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AN ALTERNATIVE TEST FGR VERIFYING ELECTRONIC BALANCE LINEARITY 

Ivan R. Thomas 
Lockheed Martin Idaho Technologies Company IW? 1 3 1998 

This paper presents an alternative method for ve-g electronic balance linearity & a c t .  
This method is being developed for safeguards weighings (weighmgs for the control and 
accountability of nuclear material) at the Idaho National Engineering & Environmental Laboratory 
(INEEL). The INEEL is a government owned site operated by Lockheed Martin Idaho 
Technologies Company in accordance with Department of Energy (DOE) orders. With regard to 
balance linearity and accuracy, Reference (a), DOE Order 5633.3B, Control and Accountability of 
Nuclear Materials, Paragraph II, 4, e, (l), (a) Scales and Balances Promam, states: “All scales and 
balances used for accountability purposes shall be maintained in good working condition, 
recalibrated according to an established schedule, and checked for accuracy and linearity on each 
day that the scale or balance is used for accountability purposes.” v 
Various tests have been proposed for testing accuracy and linearity. In the 1991 Measurement 
Science Conference (Reference (b)), Dr. Walter E. Kupper presented a paper entitled: 
“Validation of High Accuracy Weighing Equipment.” (A very similar presentation was given at 
the 3 Is‘ Annual Meeting of the Instiiute of Nuclear Materials Management.) Dr. Kupper 
emphasizes that tolerance checks for calibrated, state-of-the-art electronic equipment need not be 
complicated, and he presents four easy steps for verifying that a calibrated balance is operating 
correctly. These tests evaluate the standard deviation of successive weighings (of the same load), 
the off-center error, the calibration error, and the error due to non-linearity. 

Dr. Kupper makes the following observations concerning accuracy and linearity: 
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“Calibration error, also known as sensitivity error or span error: a small relative amount by which all 
weight readings may be biased. Being a constant percentage of the applied load, the calibration error 
is tested by weighing a calibrated mass standard of comparable amount as the capacity of the 
balance.’’ 

“Non-linearity: the deviation from a mathematically straight line in a graph of indicated results 
versus actual weights. ... To the user of a balance, non-linearity manifests itself most noticeably as a 
variation in the results when the same object is weighed on top of different amounts of tare. This 
phenomenon is used in testing the linearity of the balance. The same weight, say nominally 50 
grams, is first weighed without tare, then together with another 50,100, and 150 grams tare, 
respectively, setting the balance to zero each time before adding the test weight to the tare. Note that 
both the test weight and tares need to be only nominally known. ... The non-linearity error is 
calculated as the cumulative & of the deviations fiom the mean value.” 

“In judging the test results, note that the factory tolerances apply to new or newly serviced 
equipment. Otherwise, the so-called maintenance tolerance ... , double the new tolerance, is 
customarily allowed.” 
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This method of balance validation is undoubtedly an authoritative means of ensuring balance 
operability, yet it could have two drawbacks: one, the test for linearity is not intuitively obvious, 
especially from a statistical viewpoint; and two, there is an absence of definitively defined testing 
limits. Hence, this paper describes an alternative means of venfjring electronic balance linearity 
and accuracy that is being developed for safeguards measurements at the INEEL. 

At present, the balances of the INEEL Safeguards unit are serviced at the site standards 
laboratory. As part of that service, tests similar to those described by Dr. Kupper are performed. 
Furthermore, some of these tests, such as comer loading (off-center error), are probably only 
needed once during the calibration schedule and, for that matter, are probably better performed by 
a lab technician anyway. Once the balance is serviced, it should not be adjusted by those 
performing the weighings, nor should it be subject to additional testing beyond the required 
linearity and accuracy checks. Otherwise, the operating characteristics of the balance could be 
perturbed. 

