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abstract 

Almost all previously published theoretical papers that propose constitutive relations for granular flows 
use some form of kinetic theory, which neglects effects of finite particle interaction time and multiparticle 
interactions. In dense systems, these effects contain essential physics and determine the evolution of the 
stress system in granular flows. In this paper, we shall demonstrate the importance of these effects and 
study the behavior of the granular stress in a dense system. 

The particle interaction time is a random variable in a granular system, and we show that its prob- 
ability distribution obeys an exponential law. The temporal decay of this probability represents the 
destruction of contacts between particles and is related to the relaxation of the collisional stress in a 
granular system. By considering the balance between creation and destruction of contacts, we derive a 
constitutive relation for collisional stress. Depending on the form of the model chosen to approximate 
forces developed during particle interactions, the constitutive relation can predict either viscoelastic or 
viscoplastic behavior of the collisional stress. 

Numerical simulations are performed to verified the theoretical findings and to study further the 
properties of dense granular systems. 

1 Introduction 
Dense granular flow is one of most widely occurring yet least understood phenomena, but it has extremely 
important applications in many natural and industrial processes. Some examples are mold filling in 
powder metallurgy processes, grain flow in hoppers, fluidized beds, avalanches and landslides. Due to 
inherent randomness involved in such flows, the major difficulty encountered in modeling them is the lack 
of suitable statistical tools to study multi-particle interactions. 

Since the 196Os, extensions of kinetic theory commonly used to describe molecular systems have been 
employed to study granular flows. For this approach to be justified, one has to assume that the random 
components of particle velocities are very large compared to the mean velocity of the_ granular system. 
In preliminary versions of the kinetic theory for granular systems, the fluctuating kinetic energy, often 
expressed in terms of a “granular temperature”, was taken as independent of the mean flow (e.g. Savage 
and Jeffrey, 1981). An evolution equation for granular temperature was later introduced by balancing 
the dissipation of the kinetic energy in collisions and the work done by the mean flow. In this case, 
random components of particle velocities are partially determined by the mean deformation rate. The 
theory predicts, as a result, that the fluctuating kinetic energy is of the same order as the mean flow 
kinetic energy, meaning that a typical granular system is far from “therm-equilibrium” . This drawback 
of using kinetic theory for granular flow is widely recognized, but kinetic theories for granular flows, or 
so-called “theories for rapid granular flow”, have gained wide popularity and have produced useful results 
in many cases (see e.g. Roc0 1993). However, another limitation that prevents the application of kinetic 
theory to granular systems is seldom mentioned in the literature; that is, the effect of particle interaction 
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4 time is neglected. In a kinetic theory, particle interaction time is assumed to vanish. This approximation 
is valid only if the ratio between particle interaction time and the mean free flight time is very small. 
For real granular systems, particle interaction times are finite and are primarily determined by material 
properties. The particle mean free flight time is inversely proportional to the rate of deformation. As 
deformation rates increase, the mean free flight time is correspondingly reduced, the effect of finite particle 
interaction time becomes more pronounced, and kinetic theories will become invalid. In the next section, 
we present an example in which “rapid granular flow theory” fails for rapid granular flows. 

In dense systems, particle collisions are not binary, and particle collisions cannot be characterized 
by a single parameter, namely the restitution coefficient, as is assumed in rapid granular flow theory. 
The dynamics of multi-particle interactions are important in the determining the granular stress. To 
understand the evolution of stress system, we study the evolution of the forces during a contact. Because 
particle interaction time is a random variable, it is important to study its probability distribution. In 
dense and slow granular systems, binary collisions are rare. Particles interact in clusters. We assume 
that the evolution of a contact depends only on the current status of the system and not on its history. 
Given this, we can prove that the resulting probability distribution of particle interaction time is expo- 
nential. The probability decays with increasing contact time at the rate at which particle contacts break, 
which provides a relaxation mechanism for the collisional stress. From these considerations, we obtain a 
constitutive relation for collisional stress. Further, during prolonged particle interactions, particle pairs 
rotate relative to their orientation at first contact. These rotations induce rotation of the stress system. 
LFrom the evolution equation of the stress tensor, one can show that this rotation introduces the Jaumann 
derivative of the collisional stress, thereby ensuring objectivity of the constitutive relation. 

