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CEAPTAR I
INTRODUCTION

%e shell define the series 6; + &3 + 5g + +sv L0 e gob=

N,
Yergent whenever Lim s, exists, where By T By 4 8By 4 aee + aﬁu\\k
This 1limit will be celled the sum of the series. If ilm s 3

mseo B \
does not exlst, we zhall say that the sequonce {s,} is diver~ Lo

.

gent and thet the series is divergent or pot sumuable. To

further emphesize our definition of divergence 1t is pointed
out thst if the sequence (3ﬁ } neither converges to & limit noy
diverges t0 + <0 or - <o, the sequence 1s divergent.

Since it is necessary that Lim &, = 0 in order for %&goan
to exist, only a relatively small ¢lass of series is convergent.
It is our purpose to include othsr series by mesns of more gen~
ersl definitions, nemely, those of HElder and Cesere, which sat-
isfy the gensrally socepted fundsmental regulrements of Ny gene
eraslized definition of summability of s series, nﬁmﬁly:z

{1) The generslized sum must exist, whenever the

BeYies converges.
{28} The geseralized sum must be egual to the ordinary

sum, whenever the series converges,

i

1. Lo Silvermen, Sum of a Divergont Series, p. 2.



{3} Bech of the series
ﬁﬁ + &1 o+ ﬁﬁ +‘¢$;'*‘$a + s

&l * &g + - " * ﬁn + o

bhas & generallized sum, whenever the obber hes, end
t =8+ By 3T ¥ end 8 are tiheir respective sums,
(4} If the series,
aG + &l;* ﬁﬁ * see ¥ &ﬁ * eua
hﬂ + @1 + hs * ces F ﬁﬂ + ey
heve the generslized sums 8 end %, respsetively,
then the series {aﬁ + bﬁ} + (ai.& Bii 4 eea 4 (aﬂ‘4 bni
* ++» hes the generalized sum s + &,
(ﬁ) If the series &y *+ By + Gy + san * &ﬁ‘# ses 0BEBE 8
for its geserallzed sum, then keg + kay 4 .y

+ ko, + .. Des & generslized sum which 15 ke.

4n attempt will bé.maée to esteblish properties of Hilder
end Ceséro summsble series snslogous to those of ordinery eon-
vergent sériaa and also to establish properties thet are possibe
iy different from those af‘aanva:geﬂt sericg.

For the purpose of aiﬁplifyingiﬁar maﬁakimn@ ﬁatahall nese
2:.&ﬁ snd Lim a, for ‘i?aﬂ end iz g .

mzo M m-> o0



Ci.PTER IX
7
CESLRU SUM OF ORUEBR 1

First, we shall define the sum of order 1 el & series
and the convergence of order 1 of @ BEGUOTIGE, |

Detinition: If the sequence Xgs Xy, Xg, =es is such
that Mm {xg + 23 + ... + 55}/(0n 4+ 1} = 8, we shall say the

sequence 1s Cessre convergent of order 1, or more briefly 61

convergent, to 8,

sefinition: If the series Z:&n is such that the seguence
of pertial sums, Bus B3y By ees, i8 61 convergent, then we
shall sey that the series hes the Cesdro sum s of order 1, or
briefly the Ql sum 8.

We shall proceed Yo show in the suoceeding theorems that
the e¢lass of serles whigh are C) sumseble Tulfills the funda~
mentsl reguirements for sny generalized deflinitlon of sunmae

bility of series,

fheorew 2.1: If @ series converges Lo s, then the ¢y

———.

sum 1s egual to s.

let gg, B1s Bps sesy By «es D8 the sequence of partisl

n

sumg of the series. je now choose s positive number ¢ end
let by, = (8 + 53 + Bp + ese + 8u}/{n + 1}, If we let
8y = 8 = ky, Lhon there is a posltive integer § sueh thet

for every nm > ¥ we have (k[ < €/2, But s, = s + ky; end

3



thus by substituting for Bis L T 4, 25 aeey uy in

o

we have hy = 5 + zz:nifiﬁ + 1} 4+ Ei'gif‘ﬁ'* i« we shall
dencte l B by K. Fow ]Z Ezi{fia + 3) = ili{i]f{ﬁ + 1}
< (o -~ W}/{a + 1}, 92 é‘g;ﬁi Thuas for avé;;f; 7 K, we have
|Bg = 8] ( |E|/{a + 1) + €7z, Henoe, for every n ) mex
Eﬁ. ZK € 1], we have {hy ~ 8| ( €. Therefore,
Mm {85 4 8, 4 8, 4 veu 4+ 8.3/(n + 1) = s,
Aeume 2,1.13 AL ths seguense Bos 23s Bga sens S5y ees

t o s, bben the ggguenog B1s Hgy e, Eps sae

£ guaverzsely.

