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Abstract 

A theory of tapered laser cooling for fast circulating ion beams in a storage ring is 
constructed. We describe the fundamentals of this new cooling scheme, emphasizing 
that it might be the most promising way to beam crystallization. The cooling rates are 
analytically evaluated to study the ideal operating condition. We discuss the physical 
implication of the tapering factor of cooling laser, and show how to determine its 
optimum value. Molecular dynamics method is employed to demonstrate the validity 
of the present theory. 

I. INTRODUCTION 

The phase transition of ion beams in a storage ring has attracted a great interest since a 
sudden jump of the Schottky signal was detected in the NAP-M ring [ 11. Due to the recent progress of 
molecular dynamics (MD) approach, it has been confirmed that beam crystallization is actudy 
possible if one can provide a sufficiently strong 3D cooling force [2]. In the NAP-M case, electron 
cooling was employed to reduce the beam temperature to 50-100 K in the transverse degrees of 
freedom and 1 K longitudinally. MD simulations based on the NAP-M condition have demonstrated 
that the beam behaved like a 1D chain of “disks” formed by transversely oscillating particles [3]. But, 
in order to reach a ground state, it might be necessary to develop an even better cooling scheme. 

Laser cooling [4], whose limiting temperature is of the order of pK, could give us the best 

chance to attain crystalline beams. In fact, recent extensive experimental effort has made it feasible to 
achieve longitudinal beam temperature in the mK range [5, 61. However, we have so far been 
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annoyed by the large imbalance between the transverse and longitudinal temperature as the laser 
Cooling of circulating stored beams operates only one-dimensionally. Although the sympathetic 
cooling naturally induced by Coulomb interactions has been reported [7], the beam temperatures in the 
transverse directions are still too high for our final goal. 

To overcome this difficulty, several methods applying artificial dynamical coupling have 
been proposed. The simplest 3D laser cooling scheme is to use momentum dispersion at a regular rf 
cavity installed on a ring [8]. It has been shown both theoretically and numerically that one can 
enhance the transverse cooling rates up to the same level as the longitudinal rate. Introduction of a 
coupling cavity operating in w,,, mode is an alternate, mathematically equivalent scheme [9]. We 
can verify that the coupling cavity even more improves the transverse cooling efficiency. According to 
the latest MD study [ 101, equilibrium transverse temperature achievable with these methods appears to 

be in the region of 0.01- 1 K, far below the currently available range. As a matter of fact, we have 
already been successful in observing ordering effects in some numerical experiments where only 
realistic devices and longitudinal cooling are assumed. It is, however, well-known that these schemes 
are limited to bunched beams unfortunately. Furthermore, to strengthen the coupling, we must stay 
close enough to a linear synchro-betatron resonance in every lattice period, which generally makes it 
troublesome to meet the requirement for crystal maintenance [l l] .  In the above-mentioned MD 
simulations, the maintenance condition had actually been broken since we considered only a single rf 
cavity (and a single coupling cavity) on a ring. Consequently, the ordered structures were quickly 
melted away once the cooling force was removed. 

A promising new 3D cooling scheme, tupered cooling, has been explored recently [ 121. In 
this scheme, a properly tapered laser is applied to ion beams. Mathematically, the tapered cooling can 

be modeled as 

where 6p/p and x are, respectively, the momentum deviation and horizontal displacement in the 

laboratory frame, p, is the average radius of curvature in the bending section of the storage ring, 

y = 1 / JCjF is the Loren& factor, f, is a positive constant corresponding to the cooling strength, 

A(@@) stands for the change in @/p before and after the laser cooling section, and we call C,, 

taperingfactor [13]. To realize the cooling effect given in Eq. (l), we need to provide a special light 
whose photon frequency has a linear dependence on the horizontal coordinate. Such a laser could be 
obtained, for example, by means of a prism Needless to say, the cooling force can readily be 
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extended to the vertical dkection simply by setting a skew quadrupole magnet on a rhg. As 
demonstrated below, the tapered cooling scheme enables one to reach all kinds of crystalline structure 
if the ring lattice satisfies the necessary conditions [ 1 11. 

