
The Sixth FIDAP Users Conference (1995) 

(--i-y)-p--q5bCc /CIS--a 
A FIDAP AND AN EMPIRICAL ESTIMATE OF 

CONJUGATE HEAT TRANSFER OF 
A GRAPHITE CRUCIBLE 

K. J. Bateman, R. L. Clarksean 

Process Technology Section 
Technology Development Division 

Argonne National Laboratory - West 
P.O. Box 2528, Bldg. 774 

Idaho Falls, Idaho 83403-2528 

Abstract 

A set of thermal analyses has been conducted to conservatively predict the heat transfer of a 
graphite crucible. The study used conjugate heat transfer to determine the cooling characteristics of 
a graphite crucible. Natural convection and conduction through the casting charge and the graphite 
crucible are examined. All of the analyses were conducted in non-dimensional form up to a 
Rayleigh number of 1 x 10'. The parametric study examined the effect of increasing the internal 
heat generation of the casting charge. Data derived from an empirical estimate are compared to the 
FIDAP simulations. The two models are found to have good correlation. 
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Area 
Characteristic length 
Substitution parameter 
Specific heat at constant pressure 
Acceleration of gravity 
Unit vector in the x direction 
Thermal conductivity 
Crucible outer radius 
Nussel t number 
Pressure 
Motion pressure field 
Prandtl number 
Heat flux 
Rayleigh number 
Temperature 
Velocity in the x direction 
Characteristic velocity 
Cartesian coordinate parallel to main flow 
Cartesian coordinate perpendicular to main flow 

Thermal diffusivity 
Coefficient of expansion 
Dynamic (absolute) viscosity 
Kinematic viscosity 
Non-dimensional temperature parameter 
Density 

Superscripts 
* Non-dimensional parameter 

Subscripts 
cy1 cylinder 
fp flatplate 
ref Reference 
tot Total 
0 Ambient conditions 
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1. Introduction 

Casting furnace operations are an integral part of current mission at Argonne National Laboratory- 
West. The casting furnace is used in the development of a metal waste form for the treatment of 
EBR-I1 spent fuel. Some of the metals processed in the casting furnace are considered pyrophoric. 
The pyrophoricity of these materials has led to the concern that the casting charge could ignite and 
burn. 

The casting charge will contain materials that have internal heat generation. The effect of this 
internal heat generation is to raise the steady-state temperature of the casting charge. If the 
temperature reaches a sufficiently high temperature, the casting charge will ignite and burn. 

The intent of this analysis is to conservatively estimate the heat transfer of a graphite crucible. 
Using this data, the maximum temperature for the casting charge could be determined. The 
maximum temperature and knowledge of the materials pyrophoricity will determine if operations 
can be conducted safely. 

The general outline of this paper is described below. 

1. Defme the problem 
2. Present the governing equations 
3. Discuss the FIDAP model. 
4. Discuss the empirical model 

2. Problem Definition 

At the beginning of a casting operation, materials for the casting charge are transferred into a 
casting crucible. During the transfer, the casting crucible is located on a work table which is in an 
argon environment. The ambient temperature of the argon is assumed to be 35 "C. The properties 
for argon at 35 "C (Reference 1) are: 

p = 1 .6243  Eq. I 

kAr = 1.77 x 5 Eq. 2 

Pr = 0.699 Eq. 3 

A particular casting crucible has an outside diameter of 0.238 m and an inside diameter of 0.219 m. 
The crucible has a height of 0.191 m with an inside depth of 0.114 m. When the crucible is filled 
with 25 kg of material, assuming a 66% void fraction, the constituents come within five 
centimeters of the top rim of the crucible. The geometry and dimensions of the casting crucible are 
shown in Figure 1. The casting crucible is fabricated out of grade H-90 graphite, the thermal 
conductivity of the graphite at 35 "C (Reference 2) is kGR = 11 l&. 
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Figure I :  Sketch of the  casting crucible,JSlied with 25 kg of material (66% void). 

