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In 1992 SciTech received a three-year gfant of $113,062 to originate and construct a museum
exhibition to explain the equation E=mc2.

We asked for and received four no-cost extensions:
Jqe

~elp~Until September 1995
~~@ O@@** ‘~until March 1997

until September 1997 u 8*
until September of 1998.
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On March 4, 1998 we sent a letter to Peter Waldman, DOE Field OffIce, Chicago announcing
completion of the E=mc2 Exhibition and inviting him to the Grand Opening ceremony on March
26. (See attached.)

The finished product is a museum exhibition explain the meaning of Einstein’s famous equation
E=mc2. The exhibition consists of three exhibit elements, a colorfid surround with explanations,
diagrams and photos and a video production to explain the equation and how to use the Matter
into Energy exhibit.

Volunteers from Fermilab worked two years to build a circuit board to run the exhibit element
called Matter into Energy. A Physics Assistant horn Argonne worked one day per week on a
volunteer basis for two years on the design and construction of the exhibit element. Other
physicists, experimental and theoretical Ilom Argonne and Ferrnilab contributed their time to the
scientific accuracy of the project. We estimate the value of these contributions of these
volunteers flom Argonne and Fermilab to be approximately $100,000.

An Advisory Panel met and reviewed our prototyped,exhibit elements. See attached list of the
members of the Advisory Panel. They all could have charged us $500 per day for their time but
chose to donate it. Based on their feedback we made changes, which were mainly to simpli~
our message. We attempted with talented volunteers for one year to accomplish a technically
challenging effect to capture on videotape events in a cloud chamber produced by a weak
radioactive source. This proved to be too difficult at the time (1994/1 995) without a huge
investment of professional time and money so we dropped it,

We then wrote a script for a dramatic production and animation that explained the equation and
how to use the main exhibit element, the “Matter into Energy.” The finished video was
transcribed onto a laser disk, which is played on a laser disk player and monitor in the
exhibition. A button box allows the visitor to choose the production in either English or
Spanish.

The Matter into Energy exhibit was improved, finalized and placed in the exhibition as the main
piece. A cloud chamber was purchased from a company named Phye and placed in the
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even under the extreme circumstance of Bohm-type energy transport (unlike

MFE for which Bohm-level energy losses would make it a “non-starter”).

The penalty for such extreme heat losses is that the energy requirement

exceeds several MJ per target, as opposed to the far more moderate 30 KJ

under “classical” conditions. Of course, one would want to avoid Bohm–like

conditions and have more moderate transport.
It is therefore important that the MTF effort have at its disposal a work-

ing transport code that may be employed to test and refine transport coeffi-

cients, to analyse implosion data, and to forecast optimal regimes of opera-
tion. Here, we report on the development of such a code (Version 0.1).

Before describing our work, we note that a one–and-one-quarter trans-

port code was developed in the past [3]–[4] by Werley and co–workers and has
been used to simulate [3] FRC plasmas without the effect of an imploding
liner. The implosion process, that results in a tenfold radial compression of

the plasma is likely to dominate the dynamics of the FRC and this has mo-
tivated me to write a completely new code, ab initio, instead of “recoding”
the equations of Werley et al.. There are two primary differences between

Werley’s code and mine:

1.

2.

Werley’s code uses a coordinate transformation, developed by Cara-
mana [5], that permits following the plasma through its resistive decay.
This transformation is similar to an Eulerian + Lagrangian transforma-
tion, though it is specific to the time evolution of the poloidal magnetic

flux. I have opted to go to a fully Lagrangian description in which we
follow the plasma throughout the implosion process (the independent

“coordinate” is now the differential mass of a fluid element).

Werley’s code couples the plasma (i.e., the “closed field region”) to a
vacuum region (“open field” ) that surrounds the plasma and separates

it from the theta–pinch coil. In MTF, the FRC is first produced, then
injected (axially) in the target chamber and finally imploded under the

action of the liner. I have deliberately chosen to ignore the physics of

the liner–vacuum interaction (e.g., is there a current in the liner? Is the

flux in the vacuum region conserved during the implosion?,...) and have
replaced the open–field region with simple boundary conditions at the
plasma edge (defined by “normalized mass = 1“ at any time interval).

In the absence of an open-field region, where the magnetic field lines
go to z = +CQ, it may no longer make sense to include axial motion
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and transport, so my code is truly one-dimensional (radial variation
only).

2 Model equations for the transport simula-
tion

The equations that we solve are continuity (mass conservation), momentum

conservation in the radial direction (including inertia), the induction equation

(i.e., Ampere’s and Faraday’s laws plus Ohm’s law), and separate equations of
energy conservation for electrons and ions. This is analogous to what Werley

has done, but for one difference: he replaced the conservation of momentum
with a quasi-static radial pressure balance under the assumption that the

plasma is evolving slowly compared to, e.g., the travel time of an acoustic
wave. This assumption remains to be verified in an implosion scenario and
has motivated me to depart from the quasi–static approach.

The equations, and associated boundary conditions are given below in

their Lagrangian form. Their common, Eulerian, form are almost exactly

the same as those given by Werley (see his Table I), except for the energy

equation. We discuss the energy equation in the Appendix.
We briefly recall [6] that in the transformation from an Eulerian to a

Lagrangian coordinate system, the convective derivative, ~/iN + u8/6’r (we
use a one–dimensional example), collapses to a simple “total” time derivative,
d/dt. We pay the price in having to compute the radius of a given mass

element via an integral relation:

(1)

which comes trivially from conservation of the differential mass element, in
a cylindrical coordinate system: dm = 2nprdr. In what follows, I will use

“total” derivatives, e.g. d/din, to signify differentiation with respect to a

Lagrangian coordinate even though most quantities being differentiated are

functions of both time and differential mass. Note: the mass, m, is the mass
per unit length of the cylindrical target plasma.