In this paper, we give a theoretical description of the physics of tapered cooling. First of all, 
we present a Hamiltonian formalism for the study of crystalline beams in Sec .  11. In S e c .  In, the 
cooling rates are evaluated under the linear approximation, and the stability limit of a laser-cooled 
beam is discussed. We then show, in Sec. IV, how to optimize the tapering factor to crystab? fast 
circulating beams. Finally, in Sec. V, the theoretical predictions are compared with MD simulation 
results. 

11. HAMILTONIAN FORMALISM FOR CRYSTALLINE BEAMS 

Before proceeding to the details of the tapered cooling scheme, let us fxst construct a 
Hamiltonian formalism relevant to crystalline-beam study. Although a general theory for space- 
charge-dominated beams is available in Ref. [ 141, we briefly outline, for the sake of completeness, an 
equivalent formalism under some simplifying assumptions. 

The starting point is the variational principle 

where L, is the relativistic Lagrangian describing the motion of a charge-particle beam. For later 
convenience, we change the independent variable from the time t to the reference path length s, 

modifying Eq. (2) to 61 L,ds = 0 in terms of the new Lagrangian 

L, = -m~d(G')* - L. - U' + 4( A - U' - @'), (3) 

where 4 and rn are, respectively, the charge state and rest mass of stored ion, c is the speed of light, u 

is the coordinate vector in real space, @is the scalar potential of space charges satisfying the Poisson's 

equation, A=(A,, A,, A,) includes the potential of the space-charge field as well as that of external 
magnetic fields, and the prime stands for differentiation with respect to s. In the following analysis, 
we do not consider rf cavities for simplicity since tapered laser cooling works not only for bunched 
beams but also for coasting beams. Then, we may approximately put A,=O=A,, neglecting the 
longitudinal component of spacecharge force. The Hamiltonian can now be derived, from L,, as 
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where p is the curvature of the reference orbit, and the longitudinal canonical momentum conjugate to 

t has been introduced as p, = aLs /at’. Expanding the square root and keeping the low order terms, 

we obtain 

1 P,” + Py’ 
2P 

where p is the total kinetic momentum given by p = rnP’)c = d ( p ,  + qq3)2 / c2 - m2c2 . Taking only 

bending and quadrupole magnets into account [ 151, Eq. (5) becomes 

where the quantities with the subscript “0“ express the values of the reference particle, K, and Ky are 
the horizontal and vertical focusing functions respectively, and AE = E - E, is the total energy 

difference from the design value Eo. Using the Suzuki’s generating function [16] and then adopting 

the relative time i = t - s / P0c as the longitudinal coordinate, H is transformed to 

2 

[ POPOCY,2 f’ sc -L]][g) P Poc (7) 

where the new canonical variables of the system are (2, j j x ,  5, j j y ,  i, d), the function 4 is related to 

the original Coulomb potential as 6 = q3(x = f - D,& / Pot, y = j7; s), and F,, is the s-dependent 

periodic function associated with the space-charge detuning to the horizontal dispersion function 0, 
[ 171; namely, 

‘ F  1 Dx“ + K, 0, = - + 2 SC’ 
P POSOCYO 
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It is evident from Eq. (7) that the longitudinal canonical momentum is a constant of motion. 

We therefore write @ = W = consr. Moreover, the horizontal betatron equation derived from 
suggests that Fsc has to be defined by 

such that the spacecharge driving terms balance along the closed orbit. 

111. COOLING RATES 

A. Evaluation of the linear cooling rates 

We now try to evaluate the tapered cooling rates in the high-temperature regime. For initial 
hot beams in the emittance-dominated state, the space-charge potential is negligible. In this case, the 
one-turn transfer matrix for the canonical variables can be written, by applying the smooth 

approximation to the Hamiltonian fi , as 

M, = 0 

0 

0 

0 

0 

0- 

where the horizontal and vertical betatron tunes are denoted by vx and vy respectively, q is the phase 

slip factor, R is the average ring radius, 0 represents the 2 X 2 zero matriX, c1, = 2 m X ,  and 

p,,, = 2mY. In addition, from J3q. (l), the effect of the taped cooling can also be linearized to 
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1 0  
0 1  

