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Abstract 
The instantaneous power factor can be clearly 

understood from the instantaneous phasors. The unique 
property of instantaneous phasors is that at any instant the 
instantaneous three-phase currents and voltages can be 
represented by a set of balanced phasors. The instantaneous 
power factor resembles the familiar format of power factor 
derived from the conventional phasors. This new concept 
can be used for power quality monitoring, diagnostics, and 
compensations. 

I. INTRODUCTION 

The instantaneous phasor method originated by 
the author has a unique symmetrical property. Regardless 
of how unbalanced the three-phase situation is, the 
instantaneous phasors of one phase can be used to represent 
three phases[l-4]. Three-phase currents and voltages can 
be represented by a set of balanced instantaneous phasors, 
respectively. 

can also be presented by the cosine of the angle between 
the voltage and current phasors, V and 1. The 
instantaneous power factor concept is different from the 
traditional concept of power factor that is assessed over the 
period of a cycle. 

Traditionally, the concept of power factor is the 
ratio of active power to the apparent power averaged over a 
period of time. For instance, Fig. 1 shows the waveforms 
of a voltage and a +degree lagging current. The classical 
phasors, Vand I, of the voltage and current are also shown. 
The active power equals the integration of v and i products 
averaged over a cycle. Because of the phase angle difference 
between v and i, the sign of vi product changes, as 
illustrated in the figure. This integration can only be less 
or equal to the integration of v and i products of voltage 
and current that are in phase. The latter integration 
represents the apparent power. The traditional power factor 

Sign of v i product 

Power factor = cos(@) 

Fig. 1 Voltage and current waveforms and phasors for 
expalnation of traditional concept of power factor 

Recent interesting developments on the 
instantaneous reactive power and instantaneous power 
concept [S-71 have been proven to be useful for power 
quality and utilization improvements. 

The unique instantaneous phasors discussed in this 
paper not only provide a clear picture of the instantaneous 
power factor, they also give a clear overall power quality 
picture. The roundness of the trajectory of instantaneous 
phasors of a fundamental cycle indicates the quality of 
currents and voltages. The instantaneous phasors provide 
theoretical foundation for power quality monitoring, 
diagnostics, and improvements. 

The instantaneous phasors of voltages and currents 
derived in [ l ]  can either be presented in a vector format or 
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in a complex number format. The arbitrarily chosen 
complex number format of the instantaneous phasors, such 
as the voltages, Vu, vb ,  and V,, are given in (1). They have 
the same magnitude but are 120degrees apart. 

Alternatively, the instantaneous phasor magnitude 
V, of V,, V,, and V, can be derived from a phase, for 
instance, from phase-a 

where the zero-sequence component for the three-phase 
voltages is 

(2) 
1 

3 
VO = - (vu + Vb + vc). 
Alternatively, a more general expression of (1) to 

include the zero-sequence components in the equations by 
shifting the origins of phasors can be adapted. 

The real values of the instantaneous phasors are 
simply the instantaneous phase values without the m 
sequence component as given in (3). 

(3) 

The instantaneous phasors’ imaginary values 
denoted as vq, vk , and vcq can be obtained from (4) 

v - v  -u % -  J? (4) 

va - vh vcq = -. J? 
The numerators of equation (4) are actually the 

instantaneous line-to-line voltages that are not affected by 
the zero-sequence component. 

The instantaneous phasor magnitude, V ,  of 
V,, V,, and V, can be derived from (2), (3), and (4). The 

result is that 

(6) 
2 2 v = p[cVa - v,) + (v ,  - vc)2 + ( v ,  - v , )  1 .  

II. ROUNDNESS OF TRAJECTORIES OF 
INSTANTANEOUS PHASORS 

The voltages and currents obtained from a field 
test of a 50-hp, 4-pole induction motor are shown in Fig. 
1. The voltages are slightly unbalanced, and the currents 
are significantly more unbalanced. The roundness of a 
trajectory indicates how good the power quality of three 
phases is. 

phase 

phase 

Fig. 1 Phase voltages and currents at full load 



The trajectories of instantaneous voltage phasors, 
V,, V’, and V,, of (1) are shown in Fig. 2, where the three 

phasors are always identical in magnitude but are 120- 
degrees apart. The same observations can be drawn from 
the trajectories of instantaneous current phasors, i,, ibr and 
i,, shown in Fig. 3. Mathematical proof of this 120- 

degree symmetry property is given in the Appendix. 