B, * B 4 yen + 8 B4 &5, 4 a 4 esa 4 & n+ 1
i "a n Ce ™ ® B
idg -~ 5 m-iml gsd-i - . "y

By
- T
&&*&;4&%4’1;';*&33

T8e
Taersfore the seguence Bis By aeny S,8 +es is ¢, sonvergent
¢ 8. In @ similar meaner the converze statement msy be shown
to be true.

Iheoren 2.2: Each of the series

&Q » i%l +* #?23 + ene % ﬁ;ﬁ + sasw



&1 + &2 + 1&4‘#); * ﬁ.ﬁ + ms,*»,’

is C; summebls when the other is; gnd & snd b, their respec~
tiye sums, sre gonsected by the relstion s= t + Byye

let 8y — 8g + 83 + 8y 4 «su + 8y, HOw by meking use of
the preceding lemme the sequenee, 81, 55, ..., Sps eney 18 Gy
convergent Lo & when 8g, 83, 85, «+ey Bus +ve 18 61' convergent
to 8. Bub {8y - sy} is the ngh partlal sum of &) + 6z + ...
+ 8y + sea « Thus,

3 - | - B + - \+ 8 -
t:mmi-& agl + Isp g%} , {8y ~ 8}

81 ¢ B 4 oss 4.8
Uz -3 3@ ~ %*ag:a«&@,

—
-—

In & similer manner 1t follows that the series, 8y + 8y
* 8z * wae + By t+ .esy 18 Oy summebls to 8 If the series, ay

+ aE * wse ¥ % + P i= {:l sumneble o &8 ﬁﬁw

Theores 2.3s If ) e, is C; summable to & gnd ) b, is ¢y

mebls o t, then the geries ) {ay + by) iw Gy
& 4+ t.

summable to

lat 8, — a5 + 83 + eee 4 By 808 £, by + by 4 eue 4+ byj
then (ag + bo) + {8y + by} + eu0s 4 (g, 4 B} = (e, 4 %,}) 1is
the nih partiel sum of S5 (&, + b,}. Thus,




85 + .31‘1- e 4 B i ,‘"'o + ?’l* R ?‘n

=ilnm n§ 1 + i1 ot 1

o =s 4+ t.

Iheorem 2.4: If S a, is C, summgble to s, then the serles

ke, 1s ¢, summeble to ks,

For sp = 8p + 8] 4 «os ¢ 8y is the nth partiasl sum for the
first series. 1In the last series mentioned, the partiel sum is

kay ¢+ kal + kay ¢ e + ka, = ksn. But

kae‘ +}k:&sl t ees + ksn

Bo % 8, 4+ 8, 4+ s0s + 8
, - 07 "1 2
Lim - 4T =k iim

n+ i

hul

=ks,
We may now study further propertiecs of the Cessdro sum.
First, we shall consider the eclass of seriss for which the
Cesdro sum exists., The following theorems wiil give some

notion of the range of this class.

Theorem 2.5: 4 necessary condition for Zaﬂ o be C;
a
sBummable is thet Lim -—4f = 0,

How,
i Sn .. 8By - By L g
Lim-ﬁ-—- Lim 5
~9 - r % n G L 2 * n - 1)
Lim [C Y - a

+(30‘|‘.v-‘ +’5n_f1-30+9«4+3n.‘_2
n ~ n



: 8

- m[(fg . ";‘, -8,

-»(%z; t aee b

fno3 St

f-lﬁ;*$ ‘l)

n

w,.-»

Bg 4 eea bomy

L Y * %
f T)]

B, 4 . ﬁ
- g b ere s
ﬁlml( o+ 1

u

.

%*‘”*ﬁ 5= 2)]

:G‘.

n

B -



CHAPTER I1X

CESARO D HULDEH SUMMABIZITY GF &MY
NOH-NEGATIVE INTEGRAL URDER

We cen not evsiuats the series,

. -~y f@f’f b lj

although we obtain by Eulers “scheme®, 1f z = ~ 1y
| 5 £ :x%fr, + B}

4+ sxn w
It 13 necesssry that we now extend the notion of Cesdro sum by
a wora gemersl definition.

Pefinitlons The series } sy is Cesdro summable of order

r %o &, if v is a positive integer such thet

Lim . G ; n) ~ = 8,

where (g);= gle = 1) s.. (8 > b 4 i}« If r= 0, the sum shall

be the same s2 that for the ordingry sum,

We may briefly ssy thet the series is €, summeble to 8.
This general definition of summebility of order r e¥idently re-
duces to the definition already given for r = J,

An equivalent definition ean be given directly using the

terme of the series. e may substitute for the sbove 2iredt,

AL T AU S LT L
| F+= — T T B
»’)

8



?ﬁ:‘,
i = {l ¥ E 4 sua 4 Ku‘ L to») 1 lx‘< 1
(1= %i 4 (1-z !

and if esch side be expsnded in e power series, we have an
identlty. How, if we write the eoefficients of x™ on each

side of the eguation, we have

(r + ) (? + n - %) (r + f 3 ;)* e (1) + 1.