0 

1-g 0 
0 1  

M, = 0 

where d, is the magnitude of momentum dispersion in the cooling section, and g is the dimensionless 

parameter defined by g = yof,C,dc / p,. Specifically, d, must be finite to provide horizontal cooling 

effect. As mentioned above, a skew quadrupole magnet is needed to combine the vertical motion to 
other two motions. In the thin lens approximation, the transfer matrix of pure skew field is 

M, = 

I 
0 0  

R 
-- rq 0 0 

0 0  
0 

R 
-- I 

I 

where dq is the dispersion size at the skew magnet, I denotes the identity matrix, and rq is the 

coupling constant. For a quadrupole magnet having the axial length .tq, rq is defined by = $(%) 
where B is the magnetic field. 

In order to know the linear cooling rates, it is only necessary to calculate the eigen values of 
the matrix M = M, . M, - M,. Substituting Eqs. (lo), (1 l), and (12) into the characteristic equation 

IM - 21 = 0, we eventually find the dispersion relation 

- r{ [ 1 - [ 1 - $)gla - 1 + L} = 0, 
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where r = ( 2 1 c T ~ ) ~  sinp, sinpy / pxpr .  When writing A = exp(ip), the imaginary part of p can 

directly be related to the cooling rates. A larger Imw) implies a higher cooling rate while beam 

becomes unstable if Im(p) e 0. As an example, we illustrate, in Fig. 1, typical solutions of Eq. (13) 
under a strong cooling situation. We recognize that one of the three cooling rates turns to negative 
beyond a certain q,; in other words, too steep tapering causes beam heating. It can be shown that 
there always exists a threshold value of G,. 

0.0 0.4 0.8 1.2 
Tapering factor C, 

0.0 0.4 0.8 1.2 
Tapering factor C, 

2.0 - 
(c) 

1.5 - 
h 

v 5 
E 1.0- 

.-# 

0.5 - 
0.0 \ 

1 ' 1 ' 1 '  
0.0 0.4 0.8 1.2 

Tapering factor C, 

Fig. 1 Cooling rates vs. tapering factor C,, in the case whmf,=o.9. We have assumed 1 MeV 24Mg+ beam stored in a 
storage ring with k12.366 m and ~~4.01 m. different sets of betatron tunes have been considered: (a). 
v,=v,,=l.4, (b). vx=l.7 and vy=2. 1, (c). v,=2.1 and ~ " ~ 2 . 2 .  Other lattice parmetersemployed for these picturesare: 
d&=3 m, q=-0.7, and rq=0.247. 

B. Operating point consideration and limiting tapering factor 

It is interesting to see that the cooling rates of ad three directions exhibit linear dependence on 
the tapering factor when f, is not too large. For instance, assuming f, to be 0.1 instead of 0.9, Fig. 1 
is altered to Fig. 2. Of note here is the fact that the vertical cooling rate is almost zero in Figs. 2 (b) 
and 2 (c). On the other hand, both transverse cooling rates are roughly equal in the case of Fig. 2 (a) 
where the betatron tunes are on resonance. We have numerically confirmed that this is a general 
tendency in the case of modest cooling. Thus, in order to have the maximum cooling effect, it may be 
preferable to set v, -- v,. 

Provided that v, = v, and r<<l, it is possible to solve Eq. (13) in a perturbative way. 

Assuming d, = dq for simplicity, the cooling rates can be obtained as 
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I 

J N P )  = GC, 
h(p)  = f, - 4GC, 

(for the transverse motions), 
(for the longitudinal motion), 

where G = y,dJ / 4pm. As expected, the cooling rates are linearly proportional to Cxs. Notice further 

that they are independent of the skew coupling factor rq. These analytic formulas agree well with the 

exact solutions numerically evaluated from the dispersion relation. 
Eqs. (14) also tells us that the stable operating region is given by 

which is even independent of the cooling strength f,. Substitutjng pm=4.01 m, dc=3 m, and x = l  into 

Eq- (15), the limiting tapering factor is calculated to be 1.34. Obviously, this prediction is in good 
agreement with the numerical results displayed in both Figs. 1 and 2. 

