conditions 
These conditions are slightly more complex than the reflective boundary 

condition case in the last subsection, but they are not the most subtle - that is saved for 
last! The treatment of dielectrics provided here for the purposes of field calculation is 
that they are replaced with charged boundary layers at their actual surfaces.' These 
charged layers serve to modify the applied fields in order to obtain the correct field 
strength within the dielectric medium. It is true that there are fundamental reasons 
why the presence of dielectrics can be analyzed as a vacuum problem with inserted 
bodies of matter."4 Since the problems being addressed here are in electrostatics with 
homogeneous and isotropic media throughout, the formulation is particularly simple. 
Of course the whole problem is not homogeneous and isotropic. All dielectric media 
will be free of internal charge. The only distributed charge density occurs in the 
vacuum regions which can contain plasma space charge. The dielectric surfaces, 
whether between two dielectrics in contact or between a dielectric and the vacuum, 
will have an unknown amount of surface charge that is sufficient to produce the 
normal electric field discontinuity required by the macroscopic descriptions. In 
addition, a prescribed amount of deposited surface charge may be added to represent 
such charging of dielectric media in contact with a plasma. 

x . On the right side of the boundary, say for x > 0, there is material 1 with 
permittivity (dielectric constant) €1 ; on the left, for x < 0 there is material 2 with 

permittivity € 2 .  Let the (x-component) electric field for x + 0- be E,  and the field 

for x + 0' be E,. The fields are space dependent, so the values near the boundary 
are to be used. First consider the case with no added surface charge; the dielectric 
match condition is' 

Consider, without loss of generality, the following 1D problem in coordinate 

E;! E, E,. 
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A “polarization charge” OPo1 will be added to the surface to reproduce the jump. Let 
the field near the boundary be the sum of the fields due to all other sources evaluated 
at that point, say, E . 
across the boundary. Substituting into Eq.(26) gives: 

must be continuous other pol Eother , and the field due to o 

~2 E,  = ~2 [ EOther  -g) 
= g1 E,  = g1 EOther [ +g) 

from which one solves for oPo1 : 

Now write down the expression for the normal component of the electric field at the 
above boundary, say element i, due to all other charges in the system: 

Eother - - n i . E ( 4 ) =  n G ~ , ~  ds 45 + n G ~ , ~  dv q:. 
j e s  j w  
j # i  

In order for the sign of Eq.(29) to be correct, the unit normal must point towards 
positive x, in other words, from medium with to medium with ~ 1 .  The “GiY 
matrices are defined in Eqs.(23)-(25). Combining Eqs.(28) and (29) and replacing 
oPo1 = qi I dsi gives d 

13 



which is a homogeneous equation in the surface charges similar to the reflective 
boundary condition partition defined in Section 1V.C. A convenient way of 
expressing Eq.(30) is to define the diagonal of the coupling matrix as: 

The limit of ~2 + €1 gives a diagonal non-singular system in Eq.(30) and forces all 

qi + 0, as it should. This completes the dielectric match, except for the inclusion of 
added surface charge. 

Let a deposited surface charge, oadd = qadd / dsi , be present on the boundary 

d 

element. This added charge can be displaced away from the boundary surface by a 
infinitesimal mount and the previous solution for a dielectric match of an uncharged 
surface can be used again. The displacement must be towards the vacuum side of the 
interface to be consistent with a plasma charge deposition mechanism. In the 1D 
model above this displacement is characterized by a & . Thus if the top sign is chosen, 
dielectric medium 1 is vacuum and & I =  E, ; if the bottom sign, 82 =eo. The field 

symbolized by EOther  is now the field due to the charges on all other surface and 
volume elements, plus the field due to the infinitesimally-displaced added charge 
layer, namely T oadd / 2&, . The charge on the surface element in question is the 
sum of the polarization and added charges: 

After eliminating qPoz and using the permittivities to remove the +, sign, one obtains 
Eq.(30) with an inhomogeneous term: 

i E d  (33) 
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Of course the diagonal term on the RHS can be defined into the coupling matrices. 
The LHS of Eq.(33) is the i’th element of the column vector called V d  in Eqs.( 14) 
and (15). 

This completes the construction of the linear algebraic equivalent of the 
integral equation to be solved for the surface charges. Still to do is the case alluded to 
as the most subtle of the tasks. 

1V.E Insulated (Floating) Conducting Bodies 

in contact with the plasma can be with prescribed voltage and unknown charge, as 
dealt with earlier in Section 1V.A. However a conductor that is electrically insulated 
will have a known (or determinable) total charge and an unknown voltage and charge 
distribution on its surface. This would seem to be a formidable problem in potential 
theory, but the numerical resolution in the context of the surface Green’s function 
methods is quite simple once unveiled. 