The sum of the coefficients of the nuserstor is squal to
the denominatori hence, we heve e welghted arithmetic meen.

Definitions let 8y = 8 + 8y * .. + 8,, ond

{0)
By = &nﬂ
bn < . n P N
o {r -1y (r ~ 1) (r = 1]
ér)._ G + By + e + By
n = n I ;

then sny integsr r for which &im‘éi = & the series will be
Holder summable of order © to 8. #o may briefly say that it is
By summable %o &.

It bes been proved that If a series hes a G, sum, it has

the eame H, sum and nQRVﬁrﬁaly,l' §ince this is true, it will

lﬁh%; Hobaon, Theory of ?nnntiﬂta ef g RHesl ?ariﬁbla, Volse

XIg Ba» &b* or ﬁﬁ@j}i),__m Gmﬁ; ?»
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only e necessery to desl with one in order to get the PrOper=
ties in gﬁﬁéral of hethg

The Gesero defimition setisfies the fundemental reguire~
ments for s generalized sum. This fact shall be exemplified
in the four succeeding theorems. |

dlemma B.0.13 If

{1) _ . ;. _
éa = 8p % 83 4 aan + 8

£
&g

n?

]

. %

} ‘r} = B (r *+ g - 1) + ﬂl(r ;; ? ; 2 + sam b ﬁﬁu

¥or, by using our formule for s combinstion of n things
teken r -~ 1 at & time, we see thet in the sum represented by
;%;i we have (r ! g N 3') of the 8g terms. Xlkewise for the &)
terme we heve, by using the formule for & combinstion of n - 1
%hiﬁgb taken .I" ~ 1 a8t a time, (r ; fj ;, a) of the 8 terme.
Now by continuing this process until we arrive st the nth term,

we hove only ome s, term. Thus our lemss follows,

Theorsm %.l: If tho Op sum is ®, then the C(p 4 i) sum

is =, where k is slso s pos
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4 well known theorem states: ™If (B,) denotes & monotone
inereasing seguence of positive numbers, #swh thet B, incresses
indefinitely with n, end if {ag) be %3' seguence of nam‘be;rs
gh hes & definite

then ...j and in parbiculsr if iim ted...
velue, then kim % bes the same definite value,"S

How, if we use the notetion of our lemss and let
an=é§ * 1}, B, = g :_g s %0 have By = &y 3 = éii and

o (1)

By =By .3 = (r;;ff;}', Thus ifm%ﬁum)z 8y then
B - 1
a(g + 1) g\(r} glr}
M—»‘: 8. DBut lim RS = Lim ?*ﬁ ; hence,
n - 1) ( n~1i ( n )

Af the Cp sum is 8, then the G, ¢+ 1 is 8,

By continuing this process we see thst If the Cp sum is
equal to 8, then the ﬁ(r + k) sum 1 egqual to &.

it is evident if we let » = O, that reculrements {1} and

{i) for s g;mwmlimeﬁ gum are sstisfled.

Theorem 3.2: If the series Zssﬁ ds ¢, pummsble to s,

then Z &, is ¢,

Summeble tu 8 « & snd gonversely,

zﬁat«sm Te Way Theory of ¢f Funotions
Yol. I-I; Da % ' _£ g
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Ir B By, &g, **r3 Sur ees are the partiel sums of the
first series, the partial sums @f the seeond seriss ere

‘8‘1 - &{)}i {gg - a{}); iﬁg - ﬁ}_’ vewy ‘333 - ﬁf)}g L2 T

Subatitutiag in our definition of s cr sSwm, we heve

2532715+ tsy - a)(® 2B AR s)

Lim (r P
8 -1
T+ n -8 + 0o~ 3
3 a 1)"&2(%*% "awp*‘% , |
Lim < T a0 - 1 ' T Bge
Caoi
: now f B o B T A B o
ﬁiaﬂa(r;f"g)'f r;?ﬁgﬁ‘*'..*l:(r;f;} ai we

bave previously shown in thils chepter. Kow it is necessary that
we establish the Toellowing lewuss
demma $.2,1: If the sequsnee Bos By Sgy sen, Bns wex 1$