381.2 

-391.3 392.3 

Fig. 2 Trajectory of instantaneous phasors, V,, V,, and V,. 

‘105.3 105.2 

Trajectory of instantaneous current phasors, 
I,, 1, , and I,. 

Fig. 3 

i 

Figs. 2 and 3 also show that for the polluted 
voltages and currents, the instantaneous phasor trajectories 
are not circles because of harmonics and negative-sequence 
content. The instantaneous phasors are not rotating at a 
constant speed [ 1,2]. The non-circular shape of the current 
trajectories suggests that the three-phase currents are 
significantly unbalanced and with certain harmonics. 

The unique symmetrical property of the 
instantaneous phasors of three phases permits taking the 
voltage and current phasors of one phase to calculate the 
various power components of the entire motor. 

III. INSTANTANEOUS ROOT-MEAN-SQUARE (rm~) 
VALUES OF VOLTAGES OR CURRENTS 

From Fig. 4 and (1) the instantaneous value of 
phase currents or voltages can be expressed by the 
projections of instantaneous phasors to the real axis. 

Fig. 4 Instantaneous voltage and current phasors of three 
phases 

The left-hand portion of the equal sign of the 
following equation, (lo), is the instantaneous rms value of 
the three-phase voltages excluding the zensequence 
component. The rms value contains a “mean” process. For 
the instantaneous rms value, the “mean” refers to the 
averaging over three phases. This is different from the 
conventional rms that is averaging over a certain time 
period. 

Y 
V = - .  JT 

3 (10) 



Detailed derivation proves that the instantaneous 
current or voltage phasor magnitude divided by f i  equals 
the instantaneous rms value of three-phase currents or 
voltages excluding their zero-sequence component. 

Combining (6), (7). (8), (9), and (10) the 
following relationship given in (1 1) holds true. 

Magnitude of instantaneous phasor of voltage 

= v  

[(vu - Vb)* + (Ub - V J 2  + (uc -vu)*]  

= f i  (Instantaneous rms value of three - phase voltages). 

Similar expression can be derived for the instantaneous 
current magnitude, I. 

IV. INSTANTANEOUS ACTIVE AND REACTIVE 
POWERS 

A. Instantaneous Active Power Excluding Zero-Sequence 
Components 

The instantaneous active power excluding zero- 
sequence components of three phases is the summation of 
products of phase voltages and currents without zero- 
sequence components. 

The products on the right side of the equal sign of 
(12) are given in the left-hand side of the equal sign of the 
following equation, (13). The symmetrical property of 
instantaneous phasors having the same magnitude ard 
being 120-degree apart among phasors is used. 

4a 4n 

3 3 
+ llVbllC0S(8 + $ + -->IIfbIIC0S(8 + -) 

3 

2 
= - V I  cos($. 

Simplifying the left-hand portion of the equal sign 
of (13) gives the right-hand term of (13). 

From ( 12) and (1 3) we have 

(14) 
3 

2 
Pphsor = - v I cos ($ . 

This equation, (14), says that the instantaneous 

active power of three-phase phasors equals 3 times - 

times the cosine of the angle between the 

voltage and current phasors. The V and I are the 
magnitudes of voltage and current phasors excluding the 
zero-sequence components. This expression of 
instantaneous phasor power for either balanced or 
unbalanced situations is similar to the format of 
conventional average power of balanced three phases. 

V 
Jz 

I 

times 7T 

B. Three-phase Instantaneous Active Power Including Zero- 
Sequence Components 

The three-phase instantaneous active power, p ,  
calculated from the real instantaneous voltages and currents 
including zero-sequence components is 

We have the three-phase instantaneous power 

P = p p k o r  + ~ V O ~ O .  (16) 



C. nree-Phase Instantaneous Apparent Power of 
Instantaneous Phasors 

The three-phase instantaneous apparent power, 
sphasorr is the product of 3 times the rms voltage and 

current. 

3 

2 
S p h o r  = - v I 

D. Three-phase Instantaneous Reactive Power of 
Instantaneous Phasors 

From Fig. 4 the instantaneous reactive power, 
qphacor. of the phasors is given by. 

3 
qptmor = - V I sin $J 

2 

E. Instantaneous Power Factor 
The instantaneous power factor, cos+, is defined 

by the ratio of the active and the apparent instantaneous 
powers. 

