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CHAPTER I
IRTRODUCTION

The object of this paper is to define the elementsry
transcendental functlions of s complex varieble by meens of
integrels, and to disouas thelr properties, We shall sssume
that the resder hss a knowledge of the theory of functions
of # complex verieble,

We gilve “here & llet of definitions and theorems to which
references will be mede in the later chapters,

lLet £{z) be defined at each point of a rectifiable are
z2(t) = x(8) + iy{t), $ 25 < I, In the g-plane. We subdivide
the are into smaller ercs by the points z - gz(% ), & = g(gl);

g, - g\t Yawasss 2 m—-g,(g,) Z bo<b< %z(....< £ =T. FKext

we form the sum Zy/(f*)@/»vw? . where X A~ isa point f,hz&,v)
such that. on ,<Q <Z.+ 1f this sum tends to a limit J, for

all poasible subﬁivisi:ms of the ab@v& type snd all such ahoieas
Qf A, 88 mex |z, =~ 2, | temds to zero, we say that £{z) is
"intesrable Riemann® along C, and write

%’nf;f(p

Theorem 1.1. If f{z} is continuous on & regular arc g
whose equation is z(t) = x(%) + iy(t) where %, < £<7T, thew
£(z) is inteprable Riemann slong G snd |
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fc,f(i)%i:ﬁj FcH) 2[_2.’/ f oéﬁé_z}éét
where F(t) denotes the value of £{z) on g, 1i.e. g(x(t}fixtt)) -E(L).

Ineorem 1.2. If £(2) 1s regular in s simply conmected
region R, M/f(f)/?/ is indspendent g_’ the path pro vided
Z,o808 £ 1le in R R and the psths considered lie entirely in R.

Theoren 1.3. Ig rlz)= f Z/}) % is independent of tha
path in s region B, gnd if g(m is gcontinuous in R, then ¥ (z)
exists and 1s egusl %o flz) in E.

Theorem 1.4. Let £{z) be sn smalytic function, regular
in 2 elsiborhood of the point z_, &t walch it tkes the value
w . ZThe necessery snd sufficient g gondition that the function
£(z) = ¥ should have s unigque lnverse gz = Elw), resuler in g
pelghborhood of w,, is that £ (z) should pot yamish.l

Theorem 1.5. Suppose that f£(z) is regulsr on and imside
8 simple close contour C, and let s be & point inside C.

Then

nel D0,

| W f5) = f a P )l - <) 7////2)/(5 L),

The series is ent if 1z - 8/ < &, whers 4 is the smell-

est distance of e polnt t on O frome. (1) is kmownas |,

faylor's series. If g =0 1t is galled jﬁég‘ .Lénrin“__';g W? ;’
Ir ;g'_( 2) 1s regular in some region conteining z —a, and

it £(a) - 0, then g 1s ssid to be a 593;9_, of £iz).

Q nyers

By Teylor's series f{z) cen be expanded in powers of |

(z - a) in the form

j/CZ) :go = & (;—d)%

1 &, T. Copson, Iheory of Function of a Complex Variasble, ‘p.lm



Ife<__ 48 the first pon-vanishingz soefficient in Taylor's
series of f£(z) in powers of {z - 8), then g 15 s8id to be a
zero of order m. |

If £{z) hes a zero of order m at g, 1/f£{z) has a pole of
grdsz B there.

Theérem 1.8. The modulus of the product of two complex
pumbers (and hence, by induction, of any number of complex nﬁ.m«-
vers) is equel to the product of their moduli.’

Theorem 1.7. Let the reglom R(z) im which the path of im~
tegration Oy lles be mepped upom the reclon B, by meanms of 2
single velued gnalytio function whose inverse is W ¥ziued.
if ¢, is mapped wpon G, in the B, reglon then”

jc; j’/(?) ”57 - /f{ﬂw)} ¢ (cr) Aeer

If 8 - b ~pn, where @ is an integer, we say that

@z B (ot K)
It is obvious
a). That the relationship is reéiprc}éa};, i.e. 1ir
g = bimod =< ), then b = almod os‘}.
b}. The relationship is transiﬁ?e, i.0. if g = b(modo )

¢). If 8 = bimod— ) and ¢ = 4(mod =), then

8+¢ =0+ dlmod),

1 £. 7. copson, Theory of Fumction of s Complex Verisble, p. 7.
2 luawlg Bleberbach, Lehrbuch Der Funktionentheorie, p. 112.



