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Advances in the Determination of Quark Masses 
T. Bliattacliarya <and R.. Guptaa 

”MS B285. T-8. Los Alamos National Laboratory. Los Alamos. Ncw Mcldco 87545. USA. 

Significant progress has been made in the determination of the light quark masses, using both lattice QCD ant1 
sum rule metlnotls, in the last year. We discuss the different methods antl review the status of current results. 
Finally, we review the calculation of bottom antl charm masses. 

1. Introduction 

One of the primary goals of phenomenology 
is to determine the fund,mental parameters of 
the stcmdard model. Of these: the five quark 
masses mu, m , ~ ,  in,, m,: mi, <are amongst the least 
well known, and c<mnot be measured in cxpcri- 
mcnts. They have to  be inferred from the pattern 
of the observed hadron spectrum (chiral pcrtur- 
bation theory (xPT), HQET: <md lattice QCD 
approaches) or from the study of 2-point corrc- 
lation functions (sum rules ,md lattice QCD ap- 
proaches). This review is mainly assclssmcnt of 
lattice QCD results, however we shed also sum- 
marize the results obtained using xPT and sum- 
rules. In particular we shed evaluate the extent 
to which these methods agree with each othcr and 
discuss recent developments in each. 

xPT relates pseudoscalar meson masses to  mu, 
m f j  and m,. However: due to the presence of an 
overall unknown scale in the chiral Lagrangian, 
xPT can predict only two ratios <amongst the 
three light quark masscls [l, 2, 31 

Lowest order Next order 
2m,/(mu + m,~) 24.2 - 25.9 24.4(1.5) 

mu 0.55 0.553(43). 

These ratios liavc been calculated neglecting 
the Kaplan-M,mohar symmetry [4]. This is jus- 
tified by assuming that the higher order terms 
arc small as discussed in [3]. Tlicsc ratios: 
when combined with an absolute value dctcr- 
mined from sum-rules completes tlic “stcmdardt’ 
sccnnrio. The status of sum-rule estimates, as 

. of 1996 was, 2% 3 mu + mlj = 9.4(1.8)McV [5] 
and m, = 126(13)McV [GI, evaluated in the MS 

scheme at scdc p = 2GcV. Thus: tlic standard 
estimates were 

m, 3.7(1.0) 6.7(0.8) 5.2(0.6) - 
% 3.3(1.3) 6.1(1.1) - 11 5(  23) 

- Input mu mll 171 m, 

These d u e s  are consistent with observed spcc- 
tra, i.c. one can explain the electromagnetic split- 
tings, and the SU(3) breaking in the mesons 
in tlic baryon octet ,md dccuplct without recourse 
to 1,argc non-linear terms in mp. The limitation of 
this combincd analysis, especially of the absolute 
numbers, is that there are no independent checks 
as the quark maSscs enter in phenomenology only 
in combination with othcr unknown quantities 
like the quark condensate. In the last year there 
has been considerable activity in sum-rule andy- 
scs: <and we shall summ‘vizc these in Section 7. 

Last 
year a major step forward was t,&en in the un- 
derstanding and qu,mt%cation of systematic cr- 
rors. An analysis of the global data consolidated 
the lattice predictions of significcmtly lower liglit 
quark m w c s  [7: 81 

Lattice QCD is a relative newcomer. 

Quenched N f  = 2 
(mu + mf1)/2 3.4(7) - 2.7 MeV 

7n s 100(31) - 70 MeV. 

The lattice results for the quenched theory were 
considered reliable as three different discrctiza- 
tions of the Dirac action, Wilson, clover, and 
staggered, gave results consistent after cxtrapo- 
lation to the continuum limit. The unqucnchd 
estimates ( N f  = 2 theory results) were prclimi- 
nary The main message was that including two 
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flavors of dynamical quarks lowers the qucnclicd 
estimates by - 20%. 

The abbreviation "1996 data" will be used to 
denote lattice data ~ a l y z c d  in [7]. This will be 
used as the benchmark against which progress 
will be measured. Other reviews <and rcfercnccs 
to  lattice results can be found in (9, 10, 111. The 
main sources of uncertainty in the lattice csti- 
mates wc shdl  explore arc (i) the extrapolation 
of the data to the continuum limit: (ii) the match- 
ing constants between the lattice and continuum 
scheme, and (iii) the effect of sea quarks (corrcc- 
tions due to quenching). We are happy to rc- 
port that thcrc has been significant progress in 
all thrcc arcas in the last year. 

2. Lattice Approach: From Spectroscopy 

Lattice calculations nccd to dctcrminc four in- 
dcpcndcnt qu<mtitics to predict the t l rcc  light 
quark masses. The fourth is nccdcd to fix the 
lattice spacing a. To distinguish bctwccln m, and 
m , j ,  it is necessary to include electromagnetic cor- 
rections. This ccm bc done by including a U ( l )  
field in the simulations, howcvcr, since the effect 
is small comp<vcd t o  statistical and systematic 
errors, current lattice simulations liavc: for the 
most part, ncglcctcd it. Thus, this rcvicw is rc- 
strictcd to  the determination of tlic isospin sym- 
metric combination 3. 

A brief outline of how the thircc quantities Ei: 
ma, and a arc dctcrmincd from the light hadron 
spectrum is as follows. Using xPT as the guid- 
ing principle, one writes down the most general 
expansion of hadron masses in terms of quark 
masses ml: mr2, m3, 

M: = A,  + D,(ml+ m2)/2 + . . . 
M,  = A ,  + D,(ml+ mz)/2 + . . . 

ME+ = Ax+ + 4Fml + 2(F - D)m3 + . . . 
MA = AA + B~(77a1 + m2 + m3)/3 + . . . ( 1 )  

where for brevity wc shall use .rr,p,A to denote 
members of the pscudoscal?lar <and vector octet ~d 
the baryon dccuplct respectively. Cliiral symme 
try implies A,  0. We lcavc it as a free pa- 
rameter in the fits - it gives a measure of the 
uncertainty in the zero of the mass scale. 

