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CHAPTER X
INTROIUCTION

Preceding the principal digcussions ln this paper, we
ghall give the following necessary definitions, notations
and related theorems.

A point set will be regarded as o set of distinet real
numbers.'’ We shall use the term point and real number
interchangesbly .

The points x such that a<x<b will be denoted by Ea,h]
and will be called a glosed interval. Similarly, the
points x such that a<:x<.b;will be dencted by (2,b) and will

be galled an g interval. We shell asay thet (c,d) 18 &

en
sub-interval of [(a,H or {a,b) if s<c and d<b, if a<ec and
d<by or if a<ec and d< b,

A gloged get, B, is e set which contains all of its
1imit polnts., If x 18 & 1limit point of 8, every neighbor-
hood of x {every open interval containing x} contains poinks
of 8, If & is an gpen geb., every pelnt of § is an lnierior
point of 8, that is, if xis a polnt of 5, there existe &

neighborhood of x such that every point of that nelghborhood
is 8 point of 8. The sst 8, is said to be a subset of the

'a. cantor, Matn. Annalen, Vol. XLVI (1895), p. 48L.
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set § if every element of 8, is an element of §. The
complenent of 8, the set of 2ll points not in &, will be
denoted by 5. We shall sssume that the complement of an
open set is closed, and conversely, bthat the couplement
of 8 closed seb is op@m.a)

When we say that there exipts & bluniqgue correspond-
ence batween the elexents of 8, and 3,, we mean that there
exists a method of mating the elements ol 5, with the
elements of 5. in suech a way that every element of 3, will
he mated to one and only one elsment of S. asnd that every
glenaent of $§, will be zated to one and only one element
of &, .

If there exists a biunigque correspondence betwesn the
elepents of &, and €., then &, and §, are sald to have the
sagpe cardinal number. A set which ecan be put into biunique
corresnondence with the set of sll pesitlive integers ls
sald to be denumersble and to have the cardinal number Hﬂj)
It is evident that the elements of a denumerable set can be
enumerated as in Infinite sequence, P,, B, s Dgs s2e « A
get which has the sase cardinal numbsr as the continuum

{(set of #11 resl mumbers) will be gnid to have the cardinal

2. . » :

E. W, Aobeon, The Theory of Funcbions of a Real
Varisble snd the Theory of Fourigr' s Ssries, Vol. 1, thlrd
edition, p. 79.

33, Cantor, Journal fur die reine und angewsndte
mathenmatik, Vol, LEXXIV (18777, p. 24.




) If 3, can be mated blunlquely with & subset

number c.
of 5,, and §, can be mated biuniguely with & subset of §,,

then §, has the same cardinal rnumber as szaﬁ}

A eset is dense in the intervsl (a,b) if every point
X such that a<x<b ig & 1linmit point of 8. A get 8 18
non-dense if every iﬁtervél containg & sub-interval which
containg ne point of 5. If every point of S is & limit

polnt of 2, then we say that $ ls denge-in-itself. The

sum of &t most N, non~dense sets 18 exhaustible or first

cetexzory of Balre. The complement of an exhiaustible ssb

is sald to bs residual or second category of 5&1?&.6} &

get that iz woth c¢losed and dense-in-~itselfl is called s

pzrlect %ﬁt‘?}

If all the points of B lie in an interval, then 3 ls
bounded and hae & least upper bound, or upper boundary, and
a greatest lower bound, or lowser bomm&&ry_g)

Let 7 be any denumerable set of open intervsis cover-
ing the set § lying in \a,b), and denote by I, the length

sum of the intervals of [ . Let We(S) be the lower boundary

4Ibida., p. 258.
D%, Rorel, Legons sur la théorie des fonetions, p. 103.

5%. Baire, Legons sur les fonetlons discontinues, D. 78.

Teantor, Math. Annalen, Vol. XXI (1883), p. 575.

Brobson, op. cit., p. 62.



of 2, for all such ['. He(S) ie called the exterior

Lebessue measure of 5. Let ¥ be the complement of § with

respect to la,b]. Mi{3)= b-a-He(F) is calied the inte-

rior Lebssgue meagure of 3. IF Me(2)=uMi{3), the aect B

is sald to be pessurable Lebesgue and the comuon valus ig

called the Lebssgzue measurse of 9 &nd is denoted by E(%),g)

The Lebesguec measure of the sum of {wo sets ie lesgs than

or ggual to the gum of the measures of the two sets, or in

‘ . \ . .oy 20y
notetion: M{5, + 8, J<¥(3,)+¥(s, .*i) The Lebesgue

meagure of & subsst of § 18 lesg than or egual to the
Lebeggue measurs of 3. Hersafter we shall uss the word

measure Lo denote the Lebesgue measurs of 8 gset.