The validation of the balance, through the satisfactory completion of the aforementioned checks, 
means that future weighing errors should be within tolerance, that is, that the errors should be 
bounded as a result of the calibration of the balance. These checks, however, do not completely 
describe the bias and variability of the weighing process. An estimate of bias, including a measure 
of the uncertainty in the bias estimate, and an estimate of the variability due to random 
measurement error can be obtained through the routine weighing of controls, sometimes called 
knowns. Certified standards are often used during the balance validation (especially during 
servicing), but controls should be used for estimating process bias and variability. A control is an 
artifact which simulates the items routinely measured by the process but whose value has been 
carefully determined, perhaps on a higher accuracy balance. Once the bias is estimated, the 
ensuing mass measurements of samples, often called unknowns, can be corrected for the 
estimated bias, and the uncertainty in the measurement can be expressed as a function of the 
estimated random error variability. 

The effectiveness of bias estimation and the subsequent correction for bias, hinges upon the 
assumption that the weighed samples are subject to the same biases and random errors as the 
weighed controls. This assumption is plausible provided that the weighing system remains in 
control, that the controls are accurate replicas of the samples, and that the controls and samples 
are weighed in the same fashion. At the INEEL, items remaining on inventory could conceptually 
be used as controls; but at present, they are not characterized to the extent that process bias can 
be adequately detected. Thus, until developed controls are available, bias will be estimated using 
standards certified by the Standards lab. In so doing, the estimated bias probably reflects more of 
instrument bias rather than process bias, but the use of standards (rather than controls) should 
satisfy the intent of the linearity test and should allow the linearity test to double as a test for 
accuracy. 

The routine measurement of standards also allows for the estimation of variability due to random 
weighing error, which is often the significant contributor to the uncertainty in a mass 
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measurement, especially if the measurement is corrected for bias. The estimate of random error 
variability should be large enough to account for most, if not all, operating factors, such as, 
seasonal changes in ambient conditions, systematic drift in the balance electronics, or observable 
differences between operators. Thus, the standards should be measured on several occasions, 
perhaps each time the balance is used. A standard deviation computed fiom repeated weighmgs 
of standards over an extended time-period should provide a more realistic estimate of overall 
process variability, that is, variability attributed to factors present both within and between 
weighings. 

The size of the random error variance is also dependent upon the mass of the item being weighed; 
smaller variances are generally observed for smaller masses, while larger variances are observable 
with larger masses. For this reason, the masses of the standards should be representative of the 
samples to be weighed. And due to the diverse sizes of items on safeguards inventory, these 
standards should roughly cover the range of the balance. This way, both the bias and the 
variability in the weighing process can be estimated as linear bc t ions  of the known values of the 
standards. Furthermore, the results of the standard weiglxngs should be grouped into 
predetermined time-periods over which the bias will be estimated. The intervals between 
servicing of the balance by the standards lab (or an outside vendor) are natural time-fiames. 

The mathematical basis for the linearity (and accuracy) check is similar to control chart 
methodology but is slightly more complicated. With a control chart, a standard (or a control) 
having certified mass, is routinely weighed, and the result of each weighing is compared against 
control limits established fiom prior standard weighings. As long as the observed result of the 
weighed standard remains within the control limits, the balance is approved for the weighing of an 
unknown (a sample). Occasionally, a weighing result may fall outside of limits even when the 
balance is functioning properly. Hence, the operator runs the risk of erroneously concluding that 
the balance is out of tolerance when, in fact, it is not; but the likelihood of this error is generally 
small and can be controlled by the operator. The results of these test weighings also allow for the 
estimation of an absolute bias and the random variability in the weighing process. The estimated 
random variability can then be used for updating the control limits and for estimating the 
uncertainty in weighed samples. 

It should be reiterated that any inference concerning the bias and uncertainty in a weighed sample 
is only valid for samples having masses comparable to that of the weighed standard. And 
provided that all samples have nominally the same mass, the control chart method for estimating 
bias and random variability is fairly simple. In some applications, however, such as the weighing 
of nuclear material on inventory, samples covering the entire range of the balance are weighed. In 
these cases, standards covering the weighing range of the balance must also be weighed, and the 
corresponding model for estimating bias and random variability is slightly more complex but can 
be expressed via linear model theory. As with traditional control charts, the bias parameters and 
random error variability are estimated from the weighing of these standards, and the resulting 
estimates are then used for bias correcting the indicated weight of a sample and for reporting the 
uncertainty in the bias corrected result. This paper proposes that a test for linearity and accuracy 
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can be conducted as part of the routine weighmg of the standards, thereby eliminating separate 
weighmg regimes for the linearity and accuracy tests. 