All numbers which sre congruent to a given number s{mod «)
sonstitute the residue cless [a]{mod < ). A pumber b is in
[e]tmod =t ), 1f b < @ + k«, vhers k 1s an integer. &ny number
of [g] {mod = )} is sald to represent 1it.

¥We shall define ,

[8] + 2] =/2+d] (mdx].

A gomplete set of residues (mod= ) is a set {z} such
that every number cen be written as £ + ko, where k is an
integer.

The gomp lete et of resifues (med « ), o imeginary, such
thet z - X » £<{, where x 15 any real number snd -3 < $< %
is called s prineipsl set of residues.

It = 1s real‘. the set z < iy + L, where y 1is real and
-~} < < % is called e principsl set of residues.



CHAPTER II
THE LOGARITHN FURCTION
?or ee:agla;z: values of z # 0 we now define

Ly = A =

M_,

8inge the mtegrmé is regulsr with the exception of the
point u =0, we may iuntegrate | ¥4« glong any path that
does ﬁﬁﬁiﬁ&lﬁﬂe the point w = 0. If it is included we get
different values for l(z).

Evaluating 1(g), we fina

L(3) s (Logrzrs <o)t 2 7 2)

wb&m—g is the amplitude of Z.

Proof:

ks the integrend is regular with the exception of the
point u = 0, we choose the path, (1) X =t, g =0 (if |1z)>1
then 1 < ¢ = ,;:;f or 1T ;z/<1 then |z) <« % <1), aaning this
€1, snd (2) x = zjeos t, y = ,z/8in & (ife +2k7 > O then
Oct<e+Beorifo+2k7< O thene 2k7< £< 0)
{where g 1s the amplitude of z snd —Jj<c6-<¢ 7 1}, aanm’g
this cp. Hence

Jld= = f7 = [0 &

le, 51 <2 —
If we consider the first of these integrals, we have
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ST ML e <)

Io,

but __/&t 1 and dy/d4t = 0, therefora

W e ["” Lt 2(7 /
‘j/;‘ o ‘4' ‘e, —Z— .

Considering the ssocond of the integrsls

[?r j_‘i% :f?“‘*"/’r éég,‘;d:;r) L,

Q’Q‘é o 5 Ia/(wff—o'/a«_.;,i‘)

but 4x/dt = - zisln § and 4y/4t - ,z/com 1, therefore

fz ” "*1"’7:" f o2 A T
/ , ~-

——— = / /(.. N ,C'-f--owt) )
Ia’c_ < . /7/( g ) ;4./ Caa At al. 4{,&
2 o ¥ Caa — caar X+ < Al X

L2

—““/ AE :4;~a~+.z7é/7‘_<,’/
where k = 0,41, £8,c000 &
We mee that 1{(z) ~ log /z/+ 4o + 2Kk71, therefore we set
g) = [logz) + o) (mod 271) o

ﬁaking ] cut along the negetive real exis we find
that ia‘ this region w = 1(z) = f: ¥ dee 7;,‘. is indepsndent of the
path of integration with the exception of the point z < O,
and 3./;_ 1s eantimuua io thet seme regiom, hence by Theorewm
1.3, i_/g& exiata and 1is squal to 1/g in that region,

Next we have the addition theorem
o Az »odlg) s Uz z) .

?_"‘Jqé»:
- Mz,) = [logjz,|+ 1e] (mod 274),

Uz,) = Dogiz, s to)(mod 271),

h



Uz ) + Uz ) = [logiz |+losiz. ile, + 2.)] (mé 271)
< [logrzjz./ + Lte, s ©,)] (mod 278} |

g [10%/& 2.+ iviﬁu ;8 )] (mod 271)
- gz sl
’i‘ha function log 12 +igy ~T< &< ‘/7' is s8id to regmseﬁt o
the grimigal m_, of 1{g}. Ve ‘¢an now state the theorem;
I'he principal k__________ ef 1(z) takas on every value of t&m

principel set of residues @g 2.
Froof:
Let ¥ = . ¢+ iy .+ be any number from the principsl sa'h
of msiéues ma 273, that is -7 < ¥ <477 . Then setting |
log/z/ + fg = u, + iv,,
we find that /,z/- g_“; and o =%
Hemece = log/z/ +ig - u, + iy .
It fellam ati once that 1(z) tekes on any complex value.
iﬁfa shall ﬁarsig;mte the principal brsuch of L(z) by L(z).
’#@ mica a further inveatigatiem of L(g} by sm;tmg
| Lzl =1 .
Then | ,lug,;gJ+ o =1,
| 1(551 z2) =1, apd @ =0 ,
| /&) = &«
Bence we Tind thet for L(z) = 1, z —e. ilso if L{g) = g(mél)’
we Tind log/z) + 18 =21 , |
log/z/ =%, or g = 8%, m-g—: 0.
Hence L(e¥) = x. |

