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Abstract

One- and two-equation turbulence models are examined for hypersonic perfect- and real-gas

flows with laminar, transitional, and turbulent flow regions. These models were generally devel-

oped for incompressible flows, and the extension to the hypersonic flow regime is discussed. In

particular, inconsistencies in the formulation of diffusion terms for one-equation models are ex-

amined. For the Spalart-Allmaras model, the standard method for forcing transition at a specified

location is found to be inadequate for hypersonic flows. An alternative transition method is pro-

posed and evaluated for a Mach 8 flat plate test case. This test case is also used to evaluate three

different two-equation turbulence models: a low Reynolds number k – E model, the Menter k – o)

formulation, and the Wilcox (1998) k – w model. These one- and two-equation models are then

applied to the Mach 20 Reentry F flight vehicle. The Spalart-AHmaras model and both k – co for-
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mulations are found to provide reasonable agreement with the flight data for heat flux, while the

Baldwin-Barth and low Reynolds number k – E models overpredict the turbulent heating rates by

a factor of two. Careful attention is given to the verification of solution accuracy in the areas of

both iterative and grid convergence.
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Nomenclature

speed of sound, nds

turbulence diffusion term

distance to the wall, m

specific turbulent kinetic energy, rn2/l?

pressure, N/m2

heat flux, W/mz

vehicle nose radius, m

turbulence Reynolds number (RT = #/vE)

radial coordinate, m

turbulence source term

turbulence destruction source term

(
strain rate tensor, 1/s, Sij =

)
~(~tii /~Xj+ dfij/~X~)

turbulence production source term

turbulence transition source term

temperature, K

freestream turbulence intensity, percent

time, s

conserved transport quantity

velocity, d..

velocity magnitude, m/s

axial coordinate, m

wall normal direction, m

angle of attack, degrees



r . 1 *

ratio of specific heats

Kronecker delta function (i3ti=l when i=j) .

specific dissipation rate, m2/.

cone half-angle, degrees

absolute viscosity, ~-s/m2

kinematic viscosity, m2/s

Spalart-Allmaras working variable, m2/s

density, kg/m3

turbulent stress tensor, m2/s?

non-conserved transport quantity

(
rotation tensor, 1/s, Qu =

)
~(dfii /~Xj - ~tij /~xi)

specific turbulent frequency, 1/,

Subscripts

E exact value

efi effective value (turbulent + laminar)

i, j? k indices for tensor notation

RE Richardson Extrapolation value

ref reference value

T turbulent quantity

t transitional quantity

w wall value

m freestream value

Superscripts

+ quantity in wall coordinates

denotes Favre (density-weighted) averaging

— denotes Reynolds (time-based) averaging

/! denotes Favre fluctuating quantity
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Introduction

This work is concerned with developing a capability to model high-speed compressible bound-

ary layers with laminar, transitional, and turbulent flow regions. The approach uses one- and two-

equation eddy viscosity models to predict the turbulent flow. The same governing equations are

presently being used to predict the transitional flow region where the onset to turbulent flow is

specified and assumed to be known. The prediction of where onset to turbulent flow occurs is a

research area that depends on an analysis of the flow stability, understanding of the flow distur-

bances outside the boundary layer, and a capability to predict the boundary layer receptivity. The

process of entraining disturbances into the boundary layer and producing perturbations that can be

amplified is called “receptivity.”

The modeling of compressible transitional and turbulent flows is still an active area of research.

A discussion of the physical mechanisms for transition to turbulence in supersonic and hypersonic

boundary layers is given by Masad and Abid. 1 Singe# presents a review of modeling procedures

for the transitional flow region, while Wilcox3 gives a discussion of turbulence modeling for

compressible flows. Huang et al.4 discuss modifications for the standard turbulence models which

are required to reproduce the compressible law of the wall for high-speed boundary layers.

The experimental data utilized in the current work is from the Reentry F flight vehicle,5 a.

5 degree half-angle cone with a small spherical nosetip and flight data available at a wide range of

hypersonic Mach numbers. In recent years, this experimental data set has been reevaluated with

modem computational codes and is documented in Refs. 6-8. Aerothermal predictions have also

been presented in these papers. Most of these solutions are for axisymmetric flow with the vehicle

at zero degree angle of attack, but full three-dimensional solutions have been obtained with the

actual flight angle of attack of 0.14 degrees. While there are many details of this flight experiment
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that are not well defined, the overall heat transfer predictions are in reasonable agreement with the

flight measurements.

The application of turbulence models to compressible flows is not always clear, as most models

were originally developed for incompressible flows. Formulations for incompressible flow are not

applicable to compressible flow because some variables (e.g., density, viscosity) have been as-

sumed constant in the development. The turbulent transport equations are often written in sub-

stantial differential form, while conservation form is generally required in compressible Navier-

Stokes codes. Problems with the formulation of the governing equations for compressible turbu-

lence models in conservation form are discussed. For example, the form of the diffusion term in

the Spalart-Allmaras9>10 model is rewritten and justification for the new form is given.

The SACCARA (Sandia Advanced Code for Compressible Aerothermodynamics Research and

Analysis) codel 1-14 is used for the results presented in this paper. For one-equation turbulence

models, the SACCARA code has options for both the Baldwin-Barth 15 and Spalart-Allmaras

eddy viscosity models. There is evidence that the use of the Baldwin-Barth model does not consti-

tute a well-posed system of governing equations. 16For boundary layer and shear layer flows, the

solutions do not appear to converge to a unique solution as the mesh is refined. Therefore, there is

more interest in using the Spalart-Allmaras model, as it has proven to be numerically robust. Part

of the present work is concerned with the evaluation of the Spalart-Allmaras model for high-

speed flows and the simulation of the transition region with the Spalart-Allmaras model.

