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ABSTRACT 
Accurate finite-element simulation of 3-D nonlinear heat 

transfer in complex systems may require meshes composed of 
tens of thousands of finite elements and hours of CPU time on 
today’s fastest computers. To treat applications in which 
thousands of calculations may be neuxsuy, such as for risk 
assessment or design of high-temperature manufacturing 
processes, methods are needed which can solve these problems 
far more efficiently and maintain an acceptably high degree of 
accuracy. For this purpose, we developed the Dermal 
Evaluation and Wtching Bo- for a s k  &plications 
(TJZMPRA). The primary difkentiator between TEMpRA and 
comparable codes is its numerical formulation, which is 
designed to be unconditionally stable even with very large time 
steps, to afford good accuracy even with relatively coarse 
meshing, and to facilitate benchmarkingkalibration through the 
use of adjustable parameters. Analysis for a sample problem 
shows that TEMpRA can obtain temperature response solutions 
with errors of less than 10% using approximately 1/1000 of the 
computer time required by a typical finite element code. 

NOMENCLATURE 

Enalish. Upper Case 
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Function OfPT (stability d Y & )  
Damping factor (benchmarking) 
Benchmarking error 
Reactanceterm 
Conductance term 
Convectance term 
Radiance term 

Thermal conductivity 
Conduction length 
Sum of conduction, convection, and radiation terms 
Probability, or probability distribution function 
27cp (stability analysis) 
Reaction source term 

4-1 (stability analysis) 

27q (stability analysis) 
2xr (stability analysis) 
Amplification ratio (stability analysis) 
Temperature 
Volume 

Reaction constant 
Generic thermal properly 

Enalish. Lower Case 
a Adjustable coefficient (benchmarking) 
b Adjustable coefficient (benchmarking) 
c Specificheat 
c Adjustable coefficient (benchmarking) 
d Adjustable coefficient (benchmarking) 
f Shape factor 
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Function of PT (stability analysis) 
Heat transfer coefficient 
Center-tocenter spacing in (e,q,r) system (stability 
analysis) 
Order of reaction 
Mode for 5 coordinate (stability analysis) 
Mode for q coordinate (stability analysis) 
Mode for < coordinate (stability analysis) 
Time 
Primitive coordinate (stability analysis) 
Primitive coordinate (stability analysis) 
Primitive coordinate (stability analysis) 

Greek 
Degree of implicitness (stability analysis) 
Finite increment 
Kronecker delta 
Emissivity 
Difference between current and steady-state temperatures 
(stability analysis) 
Transformed coordinate (stability analysis) 
Degree of reaction or decomposition 
Density 

Transformed coordinate (stability analysis) 
Transformed coordinate (stability analysis) 

Stefan-BOltzmann constant 

Subscripts 
A 
avg 

cond 
conv 
cn*t 
n 
Z 
i 
i 
k 
k 
m 
max 
min 
n 

PK 
P 
4 
r 
rad 
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Activation 
Average 
Char (or reacted condition) 
Conduction 
Convection 
Critical 
Failure 
Component index 
Element index 
Index of neighboring element 
Reaction term index 
Time index (stability analysis) 
Observation index (benchmarking) 
Maximum 
Minimum 
Scenario index (benchmarking) 
Initial condition 
Peak 
Mode for 5 coordinate (stability analysis) 
Mode for q coordinate (stability analysis) 
Mode for < coordinate (stability analysis) 
Radiation 
Reference 
Differentiation with respect to temperature 
Virgin (or unreacted condition) 
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INTRODUCTION 
There are many applications involving 3-D heat transfer in 

complex systems in which computational efficiency is as 
important as numerical accuracy- Two examples are the 
optimization of processing variables for advanced manufiacturing 
applications involving high temperatures, and the assessment of 
risks for systems which may be exposed to tires as a result of 
accidents. In both cases, hundreds or thousands of transient heat 
transfer computations may be required to appropriately 
characterize the response of the system. Not only must the 
analyst consider a large variety of possible initial and boundary 
conditions, but he or she must also evaluate the sensitivity of the 
results to uncertainties in the physical models, material 
properties, or failure thresholds. 

Accurate finite element simulations of large systems 
governed by highly nonlinear heat transfer processes may require 
meshes composed of thousands or tens of thousands of finite 
elements and may require hours of central processor unit (CPU) 
time on today's fastest computers. A need therefore exists for 
approximation methods which can solve these problems far more 
efficiently and maintain an acceptably high degree of accuracy 
(Shampine, 1994). 

For this purpose, we have developed a code called 
TEMPRA, which stands for Thermal Evaluation and Matching 
Program for Risk Applications penjamin, 1995; Benjamin et 
al., 1995). The modeling within TEMpRA is as detailed as most 
thermal analysis codes, and in some areas exceeds the level of 
detail found elsewhere. The primary dif5erence between it and 
other comparable codes is in its numerical formulation, which is 
designed to be unconditionally stable, even with very large time 
steps, and to afford good accuracy even with relatively coarse 
meshing. 