9. Lebesgue, Journal filr die reine und sngewandte
mathemstik, series 6, VoL. 1 (1905), Pe LB6. For Lhe
orizinal paper by Lebespue see also Lebeszue, Lecons sur
1'Inteprstion, first edition {(1904). '
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CHAPTER IX
THE CANTOR TIRFNARY SET

The Cantor Ternary @@tl) is defined as the set of all

numbers in [b, ﬂ which c¢an be represented in ternary nota-
tion {(notstion in the number system with base 3) withoud

the use of the aisit 1.

Iheorem I. The Cantor Ternary Set has cardinal
2)

nunber <.

Conslder the numbers Dbetween 2ero and cone which in
ternary notation end with the digit 1 hubt contain no @thaf
dxit 1. These numbsrs belong to the Cantor Ternary Set,
for they can be represented by equivalent numbers where
the digit 1 1s replaced by (022222... . Write these numbers
in a peguence

{2 Pos Dys vy Dy ens s
Write the rationsl numbers in & seguencs
| {rol= 25 Poy veny Ty sen s
We shall think of the voints of {p,] as measured on a 1ine

and the points of {rg as measured on another line. HMate

La. ¥. Harding and 3. ¥. Mulline, Colleme Alsebrs,
p. 325.
2

3. Cantor, “ébar unendliche linesre Punktmannig-
faltigkelten,” Math. Annalen, Vol. XXI (1892), p. 43.
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p, with r , which we will now call §, . Hate p, with the
first r, which is to the right or left of ¥, according as

a. is to the right of left of p,. Call this r,, g,. In

2
like marmer, mate p, with the first ¥, which 1z te the
right of g, and q,, between g, and gq,, or to the left of
q. and q, according as p, is Lo the right of p, and p, .
between p, and »,, or to the left of p, and p, . And in
general, mate p with the firet r, which hag the same
nosition 1n regard Yo q & Q.5 U, «s0s 4, ﬁg B has to P,
Pos Py '-«-3,@1_, .

Glearly every p, will have a unique mate in {r;} «
But suppose there exist some points of {r,} which do not
nave mates in {p,}. In that case, there must exist soue
fipat point of that kind, Call 1t x.. Evidently z, muet
be to the laft of T, Ty T, s »esr Ee, s b0 the right of
T, s Ty Tss eses I, OF between some two of those points.
Bub, in either case, r, muet be taken as & mate of some p,
within a finite number of steps. For suppose r,: 4, 1a
the ﬁﬂté»ﬁf D, Where p, is the iasﬁ p, used ag mate of T,
T, s swss OF I, Then there exists an n such that

1+2+44+ ... +2 emel+2+84 o, +27 4 27,

Byidently r, will be the mate ol eome p; where
1+2+ 84 .. 42 e ke 1424 b a2,

Let x be any non-terminating termary point of the

Cantor Set. Conslder the two sebs of left end-polnis, A



and B, vwhere p, belonge to A if p, is less than X, and
where p, belongs to B if p, ls greater than X. It 1s
evident that p, is not equal to x. Consider algso the two
sets of radtional numbers, ¢ snd D, whers r belonzs to ©

ifr is smate of 2 p, in 4, and r e in B il r ic &

»
mate of a4 p, in B. The set A is not empty, for 1f x 18 &
non~ternineting ternary point

Oexel.
But any interval (0,x) contains left end-points {p,'s of
the Cantor Ternary Set). Since x is not & left end-polint,
there must be in the interval {(0,x) & peint p, ¢ %x. And p
has & mate r, in 0. Thus € is not empty. Simllariy we can
show that D 1s not emply by considering the interval (x,1).

Since C is nobt empty, [ has as & lowser h&ﬁﬁﬁ any point
in G« Since U has a lower bound, Sralﬁo hag & lower bound-
gry. ©zll this lower boundary ¥.

¥Mete x with y. Clesrly though y ls the 1@%&%>b@unéary
of T, ¥ is not in D, for there can be no least left end-
point in B and hence no least rational number in D, Bio-
ilarly, ¥y 18 not in ¢, Thus y 18 not a ratbionzal nunber.