The SACCARA code also has options for three popular two-equation eddy viscosity turbulence

models: a low Reynolds number k – & formulation and two k – co models. The k – &model em-

ploys the low Reynolds number modification of Nagano and Hishida17 to allow integration to sol-

18which is a blending betweenid walls. The first k – w formulation is the hybrid model of Menter
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a k – OI formulation (near solid walls) and a k – & formulation (in shear layers and freestream

flow). Menter proposed this hybrid model to take advantage of the accuracy of the k – co model

for wall-bounded flows and the k – & model for free shear layers. The final model is the Wilcox

k – w mode13 which was modified in 1998 to improve the predictive accuracy for shear flows.

This model is referred to as the Wilcox (1998) model in the current work. The appropriate form of

the two-equation eddy viscosity< equations is important because the one-equation formulation can

be developed from the two-equation transport relations. This approach may be used to determine

the appropriate form of the transport equation for the one-equation models.

Two flow cases have been used to investigate the performance of the one- and two-equation

eddy viscosity models. The first case is the flow over a flat plate at Mach 8 and an altitude of

15 km where the perfect gas model is appropriate. The skin friction along the flat plate is used to

judge the accuracy of the predictions through comparisons with the accurate laminar and turbu-

lent results of Van Driest. 19’20If the standard turbulence models (without modifications for tran-

sition) are employed over the whole domain, the transition location often depends on turbulent

intensity in the freestream. This behavior is similar to the bypass transition problem. When a tran-

sition plane is specified in which the turbulent eddy viscosity is neglected upstream, the transition

locations for the Spalart-Allmaras and low Reynolds number k – & models still show sensitivity

to the freestream turbulence quantities. The control of the transition location with the Spalart-All-

maras model has been investigated.

The second case investigated is the flow over the Reentry F flight vehicle at Mach 20 and at an

altitude of 24.4 km (80,000jl) where real gas effects are significant. The measured heat transfer

along the vehicle is used to judge the accuracy of the model predictions. The transition location is

specified to give a reasonable match of the wall heat flux with the flight data. The solutions have
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been obtained on three meshes with the number of cells in each coordinate direction doubled for

each mesh refinement. In addition, the solutions on each mesh are marched in time until the wall

heat flux has obtained a steady-state value. The accuracy of the iterative solution relative to the

steady-state solution has been estimated for each model. The various uncertainties and assump-

tions in the flight experiment and prediction are discussed. Real gas effects have been taken into

account with the use of an equilibrium air model.

Favre-Averaged Transport Equation for Turbulence Models

The generic form of the turbulent transport equation in substantial derivative forrn3 is

.D(p
—= D+ SP– SD

p Dt
(1)

where

For example for a one-equation eddy viscosity model, the dependent variable q is the kinematic

eddy viscosity VT and the effective diffusion coefficient is peff. In some models there are two

parts to the diffusion term on the right-hand side of Eq. (1); DI is the first part of the diffusion

term which can be put in conservation form, and ~ is the remaining part. When ~ is included, it

can take on several forms. The source term S = SP – SD has a production part SP and a dissipa-

tion part SD. If the continuity equation is multiplied by q and added to Eq. (l), the resulting equa-

tion is the generic transport equation in conservation form:

= D+ SP– SD (2)
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Thedependent variable is U = ~~. This development utilizes Favre(ovefiilde) and Reynolds

(overbar) averaging. See Ref. 3 for notation and for details on the averaging procedures. For all

,results presented herein, a value of unity is assumed for the turbulent Prandtl number.

One-Equation Turbulence Model

There have been a number of one-equation turbulence models developed which use a transport

equation to solve for the eddy viscosity directly. The present work is focused on the Spalart-All-

maras model and a brief description is presented below.

SpaIart-A1lmaras Model

The transport equation for determining the eddy viscosity with near-wall effects included has

been developed by Spalart and Allmaras. 9>10The governing equation form is slightly different

than Eq. (1) and is

(3).DqI
— = D+sp–sD+st,

~T

p Dt -—=PVP - ~vl

The dependent variable q = O = vT/~vl , where ~v ~ is a damping function used in the near-

wall region and mainly in the viscous sublayer. This function and the right hand side terms will be

defined below. The continuity equation is multiplied by (p and added to Eq. (3) which gives a

transport equation in conservation form for the Spalart-Allmaras model in the form of Eq. (2)

(4)



The right-hand side has contributions from a diffusion term as well as production, destruction,

and trip terms. The four terms in the model are written aS follows:,

Dijjhsion-Original Form

Di@sion-Modified for Compressible Flow

D =D1+D2, ~=D2

Production

Destruction

{

Cb 1
SD =

}

-y2
f ()cWlfW–~ t2 P d

Trip Term

St = ftlMAV2

The quantity AU is simply the local velocity magnitude for fixed wall flows. In the formal trans-

form of the transport equation into conservation form, the diffusion term includes a density gradi-

ent term (D3 above). This term is zero when the transport equation (Eq. (4)) is developed from the

compressible form of the k – & transport equations, 16>21and is shown above in the term Di@-



siorwkfodijiedjor Compressible Flow. This form of the diffusion term is used in the present work.

Including this density gradient term has been found to cause stability problems for high-speed

flows, while having negligible effect on the predictions. The model controls transition from lami-

nar to turbulent flow with the use of the trip term. With this additional physics, the foregoing gov-

erning equation requires some additional terms and definitions for ~11 and f 12 which involves

the coefficients c1, to C14. Except where noted, the standard values for the model constants and

functions are used in the current work and are given by:

fv, = ~33>
[)

1 +C:3 *’6
fvz = l-l+;fvl’ f.=t?