In this paper, we present the physical models employed in 
the TEMPRA code; summarize the numerical models, including 
an analysis of their inherent stability; describe the interfixes of 
TEMPRA with other codes; and present and evaluate the results 
from comparable TEMPRA and finite element analyses. 

FORMULATION 

Overview 
TEMPRA is a lumped-capacitance thermal analysis code 

that contains l l l y  coupled numerical models for the following 
phenomena: conduction, convection to a fluid of prescribed 
temperature, radiation, chemical reactions, and material 
decomposition. For each of these phenomena, the heat transport 
properties (thermal conductivity, specific heat, density, heat 
transfer coefficient, emissivity, reaction rate) may be functions 
of both temperature and the degree of reaction or decomposition. 
Chemical processes are modeled by a modified multistage 
Arrhenius rate formulation. 

TEIvPRA achieves much of its speed and computational 
stability from its numerical formulation, which includes 111 
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timewise linearization of the governing nonlinear equations 
coupled with a time-centered, semi-implicit integration scheme. 
The resulting coupled, linearized equations are solved by a 
matrix inversion procedure. 

Geometric inputs to TEMPRA can be provided through the 
use of built-in interfaces with the PATRAN mesh generation 
code (PATRAN Division, 1992) and the FACm shape factor 
evaluation code (Shapiro, 1983). Because of these interfaces, 
the labor of input preparation is minimi;red. 

One of the more unique features of TEMPRA is the 
inclusion of a ”benchmarhg/calibration option”, in which the 
analyst may specify that certain parameters that influence heat 
transfer are adjustable. A special algorithm determines the 
values of the parameters that optimize agreement between 
TEMpRA results and a set of benchmarking data. The data may 
include results obtained both h m  finite element calculations 
employing very fine meshes and from experiments. To facilitate 
the benchmarkinghlibration option, interfaces have been 
developed between l ” R A  and the finiteelement thermal 
analysis code, P m R M A L  (Rockenbach et al., 1988). Once 
the values of the adjustable parameters have been determined, 
the Same values are used for al l  succeeding runs regardless of 
initial and boundary conditions. 

The utility of the benchmarking/calibration option is that 
the analyst may employ a rather coarse mesh to improve the 
efficiency of the calculation and sti l l  achieve high accuracy 
through the adjustment of the parameters. Of course, TEMPRA 
can also accommodate a very fine mesh for problems in which 
accuracy is more important than efficiency. 

For systems analysis, the user can provide probability 
distributions for the failure temperatures of individual 
components, and the code will determine the probability of 
failure for each component as a fiction of time. The user may 
also provide uncertainty distributions for the temperatures 
predicted by the TEMPRA heat transfer equations, and the code 
will include these in the determination of the failure 
probabilities. 

Transient Heat Transfer Model 
As mentioned above, the TEMPRA model for temperature 

response includes heat transfer associated with several 
phenomena. The code accounts for these processes through 
terms in the heat transfer equation that include both geometric 
and material property parameters. 

The basic equation for the temperature4me derivative of 
element i is as follows: 

~ ~ , ~ ( q  e- T- e.) 
’ ” J’  [.i-q] conduction 

+ C bi,i ci(q,ei) j t i  

Z ~ , ~ ( T .  e. T- e - )  ” ” ” [‘j“ -q4] radiation 
+ ’ di,i c i ( q , e i )  j # i  

In Equation (1) and the equations that follow, the subscript i o r j  
is used to denote both the element and the material that 
comprises the element. For example, the term Ci<Ti,ei) refers to 
the capacitance for the material at element i at temperature Ti 
and degree of reaction 8p There is an equation and an initial 
condition for each of the elements, i, whose temperature is to be 
obtained The summation o n j  includes these elements, except 
j=i, plus ‘prescribed elements’khose temperatures are given by 
the user as functions of time. These prescribed elements are the 
boundary conditions of the problem. 

The variable terms in Equation (1) are dehed as follows: 

ci(?,ei> = G{Pv,l%,i(q)+ 4 x [ P c , i ~ c , i ( ~ > - ~ v , ~ ~ ~ ,  j(q)]} 
capacitance 

5, jU“i,eiJj,ej) = 

conductance 

mdiance 
(2) 

where 
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The values of the material properties are evaluated as follows: 

(4) 

where X can represent the density, specific heat, thermal 
conductivity, or emissivitr, Xv,i(Ti) is the material property in 
its virgin condition at temperature Ti; and XCJTj) is the 
material property in its charred (or fully reacted) condition at 
temperature Tp The virgin and char densities are not functions 
of temperature. The equation for the time derivative of the 
degree of reaction at element i is as follows: 

d 4  -= 
dt 

By substituting the approximations (aT/affr = ATiAt and 
(aT#Q = AT#At, we obtain the following semi-implicit, 
second-orderarrect set of difference equations for the unknown 
A T S :  