Cp couvergent, then the sequence B1r B2, Bgy enny Bps wes 18 Op

convergent to the same numbey and gonversely,

For,
8 (r g B i %) + 8. (r + o= %) ot sy
T +n n'%)
no= 1
c1un 200 - £IZS§§§3)+...¢%+£M£E
I § ‘)
sg(Ftr-1), a3 (F 23y (. e s n
“iim ,ﬁ( 2 ) (+ 2 #f%“ ) ’ = . T +1n
(n-'i )
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TGSy EEN G G RN G TP
(r + n)

?hiz last limis isg, hy ﬁﬁfiﬁitiﬂﬂ, the number to wﬁiaﬁ the
5egueﬁaa i2 Cr convergent if tuils ligit exists. Hence, both se-
Guences ars Cr convergent to sume number.,

The couverse follows in u similer ssmner. Now the first
term ln the limit preceding this lewus approaches 8 ss n > ~
since it is &quai Lo the limlt in our definition agﬁ since bg
bypothesis Z 8y 1s Op summsble. Hence, we have L ey to be ¢y
summsble to 5 - ag.

The converss follows $n & similar manner using the couverse

of the lemme.

fheorem 3.3: If J ey sad ) by are o sumgsble to 5 and

t r% eobively, then Ziaﬁ + by} is ‘3’1* Swamsable 0 & + b,

Let 64, 54, 83, vusy Sy, aen and b Bpr bps eeny By, aes
be the sequences of partial sums of &, and by, respectively;
then (s, + Yols {85 + t1)s (g + 3}, {es + %i‘j‘g, ey {aﬁ + Sl
»»s 48 the sequence of partial sums of Z_{% + bp). Thus, we

have
(z;{}-b %, }(r * n - 3‘) + 551 + & j(rgfzg){“.. fﬂ"’”fﬁ."‘tﬁ?

(1*4‘3&)

T PEN G & RPN

= lim (r&-a)'f
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6 (r + n - l) + (z* +ﬂnﬂ-—1%)* oo + By

+ Lim = C i .- =848,

since the first sand second terms are respectively 8 aud ¢ by

the &efizxii.ion of a Cp sum.

Iheorem S.4% IL ) ap is Cp summabloe %o &, then ) ka,

is ¢y suummeble Lo ks,

For, 1f we let s, B1s 8% veey 5py se. be the sequence
of pertial sums of ) sy, then the sequence of partisl sums of
Z ken 18 ks, ksy, ksp, eer, K8, es . How, 1f we substi-
tute in our definition of a Cp sum and factor out k, we have

3-(3"’;*?)**6;%12

ﬁ -—
D, S
gince the seocond feotor of the 11&1'%. is by definition the Op
sum of Z s

Lim & .

Theorem %.55 4 necessary condition for Cp summability

of the series Z% ig thet Cp~lim a, = G,

For,

lim - (r + n)
n
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G oot (22190 - 590 #u s i Tl 9 )

Tlim ‘ ' (r * a)

hm[(’f*““ 1)% +(r;fgg)%+ wer ¥ By
| GOR

v(ﬁ*;}«a%*i(r;fg )33,*"‘*’3:1—3. r&n}

(1' *ﬁ) I

0.

Zhsoren S.8: 4 pesessgr coudition for Gy amlitz is

that Iim ._%.. = 0.

Vaing the notation of Lemze Beleld., we have

(r} Qér - 1}

(i’+) G‘Gﬁ)

— 1 *}..
=L TTUE YR '
-1
= } (r - 1} 4, oir - 1)
:Zi§~§§~ ‘ b rer 4 83 »*_i»’
(r&a)

since iim (1' tn 1 1) iim (7" 9. How if we teke the dif-

ference between the last limit ond the sevcond 1imit in the

Preceding expression, we have
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gr -1
“n -
n
thus
{r -~ 1} y wir = 1}
mw'm R 3 1) (B + 2 ves (8 FF)
n
{r - 1}

In a slmiler manncr we have
g(1* - 1) {r - 1}

n-1. = n-—},
nt hminwiﬂg Ge

But ‘
5&-3}
S Ul ey = 0,

and

Lim = = 0.

Theorem 3.7: If ) an is Cp sumueble to s, end by is

Sumughle to ¢, then the Ceuchy produet, ) Py = ¥ legh,
-1t ree 4 o8y 1?:14-&%}, is € sumnsble to st,
%h%fﬁ IF=r + k 4 1,
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Let us denote ay(™ ¥ 5) te (P21 1) + eex 4 8, bY

B ool 5 ™) w0y 5T 1Y 4 s v vy oy 5, ana

yeon ¥+ = 3} , ¥) ‘
Ny I ?1( B 1) 4 e d P vy P, Iflxl 4 1, them

(l}

1
_x;k,&f‘izhﬁ - ,_"ﬁ""l »

i n
- 170 4 .