~3+cv1 g6 + C;3
A A

X=:y g= r+%d%> r= +2
SK d

-0.1355,Cb, – cb2 = 0.622, 0 = 2/3

1 + Cbz
K= 0.41, CWI = Cbl/K2+—

(s

CW2 = 0.3, CW3= 2.0, c“, = 7.1

Ct1 = 1.0, C12 = 2.0, ct3 = 1.2, C,3 = 1.2

Boundary Conditions for Spalart-Allmaras Model

At the wall p~ = O or O = O. The freestream boundary condition for this model is the specifi-

cation of the turbulent eddy viscosity ~~. In the freestream there should be no production of the

eddy viscosity, which requires that

f 12 = ct3e -%4X2 > 1

in order to turn off the production term in Eq. (6). The restriction on x is

x s Q/v<J(lnc13)/ct4

The restriction on the freestream eddy viscosity becomes

= 0.604
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~T
< Zf”l

T
= %/[1 + (cvl/x)3] = 3.713x 10-4 (5)

The freestream eddy viscosity as suggested by Spalart-Allmaras is ~ <1 /2v, which gives

1+
< +f ~1 /v = 1.746X 10q.

F

Control of Laminar and Turbulent Flow with the Spalart-Allmaras Model

The governing equation has three terms that are influenced by the transition model. The com-

plete source term (for the conservative formulation) is

A

()_!!?2i?!!2+cb*[l–fr2]wls–PTT iitj —

02()-(cwlfw-cbl f,2/K2)p -j +f,, iXAu)2

(6)

where the trip terms are underlined in the above equation. The fk-st term is part of the diffusion

term and is included in the source term as it is evaluated numerically in an explicit manner. The

second term is the production term and it will produce or increase the eddy viscosity if ft2 <1.

The third term is the destruction term and it will decrease the eddy viscosity if CW,fw>Cb,fr2/K2.

The fourth term is the trip term and it will increase the eddy viscosity as f ~~ s O.

The model generally predicts turbulent flow everywhere when the trip terms are zero

fll=O orctl=O, f,2=Oorct3=0

The flow can be made laminar everywhere with the following values of the trip terms:

f,, = O and

or f tl

Several different approaches have

ftz ~ 1.0 or ft2 = Ct3A, A = ~-ctd2

= o, flz = 0> c~~ = o

been investigated to control transition and to replace the origi-



nal trip model approach of Spalart-Allmaras.

Method 1 (~~2 is modified)

In this approach the value of ~~1 = O, and f ~2 = ct3( 1 – L) where ~ varies from zero in the

laminar flow region to one in the turbulent flow region. The parameter is increased smoothly and

defines the transitional flow region. This method requires specification of the location and length

of the transitional region.

Method 2 (c~l is modified)

In this method the trip terms f,l and f,2 are set to zero. The coefficient c~l is modified from

the laminar flow region to the turbulent flow region as follows:

X<x$: c~~ = o, X>xe: c~~ =

X~<X<Xe; cb, = 0.1355AP, A = (x–x,

0.1355

)/(xe - x,)

In this method, the location of the start of transitional flow x. and end of transitional flow x, are

specified.

Method 3 (c~l ( 1 – f J is mcxlitkl)

In this method the production term

~cb 1( 1 – f ~z). The parameter ~ increases

coefficient is modified by writing this term as

from zero to one in the transitional flow region. From

the definition of ft2, the following is obtained:

x = Q/v = –1n[f12/ct31/c14 (7)

12

The production term switches sign when ft2 = 1 which gives a critical value of x which is

x“ = 0.604. When x < Xt, set a = O and there is no production of eddy viscosity upstream of
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the transition location Xt. When x > Xt, cz is increased downstream towards one. This increase is

controlled by setting

cf.= 1– flz = 1 – ct3e-c’4X2

When X>X1 and ~S~*,then x = X*. When X>xr and x>x*,

Eq. (7). In this method, only the single parameter xl must be specified.

Two-Equation Turbulence Models

then x is obtained from

The standard method for specifying transition to turbulence is through analogy with the turbu-

lence interrnittency approach. The turbulence transport equations are solved over the entire do-

main, with a user-defined transition plane specified. Upstream of this plane, the effective

viscosity is simply set to the laminar value, while downstream the effective viscosity is the sum of

the laminar and turbulent viscosities.

High Turbulent Reynolds Number k – &Model

The high Reynolds number formulation is appropriate for turbulent flows but is not appropri-

ate in the near-wall region. It can be applied in the outer part of boundary layers and combined

with an inner boundary layer approach near the wall to obtain a complete formulation. For the

standard k – & model, the turbulent kinetic energy equation for a compressible fluid can be rear-

ranged into the form of Eq. (2) where the variables have the following values:

u= ~k = @p, !J,ff =pk, D=o

Spk= pP, s,Dk= FE
(8)

The standard form of the production term P for compressible flows3 is

13



(9)

where

(
1aiik6

Tij =

)

‘UitrU:t = 2V~ S.. –-— .-‘J 3dx~ lJ
- ~k~ijJ

However, for the k-e model, the compressible production term is approxi

pressible contribution only, i.e.

()i)i’ii ilGji36i
P=v — ——

T 3xj+i3xi ilxj

The effective viscosities are:

The transport equation for dissipation of turbulent kinetic energy can also

Eq. (2), where the variables have the following values:

–E 2
D=o, SPE= C&p~p? sDE = cE2f2p-;

The constants in the foregoing equations use the standard values:

Ce1 = 1.44, CE2 = 1.92

CP = 0.09, ok = 1.0, GE = 1.3

Low Turbulent Reynolds Number k - &Model

14

mated

be put

by

in

the

the

.

(lo)

incom-

(11)

(12)

form of

(13)
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The Nagano and Hishida mode117 was developed for incompressible flow and is included in the

current formulation. The model uses the following damping function in the eddy viscosity rela-

tion given in Eq. (12):
.

fp = [1 - exp(-y+/26.5)]2

The source term for the turbulent kinetic energy Eq. (8) is

Again, the production term has been approximated with by the incompressible form given in

Eq. (11). The source term for the dissipation rate equation is

s = ;(C,, f ~pP - cEJ2pE) + E

The parameters in these source terms are

f~ = 1, fz = 1 -o.3e-R:, RT = k2/w

a&2 E() [-)a2iit2
b=–2p — = ~vT( 1 – fJ ~y2

ay ‘

where the variables ~ and ~ use boundary layer type derivatives normal to the wall, and ~ re-

quires the tangential velocity component fil.