( 5 )  

The constants ai, bi2 c i2  and d j j  in Equation (1) are 
adjustable parametem whose values are determined by the 
benchmarkinglcalibration algorithm (described later). If the 
meshing is fine enough, all of these parameters may be set equal 
to 1.0. Otherwise, they c811 be adjusted to compensate for 
inaccuracies that may be introduced by using a coarse mesh. In 
that case, the parameters bjJ-, c j2  and d j j  may be viewed as 
adjustments on the interface areas for the various modes of heat 
transfer, and the parameter ai may be viewed as the mass 
fraction of the element that is involved in the chemical reaction. 

Numerical Alqorithm 
To illustrate how the governing equations are discretized in 

TEMPRA, suppose the daerential equation for the tempemture 
of element i, Equation (l), was written in the following very 
simple form, as a summation of terms involving the 
temperatures and degrees of reaction of the element under 
consideration (i) and various neighboring elements 6'): 

The generalized function PiJ represents the sum of the 
conduction, convection, and radiation terms in Equation (I), and 
Qi represents the reaction term. 

If the right-hand-side is expanded into a first-order Taylor 
series and integrated from time t to t+At, the following result is 
obtained: 

+-A (At)2 - dOj 
2 % j L  dt [+0(b)3 

Note that in the present version of TEMPRA, Oi and 8) are not 
treated as separate dependent variables. Thus, the tenus 
involving partial derivatives with respect to ei and 8 - include the 
time derivatives of these quautities in their explicit km, i.e., 
(d€+/dt) I & and (dO,,4dr)l&, rather than their implicit forms, 
i.e., A8j and A8j. In this representation, de/& is evaluated as a 
function of T and 8 using Equation (5)- 

The specific terms in Equation (8) can be expanded, using 
Equations (1) through (S), to provide a matrix of coefficients of 
ATj and ATj and associated source terms, which are functions of 
the values of Ti, q, Oj,  and 8) at the back time r. The equations 
become rather involved, and so they will not be presented here; 
they may be found in Benjamin et al (1995). Once the 
coefficients and source terms are evaluated, a simple matrix 
inversion provides the values of ATi and ATj. 

Stability Analvsis and Time Step 
The analysis in the appendix demonstrates that when the 

reaction terms are small compared with the conduction, 
convection, andor radiation terms, the numerical procedure used 
in TEMPRA is stable regardless of time step. The numerics 
may become temporarily unstable in regions where the reaction 
tenus dominate, but stability can be reestablished for a lumped 
element whose reaction has run to completion. 

Inl"RA, the time step At can vary during a run. The 
user specifies a maximum time step, ( A t h ,  and a maximum 
temperature increment, (Gw The current time step is then 
determined Erom the following equation: 
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(9) 

Experience has verified that TEMPRA remains stable, 
regardless of mesh fineness, even when the time step becomes 
very large compared with that required to ensure stability for 
explicitly formulated algorithms. 

Benchmarkinn/Calibration Alnorithm 
The benchmarkinglcalibration algorithm in TEMPRA is 

designed to facilitate the process of calibrating TEMPRA results 
with a number of temperature "observations." The database 
providing the observations may consist of both applicable 
experimental results and computer-generated results derived 
from more detailed finite element models. To perform the 
calibration, TEMPRA utilizes a set of adjustable parameters 
designated in Equation (1) as ai, bij .  c i 2  and diJ 

To help explain the calibration process, we define an 
observation as a specification of temperature for one of the 
lumped elements in the TEMPRA model at a particular time 
during a particular scenario. In an optimal calibration for a large 
problem, the observation database may include four or more 
scenarios (i.e., sets of initial and boundary conditions) with 
temperatures provided for each of the lumped elements at 
several hundred times for each scenario. Many times, however, 
data may be available for only a limited number of the lumped 
elements and for only a few times for each scenario. Thus, the 
database may contain as few as several hundred observations 
and as many as several hundred thousand. Obviously, the 
accuracy of the process increases as the number of observations 
increaSeS. 

For the calibration process, we use the integral form of the 
heat transfer equation, (1). For a particular observation, m, 
during a particular scenario, n, we define the error at element i 
as the difference between the right- and left-hand sides of the 
equation, viz.: 

+ ,, 5" o C i . n ( f >  
'[ Tj,n ( t  ) - T,n ( t  )]dt convection ci ' 

- [ q , n  - ( T , n  101 sensible heat rise 

If the database includes temperatures for all the lumped 
elements, the temperatures Ti,n and T/ ;n  are those prescribed in 
the database. If not all the temperatures are available in the 
database, the ones that are missing are estimated by first running 
TEMPRA for the scenarios in question with the adjustable 
coefficients set to 1.0 and with temperatures prescribed at the 
lumped elements for which there are data. The temperatures 
computed by 'IEMF'RA for the remaining lumped elements are 
then added to the set of observations to complete the database. 