Since E(z) reduces for real z =~ x to log x, we designate



L{z) vy Log z and eall it the principal logerithm of z. The
rasiﬁue elass [}.cog, 1Z] + i&] (mod £71) will be denoted by lag 21;‘ 1
and callad the general logarithm of z.

We define

Loq Iy 14 < & / ﬂw#447un
/? (ﬁ) JL?i}+~'§ (/ 27‘F/f¢i

where .nt '1's the emplitude of ¢, and -7 < ¢ <77 . Lo(z) 1=

defined to be the values of l,(z) which lie in the principal

set of residues (mcd 21 )) Honce Ly(z) will

og= (8l + H~ ,
lis in tha strip cenmining ¥=-u +iy such that

_ —Z éegm: : log ¢ .
og~ 1e) + < ¥s 1&@3-lg+§?

Ifig =1, sey ¢ = 008 ¢ + 4 sin ¢ (-7 <« ¢ <), then

y () = [leg lfé - i&}(mod giy_ \ .
Hence ;._G‘('z}f which is defired to be the principal set of raaidues
(mod 277), will 1lie in the strip containmg all w =u + iy
such t%at <u < _ﬂ__ - ‘ ,

If ¢ ~ &, we sce t!mt 1,(z) = l»ag z. Hence 1,(z) will be
called the ﬁmral logarithm of 2 to the base ¢, written 1egc Z.
The grincig 8l logarithm shall be L L,(z) ena ve den‘oted by Loge z.

We see that the whole Z-plane is mspped bi—-nniquely by
the function w = u + iv = log Z upon any strip (2k - 1)77 ¥ =<
(2 +1)7, (k =0, %1, 42,....). All values of log 2z lying
in any one such strip will be called = pggxig_l;. of log z. Each
branch is a ragulaxf Tunction in the cut z-plane y wWhose deriva-

tive is 1/z.



Similarly all velues of W - u +1¥ = log, 2, & # 0,/¢/#1,

whioh lie in a strip (2k - 1] los <y <d8kz 1) 3
' (k =0, F 1,8 0nss) w?gillzlet:aned a ;r;mh oflggé; z. If

1¢/ =1, p #0, then sll the values of ¥ =-u +1iy =1log,

which lie in e strip (2k - V) 77/g <w < {2k » 1) 7/ (whara
k=0,21,42,....) will be callsd & branch of log, z. Each
branoh is a reguler function of z in the out g~plane whose
derivative is 1/zlog g.



CHAPTER III
- THE EXPONENTIAL FUNCTION

It w - log z, and ¥ 1s given, then it follows from our
previcuaf“aiscuaaian that z is uniquely determined. Hence the
inversa mnctien of w=1log z is a sing}.a valued mnetion, ‘
say Blw), ﬁhieh never vanishes. |

Since the points w + krilk = 0,21,1+2,....) all
correspond to the same value of z, Blw +2k7i) = Elw). *:ﬁam}a
E{w) 15 a periocdic funetion of peri‘oa 27i. Also by the f'a&di'-#
tion theorem for log z | |

g(g__rl + ®_ )= Ellog z + log zZ,

If w - Log 2, then z = E{w) = E{(u + iv) where ~T <« L <iTe

Here ¥ is = regular function, and hence dw/dz - 1/z, z £ 0,

and dz/adw =Elw). Therefore E{w) is a regular function in

7]

the strip -7 < ¥ < 77 . But since E(w) is periocdic, El(w) 1=
regular in the whole plane and g@(g»/g_g =+ E{w). We found for
real valuﬁaisﬂof z that log 1 = 0 {mod 271), hence Blekpi) = 1,
(k = 0, t1, L 2,+...); in particular E{0) =1, Log x (x real)
is the crﬂimy logarithm of x whose inverse is e*, Vnemse