The Nagano-Hishida and the Launder-Sharma 22 low Reynolds k – & turbulence models have

been used by Theodoridis, Prinos, and Goulas23 to predict transitional flow. They have investigat-

ed a flat plate flow experiment where the freestream turbulent intensity was approximately 3 per-

cent and 6 percent. The two turbulence models were used to model the laminar to turbulent

bypass transition in which the freestream turbulence determines where the transition to turbulent

flow occurs. For this bypass transition case, the Nagano-Hishida model predicts transition to tur-

15

bulent flow too near the leading edge while the Launder-Sharma model predictions are in reason-
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able agreement with the experimental data. Of course, neither of these turbulence models were

developed to predict where transition will occur in a flow; the performance of the Launder-Shar-

ma model in predicting the location of transition is fortuitous. The failure of the Nagano-Hishida

for transitional flow requires caution in the application of this model and a procedure is required

to have the model turned on at the appropriate location.

Menter k-co Model

Two different two-equation turbulence models are described which solve equations for the tur-

bulent kinetic energy, k, and the frequency of turbulent fluctuations, m. The Menter k-w model] g

is a hybrid model which uses a blending function to combine the best aspects of both the k-co and

the k-E turbulence models. Near solid walls, a k- o formulation is used which allows integration

to the wall without any special damping or wall functions. Near the outer edge of the bounda~

layer and in shear layers, the model blends into a transformed version of the k-& formulation, thus

providing good predictions for free shear flows.

For the Menter k-co model, the terms in the turbulent kinetic energy and turbulent frequency

equations take the form of Eq. (2):

u= pk = p(p, Vqy =!+(, ~=o

sp~ = j3P, sDk= p“pk(o

u=p(J)=p(p, Pq’y = w(l)

(14)

(15)

s– -% SDO = ppozPO – qT

The cross-diffusion term (~) in Eq. (15) arises due to the transformation of the &-equation into

16
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an equation for co. The compressible form of the production term from Eq. (9) is employed. The

effective viscosities are given by

and the model constants above are blended values of the k-w and k-& parameters. For example,

for the constant ~,

p =Fp~+(l-F)p~

where F varies from unity at the wall to zero outside wall boundary layers, and a subscript “ 1”

denotes k-w constants and “2” denotes k-& constants. The values for these constants are:

and

o~2 = 1, CJW2= 0.856, ~2 = 0.0828,

WiIcox (1998) k-w Model

For the Wilcox (1998) k-w model,3 the terms in Eq. (2) for the turbulent kinetic energy equa-

tion are

u = ~k = @p, Veff =P’k, ~=o

s Pk = ~P, L$~k= $“~kw

17

(17)



and for the turbulent frequency equation are

,

where

The production term, P, and the eddy viscosity definitions are given in Eqs.

tively. This formulation is a modification to an earlier Wilcox k – o.)

improve model predictions for free shear layers and to reduce

freestream 6.) values.

(18) ,

(9) and (16), respec-

mode124 and is designed to

the solution sensitivity to

Flow Predictions for Flat Plate

Flow over a flat plate has been chosen as a high speed test case to illustrate the behavior of the

laminar/turbulent flow results obtained with the one- and two-equation turbulence models. The

test case is Mach 8 flow over a flat plate with a wall temperature of TW=1000 K and freestream

conditions corresponding to an altitude of 15 km.For this case, the temperature in the flow is suf-

ficiently low that perfect gas assumption with ‘y = 1.4 is reasonable.

18



Freestream Flow Conditions

The freestream conditions25 for the flat plate case are

P. = 1.21114x 104 N/m2, T-= 216.65 K

= 0.19475 kg/m3, am=
F

P.
Pea — = 295.07 m/s

Pea

v. = amMm = 2360.54 m/s

3/2
1.458 X 10-%’ca

v. = (Tm+ 110.4)
= 1.4216x 10-5 N cs/m2

where Sutherland law is used for the absolute viscosity. For the Spalart-Allmaras model, the re-

striction on the freestream eddy viscosity is determined by Eq. (5), which gives

p,T=<5.27 X 10-9 N.s/m2

for the Mach 8 flat plate flow case. The freestream eddy viscosity for all models was thus chosen

as

~Tm<1.0 X 10-9N.Jm2

unless indicated otherwise. For the two-equation models, the further specification of a freestream

turbulence intensity of 0.0170 was used to determine the turbulent kinetic energy in the freestream

from the following relationship:3

k
()

1.2 Tuv 2——
‘2100 -

Computational Mesh for the Flat Plate

A parabolic mesh has been used around the flat plate with the (x, y) Cartesian coordinate sys-

tem fixed at the leading edge. The parabolic mesh topology was chosen to mitigate the effects of

19



the leading edge singularity. The computational coordinates ~, q are related to the Cartesian co-

ordinates as follows:

The value of ~~aX has been determined by setting x = 1 at q = 1. This gives a mesh that is

slightly longer than one meter along the flat plate. A uniform mesh is used in the ~ coordinate di-

rection while a non-uniform mesh spacing is used in the q coordinate direction. The mesh spac-

ing has been determined with the lower boundary stretching transformation of Roberts26 (see also

Ref. 27). Most of the results have been obtained with 80x160 cells. A coarser mesh of 40x80 and

a finer mesh of 160x320 have been used to show that the 80x160 mesh provides results sufficient-

ly accurate for the figures presented. A stretching parameter of ~ = 1.001 has been used for the

one-equation models. This choice for ~ gives maximum y+ values of approximately 2.3 for the

coarse 40x80 mesh. As expected, the maximum allowable y+ values for the two-equation models

were found to be much smaller than for the one-equation models, with the larger values resulting

in convergence problems. Thus for the two-equation models, a stretching parameter of

f3 = 1.00007 was used giving y+ S 0.2 for the coarse mesh.