In the study of plasma interaction with surfaces, part of the conducting material 

Rewrite Eq.( 15) as 

where A denotes the square matrix of Gxs coefficients, x denotes the unknown 
surface charge vector qs, and b the whole RHS vector. Let each insulated 
conducting body be a subset of the “m” partition in the problem. Give each body a 
unique label say “k”. Let the total charge per length on body k be Q k .  The 
incorporation of this information into the solution proceeds as follows: 

specified voltage boundary conditions, as usual in the m partition. 

this happens to be row i. 

(i) Calculate all of the elements in A and b as if the insulated bodies are of 

(ii) Search through the rows of A to find the first member of subpartition k. Say 

(iii) Find the next member of subpartition k. Say that this is row n. 
(iv) Replace row i in A and b with 

for all j 

15 



This relation incorporates the condition that the voltage difference between row i and 
row n (surface elements i and n) is zero, as must be true for a conductor. Remove row 
i from examination. 

(v) Redo the search for members of k, treating row n as the new row i. Repeat (iii) 
through (v) as long as members of k are found. 

(vi) If there is not another member of subpartition k, then replace row i in A and b 
with: 

insuring specification of total charge on the subpartition k. 
The above must be repeated for all insulated bodies (all distinct k) in the 

system. One proceeds to solve this transformed A and b to generate the charges on 
all the surface elements. Note that no change in dimension or redoing of the 
interaction matrix element was necessary to carry out the insulated conductor 
modification. 

V. Evaluation of the Fields from the Charges 

full-pivoting Gauss-Jordan elimination code given in “Numerical  recipe^"^. No 
problems with the numerical conditioning have been found for any well-formulated 
problem with up to 700 surface elements using @-bit arithmetic. The computational 
time is slower with the larger dimensions, of course. 

Finding the potential and electric fields is a straightforward procedure based on 
evaluation of the integrals in Eqs.(6), (8), and (21) once the surface charges are found. 
At first the fields were evaluated by the same algorithms as presented in Section IV. 
However it became obvious that the evaluation procedure was not as smooth as 
expected near boundary surfaces. One cause of this is that the evaluation “grid” or 
sample space is not directly connected to the finite element setup for the surfaces or 
the volume charge, if there is one. Thus one may evaluate the fields very close to the 
surfaces, on the surfaces, or wherever. This difficulty was remedied by using the . 

exact field of a 2D finite element with uniform charge as the source term for all the 

The solution of the linear system of equations presented by Eq.( 15) is done by a 
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charged surface elements. The more approximate treatment is just a modified far-field 
approximation to this procedure. 

and volume charges each with a uniform distribution of charge is 
The general 2D expression for the potential field due to a collection of surface 

r 1 

(35) 

The electric field could be evaluated by two schemes: either compute the potential 
field and take numerical finite differences to.get the electric field, or evaluate the 
electric field directly from the charge sources as symbolized in Eq.(21). Some 
applications may prefer the first approach because of its flexibility, but here the 
second is emphasized because of its speed and efficiency. The general expression for 
the electric field is the negative of the gradient of Eq.(35): 

r 1 

All the q in the above are known. If one can analytically evaluate the integrals in 

Eq.(35) and (36), the fields are just a summation away from done. The integrals, 
where doable, are difficult, and secondly the unknown shape of the volume 
decomposition prevents an exact expression for those terms. 

V.A. Fields from the Charges - More Approximate Method 
Consider the potential evaluation first. If T and T’ are sufficiently separate, 

the quantities in brackets in Eq.(35) may be simplified by a far-field approximation 
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exactly as done in Eqs.( 18) and (20). If T is within the near-zone of surface element 
j, the averaged value given in Eq.(19) can be used. An analogous average procedure 
for the volume when 7 is near volume element j gives 

for the coefficient of q j  . This assumes that the cross sections dAj are circular in 

order to be able to analytically evaluate the constant term in Eq.(37). The above is not 
useful unless the far-field formulae and near-field averages can be joined. Actually 
they combine fairly well by switching between the two limiting forms at the separation 
where the terms are equal. 

