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Intr-duction 

Attempts to understand metal forming processes give rise to 
a number of non-standard heat transfer analysis problems. For 
example, investigations of casting processes involving 
solidification design (Frankel and Keyhani, 1996, Hale et al, 1998a 
and b) describe non-traditional analysis problems. Other 
applications of interest include the calculation of process control 
for heat treatment, the determination of surface heat flux in fire 
experiments, and the measurement of reentry temperature for space 
vehicles. 

These applications are of diverse complexity, but they all have 
a common feature in that the sensing devices may be placed away 
from the surface at which information is desired. Placing sensing 
devices (usually thermocouples, although other devices such as 
strain gages might be used) away from the surface of interest allows 
flexibility in the type of instruments that may be applied. Such 
problems are classified as inverse heat conduction problems. In 
general, inverse heat conduction analysis utilizes the measured 
temperature history at one or more internal locations to estimate 
unknown boundary conditions, energy generation rates, or 
thermophysical properties (Ozisik, 1993). 

Analysis of these data using conventional numerical heat 
transfer techniques yields numerically unstable solutions; that is, 
small perturbations in the input data can produce large variations 
and instabilities in the output. Previous attempts to overcome this 
inherent instability have involved the utilization of future 
information and Tikhonov regularization techniques (Beck et al, 
1985). 

In the 1970s and 80s. Beck and coworkers developed afamily 
of techniques that overcome this obstacle by relating the surface 
property at any time in the transient to temperatures measured after 
that time in the transient (Beck, 1970, Beck et al, 1982). That is, 
future information is used to determine present conditions. For 
many purposes, these techniques are the standard analysis tools. 

An alternative approach has been developed recently by 
Frankel and Keyhani (1997). This approach utilizes a whole 
domain form in which the entire space-time domain of interest is 

simultaneously resolved; the traditional instability occurs only near 
the final time endpoint and can be excluded from the resulting 
solution. Rapid convergence and accurate results have been 
demonstrated using this approach. 

Two sets of time-temperature data have been analyzed using 
both of these techniques. 

Physical Problems with Diverse Time Scales 

Immersion Quenching Into Water. In 1988, an experiment 
was performed in which an instrumented hollow cylinder 
fabricated from 153 mm diameter nickel tubing was dropped from 
a height of about 25 mm (10 inches) into a water quench bath. 
The cylinder had been preheated in a vacuum furnace to a 
temperature of about 1083 K. Before and during the immersion, 
signals from a surface-mounted type K thermocouple were 
recorded at intervals of 0.004 s during a cool down period of 

about 20 s. 
The test cylinder is 

shown in Fig. 1. Figure 2 
is a schematic of the 
experimental facility. The 
experiments are described 
more fully by Park and 
Ludtka (1989a). Data from 

TA one surface-mounted 
2p7- thermocouple (#16),  

- 

+-152.4mm4 

recorded during the first of 
two experiments, have been 
used in this paper. The 
time scale for this 
quenching experiment is 
among the smallest - 
encountered in heat treating 
practice. Figure 1 - Test Cylinder 

Heating of a Vertical Flat Plate by Burning Fuel Oil. In 
a test performed at the Sandia National Laboratory (Gritzo et al, 
1997), a calorimeter was exposed to the flame and heat flux from 
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Figure 2 - Quench Test Facility 

an oil fire contained in a shallow, 19 m.-diameter pit. The 
calorimeter consisted of a vertically-mounted steel plate (2.1 m 
wide by 5.2 m high by 3.175 cm thick), with several type K 
thermocouples mounted on the back (cooler) surface of the plate. 
Temperatures were recorded at one-second intervals for a period of 
about one-half hour while the oil was burning. The time scale for 
this experiment is at the slow end of heat treat practice, 
corresponding perhaps to tempering or annealing procedures. 

Mathematical Models 

Problem. A thermocouple is located a distance x,, from a 
surface that is being heated or cooled. The temperature at the 
thermocouple is recorded at discrete times during the transient 
heating or cooling event. The objective of the analysis is to 
calculate the surface (x  = L) heat flux as a function of time. The 
temperature T at any time t and position x is governed by the 
standard conduction equation, 

where L is the dimension of the object normal to the heated or 
cooled surface. For simplicity, this development will be limited to 
constant properties (p, density, K, thermal conductivity, and c, 
specific heat) in one space dimension. For the conventional heat 

conduction analysis problem, Eq.1 would be solved subject to the 
boundary conditions (for example) 

where q(t) is the surface heat flux, and the initial condition 
T(x,O) = j(x)for 0 s x s L to determine the temperature field v. 
That is, the boundary conditions (temperature or heat flux on the 
surfaces of the conducting body) are known. 