To obtain the adjustable coefficients, the integrals in 
Equation (IO) are evaluated numerically and a linear regression 
(least-squares) analysis is performed to determine the set of 
coefficients that minimizes the sum of the squares of the errors, 
Ei,m,n. As a constraint, none of the coefficients is allowed to be 
negative (a condition which would violate the second law of 
thermodynamics). Furthermore, a damping factor is sometimes 
introduced to inhibit large movements of the coefficients away 
from 1.0. This is accomplished by adding to the error array a set 
of pseudoobservations defined as follows: 

Here, DF is the damping factor provided by the user, usually 
taken to be between and and (arng is a reference 
temperature, currently taken to be equal to the average 
temperature rise for all the observations. By using Equations 
(10) and (1 l), we obtain the following equation for the sum- 
squared error: 

C E 2 =  C 
i. m. n 

r 1 

2 
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Two procedures are available to determine the set of 
coefficients that minimizes Equation (12). In the tint, the 
equation is differentiated with respect to each of the adjustable 
coefficients and the resulting equations are set to zero. Jnversion 
of the resulting square matrix is accomplished using a Gaussian 
elimination procedure. In the second, a Sandia mathematical 
library routine (Hanson, 1982) is used to minimi;re Equation 
(12) within the constraint that the coefficients lie within stated 
bounds. The first procedure is suitable for relatively small 
problems, whereas the second is more efficient for larger 
problems. 

Once determined, the same set of adjustable coefficients is 
used to evaluate all new scenarios postulated by the analyst. 
That is to say, the coefficients are assumed to be independent of 
time, tm, and Scenario, n. 

It should be noted that the calibrated parameters are valid 
provided the physical configuration of the problem does not 
differ from that which provided the benchmarking database. 
For example, significant errors could result if the data source 
does not include geometry changes due to material melting or 
decomposition, whereas the scenarios to be anal@ involve 
high enough temperatures for these effects to be signiticant. 

Failure Probabilities 
For systems analyses, a postprocessor to TEMPRA 

calculates failure probabilities as a function of time for 
components defined by the user. In the postprocessor, failure is 
assumed to OCCUT when the temperature of a lumped element 
reaches the failure threshold for the component it represents. 
The user can input probability distributions for both the failure 
temperature threshold of each component and the achieved 
lumped element temperature. In defining the distribution for 
achieved temperatures, the temperature calculated by TEMPRA 
for a lumped element at a given time is taken to represent the 
mean or median for the element at that time. 

The failure probability for component I at time t can be 
defined by the .following equation: 

roo rT 

where fm XT) is the density hct ion for the failure temperature 
of compoient Z and fpKXT) is the density hct ion for the peak 
temperature achieved dy the component up to time t. The 
equation from which the postprocessor performs its integration is 
derived from Equation (13) and may be written as follows: 

where 

In Equation (14), T- and Tmax define the region of the 
overlap between the distributions PPK~T)  and Pm AT). That 
is to say, T& is the higher of h e  temperatires where 
PPK r(r)=o and where Pm,Xw, and T' is the lower of the 
tem&ratures where PpKfT)=l and where PmXi"p1. The 
equivalence of Equations 113) and (14) is shown & Benjamin et 
al., 1995. 

Code Interfaces 
To facilitate the preparation of input, we have developed 

direct intdaces between TEMPRA and the widely used codes 
PATRAN, PKHERMAL , and FACET (referenced above). 

We employ PATRAN to set up a mesh of geometric solids 
(or "hyperpatches"), which are converted by a TEMPRA 
preprocessor into lumped elements. From the PATRAN data, 
the preprocessor determines appropriate geometric parameters 
for heat transfer, such as conduction lengths and interface areas 
for conduction, convection, and radiation. The meshes obtained 
from PATRAN generally consist of hexahedral elements. 
However, the user has the option of combining hexahedral 
elements to obtain composite elements of arbitrary shape. 

We use PKHERMAL to provide temperature history data 
@e., observations) for a set of scenarios in order to calibrate the 
adjustable parameters in TEMPRA. The interface consists of an 
algorithm which reads the output fiom P- and 
converts it to input for the benchmarkinglcalibration algorithm. 
Of course, the observation database may include data fiom other 
sources, but there are currently no automated interfaces for 
sources other than P-. 

The FACET p r o m  provides radiation view factors. We 
utilize a previously written PATRAN postprocessor to transform 
the PATRAN geometric model into a form that can be used by 
FACET. Basically, the postprocessor converts the PATRAN 
geometric solids into a set of enclosures consisting of 
quadrilateral surfaces. 