Flat Plate Results with Standard Transition Method

For the freestream conditions and meshes specified above, the laminar!turbulent flow has been

calculated with the SACCARA code and compared to the accurate Iaminar and turbulent results

obtained for this case by Van Driest. 19’20The standard transition method is used where the lami-

nar viscosity is the sole contributor to the effective viscosity upstream of the transition plane. For

this case, the Spalart-Allmaras model has the trip terms ~tl and~tz) set to zero. The transition lo-

cation was specified at ReX, = 3.85x 10G (xl = 0.1196 m). The choice of the transition location

20
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is arbitrary since the results will be compared to both laminar and turbulent flow theory. The L2

norms of the residuals for both the momentum equations and the turbulence equations were re-

duced at least eight orders of magnitude in each case, suggesting that the results for the flat plate

problem are not influenced by iterative convergence error.

Skin friction profiles have been obtained using all five turbulence models for the Mach 8 flat

plate case. The Baldwin-Barth and both k – o models give transition at the specified transition

plWe for the given freestream turbulence levels as shown in Fig. 1. In order to move the transition

point to the desired location, the freestream eddy viscosity had to be increased to 1 x 10-6 Ms/m2

for the Spahut-Allmaras modeI, and the turbulence intensity had to be increased to 0.1 % for the

low Reynolds number k – E model (see Fig. 2). All of the models which correctly predict turbu-

lent flow downstream of the transition point also predict skin friction in this region in agreement

with the theory.

Modified Transition Results for Spalart-Allmaras Model

Solutions have been obtained with the SpaIart-AIlmaras trip functions f], X2 set to zero. The

flow is turbulent along the flat plate for this case with the freestream eddy viscosity ~~ varying

from 10-9 to 10-5 N.s/vz2. Solutions have been obtained with the trip function~2 included and~l

set to zero. For this case the flow transition location is dependent on the freestream eddy viscosi-

ty. When the eddy viscosity is 10-9 N-s\m2, the flow remains laminar over the length of the flat

plate. As previously discussed, numerical solutions show that the flow can be maintained laminar

by making the production term SP zero by setting Cb, = O with the trip functionsjl, fi2 set to ze-

ro.

The complete Spalart-Allmaras model has trip terms included to control the transition location,

but the formulation is not intended to model the transition flow region. The behavior of this model
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has been investigated with the results for the local skin friction given in Fig. 3 where the trip loca-

tion Xt is specified (xt =O.11964 m). The numerical predictions show that the transition location

varies as the freestream eddy viscosity is increased above a value of approximately 10-9 N“s/m2.

For these high speed flows, it is difficult to control the transition location with the suggested trip

model. In addition, there is no control of the length of the transition region. Because of these ex-

periences with the behavior of the Spalart-Allmaras

investigated.

trip model, different approaches have been

Three methods have been investigated to control the transition location and the length of transi-

tion as previously described. There are two parameters x~ and xl introduced to control the transi-

tion behavior. The parameter Xt is at the middle of the transition region while x~ = x~– xl is the

location upstream where transition starts and the location downstream x, = xl+ xl where the

flow becomes fuIly turbulent. The values for these parameters are chosen as

Xr = 0.1196 m, xl = 0.1 m, ReX = 3.84x10GI

and these locations are also indicated in Fig. 4.

The results for the skin friction with the three proposed approaches for modeling transition have

been investigated. All of the methods remain laminar a significant distance after the specified

start of transition. With Method 1, where the trip function ft2 is modified, transition occurs

downstream of the desired location with very rapid transition onset. With Method 2. where the

production coefficient c~l is modified, transition occurs near the desired location with a reason-

able variation of the skin friction in the transition region. With Method 3, where the production

term coefficient c~~( 1 – j’12) is modified, transition occurs downstream of the desired transition

location with very rapid transition onset. From this investigation it is concluded that Method 2

provides a reasonable technique to specify the transition location with limited control over the
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transition region length. The results for Method 2 are presented in Fig. 4. When k varies linearly

over the transition region, there is better control. The transition control Method 2 appears to be in-”

sensitive to the freestream eddy viscosity.

Flow Predictions for Reentry F’Vehicle

Reentry F Description and Experimental Results

The Reentry F flight experiment was performed in 1968 to provide measurements of wall heat

transfer rates at reentry flow conditions that cannot be obtained in ground-based experimental fa-

cilities. The data is for the flow over a slender conical vehicle whe;e there is only a small amount

of surface ablation localized at the nosetip. The boundary layer flow is laminar, transitional, or

turbulent depending on the altitude and location along the body surface. The Reentry F vehicle

was a 5 degree sphere-cone with an initial nose radius of 0.00254 m (O.1 in) and the vehicle

length is 4.0 m (13jl). A graphite nosetip extended for the firstO.1915 m (7.54 in) followed by a

conical beryllium frustum. The heat transfer measurements were obtained at altitudes between

36.6 and 18.3 km (120,000 and 60,000fi). The data at a flight time of 456.0 seconds or an altitude

of 24.4 km (80,000jl) is used to validate the turbulence model predictions. Although this flight

experiment provides exceptional data, there are many aspects of the flow conditions, body orien-

tation, body shape, and wall surface temperature that are not completely or precisely known. Ad-

ditional details of the flight experiment are given by Wright and Zoby.5

The flow conditions at an altitude of 24.4 km (80,000fl) are analyzed most often and are chosen

for the present investigation. The freestream conditions used herein are based on the U. S. Stan-

dard Atmosphere, 1976,25 and are given below in S1 units:
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M- = 19.97, ct = 0°, pm = 0.043523 kg/m3

T. = 221.034 K, Tw = 500 K, p= = 2761.41 ZV/rn2

v. = 5951.858 m/s, am = 298.04 m/s

v.= 1.445 x10-5 N”s/m2, ~~ = 3.3227 x10-14 N”s/m2

Tu = 0.01%, ‘body = 4.Om

An assumed turbulence intensity Tu is used in the determination of the turbulent kinetic energy

for the two-equation models. It should be noted that there is some amount of uncertainty in the

specification of these properties. In addition, the experimentally reported angle of attack was

0.14 degrees, while zero degrees is assumed herein so that the axisymmetric flow assumption can

be used.