For both of the experiments described above, the problem is 
slightly different in that the temperature at one surface is known 
only at discrete times, 6, 

f ( x o ,  ti), i = 1 , 2 , 3 ,  ... i ,  (3) 

where the thermocouple is located at x,,. For the quenching 
experiment, x, = L. That is, the data and desired heat flux 
locations are the same. This problem is known as a state 
estimation problem (Beck and Arnold, 1977). If x, = 0, the data 
and the heat flux are located on opposite surfaces; this 
configuration is an example of an inverse heat conduction problem 
(Beck et al, 1985, Kurpisz and Nowak, 1995). 

In general, in the inverse problem some interior conditions 
(usually the temperature at one or more points within the 
conducting body) are known at discrete times over the entire time 
period. The task in this case is to resolve the boundary conditions 
that produced the measured temperature. In terms of Eq. 3, one 
knows f ( x o ,  t) and wishes to calculate the surface heat flux, q(t) 
that produces f(xo , t) . An algorithm to solve the inverse problem 
must cope with the fact that a disturbance in the heat flux on the 
surface of the conducting body is damped and delayed before it 
reaches a sensor. The delay time St,, the thermal diffusivity of the 
material, a, and the distance between the surface and the sensorx,, 
define a Fourier number, F,: 

(4) 

Solution Approaches 

Beck's Second Method for Inverse Heat Conduction. 
Introduction. Beck's Second Method (BSM) is a marching 

method, based on the common technique for solving transient 
conduction problems. That is, the temperature distribution in a 
conducting body is known (or a temperature distribution is 
postulated) at the starting time (initial conditions), and the discrete 
(finite difference or finite element) form of Eq. 1 is advanced 
through a small increment in time. This updates the temperature 
field to a new time level. The process is repeated over as many 
time steps as are required (the solution is marched through time) 
to obtain the desired solution. 



. Description of Method. At the beginning of the nth time step, 
the surface heat flux q(tn) is estimated for that time step. Based on 
that estimate, the solution is marched through m tentative time steps 
or future times, numerically propagating the effect of the 
instantaneous surface heat flux at time tn to the sensor location. 
The tentative calculated temperatures, T(xo, 5) is compared to the 
data, f(x,,, ti> , j = n to n+m, and a corrected value of q(tJ is 
derived by minimizing the least-squares residual R between the data 
and the calculated temperatures over the future time span: 

i=n 

The corrected value of q(t,j is used to update the temperature 
solution through one time step. This prediction-correction process 
is repeated over the problem time (0 s t, s ?- ). Applying Eq. 5 
instead of enforcing f (xo,  ti) = T(x,, ti) at the boundary controls 
and smooths the solution (q(t), T(L, t)). 

The computational time step and the delay time are related by 
the number of future times used, 

where 8t is the computational time step. Combining eqs. 4 and 6, 
a useful rule of thumb is that (Park et al, 1989b) 

(7) 

In practice, the number of time steps into the future (m) involves a 
trade out. As m is increased, oscillations in the solution are 
damped, the computational time required is increased, and peak 
values for the surface heat flux are damped and spread. In 
refinements to Beck's original work (Beck and Murio, 1986, for 
example), statistical or integral techniques are employed to control 
these effects. For the present effort, a certain amount of trial-and- 
error has been employed together with some engineering 
judgement. Also, use of m > 0 is advantageous to provide some 
smoothing when solving the state estimution problem even though 
x, = 0 for that problem. 

It should be noted that no change in this method is required to 
change from the state estimation problem to the inverse heat 
conduction problem; the input data were just changed from x, = L 
to x, = 0. Because Beck's Second Method has a direct technique 
embedded within it, direct problems can be run using the same 
computer code by simply setting the number of future temperatures 
used to zero (m = 0). The details of BSM are recorded in (for 
example) Beck et a1 (1982) and Park and Ludtka (1989a). 

Function Decomposition Method. 
Introduction. In contrast to Beck's Second Method, Frankel 

and Keyhani have developed two approaches based on the whole 
domain point of view that utilize global basis sets. These 

fundamental methods are presently being generalized to handle 
multidimensional domains by developing analog methods that 
utilize finite differences in space while maintaining a continuous 
representation in time. The Global Time Method (Frankel and 
Keyhani, 1996,1997, Hale et al. 1998b, Osborne et al. 1998) has 
yielded accurate and stable results in several test cases. This 
method used the concept of numerically treating time as the fourth 
spatial dimension. As such, space and time are resolved 
simultaneously. This scheme is globally implicit in time and 
resolves the inverse problem in its original form. Frankel et al. 
(1998) have also offered an alternative approach, called the 
Function Decomposition Method (FDM), that utilizes a series of 
forward (well-posed) problems that when combined permit the 
resolution of the projected surface temperature and heat flux. This 
method is described in a series of papers (Frankel et al., 1998, 
Hale et al., 1998a) and is used in the present discussion. 