0.0 0.4 0.8 1.2 
Tapering factor C, 

0.10 - 

0.08 - 
0.06 - 

=L 

3 0.04- 

0.02 - 
0.00 

h 

v 

1 ' 1 ' 1  
0.0 0.4 0.0 1.2 

Tapering factor C, 
0.0 0.4 0.0 1.2 

Tapering factor C, 

Fig. 2 Cooling rates vs. tapering fador C, in the case wheref,a. 1. All parameters except for f, are the same as those 
employed in Fig. 1. In the case (b) and (c), the vertical cooling rate is close to zero. 

IV. OPTIMIZATION OF THE TAPERING FACTOR 

A. Physical meaning of C,, 

According to Eqs. (14), it may be concluded that a preferred operating point corresponds to 
the intersection of the two cooling-rate lines where C, = f, / 5G. However, as approaching an ultra- 
cold state, we will be foxed to carefully incorporate the spacecharge force which dominates the beam. 



TO determine the optimum cooling condition in consideration of Coulomb interactions, we here think 
of the physical implication of the tapering factor, going back to the formula in Eq. (1). Once a frnal 

equilibrium state has been reached due to the tapered cooling, A(6p/p) in Eq. (1) would vanish, 

leading to @ / p = Kmx / p,. This condition is approximately equivalent to 

X -- @ - P o  --em-, 
P O  Y o P m  

which implies that an outer particle has a velocity greater than that of an inner particle. This can quite 
easily be understood if we imagine the nature of crystalline beams. In order for a crystalline beam to 
maintain its ordered structure, all particles must have the same revolution frequency. Therefore, an 
outer particle has to run faster than an inner particle. Figure 3 shows the phase-space profile of a 
typical 3D crystal. We clearly observe the linear dependence of the longitudinal momentum on the 
horizontal coordinate. This observation also suggests that too strong un-tapered cooling force may 
destroy multi-dimensional crystalline structures since it tries to equalize the longitudinal velocities of 
a l l  particles. 

It is straightforward to estimate the ground-state value of CXs. First of all, note that the 

revolution time of a particle with the velocity @c can be given by 

where (A) stands for taking the average of the quantity A over one turn, and we have looked at a 

particle moving on the horizontal plane. Requiring T to be equal to the design revolution time 27~R/&c, 

Eq. (17) together with Eq. (16) yield 

where AL is the path-length difference defined by 

2 

AL. = I%/( 0 $7 + (1 + ;) - 2nR. 
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Recalling that Ix / plel and Idx / dsl<<l, the integral in Eq. (19) takes a finite value, in the first-order 

approximation, only within bending regions. Then, assuming that x = (x) in dipole magnets, Eqs. 
(18) and (19) result in 

Although Eq. (20) allows us to make a rough estimate of the optimum tapering gradient, it 
inevitably contains some error because of the s-dependence of C', neglected here. To improve the 
accuracy of this prediction, we have to multiply Eq. (20) by a correction factor. For example, we m y  

introduce the factor 5, as the ratio of the average dispersion to d,; namely, 5, = R / yid, where yT is 

the transition energy of the ring. This definition of the correction factor makes sense since the orbit of 
each particle in a ground state is basically determined by momentum dispersion as discussed later. 

B 
n 

e z 1.0 

8 
W 

. El 0.5 
c) !z 
E 
3 0.0 

3 -0.5 
1 

M 
c, 
.d 

g -1.0 
a 

-2 0 2 
Horizontal coordinate (scaled) 

-2 0 2 
Horizontal coordinate (scaled) 

Fig. 3 Real-space and phase-space configurations of a single-shell crystalline beam. The lattice parameters of the storage 
ring TARN II [ 181 has been considered in this molecular dynamics simulation. The stored ions are 1 MeV 24Mg+, and 
the betatron tunes have been adjusted to vx=vy=1.7. 