(1
Z xB + 8lnce sach power series is convergent, For, if we
ehoose & positive € y there is sn N such that for every posi-
tive n»> M,\z_g ‘ { € oy Theorem 3.6, Now J %}:”‘,tal < 1, may be

written in the form Z ,.;g, lel > 1, but slso there is sn ¥ such

that for all n >, || < [-!;r—ﬁ%») Thus, Tor n > max.[N,u),

a

e

Since ) éﬂ' is convergent, we kuow that Zaﬁxn, (x| < 1, is
eonvergent. In llke msuneyr 7: %nxn,[xl < 1, may be shown Lo
be convergent.

denme B.7.1:

u%}r*l.z%x Z x,lxl(l
(1 -z

For,
Y‘”%“"‘i Zﬂnﬂn = Z&gﬁmt an = Z{a{} + ﬁl + owee ® ﬁﬁixﬂ,.\XI< Le
By Tepested differentietion of y-dwy end Y x™ r times and di-

viding esch one by {r-i}!, we have



i L —~Z(r + “) :
x}; L G Ziﬁn&n - Fo Kni Zﬁnﬁ»n

:2% - n)% + (r ;: 2 1 l)&lw- ..o & an]xﬂ

- 1’

@ -

Statement (1) now results in

Z . ;~Zér; u’zgx} n

= Lxi (%i} (z; (ﬁg (r}. (m) a
Z(’;@ j??i l o= 1 + ere ¥+ M‘,& 0 ’l‘ég“ £ }_’

Slnce coefficicuts of pover seriss have to be eguel in order

for the power series o be gpunl,

2= sftgle) 4 T B Y CN

B
For, if we plsce ‘gr(;” = (s ~$n} (r ;n)’ T(““} = (L ¥ 8y}

(R :1 1;1) » WheTe S >0 and Oy —» 0 85 n—» = by hypothesis. Since
it can be shown thet

T - 3 T+ o+ } ki-l) r(%-ry_r-n
(Xl)(k)+(§14l (1 +"'+(r) "(,n),
using Lemme 3.7.1. by substituting, ia (1}, Z;{n for each

Z anx" snd Zann and omittling the I'setor Z&ﬁ;«;n, we need

only to show tust

360 (r+n é;) r o+ o= 1Y(k + 1 Y - n
[d{} 'n( 0 klt Gleﬂ -1 6 - 1 ( 1 )"' ses ¥ 51100(;«)( n
dlvided by(r; n approschvs C s n —? o9, Hince >0 and

@n—-r Uy, we may choose £ so that, for ¢very un, lgml “ ko osad Qﬁ < X.



L3

How, if sn srditrary gmsii;irve be given and if ¥ be chosen
80 thet, for every n D %’, | 8.l and | 8.| mre lees then €/K
then the sbsclute velue of the preceding expression is for

every n > NY,

| ) |
=t (O e LT =0,

Hence, the limit of this expressicn divided by ( *; B)is 0.

‘f‘i&ey&far% by this fact,
| m

('ﬂ'*ﬂ)

Theorem 3.8: If ) &, sand Z by beve the sums s and ¢

k’ﬁfti

respectively, bhen the Caughy product

T ogdy + Byby L 14 eee ¢ ag2)

An snalogy mey be noted with the well-known tmar&zzﬁg’
that if two series ars absolutely convergoent, then the Cauohy
produet ls ebsolutely convergent te the product of their sums.
In fgot the Cauchy pm&wt" of & {p summeble series with en
ebsolutely convergent serles is itself Op summeble to0 the pro-

duet of the sums of the two series,

3%@@1}, Iheory end applicstion of Infinite Series, p.

146,

‘g"h L. Silvermen, Sum of s Divergent series, p. 27.




£
Another generelization™ way be mede using the ides of
& Gesero form in & welghted srithmetic meen azs fllustrabted by
the following forms

o rg. DoBg 4 B3B3 4 eee & Dumy
8 = Lim ﬁﬁﬁ}q*mwn#% ¥

whers the by values depend upon n sad r, ¢ belog & fized
number,

¢ shall wmeke the followning ﬁﬂfimiﬁiﬁﬂ, sebastituting
for by the function mxmr

pefinitions

Sinoe &r = 1+ % Y %i"" + con ﬁ; + oars 3

2 :
8 = Lim mga‘r[ﬁg*ﬁl-?#%g%r "*’*"%é?"