Description of Method. The FDM is predicated by the 
assumption of a functional representation for either the unknown 
surface temperature or surface heat flux and, if necessary, is 
followed by the application of Bellman's quasilinearization 
technique. The dependent variable is then decomposed into a finite 
sum of functions defined in terms of a baseline function and a 
finite set of sensitivity functions. The decomposition results in a 
series of concurrent, well-posed partial differential equations 
which can be resolved by the weighted-residual method using a 
spectral basis set for both space and time. Once the baseline and 
sensitivity functions have been determined, the sensitivity 
coefficients required for reconstruction of the assumed boundary 
condition and the original dependent variable can be obtained by 
an additional application of the weighted-residual method. For the 
diagnostic deduction problem, the input data are used in a discrete 
least-squares method at the insulated back surface. Knowledge of 
the sensitivity coefficients completes the problem resolution. 

Another beneficial aspect of the Function Decomposition 
Method is its unique design as a unified numerical treatment for 
the solution of both inverse and direct problems. Along these 
lines, the FDM has also been applied to a variety of direct (e.g., 
state estimation) and inverse (e.g., parameter estimation, thermal 
design) problems (Frankel et al., 1998b). Details of the method 
can be found in Frankel and Keyhani (1997), Frankel et al. (1998), 
Osborne et al. (1998a), and Hale et al. (1998). 

Problem Parameters. Physical properties and dimensions 
needed for the solutions are given in table 1. 

quench oil fire 

p, density, kg/m3 8.90%+03 7.800e+03 

K, thermal conductivity, W/m-K 7.400e+01 4.88Oe+Ol 

c, specific heat, Jkg-K 5.305e+02 5.590e+02 

Bt, time step, s 

L, thickness, m 





T,calculated by Beck Method. K 

Figure 6 - Surface Temperature by BSM and FDM 

Computational Results for the Fire Data 
BSM Results. ?he surface heat flux developed from the data 

recorded during the oil fire using Beck‘s Second Method are 
shown on fig. 7. In addition to surface heat flux, the figure shows 
the calculated temperature of the cool surface of the plate (where 
the data were recorded) and the calculated temperature on the hot 
side of the calorimeter. The results shown, for m = 30, were 
visually selected from simulations using various values of m. The 
objective was to select the solution having the ‘best’ balance 

lima s 

Figure 7 - Analysis of Fire Data by BSM 

between damping of high-frequency oscillations and lower- 
frequency peaks in the calculated surface heat flux. 

FDM Results. Figure 8 displays the results of the FDM 
analysis of the oil fire data. The character of the solution is similar 
to that observed for the FDM quench solution; that is, the high- 
frequency oscillations seen in the data are not transmitted to the 
solution. 

Y 

time, s 

Figure 8 -Analysis of Fire Data by FDM 

Comparison of BSMand FDM Results. The following figures 
(9-1 1) show direct comparisons of the surface heat fluxes, surface 
temperatures, and back wall temperatures as calculated by the two 
methods. 

time. s 

Figure 9 - Surface Heat Flux by BSM and FDM 

The heat fluxes calculated by BSM and FDM are overlaid on 
fig. 9. Clearly the two solutions agree rather well in the major 
structure of the solution. The BSM results show more high- 
frequency structure as well as more extreme values for local 
maxima and minima. 

The surface temperature comparison on fig. 10 shows 
excellent agreement between the two solutions. The oscillations 
superimposed on a line with a slope of unity are present in the data 
and controlled by the BSM. 

The temperature solutions calculated for the back face of the 
steel plate are compared on fig. 11. The curve shows the ideal one- 
to-one correspondence between the two solutions. At the back face 
and the heated surface, the two solutions agree within about +/- 
1 K. 
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Figure 10 - Surface Temperature by BSM and FDM 

Conclusions 

Two very different methods of analysis have been applied to 
two sets of experimental data having very different characteristics. 
The following conclusions have emerged after examining the 
results of these analyses: 
1. With judicious selection of user-controlled parameters, both 

methods give intuitively plausible results. 
2. The most plausible results, those presented in this paper, are 

in good quantitative agreement overall. 
3. Beck‘s Second Method, aclassic approach toinverse analysis, 

is best at capturing the magnitude of rapidly-peaking surface 
heat flux transients with the side effect of capturing some 
apparent ‘noise’ from the data. 