In addition to these interfkes, TEMPRA is designed to 
accept user input prepared from spreadsheet applications. The 
code accepts output ftom either EXCEL (PC environment) or 
Lotus 1-2-3 (UNIX environment). 

SAMPLE PROBLEM 

Problem Statement 
To illusfrate the efficacy of the TEMPRA transient heat 

transfer and benchmarkinglcalibration algorithms, we considered 
the sample problem illustrated schematically in Figure 1. The 
problem consists of a hollow cube of side length 12.0 inches 
(30.48 cm) and wall thickness 1.0 inch (2.54 cm), inside of 
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(A) ENGULFINGFIRE 
(Nearest Wall of Casing Deleted for Clarity, Temperatures in K) 

(B) TOP-DIRECTED FIRE, INSULATED SIDES & BOTI'OM 
(Nearest Wall of Casing Deleted for Clarity, Temperatures in IC) 

FIGURE 1. TEMPERATURE CONTOUR PLOTS FOR 
THE SAMPLE PROBLEM AFTER 20 MINUTES OF 

EXPOSURE. 

which resides a solid cube of side length 2.0 inches (5.08 an). 
The outer cube is composed of stainless steel and is exposed to 
various types of fires. As it heats, it radiates to the inner cube, 
which is composed of aluminum. The center of the inner cube is 
offset from the center of the outer cube by 1.0 inch (2.54 cm) in 
each coordinate direction. 

In this problem, the solid, inner cube might represent a 
component in a larger system, and the hollow, outer cube might 
represent its casing. In accordance with this interpretation, we 

considered the following two scenarios for analysis: (1) the 
entire casing engulfed by a uniform fire at temperature 1850 OF 
(1283 K) for 20 minutes; and (2) the top of the Casing engulfed 
by the same fire with the sides and bottom l l l y  insulated. For 
both &arios, we assumed that the fire was a black-body 
radiator and that the emissivities of the steel casing and 
aluminum component were 0.5 and 0.3, respectively. We set the 
initial temperature of the assembly at 68 OF (293 K). 

To determine values for the adjustable coefficients, we 
introduc,ed a special calibration scenario and ran the 
PARERMAL finiteelement code to provide the required 
observation database. For the calibration scenario, we set the 
component temperature to 3140 OF (2000 K) at time zero and 
thereafter. For this scenario, the thermal response of the casing 
is governed by radiation to its inner surface from the component 
and reradiation h m  its outer surfixe to ambient air. We chose 
this hot-component scenario for the calibration because we 
wanted the response of the casing to be more strongly influenced 
by the internal radiation resistors than by the external ones. 

We set up two meshes to analyze the component-casing 
assembly. The first consisted of 226 elements (Figure I), 444 
conduction resistors, and over 10,000 radiation resistors. The 
second was composed of 57 elements (56 for the casing and 1 for 
the component), 108 conduction resistors, and 408 radiation 
resistors. The large number of radiation resistors for the fvst 
mesh resulted mainly from the large number of elements on the 
casing that could radiate to one another. 

We performed the analyses for this problem utilizing the 
following five solution techniques: 
(1) Direct application of PKHERMAL with 226 finite 

elements. 
(2) Direct application of TEMPRA with 226 lumped elements 

and the adjustable coefficients set to 1.0. 
(3) Direct application of TEMpRA with 57 lumped elements 

and the adjustable coefficients set to 1.0. 
(4) Application of the TEMPRA benchmarkinghlibration 

option to calibrate the adjustable parameters, followed by 
application of the TEMPRA transient heat transfer 
algorithm with 226 lumped elements and with adjusted 
parameters. 

(5) Repetition of case (4), using the Sirelement mesh. 
For the calibration of the 226element model (case 4), we 

treated the coefficients associated with all the conduction 
resistors as adjustable, as well as the radiation resistors that 
connected the casing to the internal component. Because of the 
size of the problem, however, we did not attempt to adjust the 
coefficents for the radiation resistors between dflerent elements 
on the casing and between the casing and the external 
environment. There were a total of 2024 adjustable parameters 
for this case. For the 57element model, we treated all the 
coefficients except those applying to the external radiation 
resistors as adjustable. The total number of adjustable 
parameters for the 57element case was 420. 



We used the Gauss elimination method to invert all the 
coefficient matrim in cases (2) through (5). 

Results and Conclusions 
Temperature contours obtained using PRHERMX for the 

two fire scenarios at the end of 20 minutes are shown in Figure 
1. The P- results indicate that there were large 
temperature gradients in the casing for the topdirected fire, but 
that the component temperature was nearly uniform for both 
scenarios. 