P p h o r  
cos4 = - 

Sptmor  

V. PHYSICAL MEANING OF INSTANTANEOUS 
POWER COMPONENTS 

The properties of the conventional active and 
reactive power theory still hold true. From (16), (17), and 
( 18) we have 

(20) 
2 - 2  2 

Sphasor - P p t m o r  + qphsor 

From (19) when the instantaneous power factor 
equals one, the instantaneous active power, pphosor, equals 

the instantaneous apparent power, sphosor. This is only 

possible if the instantaneous current phasor coincides with 
the instantaneous voltage phasor shown in Fig. 4. For a 
given instantaneous active power, the required magnitude of 
the current phasor is the smallest one as compared with 
those when the instantaneous power factor is not one. 
From (lo), the magnitude of instantaneous phasor is 
proportional to the instantaneous rms value of three 
phases. The smallest rms value of three phases for a given 
active power means the losses associated with the ms 

value is the smallest one, and the power delivery is at its 
most efficient manner. 

VI. CONCLUSIONS 

The instantaneous power factor can be clearly 
understood from the instantaneous phasors. The unique 
property of instantaneous phasors is that at any instant the 
instantaneous three-phase currents and voltages can be 
represented by a set of balanced phasors. The instantaneous 
power factor resembles the familiar format of power factor 
derived from the conventional phasors. This new concept 
can be used for power quality monitoring, diagnostics, and 
compensations. 

W. ACKNOWLEDGMENT 

Encouragement from the Power Electronics Group 
headed by Mr. Donald Adams and the helpful discussions 
from Drs. F. Z. Peng and John McKeever are gratefully 
acknowledged. 

VIE REFERENCES 

[I] John S. Hsu, “Instantaneous Phasor Method for 
Obtaining Instantaneous Balanced Fundamental 
Components for Power Quality Control and Continuous 
Diagnostics,” Paper Number: 98WM360, Power 
Engineering Society Winter Meeting, 1998, Tampa, FL,. 

[2] John S. Hsu, “Instantaneous Phasor Method Under 
Severely Unbalanced Situations,” paper submitted to Power 
Engineering Society Summer Meeting, 1998, San Diego, 
CA. Paper Number: 98SM202. 

[3] John S. Hsu, “Induction Motor Field Efficiency 
Evaluation Using Instantaneous Phasor Method,” Paper 
submitted to IASAEEE Annual Meeting, October 12-16, 
1998, St. Louis, MO. 

[4] John S. Hsu, “Active Power Components of 
Instantaneous Phasors,” Paper submitted to JASAEEE 
Annual Meeting, October 12-16, 1998, St. Louis, MO. 

[5] H. Akagi, Y. Kanazawa, A. Nabae, “Instantaneous 
Reactive Power Compensators Comprising Switching 
Devices without Energy Storage Components,” IEEE 
Trans. Ind. Appl., Vol. 20, pp. 625630, May/June 1984. 

[6] A. Nabae and T. Tanaka, “A New Definition of 
Instantaneous Active-Reactive Current and Power Based on 
Instantaneous Space Vectors on Polar Coordinates in 



Three-phase Circuits,” IEEEPES Winter Meeting, Paper 

171 F. Z. Peng and J. S. Lai. “Reactive Power and 
Harmonic Compensation Based on the Generalized 
Instantaneous Reactive Power Theory for Three-phase 
Power Systems,” Proceedings of the 7th International 
Conference on Harmonics and Quality of Power, pp. 83- 
89, Las Vegas, NV, October 16-18, 1996. 

NO. 96wM227-9 PWRD, 1996. 

IX. APPENDIX 

Symmetry Property of Instantaneous Phasors 

The 120-degree symmetry property of 
instantaneous phasors is proven as follows. 

The three-phase phasors are defined by (1). 
Substituting (4) into (1) gives 

vh - vc v, = (v, - v o )  + j-, 6 

vu - vb V, = ( v ,  - v o ) +  j - .  Js 

To prove v, equals v, turned 120 degrees ahead, we can 
simply turn v, 120 degree ahead. This indeed results in 

V,. The turning is conducted by multiplying v, with 

e ‘ 3 .  Simplification gives 
.2x 

In a like manner, we can prove that vb is v, 
turned 120 degrees behind. 
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