The simplest scenario is that tlicrc arc no 
higher order corrections t o  Eq. 1. Tlicn. 
<any triplet like B,. A,. D, (or equivalently 
B T . A ~ . B ~ )  CM bc used to dctcrminc 5. m,. 
and a. For example. using the first set. the quark 
masses arc dctcrmincd as 

and the scale from M p  by solving the quadratic 

1 1 M2 
- M p ( ; ) + B P e  = O .  (3) 

Similar relations exist for other choices of obscrv- 
ablcs. The scale 1/a c<m, in fact, be taken fkom 
any other observable like M,, MA! f,, string tcn- 
sion, T O ,  or the 1P - 1s splitting in quarkonin. 
Different choices will lead to  different results, an 
unavoidable uncertainty inhcrcnt in the quenched 
approximation. We shall refer to this hadron 
spectroscopy method by the abbreviation HS. 

If linearity were exact, or the exact expansions 
in Eq. 1 were known, tlicn any single set, like tlic 
pscudoscalar octet masses, could be used to fix 
both E a  ~d m,a. There is no a priori reason 
to assume that the higher order chiral corrcctions 
are ncgligiblc. In fact, using M,/MK or M,,/MK 
give different estimates for ma/= in lowest or- 
der xPT. Also, present lattice data show non- 
lincaritics in the pscudoscall,ar and vector meson 
data if a sufficiently 1,argc range of quark masses is 
chosen [13, 141. However, thcsc non-lincaritics arc. 
small, ,md arc very hcvd to detect in the typical 
r n g e  ma/3 < mq < 21na used to cxtract quark 
masses. Thus, unless otherwise stated, we liavc 
used just linear fits in the chiral extrapolation. 

The more serious problem facing qucnclicd sim- 
ulations is that this r<angc cannot be extended 
easily to much smaller quark masses due to the 
prcscncc of artifacts called qucnclicd chird logs. 
(For recent reviews and rcfcrcnccs to tliis body 
of work scc [lot  151.) Tlicse terms? which arc not 
present in the normal chird cxpansion, arc singu- 
lar in the limit mq + 0 and m e  a consequence of 
the fact that ,  in the qucnclicd approximation, the 
77' propagator has a single <and double pole. Tlic 
approach, therefore, has been to fit the qucnclicd 
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data in tliis limited range: where tlicse artifacts 
small: keeping just the normal chiral expan- 

sion. The quenching error is then the change in 
thcsc c.ocfficicnts as sea quark cffcc.ts arc added. 

Finally, a test of the combined uncertainties 
due to quenching, and chiral and a + 0 cxtrapo- 
lations is that quark masses extracted using dif- 
ferent obscrvablcs should all give the same re- 
sults. We slid1 discuss tlic extent to which tliis 
is satisfied by comparing in, extracted from MK 
with that from MK. or M4 (labeled ~ , ( M K ) :  
nx,(M~.): m,(M4) respectively). Most of the fig- 
ures we shall present will be for E: however: note 
that due to the linear approximation in Eq. 1: the 
result for m s ( M ~ )  is 3 25.9K. m,(M+) givcs <an 
independent estimate, but tlic statistical signal in 
tlic data for vector state masses is not as good as 
for pscudoscalars. This will be evident from the 
figures we show for 77xs(M4). 

2.1. Definition of quark mass 
For staggered fermions, the fits in Eq. 1 arc 

made as a function of the bare quark maw input 
into the simulations. For Wilson-like fermions: 
we define light quark masscs by 

1 

(4) 

where ti, is the critical value of the hopping pa- 
rameter at which thc lattice pion mws vanishcs. 
(Rcfcrcncc [7] used  am^,,,, = 1/2ti-  1/2ti,, wllich 
is consistent to O(a).  This chngc  leads to differ- 
cncm of a few percent.) So: compared to stag- 
gcrcd fermions: Wilson like fermions require the 
determination of an additional quantity ti,. The 
nccd to calculate ti, cafl be avoided by using the 
Ward Identity method described below. From 
nlt,ar.e: tlie MS mass is obtained as 

where 2, = l /Zs is the appropriatc matching 
factor. Since this factor turns out to be large at 
1-loop, its reliability has to  be checked by non- 
pcrturbativc methods. 

2.2. Ward Identity (WI) method 
For Wilson like fermions: one can extract quark 

masses from pscudoscalar mesons by using tlic 

axial vector ward identity 

where A, is the appropriate flavor non-dcgcncratc 
bare <axial current $ypysq, P is the corrcsponding 
pseudoscalar density $ys,$: and tlic Z'S arc tlic 
corresponding rcnormalization constants. The 
dots rcprcscnt discretization corrections: whose 
size depends on the order to wliich improvement 
of the action and operators has bccn carried out. 
The rcnormalizcd quark m a w s  arc then given by 
the ratio of 2-point functions 

where ,7 is any operator that couples to pions. 
The advantage of tllis W I  method is that ti, docs 
not enter into the calculation. The limitation is 
that only the pseudoscalar sector of light liadrons 
is tested. 

3. Details of the analysis of World Data 

Different groups have thcir own favorite ways of 
doing the fits, ,and of dealing with the two major 
sources of systematic errors: the extrapolation to 
the continuum limit and thc determination of 2's. 
Consequently? the mmc data analyzed by diffcr- 
cnt groups can lcad to slightly different estimates 
of quark masses. Since we wish to  do a global 
culalysis: we have attcmptcd to  minimize these 
relative differences. We stcart with the data for 
pseudoscalar and vector mesons czs a function of 
quark masses and .92: and redo the analysis to cx- 
tract A,: B,, A,, B,. For the physical masses we 
use M, = 135 MeV, M p  = 770 MeV, MK = 495 

(Ref. [7] used M, = 137, tlius tlic quark masses 
quoted there arc about 3% higher.) This still 
leaves two sources of uncertainty. (i) The diffcr- 
cncc in lattice sizcs <and the subjcc,tivc bias in fits 
made to extract hadron masses. This we clicck 
by comparing data from different collaborations. 
(ii) The statistical correlations in the data. These 
require knowledge of the covasiance matrix which 
is not available in most cascs. 