Figures 2, 3, and 4, provide a comparison of temperature 
responses obtained for the benchmarking Scenario and for each 
of the 2 fire scenarios using the 5 solution techniques described 
just above. They also indicate the amount of CPU time (in 
seconds) expended for each calflation. Note that all 
calculations were performed on a SUN SPARC-20 workstation. 
The results in Figures 2 through 4 apply to the following three 
locations in the assembly (1) one of the comers on the top 
surface of the casing, (2) the center of the top surface of the 
casing, and (3) the component. 

As a result of the calibration, the adjustable coefficients in 
Equation (1) were changed from their original values of 1.0 to 
values ranging between 0.2 and 3.0. For the 57element model, 
the spread was greater for the conduction coefficients (0.7 to 
3.0) than for the radiation coefficients (0.5 to 1.0). The 
opposite was true for the 226element model, where the. spread 
for the conduction coefficients (0.8 to 1.9) was less significant 
than that for the radiation coefficients (0.2 to 1.5). 

From the results in Figures 2 through 4, it is possible to 
make the following observations. First, the running times 
required for the TEMPRA calculations using 226 lumped 
elements were more than an order of magnitude less than for the 
corresponding PlllERMiK calculations using the same number 
of finite elements. This saving resulted from the fact that we 

1 

The temperatures from P/TEERM.AL actually represent an 
average of the temperatures for the nodes that happen to lie 
within a lumped element in one of the TEMPRA models. The 
averaging was performed over a volume of 1.0 in3 (16 an3) 
for the top comer, 4.0 in3 (66 cm3) for the top center, and 8.0 
in3 (1 3 1 an3) for the component. The averaging volumes for 
the top corner and top center of the casing each represent less 
than 1 percent of the total casing volume. Temperature results 
from the TEMPRA 57-element model are not shown for the 
topcenter location because none of the lumped elements 
happened to occupy that location. Temperature results from 
the TEMF'RA 226element model are not shown for the top  
corner location because the view factors obtained from FACET 
exhibited somewhat anomalous behavior in that region. In 
these and other calculations, the ability of FACET to predict 
accurate view factors near comers was found to degrade when 
the number of radiation surfaces became very large. 
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FIGURE 2. COMPARISON OF RESULTS FOR THE 
HOT-INNER-CUBE (CALIBRATION) SCENARIO USING 

DIFFERENT SOLUTION TECHNIQUES. 

were able to run l"RA without sacrificing accuracy due to 
time step using a (At& as high as 50 seconds and(&, as 
high as 50 "F (28 "C). As indicated by Equation (9), the actual 
time step in TEMPRA is the minimum of (At& and the step 
that would accrue thm a maximum temperature increment of 
(G. The feasibility of using large time steps is a 
consequence of the numerical modeling d&bed earlier. -It 
should be noted that we used default rn control parameters in 
the P m  calculations, and that it might have been 
possible to reduce the running time for those calculations by 
experimenting with other parameter choices. 

Second, it was possible to achieve extremely fast running 
times by reducing the number of lumped elements in the 
l'EMPRA model from 226 to 57, a factor of about 4, and using 
the benchmarking/dbration a l g o r i h  to ensure accuracy. The 
running times for these TEMPRA runs were almost three orders 
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(Aj BEFORE BENCHMARKING 
10889 K 1500.0 

- PIMERMAL. 226 ELEMENTS, WX CPU 
--- TEMPRA. 226 ELEMENTS, 670 cw 
-_-_ TEMPRA 57 ELEMENTS. 11 CPU 

0 1000.0 . 
5 
G U TOP CORNEA 
w 

0.0 0.0 1 200.0 400.0 600.0 800.0 looo.0 1200.0 1255.6K 
TIME(SEC) 

(81 AFTER BENCHMARKING TO HOT-iNNER%UBE CASE 
1500.0 110889K 

PIMEAMAL. 226 ELEMENTS. 8200 CPU 
TEMPRA. 226 UUtENTs, 670 cw 

E 1000.0 
W z 
E 500.0 

0.0 I 1255.6 K 
0.0 200.0 400.0 600.0 800.0 1000.0 1200.0 

TlME(SEC) 

FIGURE 3. COMPARISON OF RESULTS FOR THE 
ENGULFING FIRE USING DIFFERENT SOLUTION 

TECHNIQUES. 

of magnitude less than for the corresponding P m  
calculations. 

Third, although there were noticeable dfierences between 
the temperature results obtained fiom PATERMAL and those 
obtained fiom TEMPRA in certain instances before the 
calibration was applied, the use of EMPRA with the 
benchmarkinglcalibration algorithm succeeded in producing 
results that consistently matched those from PIINERMAI.,. The 
differences prior to the calibration were primarily a result of the 
fact that the internal view factors provided by FACET were 
somewhat dfierent fiom those provided by PMEWFACTOR, 
the code that calculates view factors for PlITERMU. After the 
calibration, however, differences in temperature response were 
consistently less than 20 OF (1 1 "C) for all three scenarios. 