Bix) = e%. Therefore we shall designate E(w) by e¥, where w
can be any aamplex number. Hence &(e¥)/dw - e¥. 3Since the

funotion iB regular in the whole w-pleane and 8% = 1, we may

10
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write it in terms of the Maclaurin's expansion
'ew: 1 + ! Y 28/22 + 175/53; '{‘ ;q-."fgn/&t + sase
Since this expansion converges for all values of w, w oan take

on eny valus. Suppose w = iy, then

ol = 14 1y - yB/2t - 13%/3t+ gh/at £ 0/ L.
How we know that the expansion of sin y, and cos y (y real) is

siny-3 - /3t~ /8t - ¥/ wael
cos y =1 - 13/2'. + {4/4&: -y8/8Y+ L.u. .
By observation we see that eV - cos y + 4 sin y, or we may write
o% . X+ 1V~ e¥(o0s g + 1 sin y). Since, for 3 resl,
elY _ o8y + 1 sin y
eiY _cosy-1siny.,
Adding the two, we get
el , o1y =~ 2 cos y ,

coe ¥ = ely +2 e~iy .

How subtrascting the two, we have
el¥ - o°1¥ - 2t einy,

olf ce7l
v

sin y =

Hext we shall find the inverse of log, 2. For the same
reasons as those given for log g, log, z hes an inverse. Call

this inverse E,(z). To find the value of the inverse we set

x = log, 2 - [-JSBIEE | (o 21U

Henoe wl(log o1 + 1¢) :[1@@: + 1@] {mod 2771},

wlog ¢ = log g |
?».: ev LQ@G = %{K} >

—
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Since for x (real), g > 0, E,(w) = Eq(x) = X 108 ¢ - oX yg

will desigznate E,(w) by ¥ = g% log o

If o% - e¥ 108 ¢ then taking the logarithm of both smes

we have Log ¢% = w log g.
From the dsfinition g = ehg J t.heremre g“'
(elog W - _wlog e

- (elog )"

But since o¥ - EW Log ¢ i
Next, (o%)"* < (g™ 1o8 \¥o - gww.log ¢ _ oww,

From the last ehapter we found d(loga 2)/8z = 1/z-Log o,

hence 1tz~5_ §§f§_~e.1-oga.



CHEAPTER IV

'HE TRIGONOMETRIC FUNCTIONS

Arc tan g,,.s We shall define the arc ‘tan 2, 2#%1, g;é -1,

as follows: ,
4Myxzm,ﬁ=1:”f%iz.

The 1nzagrand has the pales i anﬁ -1, thsrefare the integral
(ia 1ndepenﬂent ef the path if au do nat g0 around these points.
Since we know the integrel of_/” L s W& sBhall make a trang-
formation which will get the are ten =z in this torm. ¥e shell
attempt ta use a linear fractional trensformation of the form
au + b which will put one of the poles at zera, the ather at

gu +
infinity, end zero will go into ome. Hence its _au + b

then far u=1, £t =0,07 0 =4a + b end a=4b. If §g=+ g’ :
"%=-> hence -¢{ + 4 -0, or ¢ = -4i. ﬁaking these subatiuu-
tions we heve Y. bliju+ 1} . Farthermore if 1=0,%-= -1

or 1 = b/4. Tharefara thaléransrermatian we shall use is

. 1+1u, or $ -1,
U s O E:%£+l

By thia transfermatian we have transfarmed all the points

above the axis of reals in the u-plane into points within the
unit circle in the t-plane, and ell the points below the axis
of realz in the u~plane go into points’autsida the unit circle
in the t-plene. The axis of reals in the u-plane is the unit
eirele in the t-plene, and the line segment from 1 to -1 in the

13
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u~-plane is the ray elong the positive half of the resl axis.

To mtngrat_a [t % , w2 go slong the axis of reals
from 1 to | t( and then along a circls /t/=g. In the u-plane
this iﬁl the same as golng from O to -1 ”s; ;- 1 and then along
the path found thus, if u - x + iy -

8 = 187 < ‘%':Lfﬁ'l B {%,gy}z»; =
o+ 2% + %P, B 15, 2 4 2
(e - 1)xB 4 (e® - L)% + 2(g® 4 Vg -1 -2,

z2 3.‘527‘8%%:&1 - -1,
a 3

2 (1r 553) = el -

Hence we see that this path is a circle of radius 29/(_9,3 - 1)
and aentar et -1{o® + 1)/({e® - 1) which pesses through the
points ~1{st/ ~ 1}/{%l +1) end u =~ z. If 1% >1, then
-1(1%) < 1)/(/%/+ 1) 1iez on the line segment between O
-1, If 1t1<1, then -1{)ti ~ 1)}/{|$]+1) lies on the line
segment between O end i, elso ~i{eZ + 1)/(o® — 1) lies on the
imeginary axis above 1.