To convert the lattice maSs to a continuum 
scheme like m, we rcquirc the calculation of 

MeV, MK* = 894 MeV, cud M4 = 1020 MeV. 
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citlicr 2s in both lattice <and continuum rcnor- 
malization sclicmc (HS method), or of Za <and 
Z p  (WI method). For these matching factors 1- 
loop results liavc been used in the past. Now: 
non-pcrturbative estimates arc becoming com- 
mon. The calculation of the LcpagcMackcnzic 
c y 3 ,  "horizontal!' matching between thc lattice 
and continuum schemes in the pcrturbative ap- 
proach? details of the error analysis, and the 
evolution in the continuum are the same as in 
[7]. The relevant formula for the 2-loop evolution 
needed with the 1-loop matching is [E] 

where ,I = (y& - 70/4)/2,f?,2. From this til; 
renormalization group invariant mass iii is de 
fined as 

This evolution in the continuum or the conversion 
to  iii introduce no new lattice uncertainty. 

Now we briefly highlight two important dcvel- 
opmcnts by the APE and ALPHA collaborations 
that overcome the uncertainty introducd by the 
pcrturbative matching. 

The APE collaboration has cxricd through 
non-pcrturbativc determination of the lattice 2 ' s  
[17] using the c h i d  Ward identity method [18, 
191. At present non-pcrturbativc estimates of all 
the necessary lattice 2 ' s  for all the actions we dis- 
cuss are not known. As thcsc become available, 
the uncertainty in using the 1-loop relations will 
be removed. We shall discuss the impact of the 
known 2 ' s  on current data. 

The ALPHA Collaboration has initiated a very 
successfully non-pcrturbative program to improve 
the discretization of the Dirac action: fcrmionic 
operators, ,and their renormalization constants 
[20]. The improvement they propose over APE'S 
cliiral Ward Identity method for determining the 
2's is to eliminate m'aking <any connection with 
a continuum scheme by directly computing the 
rcnormalization group independent quark mass. 
The essential steps in their method are (i) calcu- 

late the rcnormalizcd quark mass using tlic WI 
method at some infrared lattice scale ( Z p  and 
ZA arc also calculated non-pcrturbativcly in the 
Sclirodingcr functional schcmc), (ii) evolve this 
result to some very high scale using the step scal- 
ing function calculated non-pcrturbatively: and 
(iii) at this high scale, where n,  is small, make 
contact with lattice perturbation theory to dc- 
fine &. This non-pcrturbatively calculated n2 is 
sclicmc independent ! thus subsequent conversion 
to a running mass in some sclicmc and at some 
desired scale c,m be done in the continuum US- 

ing the most accurate versions of the scale cvolu- 
tion equations [21]. No data for n2 has yet been 
released. The status of this approach has been 
reviewed by Liischcr at this conference [20]. 

4. Quenched Wilson fermion results 

The Wilson formulation of the Dirac action is 
the simplest and has been the most commonly 
used in numerical simulations until very recently. 
Its disadvantage is that discretization errors and 
violations of chiral symmctrybcgin at O(a).  Ncv- 
crthclcss, a 1996 compilation of the world data for 
quark masses [7] showed that M cxtrapolation to 
the continuum limit c<an be made keeping only 
the lowest order corrections: giving 

- 771 = 3.4(7)McV(1+ 1,3(2)GcVa) 

m3(M+) = 94(27)McV[1+ 1.9(7)G~V U] (10) 

The surprise wm the size of tlic O(a)  errors. The 
typical size of the slope in a obtained in tlic cx- 
trapolation of other obscrvablcs like M p :  f r ? .  . . is 
a few hundred McV, so the 1.2 - 1.7GcV values 
needed to be understood. 

Signifkant progress in this sector has been 
made by the recent high statistics, 1,wgc lattice 
calculations by CP-PACS [22]. Tlicy have pro- 
vided four new data points on lattices of size 2 3 
fermi. The new data af.e shown in Fig. 1. To high- 
light the statistical improvement we show data 
at p = 6.0 fiom the next best calculation (with 
respect to both statistics and lattice size) [14]. 
The data from both HS and WI methods are well 
fit by just a linear correction: and extrapolate to 
roughly tlic same value 

iii = 4.1(1)McV(l+ 0.49OGcVa) HS 
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0 0.2 0.4 0.6 
a (c~v-') 

Figure 1. Linear extrapolation of E, versus a(Mp)  
for Wilson fermions using HS and WI methods. 
We also show the 1996 fit for comparison. 

- 
771 = 4.2(1)McV(l - 0.321GcVa) WI (11) 

The CP-PACS data, therefore, gives a signifi- 
cantly smaller slope and a l<argcr value for E,. 

In Fig. 1 we also show the 1996 fit. The change 
in the slope is due to a pivot about p M 5.9. Fur- 
ther analysis bascd on the CP-PACS data shows 
that the three APE points a t  ,O = 6.3,6.4: that 
biased the 1996 fits towrvds lower values of ?E? 
are not compatible within errors with CP-PACS; 
the cstimatcs of both B, ,ud a differ. Our con- 
clusion is that these data should not be used in 
"modern analyses". 

The CP-PACS collaboration also calculate m, 
using both MK and M+ (M+ <and MK-  give con- 
sistent results). The new data are shown in Fig. 2. 
The data show that 7n,(mK) and rn,(M+) are dif- 
ferent even after extrapolation to the continuum 
limit? as was the case in the 1996 data, 

~ , ( M K )  = 107(2)McV(l+ 0.490GcVa) 
~ n ,  (M+) = 139(11)McV(1+ 0.468GcV~). 