Due to ablation, the nose radius increases to 0.00343 m at an altitude of 24.4 km. This result is

8 For the present analysis, it is as-an estimated value from an ablation analysis of the nosetip.

sumed that the nosetip shape remains a sphere-cone after ablation with the same cone half angle

as the conical vehicle, which is OCome= 50. The nosetip is illustrated in Fig. 5. The origin in this

figure is located at the virtual tip of the conical vehicle. For the approximated sphere-cone config-

uration in the Reentry F vehicle simulation, the location of the original nosetip and ablated

nosetip 456s into the flight trajectory is specified as

X(J = 0.012752 m, Xtip(o s) = 0.026603 m

xlip(456 s) = 0.035925 m

In previous analyses of this vehicle, the coordinate x is defined as the axial distance without a

clear definition of the origin location given in many cases. Some figures indicate that the origin is

located at the ablated nose of the body. The axial location x in this paper is measured from the

nosetip of the un-ablated vehicle. However, due to the small amount of ablation, the uncertainty
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in the location of the axial heat flux measurements has a negligible impact on the results present-

ed.

Due to the high velocities, the gas temperature is more than 6000 K in the nosetip region with

dissociation of the oxygen and nitrogen occurring. Downstream of the nose, on the conical por-

tion of the vehicle, the temperature immediately behind the oblique shock is 420 K, and perfect

gas flow occurs. However, in the boundary layer the viscous dissipation increases the gas temper-

ature to approximately 3000. K and dissociation of oxygen occurs. At 24.4 km, the chemical reac-

tions are sufficiently fast that the air is assumed to be in local thermochemical equilibrium. There

is some ablation of the nosetip which introduces chemical species from the ablation products into

the bounda~ layer flow. As the amount of ablation is small, this influence has been neglected.

Predictions of Wall Heat Flux for Reentry F Vehicle

Simulation Code and Model Approach

The flow around the Reent~ F vehicle has been calculated with the SACCARA1 1-14Navier-

Stokes code. This investigation is concerned with obtaining accurate numerical solutions of the

wall heat flux based upon the input conditions to the code and models used in the simulation. The

wall heat flux predictions are then compared with the flight measurements at an altitude of

24.4 km (80,000fl). The solution is for the flow over the ablated vehicle. The small angle of at-

tack of the vehicle (O.14° ) is neglected and the flow is assumed to be axisymmetric. The solu-

tions use a gas model of air in local thermochemical equilibrium and the flow is Iaminar over the

front part of the body. The flow transitions to turbulent flow at a specified location. The turbulent

flow has been modeled with the Baldwin-Barth and Spalart-Allmaras one-equation eddy viscosity

approaches and the low Reynolds number k – e, Menter k – w, and Wilcox (1998) k – w two-

equation turbulence models. The iterative convergence has been examined in order to assess the
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accuracy of the steady-state solutions. Various levels of grid refinement were used to assess the

spatial convergence errors of the numerical solutions. For the Spalart-Allmaras turbulence model,

solutions have been obtained on four mesh levels: 100x4O cells (Mesh O-f), 200x80 cells

(Mesh l-f), 400x160 cells (Mesh 2-f), and 800x320 cells (Mesh 3-f). The number of gridpoints

are given in the axial and radial directions, respectively. For the two-equation models, solutions

have been obtained on three mesh levels: 130x40 cells (Mesh O-2eq), 260x80 cells (Mesh l-2eq),

and 520x 160 cells (Mesh 2-2eq).

Transition Model

As previously discussed, the basic SACCARA code treats the transition process by setting the

effective viscosity to the laminar value upstream of a specified transition plane, while down-

stream of this plane the effective viscosity is the sum of both the laminar and turbulent viscosities.

This approach has been used with the Baldwin-Barth one-equation eddy viscosity model and all

two-equation. models. The transition plane is specified to be perpendicular to the vehicle axis and

located at x = 2.6 m. With the Spalart-Allmaras one-equation eddy viscosity model, a different

approach has been

Xe = 2.8844 m. From

that Method 2 (coefficient c~l is varied) is the best approach to control the transition process with

the Spalart-Allmaras model at this time.

implemented as described previously, with

the results of the investigation of the flat plate flow

x~ = 1.8844 m and

case, it was concluded

Iterative Convergence of the Numert”calSolutions

The Lz norms of the momentum and turbulence transport equations exhibited oscillatory behav-

ior after only a two or three order of magnitude drop, thus another method was needed to monitor

convergence. The iterative convergence has been initially determined by plotting the wall heat

flux at various number of time steps and assuming convergence has been obtained when there is
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no noticeable change in the results. This method is illustrated in Fig. 6 for the 400x160 cell mesh

(Mesh 2-f) with the Spalart-Allmaras turbulence model. The laminar flow region takes the longest

time to converge as there is a very fine mesh in the wall region. With Mesh 2-f, the wall heat flux

appears to have no significant changes after 25,000 time steps. However, these results are mis-

leading! A more careful analysis has been performed to estimate the iterative convergence error.

The accuracy of the wail heat flux q“ relative to the steady-state value is determined by ex-

pressing the numerical solution at time t’ as

!7”= q(t”) = q~+ E“. (19)

The exact steady-state value of the wall heat flux is q~ and the convergence error at time t“ is En.