The concern is whether or not the casting charge should be considered a potential burning concern 
while it is being filled, or, after it is filled and before it is placed into the casting furnace. If the 
temperature of the materiais within the container become high enough, the addition of oxygen to 
the inert environment could result in ignition and burning. The temperatures must be high enough 
so that the heat release from oxidation is greater than the heat transfer from the crucible. If the 
temperature of the casting charge is tow enough. the materials will oxidize slowly when exposed to 
oxygen. The heat release rate in  this case is not high enough to result in the rapid oxidation, or 
burning of the materials. 

The first step in detemiining the potential of buming is to conservatively estimate the temperature 
of the materials in the crucible. The temperature of the materials within the crucible will be 
estimated in a two step process. The first step will be to estimate the temperature of the crucible 
region surrounding the casting charge. The second step is to estimate the temperature rise across 
the material in the crucible. 

To estimate the temperature of the crucible region, the following assumptions were made. 

0 Neglect forced convection and radiarion heat transfer effects. Forced convection will be 
present in the cell as a result of  arson recirculation. This provides a conservative estimate for 
the maximum temperature. 

Assume the outer edses of the castins charge are at a constant temperature. This is a 
reasonable assumption because the graphite crucible is much more conductive than the 
materials in the crucible. 

0 Natural convection is assumed to occur in and around the casting crucible. 
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To determine the maximum temperature rise across the casting charge it was assumed that 

No natural convection or forced flow occurs within the casting charge (packed bed effects are 
neglected). An effective thermal conductivity is assumed for a combination of argon and 
casting material. 

The heat generation is assumed to be uniformly distributed throughout the casting material 

Assume a uniform temperature distribution around the outer edges of the casting charge. 

3. Governing Equations 

The steady state governing equations for the natural convection of an incompressible fluid are the 
continuity, momentum, and energy equations. The governing equations are shown below. 

V*i7=0 

p 1l.V = -vp+pv2u + p g  
+ + (+ 1 

pC,,;. VT = KV'T 

p(ii.V)L? = -Vp, + p V 2 i i + p g 3 P ( T - T , )  

Eq. 4 

Eq. 5 

Eq. 6 

Eq. 7 

The following definitions were used to non-dimensionalize the governing equations: 

Eq. 8 

Eq. 9 

Eq. 10 

Eq. I1 
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V 

a 
Pr = - 

a v  

Eq. 12 

Eq. 13 

Eq. 14 

Eq. 15 

Using the above definitions, the non-dimensional form of the governing equations can be shown to 
be 

v.u" = 0 Eq. I 6  

T cdd 

@Z*. V)Z* = -vp* + v2z* + - Re 

I 
Inflow / Outflow Boundary ! 

Eq. 17 

Eq. 18 

Figure 2: Schematic and Boundary conditions f o r  analysis of temperature rise across the casting 
charge. 
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The boundary conditions used for these set of equations are shown in Figure 2. Symmetry is 
assumed around the centerline of the crucible. The problem will be analyzed for an axisymmetric 
geometry (r, z). The outer edges of the casting charge are assumed to a constant temperature. The 
bottom edge of the crucible, which rests on a table in argon atmosphere is assumed to be adiabatic. 
The remainder of the lower surface of the problem is also assumed to be adiabatic. The outer edge 
of the crucible is coupled with the flow field. The coupling of the crucible and the flow field 
requires that 

Eq. 19 

be satisfied at the fluid crucible interface. The outer wall of the crucible is also a no-slip boundary. 

The boundary condition for the outer edge of the domain was selected through a trial and error 
process. Intuitively, flow should become buoyant along the crucible surface, and flow up along 
this surface. Several boundary conditions were attempted. 

The condition of making the outer surface a no-slip wall allowed for realistic flows along the 
crucible surface. The outer edge of the domain was set to a constant temperature (e = 0) to 
represent the source of fluid at the ambient conditions. 

The distance from the outer edge of the crucible to the outer edge of the domain was also iteratively 
selected. The distance was increased until there was no change in the heat transfer from the 
crucible. This indicated that the outer boundary was no longer affecting the flow of fluid near the 
crucible. 

The upper surface allowed for inflow and outflow. The gradient of the normal velocity flowing 
out of this surface was considered to be zero. The surface was also considered to be adiabatic. The 
selection of this boundary condition was also determined not to affect the heat transfer from the 
crucible. 

Typical heat generation rates for the casting charge range from 50 watts to 520 watts. 