Assuming that this difference is not M artifact of 
statistical errors or due to  the uncertainty in the 
extrapolation. it could be due either to qucnch- 
ing. or to the failure of the assumption of linearity 

.,>..,.- 
, , 1 1 , , , , 1 , , 0 ,  

0 0.2 0.4 0.6 
a (G&) 

Figure 2. Linear extrapolation of ~ , ( M K )  and 
rn,(M+) versus a ( M p )  for Wilson fermions. The 
1996 fits are shown for comparison. 

in the chiral fits. In that case one will need un- 
quenched data to resolve this issue. Meanwhile, 
we consider this difference rzcj one of the rcmain- 
ing systematic errors. These cstimatcs for m, we 
larger than those reported in 1996. The rcmons 
for the change are the s c m e  as for E,. 

The second important contribution of the CP- 
PACS canalysis is the reconciliation of the HS 
,and WI methods. The data, and the fits shown 
in Fig. 1 indicate that the difference bctwccn 
the two methods at finite a is due to different 
O(a)  discretization errors. Giusti et al. 1171 ar- 
gue that this difference is due to the failure of 
the 1-loop 2's. We have therefore reanalyzed 
the CP-PACS/LANL WI data using the non- 
pcrturbative ZA? Z p  calculated by Giusti et ai. 
(we interpolated or extrapolated the Giusti et al. 
results to other ,O linearly). These reweighted 
points arc plotted using the symbol octagon in 
Fig. 1. What is remarkable is the agreement b e  
tween non-perturbativc WI and pcrturbative HS 
data around ,O = 6.1, ~d the change in the slope: 
i .c. the slope switches sign and ends up being even 
larger than that for HS with 1-loop Z's! This 
equality of HS rrnd WI data around ,B = 6.1 is con- 
sistent with the findings of Giusti ct al. [17] as dis- 
cussed in section 4.3. What the APE data cannot 
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expose is the slope in a from simulations at  just 
P = 6.0 and 6.2. We would also like to  point out 
that Z ~ ~ - p e ~ ~  /Zg"t typically dccrcnscs rapidly 
with M ,  for cxafnplc, in Table 1. Hence, if 
the 1-loop 2, turns out to be an underestimate, 
then correcting for it will increase the slope of 
the HS data as well. Thus, the issue of the size 
of tlic slope: and of the final extrapolated value 
will be resolved soon, once the non-pcrturbativc 
estimates of 2, are made available [17]. 

4.1. Clover Action 
One way to rcducc/rcmove the large O(a) cor- 

rections in the Wilson formulation: <and thus im- 
prove the reliability of the a = 0 cxtrapola- 
tion, is t o  simulate the Slieikholcs1,uni-Wolilcrt 
(SW or clover) action. In the last couple of 
years a number of calculations have been done 
using this action. Unfortunately, different calcu- 
lations use different dues of Csw: (i) trwlcvcl 
value Csw = 1: (ii) tree-level tadpole improvcd 
(TI): (iii) 1-loop tadpole improvcd, <and (iv) non- 
pcrturbative O(a)  improved. To get a feel for the 
effects of tuning Csw, we first show in Fig. 3 the 
data for E for different values of Csw as a func- 
tion of a. The data, all a t  p = 6.0, show that 
as CSW is increased: E dccreacs and a,  czs dc- 
tcrmincd from Mp? incrczws. The expectation 
is tliat as P + CQ, the ordering should stay the 
s<mc, only the spread should dccrcaw. 

The most extensive data arc using the tadpole 
improved clover action (we do not distinguish 
between tree-level and 1-loop improved as the 
difference in Csw is small and we a sume  that it 
amounts to a negligible change in quark masses). 
These data for 777 from JLQCD [23, 241: LANL 
[XI, and UKQCD [26] collaborations are shown 
in Fig. 4. We also show the Fermilab data 
given in [8]. Of the x 10% difference between 
JLQCD and Fermilab data a t  P = 5.9 <and 6.1: 
x 6% comes from tlic setting of a (Fermilab uscs 
1P - IS splitting in charmonium), rrnd the rest 
from differences in B, and conversion to MS. 
Since the data needed for extracting a(Mp)  for 
tlic Fermilab runs arc not available, we cnnnot 
use these points in our continuum extrapolation. 
A fit to the rest of the data, assuming that the 

i j  
3.5 ' ' ' ' ' I '  I '  1 '  " " ' 

a (CeV-') 
0 0.2 0.4 0.6 

Figure 3. Behavior of E and a(Mp)  as a function 
of the clover coefficient CSW at = 6.0. Also 
shown arc the CP-PACS data and fit from Fig. 1. 

errors are O(na) ,  gives 

mq = 3.84(10)McV(l+ 0.979GcVn(a)a). (12) 

An analysis of r n , , ( M ~ )  <and m,(M$) gives 

In the figure we plot. for simplicity: thc linear fit 
which hr~q roughdy the s a m e  x2 

m,q = 3.72(13)McV(l+ 0.262GcVa). (13) 

This lies x la below our preferred fit and value 
given in Eq. 12. Similar linear fits to the m,(MK) 
and m,(M$) data are shown in Fig. 5. 

The QCDSF [27] and UKQCD [26] collabora- 
tions have calculated quark masses using the non- 
pcrturbative value of CSW determined by the AL- 
PHA collaboration. Tlicir data a t  P = 6.0 and 
6.2 are shown in Fig. 6 and compared to tadpole 
improved clover. We find the following features. 
At p = 6.0, data with the WI (QCDSF) and HS 
(larger volume QCDSF and UKQCD) methods 
agree, and lie on the tadpole improved clover line. 
Going to P = 6.2: the QCDSF WI data shows 
a small incrcaw. Consequently: a fit to tlic two 
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Figure 4. E from the tadpole improved clover 
data. We also show CP-PACS Wilson cxtrapola- 
tion for compcarison. Rmults of extrapolation in 
nu are shown by fancy squares at a = 0. The 
lower point is from a fit cxcluding UKQCD data. 