The convergence error of the SACCARA code has been observed to have an exponential decrease

in time which gives the following variation as the solution approaches a steady state

En = C@-$’= (20)

where a and P are constants. Eq. (19) and Eq. (20) may be combined and rewritten as

pt” = lnct-ln(q”-q~). (21)

Eq. (21) is evaluated at three time levels, (n – 1), n, and (n+ 1), and the three relations are used

to eliminate et and obtain

fJ(p- p-1) = ln[(qn - 1-q~)/(qn - q~)l

~(t”+ I - t“) = ln[(qn - q~)/(qn+ 1- q~)l

If the time increments are equal, then (t” – t“-1 ) = (t”+ 1– t“) and the above becomes

(qn - 1-qE)(q”+ 1-qE) = (q” -qE)z
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The exact steady-state value of the wall heat flux is solved for in the above equation which gives

@ _ A“qn- 1 (qn+ 1- qn)
qE = where An =

l-An ‘
(qn_qn- l)”

The iterative convergence error becomes

En = -(qn+ 1 -q~)/(l -An)

and the percent convergence error relative to the exact steady-state value becomes

[

n+l
% Error of q“ = –100 q ‘q”

qn - Anqn -11

(22)

(23)

“ 2829 for determining the cOn-The foregoing results are based on the works of Ferziger and Pent

vergence error of the numerical iterative solution of difference equations, but their results have

been obtained with a different approach. In their work, the parameter An is the spectral radius (or

the magnitude of the largest eigenvalue) of the iteration matrix. If the eigenvalues are complex,

then the present approach is not appropriate. The complex eigenvalue case has been considered

by Ferziger and Peric.

The above procedure is illustrated for the wall heat flux solution at x =2.15 m (where the flow

is laminar) using the Spalart-Allmaras model. The percent error is shown in Fig. 7 for the four

mesh levels. The local percent errors obtained from Eq. (23) based on time levels (n-1), n, and

(n+l ) are indicated by the symbols. The lines in Fig. 7 represent the percent error obtained from

the best estimate of the exact solution given by Eq. (22). This best estimate is determined from the

final three iteration levels of the solution. Due to the expense of the fine grid Mesh 3-f calculation

(800x320 cells), the converged Mesh 2-f results were used to provide an initial starting solution

for this case. The initial solution results on Mesh 2-f (shown in Fig. 6) appeared converged at
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25,000 iterations; however, the above error analysis indicates that the local iterative errors are on

the order of 4%. An additional 15,000 iterations were needed to reduce the error down to 0.2%.

The iterative solution errors are much smaller than the spatial solution errors, as will be demon-

strated.

The iterative convergence for the two-equation turbulence models was also examined for the

three mesh levels. Results of the iterative error analysis at x =2. 12 m are presented for the low

Reynolds number k - & model (Fig. 8), the Menter k - w model (Fig. 9), and the Wilcox (1998)

k – o.)model (Fig. 10). A larger number of iterations were required due to the finer mesh require-

ments for the two-equation turbulence models (Mesh 2eq) versus the one-equation models

(Mesh f). The two-equation results were also converged to less than 0.1 % error.

Spatial Convergence of the Numerical Solutions

Spatial convergence has been assessed from the steady-state solutions with the Spalart-Allma-

ras turbulence model on the four meshes. The wall heat flux obtained from mesh O, 1, 2, and 3

(from coarsest to finest) is given in Fig. 11 with the variable spacing given by Mesh f. The Rich-

30 has been used to obtain a more accurate result from the relationardson Extrapolation procedure

qRE = 92,3 = 93+ (93 –qJ/3. (24)

The above relation assumes that the numerical scheme is second-order both within the domain

and at the boundaries. While recent findings 31’32 have shown that flows with captured shock

waves will tend towards first order as the mesh is refined, analyses which account for mixed first

and second order behavior are beyond the scope of the current work. The results from Ref. 32 in-

dicate that the application of standard second order Richardson Extrapolation to mixed order

problems does provide good estimates of the exact solution. The Richardson Extrapolation result
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q~~ and the solution on Mesh 2-f and 3-fare nearly the same (also shown in Fig. 11). The accu-

racy of the solutions on the four meshes has been estimated with the exact solution approximated

with q~~ which gives the solution error as

% Error of q~ = loo(q~ – qR~)/qR~

where M = O, 1, 2, or 3 refers to the mesh level.

If the mesh has been refined sufficiently where the solution error has second-order behavior,

then the errors on the four meshes have the following relationship

% Error of qz % Error of q ~ % Error of q.
% Error of q~ = = =

4 16 64
(25)

In the above equation, the first equality will always be satisfied when Eq. (24) has been used. The

other equalities will only be satisfied if the mesh has been sufficiently refined to be in the asymp-

totic range. The normalized percent error of the wall heat flux along the vehicle is presented in

Fig. 11. The Iaminar and turbulent flow regions are in the asymptotic range, while the transitional

flow region is not in the asymptotic range. This result is not surprising since the Mesh f grid does

not use axial clustering at the transition region. The wall heat flux prediction in the laminar and

fully turbulent regions have fine grid errors (Mesh 3-f) of less than 0.5%. Only the solutions on

Mesh 2-f and 3-f are considered sufficiently accurate for comparison with the flight measure-

ments. The Richardson extrapolated results provide even a more accurate numerical prediction.

Spatial convergence has also been examined for the two-equation turbulence models using

three mesh levels. The spatial error of the heat flux is given in Figs. 12-14 for the low Reynolds

number k – E, the Menter k – co, and the Wilcox (1998) k – 6.)models, respectively. The spatial

error in the laminar regions is under 2%, while in the transitional and turbulent regions the errors

are under 5%. The results for both k – (J.)models indicate that the heat flux does not show a fully
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second order grid convergence behavior, even in the fuI1y turbuIent region. The spike in the error

for the two-equation models is due to movement of the transition location on the different size

meshes and is more dramatic for the two-equation models due to the fine axial spacing around the

transition point.

