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S0MB PROTERTIBS OF TRAXNSVINITE CARDINAL AND ORDINAL 10

1+ Introductions Some Froperties of Seds in General

Hotien of sete=~~Fe shall regard the notien of sot (or ¢lass or

ageragate) as & prinitive ides, Ge gep the set of books in a certain
1ibrayy, the set of puplls in a certain olass, & set of delinitions,
or oven B seb of sets. Aceording o Candor, n gseb, or sgeregste, s &
acilectieon of definite dlstinet objects vhich is regarded sz & single
wholeed

¥e think of a set not e & zroup of things that oan be spocified

ating its members wns afler the other, Hut se something thetb
ks ) b& .:,an:;: s e

by & property, shich cem be used to tost the olainm
of eny chject to be & member of the sets

xemples of sete are (1) the get of even inbegers, deter-ined by
the sroperty of being Ywice some cther intezery (2) the set of algew
braje mmbers, determined by the property of sabisfying s polyncominl
sevation with rationsl eceffioclenbe,

The lobbers A , B , € , « » « will be uged to denobe gets. A
typical nexbor of element of 4 will be donoted by & ,of B Wy b,

of © by © 5 + » « » Tho consiltution of the set A wmay Lo dencbed

by the eqm*b#.m A ={a} ., jenotes that & is an clemeut of A .

Lma dofinition is given by G. Cantor, "Bedtrige gur ogr iindung
dey trensfiniton Mengenlehre,” Huth, Avmslen, Vol. XIVI (1895), p. 481,
as Tollows: “"Unber einer *lenget veratehen wir Jode ﬁ&m&&ﬂf&mm&g 4
von bestimmben wohlunterschiedenen Objecten m unsrer Anschawung oder
unseres Denkens [weolohe dis 'Rlenembe' von ¥ genannt werden]) su sinem
Gangon.”




L L

ach demotes ishwb 2 iz nob an slement of A « A set A iz defined
’i‘i@ﬁ it san be sald of overy olensyt x whother xci or %ThH .

The set which has only the single element & is dencbed by (a) »
Thus xcls) moans z wa »

Hullwget.w=If we wore to regard a set as a collectlon of things,
a sot with no elements would be a rather shadowy or sren paradexionl
ooidbyy but the aysteriovs guality dlsappeers if stabenents sbout sots
are interpreted as stetenents eboub properties. Thus, the pulli-seb
{dencted by 0 ) is the set which has no alementss Ist p be celled
i

& null-properdy if it is nob possessed by any cbjeot. wiples of

null=properties are (1) being o real nusber grester then throe end less
then twos (2) being 8 serc of o « Any two nulleproperiics are "fope
nally equivealent,” 14 ., no chject has ome property withoud having
the other; and therefore gl of thowse properties deterine the seme
sok, which we call the nulleset.

5 4@%}

rison of sote.-~Tho sebt 4 is said to be o gubseb of the set
B, ASB yor B2A , if overy elesenkt of 4 is an slevent of B
The get A and the sot B ave i&mﬁi@a}., AwB , if overy slezent

of & is =n element of B , and vonver

solys The get 4 is a proper
subsel, or part, of the set B , ACB , if svory elenemt of 4 is
on clement of B , and there existe en element of B whieh is not an

olmwent of A .

fhe nullwset is & subset of every set { 0 <4 ). To arrive at

this stabenent, 1% iz nevessary to conalder nore clogsely the defivition
of A< B e ASB wms defined to mean that every elemont, say x ,

«f A& vwas an oleomenmt of B . This means thet xeB unless xcA »



le 20y x<B i trne, or xeA is falsss This final form vay be
talon as the basic neaning of AL S B , and from 1%, it is olesr thet
0S4 4 sinvo, fobk every elanent % , %2 c¢0 iz false, the statonent,
"xeh i trus, or x<0 ip false,” is true, vhatever tho set A
way B
The following properties of sets can be acoopbed ms seliwovidentd®
1) a<4a,
2) If ASB and BSC ,then LCC ,
) A=B if, end euly if, AS B and BSA .
3} could be regarded ap the definition of equality of twe sote.