4. Discussion 

All of the analyses were conducted in a non-dimensional form. The results were then converted to 
the conditions of the argon cell. Results are presented in non-dimensional terms and in 
dimensional terms. 

Test cases were run to show that the results were independent of the mesh selected. As mentioned 
in Section 3, the outer boundary conditions were selected to ensure that they did not influence the 
total heat transfer from the problem. 

Results are presented for determining the crucible temperature, an empirical model to compare to 
the crucible temperature results, a discussion of extrapolating the results to higher Rayleigh 
numbers (Rn), and an analysis to conservatively estimate the maximum temperature of the casting 
charge. 
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4. I Numerical Results - Crucible Temperatitre 

The solution of natural convection problems in FIDAP is iterative in nature. The typical approach 
is to solve the problem at low Rn, and then restart the analysis for the next higher Ra. The Ra 
ranged from lo3 to 2.5 x 10'. 

The finite element mesh used for the analysis is shown in Figure 3 and Figure 4. The mesh was 
compressed along the outer and inner surt'aces of the crucible, and near the top of the crucible. The 
mesh was compressed in these areas (see Figure 4) to insure that the flow near the crucible, which 
determines the heat transfer from the crucible, was accurately modeled. A total of 9427 nodes for 
2482 elements were used (nine node quadratic elementsj. 

Figure 3: Finite element mesh used for castiiig crucible analyses. 

Z M X  0.28OE.01 
anzN -.~SBE-OI 

Figure 4: Examination of the finite eleinent rtieslz used for castiiig crucible analyses near the 
crucible. 
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Figure 5: Temperature contour plot for Ra = I @ .  
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Figure 6: Stream function contour plot for Ra = Io" (streamlines). 

Representative temperature contour plots and stream function contour plots are shown in Figure 5 
and Figure 6. These figures only examine the temperature and streamlines near the crucible, and 
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not for the entire computational domain. The Ra is lo6 for each of these figures. The temperature 
contour plots indicate that there is very little change in temperature of the crucible. The temperature 
of the crucible is nearly constant throughout because the conductivity of the solid is four or five 
orders of magnitude greater than that of the argon. 

The stream function contour plot (see Figure 6) indicates that there is a boundary layer type flow 
on the outer surface of the crucible. The amount of mesh in this region is sufficient to resolve the 
flow near the crucible surface. There is also some flow into the center of the crucible to help 
remove heat from this region. A "plume" effect above the crucible is well developed. 

By setting the surface of the casting charge to a constant temperature, the total heat flux must be 
calculated for a fixed Ra (constant temperature). FZDAP can calculate the local and average heat 
flux for a particular surface. The integral of the non-dimensional heat flux, Qtmt, for the outer 
surface of the crucible is 

QtZt = Iq'kr,'dz' Eq. 20 

Substituting in the definitions of the non-dimensional terms and rearranging will give the integral 
of the dimensional terms. 

where 

kAT 
Qrer = 

Eq. 21 

Eq. 22 

Eq. 23 

These calculations were performed and are shown in Figure 7 (the empirical correlation will be 
discussed in a following section). Insignificant amounts of heat are removed from the system until 
a Ra of lo6 is approached. 
A curve fit of the Q, versus Ra results for Ra between lo4 and lo' produced the following 
correlation 

= 7.7 X lo-' RU'.?~ Eq. 24 

As indicated on the graph, this correlation accurately represents the data. The correlation 
coefficient squared, ?, was determined to be 0.999. 
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Figure 7: Total heat transfer from the crucible as a function of Ra 

The Ra data can be used to determine a real temperature for the outer surfaces of the casting charge 
region (constant temperature boundary condition). The Ra can be rearranged to obtain a 
temperature rise as shown below. 

Ra (y]L.: ( A T )  Pr 
AT = Eq. 26 

Using Equation 37 and the argon cell properties of the argon cell, the maximum temperature can be 
obtained as a function of the total heat removed from the system. The argon cell was assumed to 
be at 35 O C. The results of these calculations are shown in Figure 8. 

1 1  
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Figure 8: Tinax versus Q total as afunction of void fraction 

4.2 Empirical Model 

A simpIe thermal model was developed as a check of the numeric& results discussed above. The 
model is based on empirical heat transfer correlation's taken from Reference 3. 