B. Analytic determination of the optimum C,, 

In this section, we step forward to show how to predict the almost exact value of the 
optimum C', at an arbitrary position along the design orbit. For this purpose, let us investigate the 
theoretical basis as to how the revolution frequencies of all stored particles become identical in a 
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ground state. Noting that the real-space density of a crystalline beam is roughly uniform, the mean 
space-charge potential might be dominated by the linear force terms. In other words, we may 

approximately leave only the quadratic terms in the potential e. Then, the dynamical system of our 

interest turns out to be perfectly self-consistent, provided the space-charge potential satisfies 

where N is the number of particles per unit length. Here, a and b denote, respectively, the horizontal 
and vertical beam size governed by the KV-type envelope equations [ 191 

E2 2KSC a"+ Kxa - 3 4 = - 2 4 ,  b" + K,?b - 2. = - 
a a + b '  . b3 b + a y  

where E, and E, are the transverse beam emittances, and K,, = 2Nrp / 

radius of the particle. The Hamiltonian in Eq. (7) is then reduced to the simple form 

with rp being the classical 

indicating that the definition of the momentum compaction factor a,, does not change; namely, we can 

define it to be as, = (2RR)-'$ds(Dx / p) .  Furthermore, we have, from Eqs. (8), (9), and (21), 

Since the momentum dispersion can strongly be detuned by the space-charge term in Eq. (24), a,, 

suffers a considerable change as approaching a ground state. In this way, the isochronous condition 

a,, = 1/ "/02 is naturally accomplished in crystalline beams such that all particles have an identical 
revolution period. 

Apparently, betatron motion has been completely suppressed in ground states, which means 
that the coordinate 2 is very close to zero. Recalling that x = 2 - DxW / /.$cy the transverse tra.&tory 

mainly originates from the dispersion function, Le. x = -DxW / Doc. Substitution of this formula into 
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Eq. (16) leads to ( p  - p0)c = -WC,D, / yopm. This equation can be rewritten as 

C,=-. Pm 
Y o 4  

Thus, in order to know the optimum tapering factor along the reference orbit, we only need to solve 
Eq. (24) together with Eqs. (22) for the dispersion function D, and, then, substitute the result into Eq. 

We readily notice, from the isochronous condition, that the average dispersion in a ground 

state is roughly equal to R / "/02. Therefore, by taking the average of Eq. (25) over one turn, we obtain 

(C,) = yopm / R, consistent with Fq. (20). Equation (25) also gives us a simple interpretation of the 

limiting tapering factor discussed in Sec. 111 B. For an initial hot beam, the dispersioa in the cooling 
section is d,. On the other hand, the tapered cooling force pushes off-momentum particles onto 
particular closed orbits determined by the space-charge-detuned dispersion function 0, in Eq. (24). 
To prevent an input beam from average momentum increase after the interaction with a tapered laser, 
the ground-state value of D, must be greater than d,; Le., 0, > d, in Eq. (25). We thus conclude 

again C, < p,,, / yod, for beam stability. Note that this argument as well as Eq. (25) does not depend 

on the cooling strengthf,. Hence, the condition in Eq. (15) should be satisfied in any situations. As a 
matter of fact, Fig. 1 has already pointed out that Eq. (15) holds even for a largef,. 

(25). 

2 
3 lo4  

E lo2 !i 
2 loo 
Q c. 

.n - 2 loQ 
iI: 

1 o4 

1 0" 
I I I I 

0.2 0.4 0.6 0.8 
Tapering factor C, 

12 

Fig. 4 Typical dependence of equilibrium 
beam temperature on the tapering 
factor. The result was obtained with 
the MD code [3], assuming 1 MeV 
24Mg' beam stored in TARN II. The 
total number of the stored ions is 
N,, = 3.38 X lo6. Here, ~,=1.68, 
~ ~ 4 . 8 5 ,  and we have installed two 
skew quactupoles in each lattice 
period, whose skew strength factor is 
rq4.124. The optimum tapering 
factor found in this simulation is 
0.267 at which the beam has been 
completely crystallized For the 
definition of the beam temperature, 
see, e.g., Ref. [3]. 