QCDSF-WI points? assuming O(a2)  errors, gives 
the large value R = 5.1(2) MeV (the value in the 
Fig. 6 is slightly different as it is from our <analy- 
sis). On the other hand the QCDSF-HS data dc- 
creases slightly, while the UKQCD-HS data (still 
preliminary) shows no a dependence. Our overall 
conclusion is that the r,mge in p is too narrow to 
allow a mccaningful extrapolation in a with just 
two points. Higher statistics and larger lattices 
data at other values of p are needed. 

4.2. Staggered Fermions 
The adv,antage of staggered fermion formula- 

tion is the remnant diiral symmetry that gunr- 
antccs Ward identitics as in the continuum. As 
a result ZA = 1 c u d  2s = Zp? and the quark 
mass is only multiplicatively rcnormalizcd. Con- 
sequently, the two methods for determining quark 
masses: HS <and WI, are the S;LIT~C. The sticky 
point is that the finite piece in the 1-loop cxprcs- 
sion Zm = l / Z ~ c a z  = 1 - n,(8log(pu) - 39.1) 
is very large. Tlncrcforc, the 1-loop matching bc- 
twccn lattice and continuum may not be reliable. 
Second, the 1996 data at p > 6.3 was preliminary 
and suggested a sm,d incrcaw with p .  There 

140 

a' 120 

100 

0 TI tree 
x C.qpI.0 F x ce1.0  (WI) 

0 0.2 0.4 0.6 
a (GeY-') 

Figure 5. Linear extrapolation of rn,(MK) 
<and rn,(M,+) versus a(M,) for tadpole improved 
clover fermions. Also shown arc APE data with 
Csw = 1 for comparison. 

ha9 bmn progress on both fronts in the last yeyclar. 
First, a p<vtially non-perturbative analysis of the 
reliability of Z p  ha9 been done by Gupta, Kilcup: 
and Sharpc [28]: and secondly there is new data 
by the JLQCD [29] and MILC [30] collaborations. 

The basic idea of the p,vtially non-pcrturbativc 
analysis is tliat if zkrna~ is large, then one could 
get a more rcliablc estimate using 

where '%rnccved" is any discretization of the pscu- 
doscalar density that has a reliable pcrturbative 
expansion. The ratio in the parenthesis, which is 
a large factor, is calculated non-pcrturbatively. 
On the basis of such <an <analysis, Gupta, Kilcup, 
and Sharpc found tliat the 1-loop pcrturbative 
expression for ZP' is - 5% smaller tlian tiic 
pcvtizdy non-pcrturbativc rwult at p = 6.0. 
The caveat in this calculation is that the non- 
pcrturbativc determination of the ratio sliows 
large O(a2) discretization errors, and the cxtrap- 
olation to a = 0 is b,zscd on only two points a t  
p = 6.0 <and 6.2. Thus, the calculation of the 
ratio needs corroboration. For the moment we 
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4 

0 0.2 0.4 0.0 
a (GeV-') 

Figure 6. E i  from non-pcrturbativc SW fermions. 
TI clover data are also shown for comparison. 

apply this shift when presenting final estimates 
in Section 5 .  

The staggered fermion world data is shown in 
Fig. 7. The new data by JLQCD nnd MILC col- 
laborations are consistent with the old, ,md con- 
firm the small rise at weaker couplings. Assum- 
ing that the partially non-perturbative analysis 
of Z p  validates the 1-loop result: <and thus the 
non-monotonic behavior, we fit the data includ- 
ing u2 and a' corrections. (Note that the absence 
of O(u) corrections implies that thc fit approaches 
u = 0 with zero slope.) The results are 

ET = 3.35(7) [1-(0.73GcV~)~+(1.05GcVu)'] 

m, 104 (5) [ 1 - (0.97GcV u ) ~  + ( 1 .0 7GcV u)'] = 

The discretization corrections arc small. and ac- 
count for the non-monotonic behavior, however, 
to resolve this issue a fully non-pcrturbativc cd- 
culation of 2, is needed. The net upshot is that 
the staggered results using 1-loop 2, arc basi- 
cally unchanged, <and raised by - 5% by using 
the partially non-perturbative calculation of 2,. 

4.3. Non-perturbative 2's: APE data 
The APE collaboration has presented ncw data 

on the estimates of ET. nz3. and nz, using both the 
HS and WI mcthods [17]. They also provide a 

0 0.2 0.4 0.6 
a (GeV-') 

0.8 

Figure 7. Staggered fermion data for 5 versus 
u(mp). The fit assumes u2 <and a' corrections. 

non-pcrturbativc determination of Z A  , Z p  needed 
in the WI method, however: the 2, used in the 
HS method is still 1-loop. In their calculations 
of the NP 2 ' s  for Wilson fermions bare operators 
arc usedl while for clover fermions a field rotation 
by 1 + u@/4 is included. 

The APE data arc summxizcd in Table 1. We 
have also included a comparison of the tadpole 
improved ZA/Zp with the non-pcrturbative fac- 
tor (1 + a s C $ ) Z ~ / Z ~ '  with p2u2 = 0.9648. 
In keeping with the authors, who consider the 
p = 6.4 lattices too small? we neglect the cor- 
responding qu<vk mass data. The first remark- 
able feature is that Wilson clover fermions 
give consistent results for the WI method. Next: 
based on the consistency of the data at p = 6.0 
and 6.2, the authors a s u m c  that there are  no 
significant discretization errors. Thus: their fi- 
nal number nz,(MK) = 123 * 4 f 15 is from the 
WI method, averaged over the Wilson <and Clover 
fermions data at /3 = 6.0 ,md 6.2. 