The heat transfer from the crucible is assumed to occur on the outer surface of the crucible and on 
the top surface of the material in the crucible (see 
Figure 1). The empirical relationships for heat transfer from a vertical cylinder and for a 
horizontal flat plate are shown below. 

Nu, = 0.59(Ra)0*3, fur lo4 < Ra < lo9 Eq. 27 

Nu, = O . ~ ~ ( R L Z ) ~ ~ ' ~ ,  fur 2x10' < Ra < 8x106 Eq. 28 

The total heat transfer from the crucible, a,, is the sum of the heat transfer from the cylindrical 
(outer) surface and the upper surface (inner) of the material in the crucible. 

Eq. 29 
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Figure 9: Schematic of the empirical model for heat transfer from the c m i b l e .  

It will be assumed that radiation heat transfer from these surfaces is negligible, and that the crucible 
is at nearly a constant temperature. Using these assumptions, the outer and inner components of 
the ener_gy loss can be defined down as follows 

Eq. 30 

Using Eq. 38 and Eq. 39 for the outer and inner surfaces respectively, the total energy loss is 
defined as 

Rewriting the Ra gives 

AT 0.59 k Pr g p  L:uer 
A,,, (AT) + Q,, =( -]( 'outer V' 

0.25 ) ' inner (AT) 

Eq. 32 

Pr g p ~ ~  
v) 

Let F = ( ), and then after rearranging the equation it becomes 

13 
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Substituting the Rn in for FAT gives 

5 - 5 0.59 k - 0.54 k 

F 'outer F 'inner 
e t o t  = 'outer Ra:uter i- 'inner R4ner 

Eq. 33 

Eq. 34 

The relation above contains the inner and outer Ra, which are based on the same A T .  The 
difference between the two Ra's is the characteristic length. The Ra can be written as 

Ra = D L3, where D is  a constant. 

The outer Ra can be written in terms of the inner Ra as follows. 

Eq. 35 

Eq. 36 

Substituting this relationship in for Ra,,, gives 

5 

0.59 k 0.54 k 

F 'outer 

Rearranging gives 

Eq. 37 

Eq: 38 

For a fixed Ra, the total heat flux from the system can be approximated by the relationship given 
above. A,,, is assumed to consist of the outer cylinder and the portion of the inner cylinder above 
the materials in the crucible. Using thermal properties of argon for a 35 "C cell temperature, gives 
the following empirical relationship for the total heat transfer from the system. 

5 - 
Qrotemp =4.2x10-* Ra;,,,,, far  10' < Ra < lo9 Eq. 39 

Strictly speaking, this relationship is only valid for Ra between lo4 and lo6. But, the Nu 
relationship for the flat plate, which is what causes the relationship to be only valid over this range, 
will conservatively predict the heat transfer coefficients for Ra up to lo9. 
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In comparing Eq. 35 and Eq. 52 it can be noted that the slopes are nearly equal. For the numerical 
and empirical models the slopes are 1.24 and 1.25 respectively. Figure 7 show the comparison of 
the two correlation's. 

The coefficient for the numerical results is larger than for the empirical results though. This 
indicates that the heat transfer predicted by the empirical relationship is less than what is determined 
numerically. The empirical relationship is approximate because it may not accurately model the 
flow along the surfaces of the crucible. The similarity of the slope though indicates that the flow 
can be characterized as being a boundary layer type flow. The comparison of the two relationships 
gives reassurance that the numerical results correctly represent heat transfer from the crucible. 

5. Conclusions 

Data from an empirical estimate and FIDAP simulations were used to predict maximum temperature 
and total heat transfer for a graphite crucible. The total heat transfer from the crucible as a function 
of Ra was plotted for both the Empirical Estimate and for the FIDAP simulation. Examining the 
slopes of these curves shows that the numerical simulations are supported by the empirical 
estimates. A more accurate, less conservative solution was obtained using FIDAP. From the 
FIDAP simulations boundary layer type flow around the crucible with a plume forming above the 
crucible was observed. From these analyses, predictions were obtained that were used to 
determine safe operating conditions. 
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