Meking the trensformation z = (¢ - 1)/1i(t + 1) in the
integral we find thet

Aee =
A T < (A DE

Hence

/%’A—v /tﬁi'\ / i(/é
sfer T <~ (X*+D* = =z /_.__
| T 27 - 2o | F

A 2
< &4 /)]




1%

P
T N

Henoe <.— = d/vc//a—«/ > 1«7<’+* ]pww—-éﬂ) ‘
The principel set of resiﬁuea[,* { ) (M ) sare
all veluss of w = u + iy such ~7/2c u < 7 f2. These values
of are ten g will be denoted by Arc ten z and ocslled the prin-
eipal sre %an %.

To find z we set

W‘/:w-;l-—o'ﬂf" =%tn;//é—%-/‘2¢ (I—#Z’
=% e?fz(;%f ,
J—,z.o'.a-' R 2 e Zr .
— L —e - —
% / f 2/;
?(-«;.a,“'“’h‘;):&-z»‘«/ -/,

,a-—ww-’ :_2/ = *"’ __sz"“‘”_/

To prove the addition formuls for the tamgent of two

gomplex numbers, we set

2 (P Fenry )

Lo (wp ot wz) = L & =L .

< -".z_‘_: (eer, +evrg) < /

If we maltiply numerator and dsnominator by 2 then sdd end
subtract eBi¥W, ang e‘ﬁwa, we get

20 (< 1--‘-*;}' 2,4.‘144/, 2 ar zgwg_ e -t

Y A2 ~-£ + .2 - _2 + 2 ~ 2

y o 2z sl ) < - . .

- —Z_&z Rt __4—.-:, ”'4,2:2 %_L1~M,,+L.z‘arg, ‘ =
L LET ) (25 ) # () (BT )

’ /
L

1," .L/) (_¢z~«"‘ "‘I)‘/(:{QM I)( <2< -‘b\/)

dividing numerator and denominetor by (gaiw‘ + 1) (ggm‘+ 1)
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- _& L) < | & "’+/ —_
<« <, s <Y
L B —/ ! 2z * —/
. 1 2 - w .
- /}.z, /- z&—.«/—a/" b/va’

From the definitlon of w = arc tan z we see that ten w 1is
.Y pe-riéﬁie mncticn of periocd 77, If we mske m cut along iy,
¥ 71, eand 1y, ¥ < -1 {(which corresponds to s cut in the ;_mplbane
elong the negative real axis), W=u 44y = Arc ten 2= &/fa— N

is independent of the path of integration. 1In this cut plane
W 1s a regular function, and hence dw/dz - 1/{(1 + z®), 2z # 1,

%2 #-1, hence dz/dw = 1 + 2% = 1 + ten? w, in the strip
~77/8 < <7 /f?. of £he w-plene except for the pole w = 77 /2.
But sinee tan W is & periodic funection it will be analytic in
the whale plane except for the pnles w = {2k + L7 /2‘2 ‘mese
points are simpla poles since l/tan W =0 and & ( );é O
dw\tan w

Are sin z. We next define the arc sin z for g #1 and z £-1.
| a«;“ﬁt‘ .
We shall attempt to get this integral in the farm;/'.ig? by
| | i |
the trausformation t =iu +\/1 - ga 1. By this trensformstion

we have

u =(t2 - /21t ena w’l R I
Therefore £ Y £
e L j/ tz*tfiié- ﬂot—=._4_j’ Lt
""‘V~/—4&* roE L ~ ) =