The electric field analog of this approximation of the potential is not so 
encouraging. The far-field approximations are fine, but the near-field averages as 
presented in Eqs.(l9) and (37) give a constant or zero electric field contribution of the 
nearby charge density to the total field at that point. This is not grossly in error, but 
the numerical effect is to produce an “interference” rippling of the evaluated (total) 
fields when the spacing of the evaluation grid was not identical to the spacing in the 
volume grid used to input the space charge. Also the fields tended to ripple when 
evaluated in the near-field zone of the surface elements. The relative errors typically 
were not large, but the appearance was convincing enough to prompt for a direct 
evaluation of the integrals in Eqs.(35) and (36). 

V.B. Fields from the Charges - Analytic Surface Elements 
The fields about a uniformly charged strip can be evaluated exactly? Thus the 

surface integrals in Eq.(35) can be expressed in terms of elementary functions. As 
mentioned previously though, the volume elements are of unspecified shape and thus 
not so amenable. The surface treatment is given now. 

length ds j ,  centroid T j ,  and a unit normal 2 . Set up a rotated x-y coordinate system 

with positive y along the unit normal and the origin at the centroid of the element. 
This allows the 1D integration to be expressed precisely: 

Consider termj, j E s, in Eq.(35). Recall that the surface elements have a 
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1 1 17 - u"(s'>l -- - jds' In( 
2m0 ' j  ds j dsj R1 

112 1 - - - -q Id.1 (.(ds! / R?) + In((x' - x>2 + y 2 ) )  
4m0 -112 

= - -4 1 . [ 21n(?l + "Ti t  ln(t2 + y 2 ) ] .  
47r&0 J -112-x 

The latter form was obtained by scaling all the coordinates with the element length 
and shifting the integration variable. Use of the indefinite integral, 

J'hln(x2 + a2> = xln(x2 + a2> - 2x + 2aarctan(x /a> 

allows the result to be computed, with the rotation and scaling still present: 

1-2x 
4 

+ - In( (1 / 2 - x12 + y 2 )  

An analogous integration for the electric field term from Eq.(36) gives: 

(39) 
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- - r' - ?' (sf )  - .- jds' 1 
2m0 qJ ds J . dsj IT - r''(s')12 

1 

[ ( I /  ;- *) + arctan( y x)) ]  . + e ^ ,  arctan 

These formulae are used for the surface evaluations, admittedly with the added 
complexity of accounting for the orientation of the surface elements. 

V.C. Fields from the Charges - Analytic Volume Elements 

to evaluate because of the arbitrary shape. If the volume elements are modeled as 
being infinite cylinders of circular cross section, the fields can be found exactly. 
Consider termj, j E v , in the general expression for the potential field given by 

The potential and field about a space charge element in the volume are difficult 

Eq.(35): 

where R = IT - Tj 1 is the distance of T from the center Tj of the element of area 

dA = 7~ rX . Eq.(42) can be differentiated to give the analogous term in the 

expression for the electric field in Eq.(36): 

2 
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1 11 R 

4 ,  e^R { Rlr: 
-- - 

2m0 

(43) 

where i R  is the radial unit vector pointing from Jj to 7:. 

The volume average of the potential term in Eq.(42) can be done over the 
elemental area as a check -- the result agrees with Eq.(37). 

VI. Example Solutions and Discussion 

given to illustrate the Poisson solver. A few are given here which are representative 
of the many tests that have been carried out. 

The first is a series of computations for the potential around two charged strips 
as the number of finite elements is varied on the strips. Only the potential is shown 
here. Fig. 1 shows a “wire mesh plot” of the potential for a strip separation of OSm, a 
strip width of 1 .Om, a plotting field of 2m on a side with 50 points in each direction, a 
voltage of + lV on the upper strip, a voltage of -lV on the lower strip, and one finite 
element on each strip. The rounded nature of the potential as one moves across the 
strips is due to the structure of the formula in Eq.(40). One recalls that a metal strip of 
constant voltage does not really have a constant charge distribution as assumed in this 
“one element model.” The correct distribution of charge is found by including several 
elements within each strip and thus allowing the potential at the strip to become 
constant. In Fig.2 the number of divisions on each strip is raised to 5. In Fig. 3 it is 
10, and in Fig. 4 it is 50. In fact the results are converged at 50 as seen in calculations 
(not shown) with 100 and 500 points in each strip. 

case of two parallel wires separated by 0.5m and charged to +lV and -lV. Reflective 
boundary conditions were imposed at x=lm and -1m with 100 intervals along each 
boundary. 

with a Gaussian distribution of charge is evaluated within a 2m by 2m box. The 
characteristic radius of the charge is 0.25m and the evaluation grid is 50 by 50. The 
absolute scale of the potential is arbitrary because of the boundary conditions. Fig. 7 