2.1 Continuity
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Here p M nimi is the plasma mass density and U its radial velocity:

(2)

the boundary condition is that the flux rU have zero derivative at the plasma
center. Hence p(O, t) is a constant in the absence of particle losses, ‘rP ~ co.

2.2 Momentum

We write this as:

dU d

()

B2

dt =
— P+$

‘rdm
+ ti~(r – a) (3)

where the ideal–MHD relation, Je = – (c/47r) (8 Bz/th) has been used. The

boundary condition is imposed at the center, where the gradient of the plasma
and magnetic pressures must vanish. As a consequence, U(O, t) = O. The
last term on the right hand side of this equation is the impulse provided by
the imploding liner.

2.3 Induction

The equation for the evolution of the magnetic field is given by:

dBz

‘(Lr2’3
— = –BzP:(rU) – ‘dm 47r0
dt

(4)

One boundary condition, dBz/dm = O at m = O is already set (see above).
The other boundary condition is obtained by requiring that the current van-
ishes at the plasma edge, dB,/dm = O at m = mp (the total mass of the
plasma in the FRC). This replaces the “average beta constraint” used by

Werley in his code.

2.4 Energy

There are separate equations for the electrons and ions, due to the different

heat transport coefficients, as well as the presence of an anomalous term.
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The basic equation, valid for electrons and ions is given by:

-&) =-@p&(rU) + (y - l)Q (5)

where subscripts, e.g. T;, have been omitted for brevity and ~ denotes the

ratio of specific heats. The ion conduction term is given by:

me n (Te – Ti)
Q,= 3G + ~J; + #-

Te C7an dm

the corresponding term for

Qe=
_3~ n (77. – T~)

+
m~ Te

the electrons is:

[

d

‘2pmiKiG (-)nTi

P
(6)

( )1d nT.

‘2pmiKe G y
(7)

and, of course, we substitute for Jo the expression involving the different iat ion

of the magnetic field, —(c/47r) (rp) (dBz /din). The boundary conditions are
that the electron/ion pressure gradients must vanish at the center (m= O),
while we prescribe the pressures at the edge (i.e., we give a small pedestal
value, constant in time).

3 Code outline and status

The numerical code is being provided in a separate document. I have tried to
be as thorough as possible, commenting it throughout. Basically, we start by

inputting physical constants and initial profiles, as a function of mass (equiv.

to radius). After the initital (t = O) information is complete and, e.g., the
radius is computed for each value of the partial mass, we start advancing the

set of equations.

● The continuity and induction equations are solved by a staggered leapfrog

method [7] which is second order accurate in time. This is an explicit
method and one must be careful to satisfy a Courant condition for the
time step relative to the step taken with the mass (or radial) coordi-

nate. Note: in my interim report, I had mentioned using a Two–step
Lax–Wendroff scheme. I later decided that there was no substantial

benefit, in this case, to offset the increase in bookkeeping (see the note
below).

Having obtained the density and velocity at the new time, we proceed
to solve:
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● the induction and temperature (T! and Z’~) evolution equations. These

are solved by a fully implicit Cranck-Nicholson method, [7].

The major points of uncertainty involve the appropriate formulation of the

transport coefficients, both anomalous and “classical”. It is my impression
that Werley used constant coefficients, cf. his Tables II–V. I have chosen to
leave a~~ as an input constant and employ subroutine calls for the classical

coefficients, a.l and ~ci. Version 0.1 of the code uses Braginskii’s expressions

[8].
Concerning the methodology, it has become clear to me that one can rela-

tively easily convert this code to a fully implicit version. This would make the

Courant condition unnecessary, since the implicit scheme is unconditionally

stable. Version 0.2, if and when I have time to generate it, will be fully im-
plicit. Alternatively, I can suggest a subroutine called VTRANS, written by

G. W. Hammett of Princeton Plasma Physics Laboratory, that can be used
to do the implicit time-advance of the equations, after some modifications.

Status of the code: I have done some debugging and checkhg; things
appear OK at least at first glance. Please note that though the code appears
to be working I have not had the time to check that the numerical answers
make physical sense. Things that remain to do:

●

●

●

●
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Fully debug the code, i.e., verify that the answers for the magnetic field
and temperatures at later time steps are correct.

Vary input parameters to test the stability of the solution

Figure out the precise Courant condition that needs to be satisfied.

Right now I am using the speed of sound and that is very restricitve

Do a realistic run (many time steps) to really test stability.
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5 Appendix

The energy equation for the ions/electron in Table I of Werley appears to

have a bad misprint. Let me illustrate by considering the standard equations

for mass and energy conservation:

#+ V@)=A. (8)

i3T
~+(Yl)V”(Tz)=A~ (9)

where A., AT are the driving terms that we shall leave unspecified. Do the
usual cross–multiplication (by n and T) of these equations, add them and

divide by y – 1:

*[(~+’+T+’nTv”’l=A~
which can be rewritten as Caramana’s [5] equation (4):

1

[ 1~ ~(nT)+V. (nTU) +nTV. ti=AP

(lo)

(11)

(just a double-check). Now go back one equation and rewrite the convective

piece of the total time derivative plus the compressional term as:

Therefore the energy equation ought to read:

which has some subst ant id differences with Werley’s equation.
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