Wall Heat Flux

The predictions of the wall heat flux on the Reentry F vehicle at an altitude of 24.4 km

(80,000fl) with the one-equation turbulence models are given in Fig. 15 along with the flight da-

ta. The Spalart-Allmaras prediction uses the numerical solution with Mesh 2-f and the Richardson

Extrapolation results for this case. The Spalart-Allmaras model overpredicts the laminar wall heat

flux by roughly 10 percent while the turbulent wall heat flux is overpredicted by approximately

15 percent. At this altitude the vehicle has a 0.14 degree angle of attack and the heat transfer mea-

surements were made on the leeward side of the conical body. A full three-dimensional solution,

with the vehicle at angle of attack, would bring the prediction and flight data into closer agree-

ment. The prediction with Mesh 2-f is believed to be a sufficiently accurate steady-state solution

that it can be used to validate the turbulence model, but there is some uncertainty in these results

due to uncertainties in the freestream conditions and the flight measurements as discussed previ-

ously.

The simulation with the Baldwin-Barth turbulence model (also shown in Fig. 15) overpredicts

the laminar wall heat flux by roughly 10 percent and is in agreement with the simulation with the

Spalart-Allmaras model. Of course, in the laminar flow region the turbulence models should have

no impact on the flow solution. The turbulent wall heat flux is overpredicted by roughly 100 per-

cent with the Baldwin-Barth turbulence model. It is recommended that the Spalart-Allmaras mod-

el should be used rather than the Baldwin-Barth turbulence model for reentry flows.
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Results with the Nagano and Hishida k –&, the Menter k – CD,and the Wilcox (1998) k – (I.)

models are presented in Fig. 16. Fine grid results with Mesh 2eq are shown along with the resuks

from Richardson Extrapolation. Again, the surface heat flux is overpredicted by approximately

10% in the laminar region. The k – & results show an overprediction of the turbulent heating rates

by approximately 100%, possibly due to the use of the incompressible form of the turbulent kinet-

ic energy production term. The two k – OJmodels show better agreement with the flight data, with

the Menter model within 40% and the Wilcox (1998) model within 30% of the data. All three

models display a peak in the turbulent heating just downstream of the specified transition plane,

which is possibly due to crude behavior of the standard transition method.

Conclusions

For the Mach 8 flat plate boundary layer flow with the standard transition method, the Baldwin-

Barth and both k – co models gave transition at the specified location. The Spalart-Allmaras and

low Reynolds number k – E models required an increase in the freestream turbulence levels in or-

der to give transition at the desired location. All models predicted the correct skin friction levels

in both the laminar and turbulent flow regions.

For Mach 8 flat plate case, the transition location could not be controlled with the trip terms as

given in the Spalart-Allmaras model. Several other approaches have ‘been investigated to allow

the specification of the transition location. The approach that appears most appropriate is to vary

the coefficient that multiplies the turbulent production term in the governing partial differential

equation for the eddy viscosity (Method 2). When this coefficient is zero, the flow remains lami-

nar. The coefficient is increased to its normal value over a specified distance to crudely model the

transition region and obtain fully turbulent flow.
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Predictions have been obtained for the Reentry F flight vehicle with both one- and two-equa-

tion turbulence models where the transition location is specified a priori. Care has been taken to

quantify the errors in surface heat flux distributions due to both iterative and grid convergence.

The ~ norms of the residuals exhibited oscillatory behavior after a three order of magnitude

drop, thus requiring alternative methods for monitoring iterative convergence. A new method for

iterative convergence error, based on the works of Ferziger and Peric,28’29 was used to reduce the

iterative convergence errors below approximately 0.1 % for all cases. Simulations were performed

on three grid levels for the two-equation turbulence models and four grid levels for the Spalart-

Allmaras model to assess the grid convergence errors. The errors in the laminar and turbulent re-

gions were reduced to 2% and 5%, respectively, with the two-equation models and to below 0.5%

for the Spakwt-Allmaras model. Richardson Extrapolation was employed with the two finest grid

solutions (assuming second order spatial accuracy) to get even more accurate surface heat flux so-

lutions.

For the Reentry F flight simulations, the axisymmetric turbulent predictions for wall heat flux

with the Spalart-Allmaras, Menter k – m, and Wilcox (1998) k – w models are in reasonable

agreement with the flight measurements. The wall heat flux in the turbulent region is overpredict-

ed by 15% with the Spalart-Allmaras model, 30% with the Wilcox (1998) k – 6.)model, and 40%

with the Menter k – Q model. These axisymmetnc simulations assume the vehicle is at zero de-

gree angle-of-attack; thus, the agreement with the leeward-side data will improve if three-dimen-

sional are performed at the reported 0.14 degree angle-of-attack. The Spalart-Allmaras model

predictions for this case are much better than the results from the Baldwin-Barth model. The low

Reynolds number k – E two-equation model greatly overpredicts the heating in the fully turbulent

region.
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Fig. 1: Transition location with one- and two-equation turbulence models for Mach 8 flat
plate flow with the standard transition model.
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Fig. 2: Transition location for various freestream turbulence levels with the Spalart-Allmaras

and k – E turbulence models for Mach 8 flat plate flow (standard transition model).
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Allmaras turbulence model ($1 andfip terms included) for Mach 8 flat plate flow.
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Fig. 6: Iterative convergence of surface heat flux on Mesh 2-f with the Spalart-Allmaras
turbulence model.
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model at x = 2.11697 m with Mesh 2eq.
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Fig. 15: Comparison of fright data for wall heat flux along Reentry F vehicle at an altitude of
24.4 km (80,000j?)with predictions of the one-equation turbulence models.
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Fig. 16: Comparison of flight data for wall heat flux along Reentry F vehicle at an altitude
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