V. MOLECULAR DYNAMICS RESULTS 

At present, there exist only two storage rings in the world where laser cooling system has 
been installed; namely, the TSR ring [5] at MPI, Heidelberg, and the ASTRID ring [6] at Aarhus 
University, Denmark. However, these storage rings do not satisfy the necessary condition of crystal 
maintenance although with minor modifcations they would. Thus, in order to give specific numerical 
results, we here choose the TARN 11 parameters as an example [18]. The cooler ring ‘TARN 11”, 
whose circumference is about 77.7 m, has the superperiodicity of 6 and contains four bending 
magnets in each lattice period. The orbit curvature in the bending regions is 4.01 m. Since the 
operating betatron tune is usually set at around two or even less, this ring is crystal friendly. 

A typical C,,-dependence of final beam temperature in TARN I1 is displayed in Fig. 4. We 
observe a sharp drop of temperature at C,,-0.267 where the beam has been fully crystallized. It is also 

recognized that the beam has heated up when C,. exceeds around 0.9. Noting that ~ ~ 4 . 0 1  m, 

‘y0=1.000044, and dc=4.09 m, Eq. (15) predicts the stability border of 0.98 which is in good 

agreement with this M ~ I  result. Concerning the optimum size of the tapering gradient, Eq. (20) 

multiplied by rc yields ccFm -- 0.280. We again find a nice agreement with the exact value 0.267 

while cu is only a rough estimate based on the first-order approximation. Without the correction 

factor, we have cn = 0.324. 

0.40 1 
Fig. 5 Variation of the function p,(& / p )  / p 

along the reference orbit. pm(& / p )  / p of 
ten particles, CaIcdated from aMD result, have 
been plotted We have taken into account the 
same TARN II parameters as used in Fig. 4, 
setting Cp0.267. 

0.24 - - -  
0 2 4 6 8 IO 12 

Longitudinal coordinate [m] 

Figure 5, obtained from a A D  simulation, illustrates the longitudinal variation of 
p,,, (& / p )  / p of ten arbitrarily picked particles within the last lattice period. Apart from small thermal 

noises, all particles have an almost identical pm(&/ p )  / p just corresponding to the optimum 

tapering factor. In this simulation, the cooling section is located at both ends of the picture, consistent 
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with the fact that C,,=O.267 at optimum. The task now is to examine whether the theory proposed can 
reproduce the curve in Fig. 5. To do this, let us rewrite Eqs. (22), for convenience, as 

where ii = a I E, & = b I &, E, = E, I K,, and E, = E, I K,,. Similarly, the parameter K,, is 

eliminated from Eq. (24) as 

2 1 

For the TARN II example considered in this section, we may set Ex = E,,(= E )  since the betatron tunes 

are close to each other. To choose a proper value of E ,  we need to know the phase-space density of 
crystalline beam [20]. It is, of course, possible but we here try an even easier way to evaluate the 
density parameter; namely, the isochronous condition is employed to search for the correct magnitude 
of g. After some straightforward numerical procedure, we conclude that E must be about 5.4 in the 
present case. Then, calculating the periodic solutions of Eqs. (26) and substituting the result in Eq- 
(27), we obtain the dispersion function as plotted in Fig. 6 (a). It is now obvious that the space- 
charge-detuning effect on momentum dispersion can be quite large in a high-density beam. The func- 

20 

- 1 (a) Ground-state dispersion 
Y E \ 

o 2 4 6 a i 0 1 2  
Longitudinal coordinate [m] 

0.40 - 
u 0.38- 
0 

0.36- 
0.34- 

3 0.32- 
a 3 0.30- 

2 0.28 - 
c 0.26- 
i? 

z 
rc 

.e 

.e 

.d Y 

3 
0.24 I I I I I I 

0 2  4 6 a i 0 1 2  
Longitudinal coordinate [m] 

Fig. 6 Theoretical predictions. (a). ’The solid line correspon& to the momentum dispersion in a ground state while the 
dotted line to that in the absence of space charge, i. e. the case of K,,=O. (b). The optimum tapering factor along the 
reference orbit, predicted by 3. (25). 
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tion D, shown in Fig. 6 (a) is further substituted in Eq. (25) to generate Fig. 6 (b) where we observe 
an excellent agreement with the h4D results in Fig. 5. This inversely indicates that the isochronous 
condition is certainly realized in ground states, and also that ground-state dispersion can uniquely be 
determined once the lattice structure of a storage ring is fixed. 