A<D mD
This limit exists if Jie an exist, for we oaly have to sepply
tie sain resrrangesent t&@uﬂ&ﬁﬂﬁ fe shall let s{r} represent

viie funetlon of n and r in the brackets, wshere n > o0 . Then
b
Ko ans

a*t{r} = Sy + 57 4 ﬁ*&”

spfrl = 8%r} - al{rj = ay + syr + &%§§ * -

%fﬁiﬁa; Ps 1lle

Bone proof given by nopp, Op. cits, p. 143,
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Since
a =T -r ~T
v [a{r}] = e [s*(r}] - € '[ﬁ’éii‘ﬂ

- ﬁ:fr [&3.‘11’5]

O
é’r[a{rﬂz ay + ’[@»r[ﬁ' {r} - S{ﬂ]i

L
and epplylng the limit, 8 =~ By = ! e*r[&;{;r)] »

we have

If we integrste by psrts, it is szen that

A 0 g +
B o 8g = [ﬁ;’:ﬁx _ﬂ&&l‘l‘ﬂ G + fﬁﬁmr [,[f}&l‘r}] »
letting e
&Q (1’} = 8g + ﬂlx‘ + ) % + uen 4 ﬁ—g;-» LR ég + fgﬂl{r} *

the above equation results in
@ - ap = [ (o] - o)+ Soo T [oote) - o]
[t ] S -[2]T ¢ S feote ] - [28)
[ Ll + S Tegte]

«
= ua ™" [ag(ri] - a; + fgff‘?[%(?ﬂ ,

A= o0

and finelly,

oD
- EE, *? 3 j ﬁ#:‘
s = Uz o agxl] + Joo ey tri]
If the Iintegral in the lest ststement is convergent,
then for the statement to be true, the iim o~ F [a;c,(r)] must
ﬂ'-) o0

exist. But in order for our integrsl to coaverge, it is



Becessery thet this linit be zere. Hence,

Q .
s = Joe [eotri],

where )
o B
ggi{r) = &y + a3r + ay %.!.'e con sﬁ}% * svey

when the Istegrsl converges.

It bas been shown’ that this Borel Integral generalizg-
tion satisfied the five fundeamentsl requirements with the
exception of requirement (3}, To avoid this difficulty, Borel
has stated thim éefinitiaégin the following menner:

Bafinitiﬂpz The series shall be absolutely summeble if

o =
both the integrels, _f;&“ ﬁag{r}\ and _J;éf  ¥f(rj|, converge,
where D denotes the order of any derivative,.

We heve omitted proofs of the fulfillment of these fund=
ameatzd requirements, since it is our purpose to touling oure
selves eshlefly to the Cesdro and ﬁéiﬁar ﬁﬁfiaiﬁiané of sumnmee
bility.

4%13&%&%& of Cesdro Summeblility
#e shall here confine our exsmples to those series with

unbounded partisl sums.

?&,ﬁiseussiaa of or references to these properties is
given by Silverman, Sum 8f s Bivergent Series, p. lé.

8Ihié,



Briting the serles,
2 (~1® (N4 3] = 1= G4 5446 =B4 wos

and the soguence of sertisl SURB
}.v"‘l,“'ﬁ-""‘ﬁd’*@,“v, aua,‘tw -‘W LZ 2T

it followe thet the ssquonees of arithmetle weeng of the pare
tlel sums is

1, 05 &/24 Uy 8/6y Oy 4/7, wee «
It cen e readily seen Lhsb thils Sequsnte Goes nol convergs,

and eonseguently the series is nos ¢ G, summoble.

If we subsbtitute thoese partisl sums in our definition

of Cg ﬁum&&%iliﬁy, we have

1iw

- ES

fn 4 1} - n + 2{n-1} s ¥ i Iﬁi} 8/2 4 (=3 (n/8)
(31 i% {n ' -

=11 4 (® + 1 (xx T ~-8/8)
- - A

we ootlee that our serics hes ite ¢p sum suual to
/{1 - xiayﬁ% £ = = 13 our serice sey be derived by sxpsnde
dmg 7/ o x}g into 8 pover series and pabstitubing 2 — ~ 1.
If we conslder the serice,
1 elt2-243/8aB=Ba41/441/844~4
& 3716 & /88 » 1fes rawy
wiG write Lhe sequsnce of partiasl Sums, wa have

I’Q'w.u,&jw,i}'ﬂ if‘i l/ﬁ;"é iﬁ,ifl@ .}./wv;i/’g‘i‘ LA R I



By substituting in our definitlon for the {1 sum and choosing

n so that the pih teri iz ths integer k, we heve

14 04284041/24340431/441/8 4403 1/18 4 ... 4K,y
B ‘ ‘

The reqnireﬁ,limit‘c&ﬁ e found resdily. Vor there is no loss
in generality in letting k be the last terms, sluce the sum of
&1l the teras to the next integral term 1ls less then 1 because
the geometric serisc, 1/2 + 1/4 + 1/8 + ... coaverges to l. |
How the sum of the integers is k{k + 1j/8, and hence there are
k{k - 1)/2 terms in sequence of parbtisl sums out to and imclud~
fing k. It thus sppesrs thet n = ki{k + 1}/2. Hence, our limit
is 1im {n +1)/u, where 0 < A < 1, Hence the serles is Gy sum-
mable to le