The proposed test for linearity and accuracy will consist of determining whether the weighmg 
results of s separate standards simultaneously fall within control limits established fiom weighing 
data that have accrued since the last servicing of the balance. In other words, standards having 
nominal masses at s separate levels (over the weighmg range) will be repetitively weighed, each 
time producing s indicated masses. From these data, an average or representative mass is 
predicted for each of the nominal values of the s standards, and an upper bound (a multiple of an 
estimated standard deviation) is also estimated which when added to, and subtracted fiom the 
predicted value, forms what is called a prediction interval. Thus, each prediction interval, one for 
each of the s standards, is centered about the predicted mass, with the intent of bracketing (with 
high probability) fbture weighmg results of the associated standard. As with traditional control 
limits, each prediction interval (one at each of the s levels) is designed to estimate limits for a 
future weighing of a standard based upon the results ofprior check weighings. In so doing, the 
indicated mass for each of the s standards is compared with the limits predicted fiom historical 
data; and ifaZZ s of the observed responses simultaneously fall within their corresponding 
intervals, the balance is judged to be responding linearly. The accuracy test should pass 
concurrently because certified standards are used in conducting the linearity test. 

Using archived data, the proposed test procedure will be illustrated in two phases. The first will 
be the estimation of process bias and variability through the model fitting of weighed standards; 
and the second will be the use of these estimates for constructing intervals for predicting fbture 
values for the same standards. The example data consist of the recorded masses of standards that 
were weighed on a Safeguards balance between July 1993 to July 1994. At that time, the annual 
servicing was conducted in July. In total, there are 45 sets of weighings, and the results of the 
first 40 will be used for computing five prediction intervals for testing the linearity and accuracy 
of the balance using the results of the five final weighmgs. The width of each prediction interval 
will depend upon the mass of the standard being weighed; and for this reason, the indicated 
masses of s=5 standards (50 grams, 1000 grams, 5000 grams, 10000 grams and 15000 grams) 
were analyzed. These standards (a subset of those actually weighed) were selected for analysis 
because they covered the weighing range of the balance, at roughly equal intervals. In fact, 
standards of one, five, ten and meen kilograms were used by the prior vendor for servicing the 
balance, and the 50 gram standard was included for getting closer to the bottom of the balance 
capacity. These standards were weighed each time the balance was used, and the result of each 
weighing is the average of ten consecutive indications. The averaging of separate determinations 
lends a degree of continuity to the measurements by allowing the results to be recorded to two 
places after the decimal even though the readout on the balance display is good to only one. The 
observed results were not corrected for the effects of air buoyancy. 

Attachment I, Plots 1 and 2, respectively, shows the absolute error (the observed result minus the 
known value) in the measurement of the 10000 gram and 15000 gram standards. These errors are 
plotted versus time (in years), beginning with January 1, 1993. These plots show noticeable shifts 
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or cyclic patterns with respect to time, suggesting an unwanted dependence in the weighing 
results. From a statistical viewpoint, these data should have been more stationary, that is, 
displaying less of a trend and more of a uniform, random scatter. The observed trend could be 
suggesting that changes in ambient conditions are contributing to overall process variability or 
that the balance may have been adjusted throughout the annual interval, thereby shifting the bias. 
Despite this non-random pattern, none of the data were discarded. 