To verify the theoretically derived probability distribution of the particle contact time, we performed 
discrete element simulations for simple shear flows. The numerical results show that the exponential 
law for the probability distribution of particle interaction time is obeyed remarkably well, except during 
an initial period immediately after collision. All other theoretical predictions are verified by our direct 
numerical simulations. 

2 Validity of kinetic theories 
The finite duration of particle interaction is neglected in kinetic theories for granular flows. In this 
section, we shall describe a numerical simulation to assess the effect of nonzero particle interaction time. 
Numerical simulations of granular flows can usually be divided into two categories: hard sphere models 
and soft sphere models. Hard sphere models assume instantaneous particle interactions and neglect 
particle interaction time. Therefore, one can only use soft sphere models to study effects of particle 
interaction time. 

As in many similar simulations, we use periodic boundary conditions to simulate simple shear flows in 
a infinite region and to minimize boundary effects within a reasonably sized computational domain. The 
initial particle velocities are equal to the mean flow velocity plus a random component with zero mean. 
To resolve the dynamics of particle interactions in our numerical simulation, the time step is chosen to 
be a few percent of the binary collision time. The detailed simulation procedures used to generate the 
results in this section are given elsewhere (Zhang and Rauenzahn, 1997) for dense granular flows. 

In order to illustrate effects of particle interaction time, we neglect the role of interstitial fluids. 
Particles do not interact with each other unless they are colliding. In the system being considered, 
straining provides energy input to the system. To keep the granular temperature finite, a dissipation 
mechanism must present. There are many models considering interactions between particles (Walton, 
1992) that have dissipative characteristics. However, many of them are only appropriate for binary 
collisions. In a dense system, multiparticle interactions are commonplace. Thus, a detailed calculation of 
the interaction force is virtually impossible, and interaction forces must be modeled. The intent of this 
paper is not to evaluate different force interaction models, and we employ a simple force model used in 
many simulations (e.g. Potapov and Campbell, 1996) of granular flows. 

The normal forces between particles are modeled as parallel connection of a linear spring and a 
dashpot. The total normal force is the sum of that from the spring, which is proportional to the normal 
deformation of a contacting pair, and the force from the dashpot, which is proportional to the relative 
normal velocity between particles. For simplicity, in this paper we do not consider tangential force except 
in Section 4.2. Computations are carried out using nondimensional numbers. The mass of a particle is 
set to one, the radius of the particles is one, and the time is nondimensionalized by ZOO,/%, which 
implies that IC, = 40000, where rn is particle mass and IC, is the spring constant in the normal direction. 
Solution of the equations of motion for an elastic collision of a pair of equal-size spherical particles gives 
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Figure 1: Shear stress versus shear rate. The quadratic dependency of stress, seen at small shear rates, 
is not preserved for collisional stresses at large shear rates. 

a rough estimate collision time r, (e.g. Timoshenko and Goodier, 1970), as follows: 

Here p is the density of particles, v and E are the Poission's ratio and Young's module of the material, a 
is particle radius, and v, is the incident velocity in the normal direction. The relative velocity v, will be 
of order Ry in a simple shear flows with shear rate y. For fine sand particles (grain size about 100pm) 
undergoing simple shear at a rate of order ls-l, the binary collision time is about lops, and one time 
unit in our simulation would correspond to about 0.5ms of real time. The collision time estimated here 
is based on elasticity only, which implies no energy loss during a collision. In any real collision, energy 
loss occurs always through plastic deformation. Therefore, this estimate of collision time is expected to 
be a lower bound. 