We consider the agreement between WI and 
the HS data fortuitous. If the difference bc- 
tween thc pcrturbativc and non-pcrturbativc 2, 
is similar to that in Z p ,  then the final HS re- 
sults would be significnntly different. Second. the 
CP-PACS/LANL data show a significant u dc- 
pcndencc which the APE data is not precise nor 
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Zm( pert) 
z~/Zp( pert) 
ZA/Zp(Npcrt) 
m,(WI) 
772 , (HS) 
zrn ( Pert) 
z ~ / Z p (  pert) 

/Zp(Np cr t ) 
m.4W) 
nas (HS)  

Table 1 
APE data for m,(M,y) for Wilson (upper box) 
and Csw = 1 clover fermions. The pcrturbative 
and non-ocrturbative 2 's  arc also comDarcd. 

p = 6.0 
1.252 
1.178 
1.659 
128(6) 
133( 16) 
1.177 
1.825 
2.350 

117(7) 
125(5) 

extensive enough to expose. This is the reason 
why their final valuc! is higher th,m the world av- 
erage given next. 

5. Bottom line on quenched results 

A summary of the quenched results is 
Wilson TI Clover Staggered 

E i  4.1(1) 3.8(1) 3.5(1) 

1 7 Z s ( M + )  139(11) 117(8) 109(5) 
m , ( ~ ~ )  107(2) 99(3) 9 W )  

These differences between Wilson, TI clover, 
and staggered results are small: and could cas- 
ily be accounted for by the unccrt,aintics in the 
extrapolations? <and/or by the ratio of the non- 
pctturbativc to  1-loop estimates of 2:s. Thus: 
for our tes t  estimate we take the maan and use 
the spread as the error. In cwc of m, we have <an 
addition uncertainty coming from the dependence 
on the state used t o  extract it: MK versus MK. 
(or equivalently Mb). This could be due to the 
quenched approximation or an artifact of having 
used linear chiral extrapolations. Since we do not 
have control over either of these two unccrtain- 
tics, we again average over all the data. To these: 
we add a second uncertainty of 10% as due to the 
determination of the scale l/a. Thus! our best 
estimates of masses a t  2 GcV are 
- in = 3.8(4)(4)McV 

in, = 110(20)(11)McV. 

6. N f  = 2 Wilson results 

The SESAM collaboration has presented new 
data for n-1 = 2 Wilson fermions at p = 5.6 
[31]. The novel feature of their data is tliat 
p~cudoscal~ar and vector masses have been calcu- 
lated for dcgcncratc (ti" = t isca)? and for non- 
dcgcncratc (ti" # t isra) combin a t' ions. The su- 
perscripts V and sea refer to valcnce and sea 
quarks respectively. Their data can be fit to 

As a result they study the dependence on both 
ti" cvld tiSCU . 

The first surprise of tlicir calculation is a large 
dependence on (13" N 13'). This is sur- 
prising because QCD perturbation theory <and the 
succcss of lowcst order xPT suggests that the dc- 
pcndcncc on sea quark masses should be small. 

Thdr  second important contribution is that 
they correctly point out that <dl previous cxtrac- 
tions of m, from nf = 2 data are incorrect. Prc- 
vious calculations were essentially calculating m., 
in a sea of strange quarks. 

The last issue they raise is specific to Wilson- 
like fermions and concerns the zero of mass scale 
(ti,)? <and concomitantly the definition of the 
quark mass. They discuss two possible ways of 
<analyzing the data. (i) Degenerate extrapolation: 
determine (E: by extrapolating pion m m x s  for the 
dcgcncratc ci~se (E" = Pa and measure a31 quark 
maSscs with respect to this ti:. (ii) Partially 
qucnchcd extrapolation: calculate E: m, and a 
for a fixed sea quark mass? and then extrapolate 
in the sea quark mass. They arguc that the first 
method is the correct one and discard the second. 
It is at this point we. disagree with them. Wliat 
we now show is that if onc uses the conventional 
pcrturbative Zm to relate the lattice mass to MS 
scheme? then it is actually the partically quenched 
method that is more appropriate. We also arguc 
that if Zm is calculated non-perturbativelyt then 
both methods would give the s a m e  result for E. 
Lastly, our <malysis shows that the large dcpcn- 
dcncc on tiaCa is actually that of tic on tisra: <md 
not of physical masses. 
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The pole mass in the inverse propagator S,;' = 
Z,;'($ - m) + . .? can be written as 

The linear divergence in bm, is absorbed in the 
definition of .E (SESAM calls it IC:""") as 

Then 
1 m a  = - - - 2KV 2 4  

Near a = 0, K~ and K ' " ~  approach K : ,  i .c .  the va- 
lence and the sea quark masses measured in lat- 
tice units approach zero? so we expand bm about 

- ,sea - --h. -6: 

ma = (&-&)+5v(&-&) 
+ 53""" (- 1 - -) 1 

2 ~ 3 " ~  2 ~ ;  

z$(&-&), 

Note that both ZZt and tcC arc the partially 
qucnclicd ones. What has happened is that, for 
Wilson like fermions, along with the linear diver- 
gence which is absorbed in 1/24!? there is a finite 
piece of O( 1) that shifts the quark mass. As this 
finite piece is of O ( E )  after extrapolation to the 
pliysicd sea quark masses, its effect on the d e  
termination of E is drcunatic, while it is a small 
correction in m,. 

In the dcgcncratc case Eq. 21 becomes 

(23) 

where z$g 1 + cV + 5,'"" lias a contribution 
from valence and sea quarks. At 1-loop, C""" = 0, 
tlicrcforc ZZ = z Z ~  <and K c - - tic. . O  What tlic 
SESAM data is telling us is that corrections to 
this 1-loop result arc large, i.c. 5""" - 1. Thus. 
we arrive at  the conclusion that combining the 1- 
loop 2:: wliicli is independent of 53eu: witli tlic 
partially quenched extrapolation, which already 
incorporates 5""" as shown in Eq. 21, is more 
appropriate. Another way of saying this is that 
had ~ $ g  been calculated non-perturbatively: one 
would have found z Z ~  - 22Zt, w1iicl-i would 
have compensated for the smaller E obtained 
from the dcgcncratc extrapolation. 