Tt ie evident that we will thus find unigue, irrational
mates for every non-terminsting ternary polnt x. But there
may possibly be some irrational number w which in this mab-
ing receives no mate. But w is the lower bauné%ry of some
set of rational numbars which by our Tirst mating were

mated to & eorresponding set of left end-polints which are



bounded and which must then have s lower boundary %. Bub
% ig & point of the Cantor Ternary Set for the Cantor Ter-
nary Set is elosed, that is, it eontains all of iis 1imid
points. {See Theovrem IT.} Thus 2 would have been mated
to W,

We have shown thet & subset of the Cantor Ternary 8Seb
can be mated biuniguely with the whole continuum. It 1s
obvious that & subset of the continuum, the Canter Ternary
Get iteself, can be mated biluniquely with the (antor Ternary
Set. By Bernstein's ?hearam,ﬁ) we oan say that the Cantor

Tornary Set hes the cardinsl nunbel ¢.

Theorem II. The Cantor Ternary Set is perfect.

The Cantor Ternary Set is the complement of at most
R, non-overlepping, nen-abutting open intervsls, which is

sxagtly the structure of 8 perfect seb.

Theorem III. TIhe Cantor Ternary Set 18 1 n-Gense .

Svery interval contains a sub-interval which contalns

no points of the Cantor Ternary Set.,

Theorem IV. The Cantor Ternary 3Bet is exnaustible.

Any non-dense set is exhaustible.

}Eﬁrﬂlx Q?}A @itcy 239 1§a



Theorem V. The Cantor Ternary Set is of measure zero.

pencte by 8" all the polnts of the Cantor Ternary Set,
except the end~-points of the open intervals left out,
Mal{g') < %
Ho(s') = (%)

-

-~

Me(8') 2 (3

*

3

=)

Div\-#ﬁm"ﬁc

E3

;}

But 1im (570, e, we(s') -

The remaining points of § con be sovered in the fol-
lowing menner. Choose o0, ¥Write the end-points in a
sequence. Cover the first with an interval of length less
than §, the second with an interval of length less than f,
the third with an interval of length less than %, wrey BhE
nth with an interval of length less than gﬁa, sne » The
length sum of the Intervals

LI‘,_,‘,?‘?(‘:Q_

1 -
Thus ¥e(8 - 8') = 0 and henoe 5&&%&}. = Oy
Consider 5. S ean ba covered with the intervals of 5.
Me(§)2 § +§ +27 ceest (%}: vrn =1
Bef{f)c 1.
But suppose ¥Me(S8)< 1. W¥e [&Z},}l = ¥e{8) +Me{3) 41, but this

is obviously s contradietion. Thus we(5)=1. And H{8)=0.



CHAPTER IIX
GENERALIZATIONS OF THE CANTOR BET

An obviocus generalization of the Centor Ternary Set is
the get of =11 numbers in [@,i] which can be represented in
n-ary notation with only ths dlgits O and m, where m=-n-1.
This pet is perfect, non-dsnse and hence exhauwstlible, of
measure zero, and of cardinzl number ¢, the pra@fﬁ belng
esgentially the same ag for the Cantor Ternary Set.

A more interesting generalization ig the following.
8iven any cloged 1nterval [p,b], take out sny open sub-
interval {s,, b,) such that &,» 2 8nd b, « b. Out of each
of the two remsining intervals, take an open sub-interval

1ich does not abubt {&.,b.,) and sueh that its end-polnte
are not a or b. Call these sub-intervals (., ba) and
{Baas Dol » And in general, out of sach of the remalning
2" intervals take an open sub-interval which does not sbub
any interval gr@viQQﬁly removed and such that its end-
points are not & §r b. (all these intervale (g, ,b.)s
{Brysbra) s wees (Bpmsbp)s S.18 defined se the set of sll
points in [2,b] which are 1n none of the open intervals

i‘a‘“ !b"n}} (‘a;|$ba)}9 LA S {3‘7.1\3 bn‘n)’ oo e

Theorem VI. £ is perfect.

pras eatt
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S ig the complement of at most H non-overlapping,
non-abutting open intervals.

The set S may be non-denss, the Cantor Ternary Bet
being & case in peint. However, © may fall to have this
sroperty 86, for example, when all the intervals {&,:0.)

{a,sba)s -+. are taken from the middle third of [&,‘r:s] .

8 has cardinsl npumber C.

If & is non-dense, the proof ip essentislly the sane
as the proof of the vorresponding theorem concerning the
Gantor Ternary Set, If 8 is dense in gome intervel, 8ay
[ﬁ,d], then {¢,d), a subset of 8, can be put into biunique
porreppondence with the pointe af the whole continuum. &nd
8. a subset of the continuum, can be ~ud into blunigue
correspondence with 3 Itself, By Bernstein's Theoren, the
set § has the sans cardinsl number as the continuum, that

18, the ecardinal number of 8 18 €.

Theoren VIIl. The measurs of the gemerail zod set B

18 equal o tue lenmgth of the interval [@sb) less the sum

of the lengths of ihse gub-intervals removed.