It is practically meaningful to check out how much error in C,, will be acceptable to achieve 
beam crystallization. The definition of the threshold temperature is, however, a sort of arbitrary 
because no sharp phase transition has so far been encountered in coasting beams [21]. Therefore, we 
simply assume here that a normalized temperature below 0.05 is necessary to attain a crystalline beam. 
This assumption should be reasonable as strong ordering between particles actually occurs around this 
temperature according to past MD study. Furthermore, it has also been confirmed that the survival 
time of a crystalline beam is sufficiently long below this threshold. Figure 7 shows the upper and 
lower limit of the acceptable tapering factor determjned in this way. It is evident that the acceptable 
range becomes particularly large for 1D crystals. We have further verified, based on systematic MD 
simulations, that this range is quite insensitive to the value off,. 

0.7 

,,, 0.6 
u" 
3 0.5 
0 

e 0.4 
M 
E 
8 0.3 

0.2 

c 

.- 
s- 

0.1 

-1 

Fig. 7 Acceptable range of 
tapering factor. Cx> and 
C,- represent, respectively, 
the upper and lower limit 
of C,, reqired for beam 
crystallization. The dot- 
dash line indicates the 
ideal value predicted by the 
theory. Note that the 
transition from 1D to 3D 
crystalline structure takes 
place when the numbex of 
stored particles is around 
1 . 2 ~ 1 0 ~  in the present 
example. 

I I I I I I 

2 4 6 8 10 12 
Number of stored particles (x106) 

VI. CONCLUDING REMARKS 

Finally, it is worthy to make a remark upon the self-consistency of our theory. Of essential 
importance is that, in deriving Eqs. (21) and (22), we have assumed the Wasov equation df//ds=O 
wheref is phase-space distribution function. On the other hand, it is commonly believed that intra- 
beam scattering naturally plays an increasing role as the beam is compressed during the cooling 
process. If we follow the latter understanding, the collision term should be added to the WOV 
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equation for a correct treatment of cold beams. Nevertheless, why does the Vlasov equation suffice 
for describing the behavior of crystalline beams ? An answer can be found in Fig. 8 where the heating 
rates of bunched and coasting beams at different line density have been plotted. Figure 8 shows that 
the heating effect due to random collisions actually grows rapidly as an initial hot beam is cooled 
down to a low-temperature state. However, once the beam is cooled beyond the peak of the heating- 
rate curve, the collisional effect starts to be monotonically weakened and has eventually disappeared 
when arriving at a ground state. This observation suggests that, for crystalline beams, Coulomb 
interactions between individual particles can be smoothed out in terms of collective average. This is 
why Eq. (24) together with Eq. (22) allow an accurate prediction to the optimum tapering factor. 
Furthermore, we can easily prove that the condition of crystal maintenance is a natural consequence 
from Eq. (22) [ 141. 

To conclude, we have given a satisfactory theoretical description of tapered laser cooling. 
Considering the nature of ground states, it has been demonstrated that this new cooling scheme 
provides a promising possibility of crystallizing fast circulating beams in a storage ring. The hear 
cooling rates have been evaluated from a characteristic equation. A Hamiltonian treatment has also 
been established to understand some important properties of crystalline beams. In particular, we have 
shown how the revolution frequencies of all particles in a ground state converge on the design value. 
Space-charge-detuned dispersion function and the isochronous condition have been employed to 
predict the optimum value of the tapering factor at an arbitrary location along the design orbit. It has 
been found that the theoretical predictions given here are in excellent agreement with results from 
molecular dynamics calculations. 
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Fig. 8 Heating rate curves for bunched and coasting beams at different line density. 
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