CHAFTIR IV

’ B
ORIARG SURLABILITY OF GRDER Ty

r BEIRG REAL 4D D - 1

Befinition: 1let r be eny real mumber > - 1, I

J?fln-"lan ‘i‘*ﬂfﬁg b ouns 4 B
i§%( = )_9 ((rn+ﬁné\ ) - | -z 8y
B

where 8g, Bys Bgy esw, #re¢ the partisl sums 9f_2:&n and

r ; ky - dr 4+ 1j{r & céérg,k.‘ {z & k),

8 will be called the
Gesérc sum of order r of Z:aﬁ‘ We may briefly sey thet the
series hes the Cp sum s,

I? we sgein denote

T4 = X T4 - 2y Ty ,

( n )%*( n~1 )“1*-”*(1)%“1;*%

by Sgi, then the ldlmit in our definition of the Cp Bus is

Sincet (? ; n) = and by making use of

ﬁtaxiing‘sg asymptotis formuls,

l?ar & dlscussion of C(xj, where x is any reszl number,
Se¢ Re L. Nolen, Some Fundswentel Fropertice g% Gsmus and Behe
Functiouns, pp. G-1E. S :

ﬁ& proofl of Sterling’s formula is given by Courant,
Bifferventisl Celeulus, Vol., II, p. 461. ‘
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2
-

Mz + 1) =eXa® (2 Ma)k (146,
where €3 >0 a5 2 > 0 s e get
F{n + x4+ 1}
e + 17 rin + ‘
-{r 4+ n}, fr 4 nj .
- i __, @ Ar_+ nj (Z 4 5} {1 & §,1,
T+ 17 g B nt nE Tads

| fr 1 ny¥
where 0, >0 65 R - -0 , #lso, since lim ;@...‘!.éﬁi“: 1 snd
n

(r n}‘r + 1} a{r 4 n}

-mw idm n¥, we have

(F2%)= 'r‘(‘:t?ll“‘IT Hagttdl = o (14 5,0

Ther«fore,

Lim

a{r) | 5, r\ 3
iinm (r*a)-x,mr(r + 1) o

Theorem 4.1: If J en snd Y by gre Or end Cx summsble
respeetiveldy, whers r > -1 and k D -1, then the series Z?n,

AeTe
Pﬂ—&ba*%ulhl*nvy"ﬁgb

Bumgsble to the produet of the two sums,

————

éﬁ@tf + 2 & 1}

This theorem follows from Theores .7 which holds true
for real numbers,
485 6 consequence of Theorem 4.1 we huve the following

intersating theﬁrw due to ﬂeéﬁéﬁ‘nﬁ

%obﬁan, Zheory of Functions of g Real Verisble, Vol.
II, Pe 70



&7

acaren 4.33 IL {(4)) and (By) sre sequences of numbers

such that B,
such that E%‘and E% sonverse
4 8pd Basn - o0, then

respectively $o definite limite

= 3 4 eee 4 dnBg _ [{r + 1} [(x + 1)
o Tir + k « 2}

Rrovided r sad k are both > - 1.

« 4B,

The followlng proof iz an immediste gonseguence of

Theoren 4.1. By substitutiag Iin I'(r + 1) .méyw

M + 1) 3

; - ”Af + k1) |
s and [ {r + k » 2} 2 TE T EST) for the

Crs Oy, ond O(p 4 x & 1) sume respectively and letting Ay = Sér

By, = Séki the truth of the theorem follows since these llults
calst when these Cesarc sums exist and conversely.

& serles that is summeble of order 0 mey be summaeble of
& negetlve order r ) =~l. 4t -1 the limit of our definition
ceases Lo be defined. 4 counsiderstion of this negutive order
would tell something of the nsbturs of the sonvergance of the
serics,

according to lewie 3.6.1 the Csuchy produst of the finite

n
serles 8y + 8;x + ﬂgxg t ees + 3,3 with

14 ( )a + (r I)X + eee 4 (r * n - %)xﬁ'+ aenglxl < 1,

glves the rirst series whose firat n 4+ 1 terms sre

N N R I Y

)



Thus, the sum of this preduct meries is

{sg +BgX 4 .. # sﬂxﬁi (r - z}"%.

In thie operstlion we heve not mede any assumptlon concerning
gouvergence of Z:éé}xn.