Plot 1 of Attachment 11 shows the absolute error in the measurement (the observed result minus 
the known value) plotted versus the known value, rather than time. This plot illustrates three 
features. First, as expected, there is a detinite bias which, in this case, is negative, meaning that, 
on the average, the measured results understate the known values. The degree of understatement 
is relative to the value of the known, and thus the understatement is especially noticeable near the 
higher end of the scale. Second, as stated earlier, the random variability in the observed readings 
is not absolute, but is dependent upm the value of the known, as is evidenced by the increased 
spread in repeated measurements toward the higher end. Third, although not as noticeable, the 
bias has a slight quadratic or second-order effect. This, of course, is not surprising because 
balances are generally subject to a degree of non-linearity, and the intent of this paper is to 
propose a means of testing whether the exhibited non-linearity is tolerable. Based upon these 
observed characteristics, the proposed model for fitting these data is 

where Ki is the known (nominal) value of the i~ standard, Rii is thefh result for the i' standard, eii 
is the corresponding random error term, and Po, Ply and P2 are the bias parameters to be 
estimated. As expressed, this model has three bias parameters, namely, an intercept (Po), a linear 
term (PJ, and a quadratic, or second-order, term (p2); and the estimates of these parameters will 
be denoted by bo, b,, and b,, respectively. If all bias were absent, the intercept and quadratic 
terms would be zero and the slope would equal one. However, any or all of the estimated 
parameters may differ from these conjectured values; and for this reason, it is probably better to 
always assume the presence of some bias, estimate it, and correct for it, rather than to test various 
hypotheses concerning its presence or absence. 

The non-constant variance noted earlier, deserves special consideration. If the random variance 
were strictly absolute, that is, if it had the same value irrespective of the mass of the item being 
weighed, then both the variance and the bias could be jointly estimated via an unweighted least 
squares fit of the measured results versus their known values. In the absence of constant variance, 
the next most desirable alternative, from a computational standpoint, is to assume that the 
variance is strictly relative, meaning that the variance is proportional to the square of the known 
value. For these data, however, a purely relative variance is also an oversimplification because it 
erroneously implies that the variance is zero, or nearly so, at the low end of the weighmg range. 
For these reasons, both an absolute and a relative component of random variance need to be 
estimated, wherein the absolute component is dominant at the lower range of the scale, and the 
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relative is dominant at the middle to higher end. With a non-constant, non-proportional variance, 
as evidenced here, the variance must be quantified separately, prior to estimating the bias. 
Mathematically, u21i, the variance of is expressed as 

2 2 olj= a,+ alKj + elj, 

where 
respectively, via a least squares fit. The fitted model--in which the dependent variable is the 
sample variance of the repeated observations--is expressed as 

is a random error term, and a, and a, are the parameters to be estimated by a, and al, 

A2 2 olj = a, + alKi . 

The sample variances were fit verses the square of their respective known values by means of a 
weighted, simple linear regression. For each value of the known, the weighting was the reciprocal 
of the estimated variance of each sample variance. By weighting in this fashion, each sample 
variance, regardless of its magnitude, is given equal importance in the model fitting. The results 
ofthis fit yielded the estimates a0=1.61E-03 and a1=1.016E-09. Using these estimates, the bias 
parameters Po, ply and p2 (and their variances and covariances) were then estimated by fitting the 
measured results of the standards versus their known values. This also was accomplished via 
weighed least squares; but in this czse, the weighting, wi, for each value of the known, K., was the 
reciprocal of the fitted variance for that known. In symbols, 

1 
a. + alK: 

wj = 

The actual computation of the bias estimates, as described above, is admittedly complex and must 
be accomplished using a computer, yet these manipulations involve standard linear model 
techniques. The residual plot resulting from this fit is shown in Plot 2 of Attachment II. Note 
that the spread of the plotted residuals is roughly uniform (other than being a little wide on the 
low end), indicating that the fitted model is probably adequate for these data. 

Having obtained the fitted bias parameters bo, b,, and b,, and estimates of their variances and 
covariances, intervals for the simultaneous prediction of new observations can then be 
constructed, as detailed in Reference (c). In so doing, the observed response, Ri, corresponding 
to the nominal value of Kj, (the known mass of the i' standard weighed during the linearity test) is 
compared with its predicted value, &. (Here, the single subscript on the Ri indicates the result of a 
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fbture weighing (in connection with the test for linearity) as opposed to a prior weighing result, 
R, which was used in the model fitting.) The predicted value ki is computed as 

A,= bo+ b,Kj+ b&: = &‘Ki , 

where, in matrix notation, 

and 

is the vector of estimated bias parameters. For these data, b0=-6.36E-03, b, =0.9999465, and 
b2=-3.74E-09. 