We(8) & {b- a)- Eb.\~ 8+ By - By) + vee *"(E‘*m’ 8o "} .
HelB) 2 (b, )+ (By - By ) s sae +{Bm~ Bad + axs =«

But ME(S) cannot be less ihan (b-a)-[fbu— N
+ {Byu— Byp) + ~e« 8nd Me(F) cannot be less then (b.- aul+

(%,

= B ) b e (B~ Banl + »++ » TOr supposs elthsr or both
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is true. Then Me(S)+Me(S) «(b-2). But
Me(8)+Me(E) z¥e(8+8)=b- a.

Thevrefore

Me(5)z (b - 8) - [(bu- 8,)+ (B~ 8.) 2 ven + (Bum B0de o]
And ‘

Hel{S)= {(bu-8.)+ (b 2)+ covt (B Bl 00n »

ML(S) = (b-8) [(Bu- 2.0+ (Bsy- 8a) # cvnt {Bum Bpdrens
and since He(S8)=¥i(8), the W(E) exlasts and

#(8)= (b-a)-{(bu- 8u)s voe 4 (Bne aud + .00

It ig poselble to construct in the interval

ELE], 2 non-dense set of measure %, where q and p are any
pogitive numbsrs such that 8<q<p.

Conslder the set S construected 1n the following manner.
In the interval [@,1], take out the middle g%th part of
[0,1], where r=zp -g. Then out of the middle of each of
the two remaining intervals, take an open interval of length

§§E. Continue in this manner, taking out of the middle of

sach of the 27 remalning intervals, &n open interval of
Lenzth gmgrg. Let £ be the set of pointeg never lLaken in any
of the open intervals. From the preceding theorem we have
r, . r r
i{a = - >+*T~+m+tﬂl &
w(s) =1 %—5 555 5e5 -]

¥{s)=1-

Wit

-8
p!’



CHAPTER IV
DENUMERABILITY, EXHAUSTIBILITY AND ZERC MEASURE.

We shall now glve & complete existential theory for the
three set proverties: denumerablility, exhsustibility and

LETO m2f8Ure

Theoren IX. All denumerable pete are of meagure zero,

but not eonversely.

Let 9 be any denumerable set, UWrite the polnts of 8
in a gssguence
B= D,y Dy Pys vees Dy wes 0
Choose any €70, Cover p, with an interval of length less

i & ‘
than %. Cover p, with an interval of length less than I

In general, cover p, with an interval of lenzgth less then

€ . .
Bn e Consider the lensth sum of these intervels cover .ng 5.
-
L‘L"'" > - €
, -5

But thle can be done for any € 0. Thus the set is of nesag~-~
Ure Zero.
The converse is not true. The Cantor Ternary Set, for

examnie, ie of measure zero, vut not @enumﬁrahief

Theorem X. All denumerable sets are exhauptible, but

13
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not cenversely,

Let 8 he any denumerable set. ¥rite the polints of 2

in a gseguence

b= « Do Dy sess B aes
Congider the non-dense getsg 8, =1 , S.:= p_, 5 - Dy eves
Sns D,s wsa » Thus 8 is the sum of at uwost H, non-dense

sete and is therefore exhaustible.

The converse is not true. For example, conslider the

Cantor lernary Set which is exhsustible but not denumseable.
Exazmples: {(a) Let us now consider an examnle of an

exhaustiole set which ia not only of measucre zero but 1s,

in Tact, of relative neasure 1. In the interval Eb,i&,

construct & non-dense pertect seb, 23,, of m@aaure'%. In

the same interval, construct a2 non-dense seriect set, 5,,

of mpeasure g. Continue 1n thls manner, in weneral, con-

structing in the same interval, a non-denss perflect sel, &,,

of m@&smre«ggiﬂé. Let 8=58,+8,% 85 +..v+ 54+ +2. » Thus

4 18 the sunm of at wost K, non-dense sets and is therefore

, 2= 1 2" - ] ?
exhaustibls. DBut #(5)=2 Eﬂ* amd,%égiwﬂﬁg%-:l, Therefore

M{syz 1, %ﬁt #{S) obviously canrot be greater than the
measure of the interval [G,ll. Thus M{2) = L.

{h) The set 8, the complement of set 5 in example (a),
hag zero measure Tut is not exhsustible, For supnose 5 had

any poglitive measure p. Then

M(E)+H(8) = 1+ p.



i

But ¥M(5) +¥(s) =1, Thus ¥({5)= 0.
{¢: an exemple of a set that is non-denumerable, non-
sxhaustible, and nod of messure zero isg the set of pointse

in the interval (0,1).

LN
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