The stress in a granular system consists of two parts: the streaming part, representing the momen- 
tum exchange due to fluctuations in particle velocities, and the collisional part representing momentum 
exchange during collisions. The collisional part can be expressed as an average of the tensor product of 
particle interaction force f and the distance vector r between the centers of the contacting particles (see 
e.g. Irving and Kirkwood, 1950). 

n Ppu= - < f r > ,  2 
where n is the number density of the particles and the angular brackets represent ensemble average. In 
a kinetic theory, the force is calculated as the product of the averaged momentum exchange during a 
collision and collision frequency. If collisions are instantaneous, the force acts in only one direction during 
a contact. However, between a pair interacting for a finite time, the force rotates its direction during 
the course of that interaction. Thus, for binary collisions of finite duration, if one were to use kinetic 
theories to compute the collisional stress, the direction in which to apply the interparticle force becomes 
ambiguous. 

In Fig.1, we plot both the collisional part and streaming part of shear stresses as functions of shear 
rate for particle volume fraction of 0.3. A quadratic relation between the collisional stress and shear 
rate, which would be consistent with kinetic theories, is not obeyed for large shear rates, though the 
streaming part follows a quadratic behavior well. As mentioned in introduction, for large shear rates, 
particle interaction time becomes important, and the kinetic theories do not apply. 

Because the time unit used in our numerical simulations is quite small, the region where our results 
deviate the quadratic law from kinetic theory corresponds to relatively high shear rates for sand. However, 
these shear rates are achievable in some industrial applications, especially if softer particles are of interest. 

(2) 
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3 Particle interaction time 
In a dense granular system, the streaming part of granular stress is negligible and the stress is domi- 
nated by particle collisions, which is determined by the detailed dynamics of contacts. A crucial variable 
in understanding contact dynamics is the duration of contacts. Because particle motions in a granular 
system are inherently random, contact time is also a random variable. We need to study the probability 
distribution Pc(r) of particle contact time r. In the particle volume fraction range of interest, particles 
interact in clusters. The duration of a contact depends on the effective elasticity and effective mass of the 
interacting cluster. For a large cluster, the effective elasticity is reduced while the effective mass is in- 
creased, which increases particle interaction time significantly. The random nature of particle interaction 
shortens the system memory. Thus, we expect that the life expectancy of a contact depends only on the 
current status of particle interaction, provided that the contact age exceeds a short initial period during 
which the contact is created. In other words, there exists a contact age r,, such that given a contact 
between particles with age r1 + r,, the probability that this contact will last an additional time r - 71 
depends only on the time difference r - TI. That is, 

The solution of this equation is (Zhang and Rauenzahn, 1998) 

Pc(T + 7,) = Pc(Tc)e-+p , (4) 

where rP is the relaxation time of the probability. This probability distribution is calculated in our direct 
numerical simulations (see Fig. 2). For contact times exceeding a short initial period, the numerical data 
form straight lines, consistent with our theoretical prediction (4). Furthermore, results for shear rates 
less than 0.6 are nearly independent of shear rate. We can explore the implications of this finding by first 
rewriting (4) as 

( 5 )  
P ~ ( t y t ~ ) ]  = In [ p (Tc)e7c/Tp (t - to17 , (t - to , rc)* 

In [ c ] - rP y 
Now, in order for this expression be independent of shear rate, both the first term and the denominator 
of the second term above must be constants for sufficiently small shear rates. By differentiating (4), we 
see that 1/rP is the rate at which particle contacts break. In the limit of dense and slow granular flows, 
this destruction rate is determined solely by kinematics and is proportional to the mean shear rate in 
a simple shear flow. Therefore, we have l i q + o  rPy M C. Thus, the denominator of the second term 
in ( 5 )  is almost constant. At this point, we have not identified a physical reason for the first term (i.e 
P, ( zc)erc/'P ) to be constant. For large shear rates these conclusions, however, cannot be valid. Particle 
interactions are not only determined by kinematics, but also by dynamics of particles within a cluster. 
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Nonetheless, as shown in Fig. 2 and from (4) , the exponential distribution remains valid for all shear 
rates examined. 