1 Luawig Bieberbach, Lehrbuch Der Fuaktionentheorie, . 3.
2 Eﬁra k is sny integer.
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Lofrap gt Loy [y V)
Bow \1 - _fg& has two velues; hence @csg (§§+W?’*i‘has two
corresponding values. If s - 1z+ V1 - 2% , then
-1/8 = iz -\} 1 - 22, The log {-1/8) = (2k + )71 - log s.
Hence we see that the sum of the two evaluations differ by an
odd mlﬁip];y b‘f m+ Hepece if one value is ¥;,» the other value
will Ye wy = {2k + 1)% =~ w;. Therefors we find that
% = are sin g :;[ﬁ,cg (12 + m;] (mod 277} and slsc
[7/~ -;@"{L& + m}/_ﬂ {(mo0d 277}, If w- u+ iy, then the
pr&mi@al valye of erc sln 2 = 4rc sip 2z and will be the prin~

cipal set of resldues mod & 7 such thet -7 < u < 7 Since
for any" ;givan‘valm of w, Eleg(igj ml ] {mod 2 1) deter-
mines one value’ ef z, therefore we may find z. %e see that if :
~frogliz+ i - 22,
then R ,.i:g - Logliz + i - 22) )
 elwo 1z+ V1 - 28,
el Ly = T -2
e?1¥ | pggelv . g2 _ 3 o z*,
 zizelVo o2l | g
eBlw . 1 glw _ oiW

MR E S =Ty = Ty

The sin w 1s reguler in the entire w-plane, snd is zero for

® =k 77 lwhere k = 0, 1, x2,....}. By the definition of
are sin z, sin w is a periodic funetion of periocd 2j7.
We define
cos w = sin (w + 77 /2) .
Henoe we find that
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‘ 124 _.4;(”1-?’—. X -
+ -3 < S — S
0 oes o~ ¢ ‘)\_,a/ - £ -2
—~ = - *

2z | 2

We see that the derivative of sin W 15 the cos w, and the de-
rivativé’féf the cos w is mipus the sin We

If we divide sin w by cos w, we have tan w, for

e s

MN—UJ" 2. —./Q-f - 2 - —
= . - S —— -
L Comg < 2 - + 2 :
- i —«-.4-4"
] L. § -2 - = /@M//wl .

Next we find that sin® w + cos® w =1, since

Adding the two, we got

2 - R S e

S TS L2 LT 2t 2 =/

o

Henee sin® w + cos® w=1.

To exsmine the sine of the sum of two angles we set

) L (L +y) s (Lt
Vs e
but . ‘ y
< - < ey A
3 I — R R ?)— + € =
/OAM./&% w.?_ = = =z
g Co L (AL Fay) — < (LFg)
<] <
and ‘ ,e,;'%-f St .,z,‘: T_ o T -
oo’ £ Qe 7 = = 2~

. e L -A) — (L F )
,L*(-ﬂfv)_/&‘(«/?)%L 7 -2

¢/<_5
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If we add sin x cos y and cos x sin y, we get

ULt L(Amp)  Llgt) L (FFY bty (L) Cen L

S
-

< (£+g) —< . '
» 7( '3'_ (447) !e"u(_’!%?) ‘/Lj,(-;lf?)

—

< < 2 <
Hence sin(x +_y) = ¢os x sin y+ sin x cos y.

How we know thet i)
< (4 +<) —e (£ F
£ 7 4 ¢ 7

C,o-c-/('¢7l‘7) = 2 ¢
A - LS Loy —< g
Also ceoa f toa = 2. + e . =L £
s Z =z
. . - : - ~A) -
_,_"““V‘,c_e"(‘l 7) fl/_,(;;« ~ £ o (L£F )
9 :
and o, . 5 = ,L"’“‘x,e,_"’"ﬂ . _,e,‘"""d’—uz—")‘?' -

2 2 <

< (£~ < (- : - -
. e 7)__1' ¢ 7\__&,,(7 4 4 4 (¥ + 7)

By subtracting sin x sin y from cos x cos y, we get

. e — ey Al (AF LHEY) ) Ly v
P I D R P, , P o) i 4)¢L~(¢¢g)_
| o

- Ny < (£ 1+ 4) -
220 w+7)+om. 4 . = "% *+-£ “*q) = Qw(%%?).
o =<

In brief we have

cos(x +~ y) = cos x cos ¥ - sin x sin y.



CHAPTER V
THE HEYPERBOLIC FUNCTIOKRS

Are tach z. For z A1 and z # -1, we define

MOMZ, [ai;’f""

By means df the ’transfermation 4 = it we have

j?’:} :'Uf—}— &’47(”4”% o

L4

Hence w = arc tanh z = [}Z ’&7(’1%3?_ )] 6”‘*‘47741 ) or

arc tenh g =1 arc tan(z/1).
The principal set of residues of [.34’7@"—3-> ]WW&)

are those velues of ¥ = u + iy = arc tanh z such that
~T/8 <x < 57/2,
If w=13 +13 = arc tanh z = 1 arc ten(z/1), then
| w/i = are tan(z/1) .