Blave (8g + 81X + ... # sﬁxn}'iﬁ tie product of (1 - ¥

with the sum of the serles for which we have stated the first

n + 1 terns, we have

_iry revir) {z} ; arry {r}

&n = éﬁ - (l)bﬂ - 1% (3)*n -z ese {1} (n)éﬁ

whieh holds for sny vslue of n, If ¥ is g positive ilnteger,
the series hes onlyn + 1 bterms for o > P

In like menuer, multiplying &g + 83X + ... + a X bY the

series for (1 - x)={T *+ 13 we oblain

AL L o e DS
Bow

o)

{1 - x)“r(ﬂﬁ #BIE b e 0B
kP e t -
= (1~ %) {r - r }[ﬂl - X} r(aﬁ - H3K * ess = ﬂgxnjl,

. - wi? » ¥
for x| < 1; thus the product of {1 -~ 2} {z ')

with the
gum of the oconvergent series of which the first an + 1 terus
are

r') et grfgga

is equal to the right hend meuber of the sbove sguetion.
The Cauchy product of the series for (1 - x)~ (F = ¥}

and the series for whieh we leat gave the sum of the first
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n 4+ 1 terms is s series of which the sum of the first n + 1

terms ure

el

Thus, it f@llﬂﬁﬁ that a(r}ia eguivalent to

e ()t s el e g

for there can not be twe dAirferent power Se:.lec whieh comverge

for 1x) < 1.

dheorem 4.8: If g serles is Cp summsble to 5, then it
i3 Uy, sumssble to &, whers v und rt gre guy reed nunbeys

o

such that r* >z > - 1.

ir} .
e Gl g
How Egn sonverges to the limit TF since
) L)
iim 2B - & gnd glse Ru M{r + 1} a§§§w = 8
n

Ca®

If we lst B, = (?' A %) WHET'E mpey ﬁﬂr + converges

a
ta\?T;%m:*gy, where ¥' -~ r - 1 = k and r* » r, then by meking

use of the relastion immedistoly preceding this theorem, we

have

7248 45 8w e La s 8,450,

éHobson, op. cit. pp. 71-72



% Y ‘
It Tollowse frow thils couebion thst Mew SUnVerTes Lo »,ﬁ;‘ -
at [y =71

Henos by Theoresn 4.1
‘ %{?’3
Iim e a-ak el

Theoren 4e4: If LIB cmereeme = + o¢ of = o< , then

G2

ﬁ(? + 1
.2 v =+ o< or =~o%
(n + 74 l) —
n

Iim

Ard oo dr o+ 01 ISR I N r) - (Bt T 4+ )
u?;‘; - w.én | nd %3}4 - ‘i 3y 41 ( n ( n )

LAT # 1) {r - i)
g\bﬁ L od

noeory L, o G a
- o ry m@ ( L o< O = o< ™

Crara %)__ (5 - Ty
n a - 1
¥4 1

a ) y YO 0 ™ 1y &, weey iB

s e rn [BO#
Furthersore, sinee (

& monetoue lnervaselug seyuence of pusltive numbere, Lhen by

&
o welile=koown theorem® of sRunencer as & reewldi of the followe

ing lisdt, we heve
Ar o+ 1)

o
i O o
-Lim (fi . T o+ 1) — X O R
n

From thils preceding theores snd theorem 4.2, we sre led

o neske the following conclusiong

"o

P4 proof is glven by Hobson, op. glb., II, . 7.
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3f 5 series 18 O, summsble end diver ent, then the sg-~

Sueace of perbial sums psillete between finite or i%fingﬁe
limits,

From Theorem 4.5 1t is evident that the fundamental ree
quirements (1) end (2) are satisflied where r is sny real num-
ber, 3inece Theorems 8.%, 3,8., ond 3.4. oold ecualily as well,
where r is eny real aamhar; we also have the last three re-

guirements fulfilled.

Theorem 4.5: A necessary condition for Cp Summebility
of the seriss ] &, is that

1im:*§%~v= O

Proof follows sinllsrly es for theorem 3.5.. By indug~

7
tion, we get from lim T?§ékém"0, that

gér - 1} gfr - 2)

Eim’i""::-fé)" Q; IM'(% + 31)’- Oy seey Iim (§ ;; ﬁ) = O,

and finselly

But this limlt 1s equsl to

| By o Mr + 1} a,
Lim 1 Flr s 7 a1y = Wi ——e——
Tlr + 1) Fla+ 1}
&y

= iim - = 0,



since we have dewonsbrated shat

gen AT ¥ m & 1) s .
Lim 157371 ﬂ.ﬁésk 17~ s eI

We have now by the more genersl definitions of Hhldep

snd Cesdro extended the clsss of serics which are summsble.

It has been shown that these definitions satlisly the five
generslly sccepted fundasentsl reguiresents of sny generalize-
tion of summabllity, aud have as well, other properties angle

ogous %o those of ordinary convergent series.
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