& Algobre of Sets

Addition of seis.-~The loglosl sum of two sebs A and B,
LB 4 iz the sﬁt éf all elements in at loast of the sete A and
B The logical sun of tho sebts 4 4 B , 0 , v 2 « g AF¥B +0 4+, 4 4,
ig the gset of all elements in at least one of the sebs 4 , ¥ 4 0 , v« v » »
The wumber of sets & , B ; € , o o « need not be "Pinite” The aum
set ls independent of the owder in whioh the sets are talen.

The commmiative and asscclative lows of alpgebrs hold Tor the addie
tlon of aots, i 0w, |

1) A +B=B+4,

2) a+{(B+0)=(&+B)+C,
Alse, the following laws hold for the addition of sete:

1) A+A=4,

2) A<Aa+3,




5)If ASOC and BS O, then A+BSC,

4) A+0m4 (frem ) J.

of two gsets 4 and B, A B or AD , iz the st of

all points which ave $n 4 858 P , 4. 0, "xcA B " nosns " xeA ®

and " xeB  The uswnl sonvention toncerning W‘s&mw ig adopbed,
iy Gep ABHC meang (4B ) +C .
he somwtetive end msscolative lews of mul¥iplieation snd the
dighributive lzw with respeot 4o addition hold for the multdplicstion
of sols, is 84,
1) AB=584,
2) A(Bc)=(as)c,
8 A(B+C)=maBn+ag.,
Almo, the follosing lsws hold fer the oultiplicetion of setse
1) AA=maA, -
2) ABcaA, _
) If A2C and B20 ,then AB2C ,
4) A0=0 ({(from 3} }.
Two sets A end B are said to inbersect Af they huve st lesst
ono oomsen slements It follows from the defimition of the mullesed

thet & necessery snd sufficlont sondition that A and B intorsect
ig that AB# O . Two sobs A end B are ssid to be mutvelly ex-
clugive if A B=Q .

Subtrection of setg.-~The logioal
and B, A =B, is the set of olaments belenging to A bub met 4o B,

g‘-i gg" ” x <€ f,& e E) o ST

difforence between two sets A

Tgeh "but ¥ €D S Uvidently A~-A =m0,
pod A -« Q=B .



The sgresable similerity so far cbservable betwean the algsbra of
sots and ordinery elgebre bresks down with the introduction of eublracs
thong for

LA L) =A+0=A,

{8 +4) wA =A-A=0,
This %o due o the fact that A « B is not nesessarily e solubiom of

the equstion B +X =4 , which may have an infindty of solutlons (0. ey

if A=3 ), ornone (if A =0 ) It is possidle, however, Yo velntain
2 workeble slgobre by operating with complenents with respeet 4o & fixed
gat 5

If 48, bt set 3«4 is ealled the somplenent of 2 with
vespeot o S « If S is supposed fized, § « A may bo dencbod by A

Besides the following properties, which are cbyious,

1) T=05 0=F,

2) Aa+X=5;3 AaZ=0,

3) Complecent of L =4 ,

4) I Ach , then Bk,

§)If A+X=3 ,a0d AX=0, then X=X,
the sormplomend hes the important property of interchanging + snd -

8) £¥8=%X F,

He now rotura to the differance, A = B , botween two sets. If
3 %o any set oonbaining A and B , the proverty Yz bolomss A
ok mot to B " defining A = B , i evidently eguivalent to " x be-
longo bo 4 and 5 L, bubmob to B " i, 0., %0 (xch ) end (meB
vok xEB ) The first perenthesis is the detarsining property of A ,
the second that of P , Honoe the soventh propsriy,




7} If complements are telan with respect to any set contnining
both 4 and B, A «3=4F,

By means of 7) all differsnces ocourring in any formuls con be

expresged in terss of comploments with respect

. o & fixzed zel, esy &,
sonteining ell the seks involwed, end the properties 1)-8) apviied,
For example, if sll conplenspbts are formed with respest Lo an
arbitrary set 8 , ocombaining £ , B and © ,
1) (BB (d=C)niBet=aBT,

T =B i +2F=n% .