Hence i ~tanlw/1) = L% -e"
z/ -/ %gw—_;"gww 4
:tazmw; S8l
=7 e" + e
From the definitien of arc tanh z; tenh 2 is & periodic func-

tion of period 7 1. Since w = arc tenh gz -[6““ )

wﬁzl‘muyﬁmdgygg:lk- z® = 1 - tanh® z. It
w - {2k + 1)7 1, then 1/tanh w = 0, but g _ #£0., Hence
dw tanh

at thssé points tanh w has simple poles..

20
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Are sinh z., Ve define for g #1 and z £ -1

| . _ ¥
mwﬁ,f ﬁuw:..

%&akimg the substitution u = it we get
Mw 5, fa' — % - A,/

Vi—£2
17[4;1& P ZT) = Loz (z + Vi z2) -

Therefore .cc—- mw? - [,&7 (3 + W)](”"‘"‘"?”")
[//v "&7(7+'\]74—_\)](Mz‘7’~)

If w = u + 1y, the the principsl set of residues (mod 21)
such thet - 77 1 S 77, is the prineipal value of the arc sinh z,
and is denoted by Are simh z.

Since w = arc sinh z = 1 arc sin{z/i), w/i - are sin(z/i).
Therefore sin(w/i) < z/1, and 2 = sinh w =1 sin{w/t). It is
sasily seen that sinh w ie a perlodic function of period 274.
To ﬁn@gm dsm‘mtiva of sinh w, we set W = arc sinh gz- fo N
hence dw/dz - 1/ m and 4z/4% =1 + 2° V1 + sion® w,

8ince for real x cos(z/i) = cosh x, we define

cos{w/i) = cosh w ,
From this we ses that simh(z +71/2) = 1 cosh z.

We have the following formulss for hyperbolic funetions.
(1) cosh® x - sigh® x -1

VA 2-4 )

- ++ 7 AiiL_ - e T AR

For coal’¥ = = 2 I ’
- » - P -

- . 21»5/ = _e‘)‘_—_'(/ o . _2_-¢~/C - _@9 + 2z 7‘——& ;

2 < &

henece wahz X - sinha x=1,



(2) »sinh 33, = 2 slnh x cos

’ 2 _ -2
For ainhﬁ;_:; = - ML—&— >~3 sinh x cos b

(3) cosh 2z = ﬂ@ﬂhg X+ sinhz

For by eﬁﬁiug the two in (1) % ;ﬂ'et boad, _ad
M ¢+ M ﬁ/ - %-"-Q + < —& =
-2?114 —e_‘z¢ - La_q/zﬂ?'j/ .

2,
(4) sin(x +1y) = sin x cosh y + 1 cos g sinh g

Sinmes sin(x + 1y) = sin x cos iy +ocos z sin iy |
. < - " 4T
buﬁ Caoa ,(a, = A = &~ - = C.M/é »‘—a/ )

o e S
/ﬁ—oyv-07:. 4-___?_;.:5'_.._..«_,%,4,7}

sin{x + 1y) = sin x cosh ¥y + 1 cos x sinh y. |
{5) cos(z 1 iy) ~oos x cosh gy - 1 @in x sinh ¥
Since ocos{x + ki,z) = cos x oos iy - sin x sin iy ,
but coe iy = cosh y end sin iy =1 sioh y,
coe(x +iy) = cos x cosh ¥ - 4 sain x sinh y.

(6} ten(xz 4 iy) _ gin 2x +1 sinh 2y
eos 2% + cosh 2y
("l-/”(’?) = C,o—az(dv‘x..«?,)

C-M;‘¢Cu34 %—,&WQZM "d?,

Qanosy Qg‘/w ‘1, cofaz’/w»ll acnt ‘1»40(%,:/“&1365«“,&& 1Coo /Mq 2)
’7‘ QM/A 43, +/<LW-’£4,:_,43, 7/

2ac Seow o (coad o -ado™) J—A—lw-bwu«lm(@» Yt Can ) .
(coa™of - aiw "“)((-‘"L‘y"(" et ‘})‘*(C&u 6/-/'44,.,.4 ‘/wi‘a—/ﬁow[/ ,«-J)
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