SESAM: by measuring quark masses with rc- 
spcct to 6;: extract E = 2.7(2) MeV and m, = 
140(20). The large shift in m,/E from xPT val- 
ues is attributed to the effect of sea quarks, wliidi 
could cli,mge a + 0. Our proposal for using 
the partially quenched extrapolation gives E = 
4.7(1) MeV which is - 10% below the qucnclicd 
value at the sCme scale a ,and roughly prcscrvcs 
the xPT ratio. Note, however. wlicn using the 
p<arti,dy quenched method cnlianccd cliiral logs, 
similar to thosc in the quenched approximation, 
<diet thc theory at  small quark masses [32]. At 
present qunrk masses this effect is expected to be 
negligible. 

If the mcson masses are completely indcpcn- 
dent of K , ~ " " :  then 

BFa/B3,V = B;""/BpV. (24) 
The SESAM data bears this out within errors. 
However, whrn this constraint is used in tlic fits 
for thc vector masses, they find high x2s of about 
50 for 25 dcgrccs of freedom. We t<&e this sta- 
tistically significant, but small, effect to indicate 
that lighcr order terms in the chiral cxp,msion do 
bring in small dcpcndcnce of the mcson mrZSscs on 
the sea quark mass. 

In view of the above discussion, the only 71.1 = 2 
numbers that survive from thc 1996 analysis 
for staggered fermions, Ti - 2.7 MeV. More data 
is necessary to  establish the continuum limit in 
that case. For Wilson like fermions the find word 
on the values of E and nt, has to await data us- 
ing the WI method along with a non-pcrturbativc 
determination of the 2 's .  
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Table 2 
Values and bounds on E and in, from sumrulcs. - reference m m3 

[35] 1989 = 6.2(0.4) = 138(8) 
[5] 1995 =4.7(1.0) 

[34] 1995 = 5.1(0.7) = 144(21) 
[6] 1995 = 137(23) 

[36] 1996 = 148(15) 
I371 1997 = 91 - 116 

[39] 1997 = 4.9(1.9) 
1381 1997 = 115(22) 

[41] 1997 2 3.4 2 88(9) 
[40] 1997 2 3.8 - 6 2 118 - 189 

[42] 1997 2 4.1 - 4.4 2 104 - 116 

7. Sum rule determinations of Ei and m, 

Progress in the sum-rules determination of 
quark masses has been incremental as has been 
the case for LQCD. Over time the pcrturba- 
tion cxpnnsion for the 2-point hadronic corrcc- 
tion functions has been carried out t o  higher or- 
der, along with a better determination of AQcD. 
Models for the hadronic spectral functions have 
been improved. The main limitation continues to 
be the lack of experimental data; with the one 
exception of T decays: one hc?s to model the spcc- 
tral function rather th,an mcrzsure it. This slow 
but steady progress was: a7 summarized in Ta- 
ble 2: reaching a conynsus at z(2GcV)  M 5McV 
and m,(2GcV) x 140McV. 

Sum rule calculations proceed in one of two 
ways. (i) Using axial or vector current Ward 
identities one writes a relation bctwccn two 2- 
point correlation functions: where thc constrant 
of proportionality arc the quark masses [ 5 ,  61. 
(ii) Evaluate a given correlation function both 
by saturating with known hadronic states and by 
evaluating it in pcrturbative QCD (PQCD) [34]. 
The PQCD expression depends on quark masscs, 
and defines the scheme in which they arc mca- 
surcd. Systematic errors arise from the (i) finite 
order calculation of PQCD expressions, (i;) the 
scale p above which pcrturbative and hadronic 
solutions are valid and can be matched on the 
average (duality): and (iii) the &ansatz for the 
hadronic spectral function. 

In the last year, with the calculation of a3 

(3) 

terms in the pcrturbativc expansions, the value 
of A& settling around 380McV, and a critical 
rcapprasal of the systematic errors in the sum- 
rule calculations [33], there tias been a flurry of 
activity as shown in Table 2. The highlights of 
the new works <are C L ~  follows. 

The calculation of O(cyz) terms and a detailed 
analysis of the convergence of the perturb a t’ ion 
expansion suggests that the associated error is 
under control at M 10% level for p 2 2 GcV [36]. 

sis of m, in [6, 361 by constructing the hadronic 
spectral function from known phase shift data. 
Similarly: Jamin [38] has also used a different 
parametrization of the hadronic spectral function 
using this p h a x  shift data. In both c m x  the r e  
analysis lowers the estimate of the strnnge quark 
mass significantly czs: shown in Table 2. 

Pradcs [39] has repeated the analysis of ist in- 
corporating tlic a: corrections and using A&* = 
380 MeV. He reports a slightly higher value than 
in [ 5 ] .  This is because Pradcs chooses the duality 
point at p2 = 2GcV2, where Ei has a maximum. 
There is a signific,ant decrease with p :  the number 
dropping to 4.3(1.7) at p 2  = 3GcV2: <and 3.8(1.5) 
at p2 = 4GcV2. The rationale for the low choice 
of p is that contributions not included in the spcc- 
tral function will bolster the answer for larger p .  
This assumption needs to be substantiated. 

Finally, a number of calculations t-lave used the 
positivity of the spectral function to derive lower 
bounds [33, 40: 41: 421. Of these the most strin- 
gent ones were reported by Lcllouch at  this con- 
ference [43: 421 which would rule out the 1996 
n.f = 2 lattice results for p 5 2.8 GcV. The 
hard to resolve question is - what is the scale 
p at which PQCD: and thus the bound: becomes 
rcJiablc? This question cannot be answered at 
present. 