Using these estimates, the predicted values, hi, corresponding to the known values, K,, have the 
following calculated values: 

Ki 
50 

1000 
5000 

10000 
15000 

Ai 
49.99 

999.94 
4999.63 
9999.08 

14998.35. 

The estimated variance of the prediction interval, hereafter called the “prediction variance,” is 
expressed as 

where as described above, the first component of variance, 621j quantities the spread of the 
distribution of repeated weighmgs of the t” nominal standard. The second variance component 
quantities the uncertainty in estimating the center of that distribution. In matrix terminology, the 
second variance component, has the quadratic form 
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in which 

is the variance-covariance matrix obtainec fkom the weigde fit of observed results versus their 
known values. For a three parameter bias model, the variance-covariance matrix can be 
represented, in general, by the symmetric matrix 

$;(xWx)-1 = 

a b c  
b d e  

c e f  

By so doing, the second variance component can be simply expressed as the following 4& order 
polynomial 

&'j[$t(X'WX)-*xi = a + 2bKi + (2c+d)K; + 2eK: + fl:. 

Like the first variance component (the one for random error), this term is not constant either, but 
will increase as Ki increases. Thus, as noted, the width of each prediction interval will depend 
upon the mass of the standard being weighed. 

For the fitted data, 

3.59E-05 * * 
$;(X'WX)-' = -2.39E-08 5.17E-11 * 

1.72E-12 -4.25E-15 4.28E- 19 

(where only the lower elements of the symmetric matrix are listed). The variance components 
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corresponding to the standard Ki=5000 (grams) are computed as 

A2 
= 1.61E-03 + 1.016E-09(5O0O2) = 0.027, a l i  

and 

= 3.59E-05 + 2(-2.39E-08)(5000) + [2(1.72E-I2)+5.17E-l 1]50002 +... A2 
‘2i 

... + 2( -4.25E-15)50003 + (4.28E-19)5O0O4 = 3.8E-04. 

Using these variance components, the prediction standard deviation (the positive square root of 
the prediction variance) is computed as 

A A2 . A2 
ai = J a l i+  u2i = 40.027 + 3.8E-04 = 0.165. 

Having computed the predicted value, A,, and the prediction standard deviation, d,, (both of which 
are associated with the known value KJ, the prediction interval is computed as 

where B is the “Bonferroni” multiplier, as described in Reference (c). (The “Scheffe” multiplier, 
S, could have been used instead, but it will not be discussed here.) Each interval is centered about 
the predicted value, A,, and the width of each interval is twice the upper bound, B6,. The purpose 
of each interval is to bracket a future weighing result, Ri; and if all s of the observed results 
simultaneously lie within their corresponding prediction intervals, the test for linearity passes. 

The B multiplier is a percentile of Student’s “t” distribution, and its value is determined fiom the 
parameters s, a (without a subscript, Le., not to be codbsed with a. and CIJ, and v. Specifically, 

B = f  --;v a . 
2s 

As already noted, the parameter s represents the number of standards weighed as part of the test 
for linearity, or in other words, s is the number of computed prediction intervals. 
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The parameter a represents--for the s prediction intervals computed from repetitive sets of 
weighing data (for the same values of &)--the proportion of cases in which at least one of the s 
future weighmg results does not fall within its associated prediction interval. The proportion of 
times for which the complementary event is realized, that is, that all s of the observed values fall 
within their prediction intervals, is expressed as l-a and is frequently called the “family confidence 
coefficient.” The selected value for a is usually at the discretion of the operator. For safeguards 
weighings, a is chosen to comply with the warning and alarm limits concept of Reference (a), 
which in Section II, 4, e, (l), (h), states: “ ... Control limits shall be established at the two sigma 
level (warning limits) and three sigma level (alarm limits). Control data exceeding the two sigma 
limits shall be investigated, and, when warranted, timely corrective action shall be taken. 
Whenever a single data point exceeds the three sigma level, the measurement system in question 
shall not be used for an accountabiity measurement until the measurement system has been 
demonstrated to be within statistical control. ...,’ 