The probability distribution of contact time plotted in Fig. 2 represents a value averaged over different 
contact orientations. By examining the distributions of the contact probability at different orientations, 
we found that the dependence of probability distribution on orientation is not significant. 

4 Stresses in a dense system 
In a dense and slow granular system, the granular stress is dominated by the collisional portion. As 
mentioned in Section 2, the direction of the interaction force during a particle collision is not constant, 
but rather rotates through to the relative motion of the colliding pair. Similarly, the distance vector 
r between the centers of contacting particles rotates during a collision. The averaged amount of these 
rotations is related to the mean vorticity of the flows; hence the collisional stress as defined in (2) is 
related to both the vorticity and to the mean strain rate. This suggests that the functional form of the 
constitutive relation for collisional stress should be different from that predicted by kinetic theory, in 
which only strain rate appears. In our recent papers (Zhang and Rauenzahn, 1997, 1998), a different 
approach is explored, and an evolution equations are derived for the collisional stress. From assumptions 
about isotropic response of granular material, the evolution equations lead to a constitutive relation 

(6) 

where q represents effective elasticity of the system, C1, Cz and C3 are nondimensional coefficients, rf is 
the relaxation time associated with force relaxation during collisions, and 4 is the Jaumann differential 
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operator. For a tensor T, 
- JT = E + ~ , w - ~ . T + T . ~ .  
C7-t at (7) 

The Jaumann derivative is one of the objective derivatives of a stress tensor. The terms involving vorticity 
in Jaumann derivative of the stress result from the rotation of both the collisional force and the distance 
vector between the contacting particle centers. The vorticity plays an important role of ensuring the 
objectivity of the constitutive relation. 

We now consider two different types of dense granular flow to illustrate the behaviors of this consti- 
tutive relation. 

4.1 Lubricated granular system 
In many applications, we often encounter flows of granular particles coated with thin layers of lubricant. 
In these cases, we assume that particles are seldom in direct contact and that there are always thin liquid 
layers between particles. The force between a interacting pair is modeled as a serial connection of a linear 
spring with a constant K and a linear dashpot with resistance R in the normal direction. Tangential 
forces are neglected, in accordance with lubrication theory. Under this force model, the relaxation time 
7-f in (6) is R / K .  This relaxation time is usually much smaller than either the relaxation time of contact 
age probability rp or the time scale defined by the mean shear rate. With this, the shear stress for a 
simple shear flow can be expressed as uzy = &qy. The coefficient &q is thus identified as effective 
viscosity for this case. Our numerical determination of this viscosity is shown in Fig. 3. 

At low particle concentrations, the effective viscosity is proportional to shear rate, in agreement with 
kinetic theories. However, for a high particle concentration, the effective viscosity is a constant. The 
transition in the dependence of the effective viscosity on shear rate happens at a particle concentration of 
0.52, the random loose packing concentration for mono-disperse spheres (Shapiro and Probstein, 1992). 
To explore this further, we note that the collisional stress is proportional to the product of the collision 
frequency and collisional force. For particle volume fractions less than the random loose packing concen- 
tration, both collision frequency and collisional force are proportional to shear rate; therefore, the stress 
is quadratic and the viscosity is linear in shear rate. For dense systems (particle volume fraction greater 
than random loose packing concentration), the collision frequency is saturated, leaving the collisional 
force alone to determine the behavior of the shear stress. With this force model, for a long contact, the 
viscosity of the resistance provides the dominant effect, because the local Deborah number, the ratio 
between relaxation time 7-f and the contact age, is small. Therefore, the averaged collisional force and 
the stress are proportional to shear rate, and the effective viscosity is a constant. 