2) BDwi=Bewil=hR

Duplity.-=The algebre of sets so far developed has a duslity
property probably already cbserved by the resder. If in any theores
of the algebra of asghs all differences are sxprossed in tevmg of coms
plerents with respeck bo & Tized set $ , snd thon the gymbols + and -

ore interchanged, the resuld is aleo & trus thosron of the
algebre of setse

iong.~~If H ig a sot of sobs, the olements
of H ars usually dencted by o subsoript notation, A&, + The sub~
soript 1 may renge through any seh B , 0s g, the inbogers from 1
o ¥ 4 81l the positive integers, all the resl nusbers, wmud $c 0B
- ihem this notetion ls used foy the slements of I 4, the sebt & itself
ig desoted by {A) «
The summset 2 A, 1is the sob of all elemeuts of the sels 4y,

ie 0sp " BcZ Ay " monns "for soong element x of B, scdy, . The

produot-get JLA, is the sot of elements that belong to all the

5p, Hilbert wmd W, Ackermerm, Srundaiire der igohon lorik,

B 18




By y Be Bey " aeﬂ.ﬁy means For every element x of B , zeciy "
The notabions Tor sum-seb snd producbesed say be sbbrevisbed to Zx_ Ay
ond T[ﬁ.x s oroven Z 4 and JUA , vhen the mesning is awmn. Uhen
the subsoripts are maﬁimw intozers the sum iz dencbed by 2 Ay o
Z,'.é's,.m » 80d the produst similarly.
The following are soms forssl propsrties of 2. mmd ) ¢
1) If beB, JIA, S A C24y,
2} If, for every elament b of B, A, 0, thenm 2 A, S0,
fe Bey if beB dmplion 4, S C , then " geh and beB "
implies gecC ,

8) If, for every elespent b of B, A 2 €, then Jl&a 2C,

=
4) if forevery % , A, S B, , then S 4 S 2B, and Jla I,
B)Z (A +B,) =&, +28,,

6) TU{a +3,) =4 + 7B, ,

7) Z(a B) =A28B,,

8) If 8 oonteins all the sebs 4, , them = A, and Tt(ea%n‘ax)

are compleme:

bary sebs in S , is 8e, S A4 ;wﬂﬁy,

%+ Dsnummerablic ond SonsDenuncrshle Sets

noay=eThe notion of correspondence uwnderliey the mrocess

of %Hyﬁx&gﬁ The slements of cne set may be maﬁavw stend in some
logienl relation &ﬁtzh thoze «f another set, so that a delinite slexent
of cne set ls regerded ss correspondent to a definite slenent of eméi&mr
wobe

The scorrespondence msy bo complete, in the sense that, to every

4, W. Hobson, The Theory of Funetl

220 .

: _& '@' ﬁh}@* %6‘1‘ 1,




eiement of eithar w&v there coryssponds o lesst one slenont of the
other zety or the correspondence way be insomplebe, in which owso ab
lenad one of the sets hes oue or nore elenmonbts to whioch no <lepents in
the othey sel corrogpund,

4 correspondence

- betweson tue seta is defined whon specifications
op rules are laid down vhich suffice to decide which elsnents of wne
get eorvespond 4o esch olanent of the other sely so that, in the tsse
of cemplete coyrespondence, no 2lsment of either set iz withoub a
sorresponding one In the othor.

B, the imapge of = 4, in such & way thet onch elememt y of 2 ig
the image of just one olement of A (which is called £7(y) )» The
condition 18 symmetrien) between A end B , emd £ dsa (1,1}~
mapring of B om A » This is & vemplete correspondence in the sense

ghoves The ot 4 in

£ bo the sot B , AV E , if a blumique
corraspondence cen be sot vy mﬁ&%@m A sod B . I% masht be noticed
thet the ides of equivelence sonbeing ne reference to corder. Clearly,

1) A~ 4 (reflexive),

2) If A~3B , thon B~ 4 {symetrical),

3) If A~3B snd B~ C , then

{(transttive).