There are an innumerable number of illustrations and examples that can be 

The effect of reflective boundary conditions is shown in Figs. 5 and 6 for the 

A space charge solution is shown in Figs. 7 through 10. The potential of a rod 
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shows the potential over the evaluation volume and Fig. 8 shows the y-component of 
the electric field, E,,. In Fig. 9 the potential is evaluated on a 50 by 50 grid in the 
center of the full scale region. The scale has been magnified by a factor of 10; thus 
the fields are being evaluated throughout the finite volume elements used for the 
construction of the solution. The same is shown for E,, in Fig. 10 and to be noticed is 
the oscillation which is due to the replacement of the actual square volume elements 
by the circular approximation as discussed in Section V.C. The ripples are present in 
Fig.9, but are much less noticeable because of the actually small relative error present 
in Fig. 10. Figs. 7-10 show the most obvious error present in the Green’s function 
method for solving the Poisson equation as it is formulated here. The practical rule to 
avoid the ripple shown in Fig. 10 is to simply evaluate the potential and/or the electric 
field on the same grid in the volume as used for the representation of the charge 
density, with intermediate values obtained by interpolation. Fig. 8 shows that this 
procedure gives smooth and eye-pleasing results. 

The last example shows a feature similar to that in the surface topography of 
microelectronic processing. The computation volume is a lop m by lop m section 
with a 1 p m silicon oxide layer laid on the bottom surface. There is a 3 p m high by 
4p m wide feature of polysilicon in the center which is covered with a 1 p m thick 
layer of oxide. The oxide is an insulator and subject to plasma-produced charging. 
The polysilicon is a good conductor and is thus at equipotential. The surfaces are all 
decomposed into element of length 0.1 p m and the evaluation grid for construction of 
the surface plots is a 100 by 100 grid with spacing of 0.1 p m. The voltage of the top 
(plasma) surface is held at OV and the bottom is held at -5V. In Fig. 11 the collected 
charge on the polysilicon feature is left at zero. The dielectric regions are visible as 
“depressions” in the potential field. The polysilicon is the rectangular region of 
constant potential. In Fig. 12 the charge on the polysilicon is allowed to increase, 
which raises the potential and the surrounding fields. In Fig. 13 a positive surface 
charge is placed on the bottom dielectric layer and a negative surface charge on the 
top of the oxide layer on top of the polysilicon. These are presented to illustrate the 
capabilities of the solution method, not any particular microelectronic situation. 

combined in a single problem, including the presence of more than one floating 
conducting bodies. 

Any or all of the features of the PE solution discussed in these examples can be 
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Appendix 
There is one complication in using any PE solver with a space charge that must 

be discussed. Consider a parallel plate system with a space charge p between the 
plates, separated by L . This space charge will almost always be the difference 
between a positive ion density and an electron density -- a plasma in other words. 
Suppose for the moment that the positive and negative charge densities are equal; thus 
there is no macroscopic charge and p is zero. Now solve the PE with a potential 
difference AV imposed on the plates. The field is just E = - AV / L ,  constant 
between the plates. Now consider the dynamical solution for the response of the 
particles to this field. The electrons will respond quickly, on a time scale of the 
electron plasma frequency: 

which, if the plasma density is high, creates an extremely fast motion which must be 
resolved with a small time incrementation. Standard notation is used for the symbols 
in this Appendix. The system will eventually converge to a slowly evolving (quasi- 
steady-state) solution in which the bulk of the plasma has a very small electric field, 
with the presence of plasma charge separations near the plates (sheaths) which cancel 
out the bulk electric field. The thickness of the regions of charge separation is the 
Debye length: 

which can be very small compared to the size of the bulk plasma region. In bulk high 
density plasmas, the electron mobility and diffusion may be shown to drive the electric 
field to an asymptotic value (ambipolar field), 