Figure 3: Dimensionless effective viscosity vs. shear rate y. From the bottom, the particle volume 
fractions ~ L I  are 0.232, 0.347, 0.463, 0.521, 0.521, 0.579 and 0.695. The two dashed lines for /3~=0.521 
corresponding to the two branches of the C2 value before and after the phase transition. 
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Figure 4: Stresses versus shear rate. 



4.2 Dry granular system 
We now consider slow and dense dry granular flow. In this case, the force between particles is determined 
by elasticity and friction of the contacting particles. The normal force in a colliding pair is modeled in the 
same way as described in Section 2. The tangential force is proportional to tangential deformation but is 
limited by the Hertz friction law. When the magnitude of the tangential force calculated according to the 
tangential deformation exceeds that given by the Hertz friction law, the contacting pair is allowed to slip. 
During slippage, the tangential deformation is scaled back to the magnitude given from Hertz’s relation, 
while the direction of the deformation is unaffected by this rescaling. As mentioned before, a contact 
quickly loses memory of its initial condition. Consequently, the contact force conditionally averaged 
for given contact ages is independent of the age, after an initial period ( T ~ )  during which a contact is 
created. Thus, conditionally averaged contact forces do not relax. The major relaxation mechanism of 
the stress in the system is the decay of the contact probability, which represents destruction of contacts 
in the system. In other words, the force relaxation time 7-j is much larger than the probability relaxation 
time rp. Because rppy approaches a constant as the shear rate vanishes, the stresses predicted from (6) 
approach a finite value when the shear rate approaches zero. Therefore, the granular system will not flow 
until the shear stress exceeds a certain level, depending the particle volume concentration. Under these 
circumstances, the granular system exhibits plasticity. In related work, a combination of simple Coulomb 
plasticity and rapid granular flow theory was proposed to model granular system by Johnson and Jackson 
(1987). In a dense and slow granular system, the particle interaction force depends on the deformation 
required to squeeze particles past their neighbors, which is determined by the geometry of the system 
and is independent of the shear rate. Because both collision frequency and the force are independent of 
shear rate, the stress is a constant for small shear rates as shown in Fig. 4. However, this is not true for 
large shear rates, where inertia and particle interaction dynamics are important. 

5 Conclusions 
Important effects of finite particle interaction time have been shown both in dense systems for all shear 
rates and in moderately dense systems with large shear rates. In the latter case, the mean free flight time 
of the particles is reduced by increased particle speed, and the ratio between particle interaction time to 
mean free flight time becomes significant. As a result, the collisional part of granular stress deviates from 
kinetic theories, which predict a quadratic dependence of stress on shear rate. In a dense system, both our 
direct numerical simulations and our theoretical results show that the probability distribution of particle 
interaction time obeys an exponential law. The decay of the probability together with the decay of 
the averaged interaction force during interactions provide relaxation mechanisms for the granular stress. 
By considering the rotation of colliding particle pairs in finite-time collision, we naturally introduce the 
Jaumann derivative in the constitutive equation for the collisional stress. Terms involving vorticity of the 
mean flow arise from the rotation of interaction force and the rotation of relative distance vector between 
the colliding particle centers and ensure objectivity of the constitutive relation. 

The collisional shear stress is proportional to the product of collision frequency and collisional force. 
In kinetic theories, both collision frequency and collisional force are proportional to shear rate. Therefore, 
the stress is quadratic in shear rate. In a dense system, particles are constantly in contact, and the collision 
frequency saturates. In this case, if particles are lubricated and the interaction force is proportional to the 
relative velocity between colliding particles, shear stress is linear in shear rate. For dry granular systems, 
the interaction force is determined by the deformation requires for particles to pass each other, which is, 
in turn, determined solely by particle geometry. Therefore, the stress is, under most circumstances of 
interest, independent of shear rate. 
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