The determination of warning and alarm limits for simultaneous prediction limits is slightly more 
complex than for traditional control limits because the B multiplier will not simply be a two or a 
three, corresponding to two and three sigma, respectively. Nonetheless, an extrapolation from 
control limits to prediction limits can be made as follows. Typically, the two sigma level is 
interpreted to mean the 95% level, meaning that the warning limits should enclose approximately 
95% of future observations, assuming that the measurement system remains in control. Thus, for 
warning limits, a is set equal to 0.05, or the family confidence coefficient, l-a, is set equal to 
0.95. The three sigma level, on the other hand, is generally interpreted to mean the 99% level, 
meaning that if the measurement system remains in control, 99% of future observations should f d  
within the alarm limits. In short, the prediction intervals corresponding to the warning and alarm 
limits will be established by setting CI equal to 0.05 and 0.01, respectively. For the example data 
of this paper, a was set at 0.05. 

The parameter v is the most troublesome; it represents the degrees of freedom for the estimated 
prediction standard deviation, 6,. These degrees of freedom are ordinarily associated with the 
mean squared error which, together with the bias parameters, is estimated from the fit of observed 
results, Rp versus their corresponding known values, K,.. In this application, however, there are 
two components to the variance d2” and these components are obtained from separate fits. The 
second component, &22i, is obtained fiom the fitting of results versus knowns; and hence, its 
degrees of fieedom are determined automatically. On the other hand, the first component, 621, is 
the major contributor to 62i; and unfortunately, a defensible value for its degrees of fieedom is 
more elusive. This component was obtained via a fit of sample variances verses the squares of the 
known values, If 621i were constant for all values of K,, or if it were strictly proportional to the 
square of Ki, its degrees of freedom would be obtained by pooling the degrees of freedom from 
the separate variance estimates. However, as described above, the variance, 621i, is approximated 
via a linear function having both an intercept (constant) and a slope (proportionality factor). As a 
result, there is no clear way to determine degrees of freedom for dl, and a “representative” value 
must be chosen instead. By convention, therefore, the degrees of freedom for dli will equal the 
average degrees of freedom for the separate sample variances; and because dl, is the major 
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contributor to 6, the degrees of freedom for 6, will be the same. For these data, ~ 3 9 ;  which 
together with ~5 and a=0.05, implies that B 4 . 7 .  

Having determined the value of B, the lower limit, LL, and the upper limit, UL, for the prediction 
intervals can be computed. For the’Ki=5000 (grams) standard, these limits are 

A 
LL = R,--BGi = 4999.63 -2.7(0.165) = 4999.19, 

and 

A 
UL = Ri+BGi = 4999.63+2.7(0.165) = 5000.08. 

The prediction intervals for all values of K. are 

K LL UL 
50: 49.88 - 50.10 

1000: 999.80 - 1000.08 
5000: 4999.19 - 5000.08 

10000: 9998.21 - 9999.96 
15000: 14997.04 - 14999.66 

Attachment III summarizes the results of this analysis and compares the results of the five h a l  
test weighings with the limits of the prediction intervals computed fiom the prior 40 weighings of 
the standards. Again, each test weighng included the 50 gram, 1000 gram, 5000 gram, 10000 
gram, and 15000 gram standards. For each test, each of the five observed results, one for each 
value of K,, fell within its corresponding prediction interval (as indicated by the asterisk). Thus, 
for each test, the conclusion is drawn that the balance is continuing to respond “linearly,” or that 
the non-linearity and the non-accuracy exhibited by the balance are within limits. 

References: 
(a) DOE Order 5633.3BY Control and Accountability of Nuclear Materials, 

9-7-94 
W. E. Kupper, Validation of High Accuracy Weighmg Equipment, 
Proceedings of the Measurement Science Conference, Anaheim, CA, 1991 
John Neter and William Wasserman, Applied Linear Statistical Models, 
Richard D. Irwin, Inc., 1974 
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