Fourth, considering that we did not attempt to 
systematically m o d i  the TEMPRA inputs to optimize 

(A) BEFORE BENCHMARK~NG 
m.0 700.0 K - P/lHERMAL. 226 ELEMENTS. Mxx) CPU --- TEMPRA. 226 ELEMENTS. 440 CPU 

-_-_ TEMPRA. 51 ELEMEtjTS. 7 CPU 

0.0 ' 1 m 6 K  
0.0 200.0 400.0 600.0 m . 0  lOOO.0 lm.o 

TIME (SEC) 

(e) BENCHMARKING TO HOT-INNERUJBE CASE 
8W.O .700.0 K - PIMERMAL. 226 ELEMENTS. 6oM) CPU --- TEMPRA. 226 W E N T S .  440 CPU 

TEMPRA. 51 ELEMENrs. 7 CPU -_-_ 
m.0 - 

' TOP CENTER OF CASING 
0 
W a 

0.0 ' I W 6 K  
0.0 200.0 400.0 600.0 8W.o 1ooo.o 1200.0 

TIME(SEC) 

FIGURE 4. COMPARISON OF RESULTS FOR THE TOP- 
DIRECTED FIRE USING DIFFERENT SOLUTION 

TECHNIQUES. 

efficiency, it might have been possibIe 'to achieve still greater 
efficiencies. For the 226element TEMPRA model, faster 
running times might have resulted if we had used the Sandia 
mathematical library routine to invert the 226 x 226 thermal 
coefficient matrix rather than the built-in Gauss elimination 
procedure. Furthemore, we might have been able to reduce the 
total number of lumped elements to significantly fewer than 57 
and still achieved acceptable accuracies using the 
benchmarkinglcalibration algorithm. As mentioned earlier, we 
may also have been able to improve efficiency for the 
P m  calculations by modifjhg the run control 
parameters. 

Fifth, it is notable that after application of the 
benchmarkinglcalibration algorithm, a high degree of agreement 
occurred for all three scenarios, even though the hot-inner-cube 
scenario used for calibrating the parameters differed markedly 
from the two fire scenarios. This fact suggests that there is a 
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basis for using TEMF'RA to predict t h m l  responses to 
environments that lie well outside the range of conditions 
included in the benchmarking database. Of course, the validity 
of extrapolation must be verified for each problem considered. 
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APPENDIX DETAILS OF STABILITY ANALYSIS 
The method to be used in this appendix is attributed to 

von Neumann (Roache, 1972). Theoretically. the procedure is 
rigorously correct only when the differential equations are linear, 
the coefiicients are constant, and the boundary conditions are of 
the Dirichlet type (i.e., the boundary temperatures are invariant 

after a perturbation h m  their initial state). Empirical evidence 
strongly suggests, however, that the method can also yield 
heuristically correct information about stability for practical 
problems that involve nonlinearities, nonconstant coefficients, 
and non-Dirichlet boundary conditions (Benjamin, 1977; 
Brazier, 1974; Trapp and Ramshaw, 1976). 

Upon neglecting chemical reactions, we may write 
Equation (8) in the following form: 

r 1 

j t i  

In Equation (16), the subscripts Ti and T- denote partial 
merentiation with respect to the corrqoncLg temperature, 
and the subscripts k and k+l refer to the consecutive times tk 
and fk+1. The parameter p appears here in place of the factor 
1/2 in Equation (8) to demonstrate the effect of the degree of 
implicitness ( p ) on the stability. When f3 =In, the numerical 
equation is second-order correct in time; otherwise, it is only 
first-order correct. 

Let a set of temperatures be applied to the bounda~~ of the 
system, and let the system have reached a steady-state 
temperature distribution internally, corresponding to the 
imposed boundary condition, prior to time zero. Suppose the 
temperatures of the internal elements, which are at their own 
temperatures when they are in steady state, are randomly 
pedmbed at time zero. As the system tries to return to steady 
state, there will be some "error" in each of the internal 
temperatures, which may be defined at time fk as the fouowhg 
difference between the current value, Ti,b and the ultimate 
steady-state value, Ti: 

Upon substituting Equation (17) into Equation (16), the terms 
(Ti,kl-Ti,k) and (Tjfi1-T-k) in the latter equation become 

to obtain an analytic solution, we adk an additional constraht 
that the initial perturbation be small. Thus, we can use the 
following first-order Taylor approximation: 

replaced by (~i,k+l-si,d ' t  an ( c j k + p - k ) ,  respectively. In order 
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and since the left-hand side of Equation (18) is zero by virtue of 
the steady-state condition, we can rewite Equation (9) as 
follows: 

r 1 

To this point, we have made no presumption about the 
mesh geometry. TEMPRA does not have any intrinsic limitation 
on the shape of the elements; the user specifies the geometq in 
terms of volumes, interface areas, shape factors, and conduction 
lengths. For simplicity, however, let us assume that each 
element is a hexahedron, so that element i communicates with 
six elements j # i. Since the elements do not have to be 
uniformly arranged, let us assume that the centers of the seven 
elements are randomly placed with respect to one another, as 
shown in Figure 5(a). Let us now make a transformation of the 
(XTJ) system to a (e,q,C,) coordinate system, such that the 
centers of the elements become uniformly spaced, as shown in 
Figure 5(b). Let the center-to-center distance in the (en,<) 
system be denoted as h. 