A finlte get is o set ehich is either the mullesst or, for some
positive integer n , is ogsivalomt to the set L, ={ 1, 2, « .+ » , 0},
Thus, the slements of & non~null Finlte gset con be named @, , B,5 » s » 5 By

4n infinmdte seb is a set which is not a2 finite getb.




Two oquivalont sets ore evidently both finite or both infimites
The following obvious properblss of finite sets are assuned ivslicitly
in the simplest everyday use f nunbergsy

1) Bvery subset of & finiteo et is finites

2) The sus of & finite sok of Pindte sebs iz Finibe.

- Bhe zet of all popitive inbtsrors is an infinite set. IFor, if
fw {1, 2y o 0 v 50 4 ;} ig the seb of ell positive intopars,

sbviously 1 1s not equiveiont Lo the fimite set (1) . Asouwss that
1 is not eguivalent to the finite set I, . Suppose thet I, 18
equivalent o I ,with £k + 1) =m, Then I, is equivalent to
I~ (n) s Howmate biuniouoly the clements of I » fm) ond I se
thet overy olement L of I thet is less than m iz netsd %o the
cloment 0 of I = (m) , and overy olement ) of I greator han or

soual to W is sated to tho element J 41 of I = () o Thom I,

would be equivelent to I , which is & contredictions Thus I,, can-
net bo eqguivalent o I o Hesee I smed bo infinite.
‘1’5‘&

Denigno gatse~-i got which can be pub into bluwmlioue correspone

domoe with the set of all natuval musbere is seid te be demunereble
(emmerable, coumteble, "sbzilbar,” or "ddnonbrable™). Honce the olew
menbs of & demumersble set can bo enumerated as en infinite secuence,
8.2 Bs v » » 5 ®ith inoressing subseripta. Conversely, ths set of
a6ll terne of an infinite sequence is denunerable.

set, if not finite, is cbvioualy
able, since any subsst of o sequencs may be arvenged es &

sacquance with incrensing indicec. Thue the set of all odd musbors, all

orime mumbers, all squares are ocach demm




¥i¢)

Ihe swm of o finife sob sxd o dommereble seb is o damusorable

sote For, the suz of the fiulto seb
8,38, « » s p 8,
ol o sek
Biabiawersabipgess
say be written sa the infinite sowmence
B5 8,0 0503858 sb,5 006 ,8,5 0200
st A =4, +4, + . » « 4, vhere

&, ﬁ'{&uﬁ R a‘l/\'\‘]

Al = L E‘z:ﬁ‘ - % % § ﬁ’zm;_}
E 3

’.
* *
writing the sequence
g Box » » » » &.,M'; B, 6 B s « » & 3 ﬁ‘zm? . e % 5

whioh conbaine the el

amonbs of A , poosibly with ropetitions, i¥, for

sxmnple, A, smd A, ocontsin clomeots in ccouon. Therefore the seb

4 1s finite or desunersble,

gots ig denunerable.

Fory, if A , 4,5, ¢« » »
slomembs of the set
SmA, YA, % e v »

axy be written dom en o dowble seguence




i1

ﬁﬁ, ¥ ﬁ?ﬁy?a,yo * ®

4, ¢ Boa P Bosa B s » e

&3 & ﬂ-y@yﬁvu& B 0 » » =

by ®o, s 8 68 4B 0«

{

*
*

-
»

m ¥ am’@ &mz; ﬁ-mag &rnlf’ ®

P - T

#
Whore 8, 4 &, 2 ¢ ¢ » Are the slements of A, Arrenging the ele-
noubs of the doubls sequence according to the "dlagonal® methed of
enumeration, 1. 0+, such that the nth muis eenglste of all slevenby
B¢ HOYE R+ =n+1, w chiain the seguence

B, 08,08, 28,358,368 o8 58, 428, 428,4%5++;
ocontaining all clements of & . Honce the set 8 is finite or dew
meersbles Sub § containe the infinite subset A and is seoordingly
iteelf infivdites. It follows thet 5 is denwmerable.