This is a well known effect and numerical methods exist to help stabilize the 
s0lution.6’~ 
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Figure 1. This is a “wire mesh plot” of the potential between two parallel charged 
strips separated by 0.5m where each strip has a width of 1 .Om. The potential boundary 
condition is +lV on the upper strip and - lV on the lower strip The plotting field is 2m 
on a side with 50 points in each of the x and y directions. The important point here is 
that there is just one finite element on each strip. The variation of the potential as one 
moves across the strips is due to the limited resolution of the single finite element. A 
metal strip of constant voltage does not have a constant charge distribution as assumed 
in the evaluation of the field about a single element. 
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Figure 2. Same as Fig.1 except in the resolution of the charged strips. Here there are 
jive finite elements on each strip. The potential at each strip is now more constant in 
accord with the imposed boundary conditions. 
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Figure 3. Same as Figs.1 and 2 except in the resolution of the charged strips. Here 
there are ten finite elements on each strip. The potential at each strip is even more 
constant in accord with the imposed boundary conditions. 
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Figure 4. Same as Figs. 1,2, and 3, except in the resolution of the charged strips. 
Here there are$& finite elements on each strip. The potential at each strip has 
converged as demonstrated by calculations using 100 and 500 elements per strip (not 
shown) which appear identical to this result. 
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Figure 5. A contour plot of the potential for the case of two parallel wires (really 
short surface elements) separated by 0.5m and charged to +lV and -lV. No boundary 
conditions were imposed on the sides so that free space conditions are seen within the 
computational volume. The contours near the charged wires are suppressed for 
presentation clarity. 
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Figure 6. A contour plot of the potential for the case of two parallel wires (really 
short surface elements) separated by 0.5m and charged to +lV and -lV. Reflective 
conditions were imposed on the sides at x=lm and -1m using 100 surface elements to 
resolve the boundary condition. This figure is to be contrasted to Fig. 5. The contours 
near the charged wires are suppressed for presentation clarity. 
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.Figure 7. This is a “wire mesh plot” of the potential due to a space charge 
distribution whose cross sectional profile is a Gaussian distribution. The evaluation 
region is a 2m by 2m box. The characteristic radius of the charge is 0.25m and the 
evaluation grid is 50 by 50. The absolute scale of the potential is arbitrary because of 
the boundary conditions. The important point here is that the potential evaluation by 
Eq.(42) and the grid used to compute the space charge in the linear solution, Eq.(20) 
are the same. 
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Figure 8, This is a “wire mesh plot” of the y-component of the electric field 
corresponding to the potential of Fig. 7. The field is due to a space charge distribution 
whose cross sectional profile is a Gaussian distribution. The evaluation region is a 
2m by 2m box. The characteristic radius of the charge is 0.25111 and the evaluation 
grid is 50 by 50, the same as the grid used to represent the volume charge distribution. 
The important point here is that the field evaluation by Eq.(43) and the grid used to 
compute the space charge in the linear solution, Eq.(20) are the same. 

40 



y-axis 
x-axis 

Fig.8 



Figure 9. This is the same potential as Fig.7 evaluated and shown on a 1OX 
magnified scale in the center of the charge distribution. The point here is that the 
potential evaluation by Eq.(42) and the grid used to compute the space charge in the 
linear solution, Eq.(20) are not the same. The potential has some barely discernible 
ripples which are due to the evaluation of the field within the area of the finite 
elements, which are assumed to be of circular cross section, but are really squares. 
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Figure 10. This is the same electric field component as shown in Fig.8 evaluated and 
shown on a 1OX magnified scale in the center of the charge distribution. The point 
here is that the field evaluation by Eq.(43) and the grid used to compute the space 
charge in the linear solution, Eq.(20) are not the same. The field ripples which are due 
to the evaluation of the field within the area of the finite elements, which are assumed 
to be of circular cross section, but are really squares. Although the ripples are quite 
obvious, the relative error is on the order of 5%. In the text it is recommended that 
field evaluations in the presence of significant amount of space charge be done on the 
same grid as used for the representation of the space charge. This avoids the effect 
shown here and, at least, gives a more eye-pleasing result. 
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Figure 11. The potential field within a periodic small feature typical of 
microelectronic circuitry. The computation volume is a lop m by lop m section with 
a 1 p m silicon oxide layer laid on the bottom conducting surface. The x coordinate is 
periodic. There is a 3 p m high by 4 p m wide feature of polysilicon in the center 
which is also covered with a 1 p m thick layer of oxide. The polysilicon is a good 
conductor and is thus at equipotential with zero total charge. The surfaces are all 
decomposed into element of length 0.1 p m and the evaluation grid for construction of 
the surface plots is a 100 by 100 grid with spacing of 0.1 p m. The voltage of the top 
(plasma) surface is held at OV and the bottom is held at -5V. The dielectric oxide 
regions are visible as “depressions” in the potential field. The polysilicon is the small 
rectangular region of constant potential. 
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Figure 12. Same as Fig. 11 except that the polysilicon conducting element is allowed 
to possess a charge ( 10-'°C/m). To be noted is the dramatically changed fields about 
the element and implications for charged particle motion. 
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Figure 13. Same as Fig. 11 except that the dielectric oxide top surfaces are allowed to 
accumulate a surface charge which does not redistribute. To be noted is the changed 
fields about the surfaces and implications for charged particle motion. 
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