According to the method of von Neumann, we assume that 
the errors can be represented as an infinite complex triple 
Fourier series, expressed as follows: 

where Z = 4-1. For shorthand, we set P = 277.p(ei/h), Q = 
27q(qj/h), and R = 2lv(rilh), and denote the seven elements 
involving i and its neighbors as i = 1 and j = 2,3 ,  .., 7, as shown 
in Figure 4@). Also, we denote as RA the ratio of amplitudes, 

Upon substituting Equation (20) into 

where 

(a) Primitive Coordinates (b) Transformed Coordinates 

5- 

FIGURE 5. RELATION OF ELEMENT CENTERS IN 
PRIMITIVE AND TRANSFORMED COORDINATE 

SYSTEM. 

7 

Convergence requires that the magnitude of RA be less than or 
equal to 1.0 for all modes, P, Q, and R. Using the identities e@) 
= cos(P) + I sin(P), and I (a + Iby(c + Za) I = (2 + 9) / 
(2 + d2), we obtain the following expression for the square of 
the magnitude of the amplification ratio: 

where 

7 

and 
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By observation of Equation (23), it is clear that regardless of the 
value of p, pA12 s 1 for all modes only if B 2 0.  hen that is 
the case, stability is ensured for all time steps when p = 1/2 
(semi-implicit) or p = 1 (filly implicit). When p = 0 (explicit), 
stability is ensured only for At S 2B / (B2 + C2). 

Since the terms Pn(T1&T2JS through PhTl&T7JS 
must all be positive and the terms P T ~ ( T ~ J , T ~ J S  through 
PT~(T~&Z'~JS must all be negative in order for heat to travel 
from hot to cold, it is clear from Equation (24) that B 2 0 
whenever cos(P), cos(Q), and cos (R) are all negative. The 
minimum value of B occ& when these cosines all achieve their 
maximum positive values. That is, the critical mode 
corresponds to cos(P) = cos(Q) = cos(R) = 1. Substituting these 
values into Equation (24), we obtain: 

The stability prerequisite for any value of p, therefore, is Bcrit 2 
0. 

Subject to the assumption of this analysis that the original 
perturbation is small, we may M e r  write, in conjunction with 
Equation (18), the following condition that can be applied 
together with Equation (26): 

We will now use Equations (26) and (27) to show that for most 
cases of interest involving thermal conduction and radiation, 
Bcrit will be nonnegative. 

Consider first the case where element 1 is communicating 
with elements 2 through 7 via radiation only. Assume that all 
emissivities and shape factors are 1.0 and that the radiation 
areas and element volume can respectively be approximated as 
h2 and h3. In this case, the following relation pertains: 

Substituting Equation (28) into Equations (26) and (27), solving 
the latter for and substituting it into the former, we obtain: 

TEMPRA should be stable for all time steps for radiation 
dominated heat transfer. 

Now as a second example, consider the case where element 
1 is communicating with elements 2 through 7 via conduction 
only and the material properties are a function of temperature 
such that 

Following the same process as for the radiation example, we 
obtain: 

L j=2 J 

j = 2  i ( T j , k ) n l )  

It may again be shown that Bcrit 2 0 for any set of T values. 
The formulation of the stability analysis can be modified 

to include a source term to represent chemical reactions, as per 
Equation (6) and Equation (8). Pursuing the derivation as 
above, one finds that Befit contains the term -Qn(TlJS, which 
is the rate of change of the chemical heat release with 
temperature. Since the rate of reaction generally increases with 
temperature, reactions tend to be destabilizing if they are 
exothermic, but stabilizing ifthey are endothermic. 

The ameliorating factor regarding exothermic chemical 
reactions is that the reaction is seK-limited by the amount of 
reactant present Thus, while temporary instabilities may occur 
until the reactant is depleted, overall stability should be 
maintainable as long as the total amount of heat produced by the 
reaction in the vicinity of any element is small compared with 
the total amount of heat transfmed from the region as a result of 
conduction, convection, and radiation. 

It may be shown by direct substitution that Bcrit 2 0 for any set 
of values for the 2"s. Thus, the dfierencing scheme used in 
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