4. The Function Decomposition Method, a new technique still 
undergoing development, suppresses ‘noise’ in the data 
effectively but dampens and spreads rapidly-peaking surface 
heat flux transients. 

5. Both of the methods presented in this paper may be useful in 
understanding quenching experiments. 

Figure 11 - Comparison of Back Surface Temperatures 

Acknowledgments 

. * _ .  

Dr. G. M. Ludtka, of the Oak Ridge National Laboratory, has 
made the immersion-quenching data available. 

The Oak Ridge National Laboratory is managed by Lockheed 
Martin Energy Research Corp. for the U. S. Department of Energy 
under contract DE-AC05-960R22464. 

References 

Beck, J. V., “Nonlinear Estimation Applied to the Nonlinear 
Inverse Heat Conduction Problem,” Int. J. Heat Mass Transfer, 13, 

Beck, J. V., and K. J. Arnold, Parameter Estimation in 
Engineering and Science, Wiley, N. Y .  (1977) 

Beck, J. V., Blackwell, B., and St. Clair, C. R., Jr., Inverse 
Heat Conduction - Ill-Posed Problems, John Wiley & Sons, New 
York (1985) 

Beck, J. V., Litkouhi, B., and St. Clair, C. R., Jr., “Efficient 
Sequential Solution of the Nonlinear Inverse Heat Conduction 
Problem,” Numerical Heat Transfer, 5,275-286 (1982) 

Beck, James V. and Diego A. Murio, “Combined Function 
Specification-Regularization Procedure for Solution of Inverse 
Heat Conduction Problem,” A I .  J, 24 (1). 180-185 (1986) 

Frankel, J. I. and M. Keyhani, “A New Approach for Solving 
Inverse Solidification Design Problems,” Numerical Heat 
Transfer, Part B, 161-177 (1996) 

Frankel, J. I. and M. Keyhani, “A Global Time Treatment for 
Inverse Heat Conduction Problems,” J. Heat Transfer, 119 (4), 

Frankel, J. I., G. E. Osborne, and M. Keyhani, “Thermal 
Design Aspects in Inverse Heat Conduction,” Third International 
Conference on Dynamic System Identification and Inverse 
Problems, Moscow, Russia (1998) 

Gritzo, L. A., J. L. Moya, and D. Murray, Fire 
Characterization and Object Thermal Response for a Large Flat 
Plate Adjacent to a Large JP-4 Fuel Fire, SANDIA97-0047 
(1 997) 

Hale, S. W., M. Keyhani, and J. I. Frankel, “Application of the 
Function Decomposition Method to the Solidification Design 
Problem,” International Mechanical Engineering Congress and 
Exhibition, Anaheim (Nov, 1998a) 

Hale, S. W., M. Keyhani, and J. I. Frankel, “Unidirectional 
Solidification: Design of Interfacial Temperature Gradients,” Third 
International Conference on Dynamical System Identification and 
Inverse Problems, Moscow, Russia (1998b) 

Kurpisz, K. and A. J. Now&, Inverse Thermal Problems, 
Computational Mechanics Publications, Southampton, UK (1 995) 

Osborne, G. E., J. I. Frankel, and M. Keyhani, “The Function 
Decomposition Method and Its Application in Thermal Inverse 
Analysis,” to be presented at the International Mechanical 
Engineering Congress and Exhibition, Anaheim, CA (Nov, 1998) 

Ozisik, M. N., Heat Conduction, 2“‘ed., John Wiley and Sons, 
New York, (1993) 

Park, J. E. and G. M. Ludtka, “Calculation of Surface Heat 
Transfer Parameters During Quenching From Surface 

703-7 16 (1970) 

673-683 (1997) 



,Thermocouple Signals,” ASME HTD - Vol. 119, Heat Transfer in 
High Energy/High Heat Flux Applications, 33-42 (1989a) 

Park, J. E., K. W. Childs, and G. M. Ludtka, “Quenching Heat 
Flux Calculated Using Information from Deeply Buried 
Thermocouples,” ASME HTD - Vol. 112, Heat Transfer 
Measurements, Analysis, and Flow Visualization, 31-38 (1989b) 

Park, J. E., W. Chu, and G. M. Ludtka, “Smoothing Strategies 
for Surface Temperatures Measured During Vigorous Transient 
Boiling,” ASME HTD - Vol. 129, General Papers: Phase Change 
and Convective Heat Transfer, 91-99 (1990) 