Colangclo et al, [37] have extended the 

8. Bottom quark mass 

There are two determinations of mf,, The 
NRQCD collaboration [44] determine it from the 
Upsilon binding energy and the APE collabora- 
tion [46] use HQET. The two results agree:, 

= 4.15(5)(20) (APE) (25) 
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= 4.16(15) (NR.QCD) (26) 

The nice features of the NR.QCD method are 
(i) determination of the scale from the spin av- 
eraged 1P - 1s splitting. Data show that these 
splittings arc independent of the precise tuning of 
the input mass m i ,  <and of the light quark action. 
(ii) tuning of 178; using the kinetic m a s  

The licavy quark maw is then defined in two ways 

pole 
mH 

The drawbacks arc that ZpO'e-tMS: Zm: and Eo 
(the energy of a zero-momentum quark state) arc 
only known in PQCD to 1-loop. Tlic two meth- 
ods give consistent results, however. it is essential 
that the calculation be done at other d u e s  of p, 
to test for stability under variations of a. 

The APE collaboration uses HQET to dcfinc 

. .  

The authors explain in detail how the linear di- 
vergence in the energy measured on the lattice, 
E ,  is c,anccllcd by tlir! pcrturbative subtraction 
a,(a)X/a? leaving bclLind a renormalon ambigu- 
ity. This renormalon <ambiguity is c,ulccllcd by 
the second factor that rclatcs the pole mass to  
tlic mass. Howevcr, to tako into account cf- 
fects of higher orders in perturbation theory, they 
assign a systematic error of 200McV to the fi- 
nal result. We believe that their analysis of the 
c<ulccllation of the rcnormalon <ambiguity also ap- 
plies to  the NRQCD culalysis, and with a simi- 
lar residual uncertainty. The only remaining is- 
sue is of stability under variations of the lattice 
spacing. We feel that by averaging over data at 
p = 6.0 - 6.4, which shows a marginally signifi- 
cant variation, the APE collaboration may have 
missed an equally import source of uncertainty, 

9. Charm quark mass 

There <are two new determinations of the charm 
quark mass by the APE [17] and the Fermilab 
collaborations [45]. The extraction by APE uses 
the s a m e  method in [16]. The new features are 
that they usc both the WI and the HS methods 
nnd use non-pcrturbative cstimatcs of 2 ' s  in the 
WI method. The drawback once again is that 
tlicy average the data at p = 6.0,6.2, and are not 
able to resolve discrctiz a t' ion errors. 

The Fermilab collaboration uses a combination 
of the NR.QCD and Fermilab approaches. In their 
TI clover results, they include 0(ma) corrections 
in the determination of 1-loop 2 ' s :  and calculate 
the q* in the matching factor using the Brodsky- 
LcpagcMackenzic prescription, which they argue 
gets rid off possible infrared scales seen in the 
connection to pole mass. Tlicy find agrccmcnt 
in the extrapolated value between the two ways 
of calculating m,! and also argue that quenching 
errors are expected to be small, unlike in the case 
of light qu<vk?. 

The final results are - -  
mFS(myS) = 14525(40)(125)GcV APE . 
mFS(myS) = 1.33(8)GcV Fcrmilab . (30) 
- -  

We do not consider the differcnc,c significant it 
could easily be due to  the diffcrcnt ways of setting 
the scale and/or due to the discretization errors 
that the APE data docs not resolve. 

10. Conclusions and Acknowledgements 

Rcliablc cstimatcs of quark rnamcs have two 
immediate phenomenological consequences. (i) 
Standard Modd predictions of E ' / €  are very scnsi- 
tive to m, +m,j [47], 'and (ii) it  constrains Supcr- 
symmetric models [48]. It is therefore exciting to 
report that the range listed in the Particle Data 
Book [49] has been significantly reduced. 

In the last year the quenched cstimatcs have 
been significantly improved, mainly due to the 
factor of 100 better data by thc CP-PACS collab- 
oration. There has been progress by the APE and 
ALPHA collaborations in the non-pcrturbativc 
determination of rcnormalization constants. Tlic 
SESAM analysis ha? lead to a deeper undcrstand- 
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ing of how to extract quark masses from Nf = 2 
simulations, however, we arc no further along in 
obtaining continuum limit estimates. Since the 
quenching errors arc the least well understood, it 
is this issue that nccds maximum attention. 

Tlicrc has bccn progress in understanding cr- 
rors in heavy quark analysis by the APE, Fcrmi- 
lab, and NR.QCD collaborations. We now have 
'first generation" estimates of nt, <and ml,. 

An area that has sccn no progress is the study 
of isospin breaking effects. Knowing whether 
nz, = 0 is important since a zero value solves the 
strong CP  problem. The exploratory quenched 
calculations by Duncan et al. [12], wlicrc 'an clcc- 
tromagnctic field was added to look at isospin 
brc,zkingt favored a non-zero value of mu: (m,i - 
mu)/nz, = 0.0249(3) and m,/m,i = 0.512(6). 
However! note that because the Kapl,an-Manoliar 
symmetry [4] relics on the strong influence of in- 
stanton zero modes on the propagation of almost 
massless quarks, this issue ccan only be addressed 
in simulations with very light dyn<unical fermions. 

Finally, it is exciting to scc the rimlry bctwccn 
the LQCD <and sum-rules estimates of quark 
masses ha t ing  up. We fccl that both sides have 
made big strides in understcanding <and addrcss- 
ing the various sources of systematic errors! and 
estimates of masses have bccn tightened. 

We th,uk L. Giusti, S. Gottlicb, S. Hashimoto, 
H. Hocbcr? R,. Kcnway, A. Kronfcld, M. Lusclicr, 
S. Olita, K. Schilling: G. Schicrholz, <and 
T. Yoshic, for providing dct,ds of tlicir data 
in admncc. We also acknowledge informative 
conversations with L. Lcllouch, M. Liischcr and 
S. Sliarpc. We thank DOE and the ACL for sup- 
port of our work. 
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