F&!‘,ﬁmﬁﬁ’i‘; Bwaﬁa, R, F v oo "@MN

,ﬁ’ﬂ{o#"yz"/g;‘/q,*iil}
by {—’ s he e liw N v '}
4, = {7»: Ve e s o -*}
»

» -
Oy Thoorem 8.1, B is denunersble,
It follows that the set of all vositive ratlionel munbers and the
aet of s1l sopative rational mubers are cech denusersble




nts, 1s Oey podnts ,’5‘% th

It will gufifice to prove the theoren for tvo-gpases IF
R {zﬂ, P AP .}
is the est of all rational muwbers, the set of rationnl poinks in twow
space vey be expressed by
SmlA A *, 46,
whore A= {{r” rlsle,ar), o w} .
Therefors £ is demmerable.

It follows thed the gset of sll points with inteprel scordinantes in

Samumerable.

S m SRR RIS NI

The sat 8§ of all polwiordals with rations]l scefficients is dow

mumorable, since o Liunique corvespondence may be estublished botwesn
the set 8§, of polynomimnls of degree less them or sgual to n and the
sot of ratiomsl poinks in (n + l)wspace , by mating the polynomial

B, ta,xtax’ +..otax vith {8.,04.8,5 04,8, ,ond
=5 +8,+s s ¢ Apolynomial hae at most o finite muber of
Ziatinet rooks. Henes the set of algebroio numbers iz finite or dew
numerablas But A i not finite, since every indeper n is algobrais
{ig infock o root of T =n =0 )y Henoe 4 is denumernble.

gkgy=-i sot which is mmr findte nor douonarw

able is seld %o be o non-denunereble set. For example, the set 5 of

L numbers is mon-donumexebie., Yor, if

3 were deuumerable, say & m{%, 2 S, » ;} ¢ 1t coudd be writion as

the double seuuemon?
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g, LI L

»
4
L

o
Sy FH, R, 8 s ey

3 P8, 50,5 02 » 3

% & % i

But the infisite seque

s » » s differs from sach

of the sbove sequences sud sv ig not an elewent of § , vwhich is cone
Lrary Yo the hypothesis Hhwt & congists of all infinite sequesncos of
natural panberss

G¥ven & blunique eorrespondence betwsen the set of all netursl
wonbers exd any set § of resl muwbers & , O< & < 1 , we shell show
thet there is at least one renl muber, say b, 0 <b <1 , which is
ack in § « Sipoe the nusbers in 5 ere wated bimqwig te the |

S, o oay write them ag a seguence of real muwbors

B,5 B, » » » » Oinoe every real nmuber can be oxpressed s an infinite

guee in deciumml nobation,

decinal, express the nuwbers in the above som
thag
G, BT L8, B, s » s
B, % o8, 8,8 » » 5
2
»
‘ * *
Tot the mmber b = b b, s « +» be formed as followss b, =1 if
a,, #1, b.=2 if a,. =1 . Sinee b is differsnt from svery &

in the given soquence, the sob of all real nwbers is non-denumorsbles




14

non-dermmerable set, G 6 Pinite or demunereble set eonbelned In 7,
cnd R the recgindey of P ., Jinee PwQ 4+ R, if B were Tinlbe
or demumersble, then P would be finlte or demmereble, contrary to
acoumpbione Therefore R ig non~denumerable.

After removing from the seb of real nwﬁ’awa% the set of rablouel
nusbers, there resaing the non-domunerable seb veafimiﬁzzmi nuhorse
Sindlarly, afber rencving frowm the sob of real mmbers the set of alge-
braic numbere, there reweing the non-demmue

rable seb of transcendental
b ers o«

4o Cardinel Bumber of Sebs
Yetdon of cardinal nwhbor.--Sets which are equivalent to ope an~

othey are sald to heve the sace serdine) mwber (or potency or pover).

A cerdinal mmber is accordingly characteristie of a ¢lass of
souivelent sebse The question vhether two defined sets heve, or bave
noh, the seme cardinal mutber jg thus squivalent to the guosticn vhethey
1% ls, or is not, possible to ssteblish & Piunique gorrospondence

&

bobkuwoen the elements of the b sets. 1% Pollows from the delinition

that to every seb corresponds & cardinel nunbers

The lew of correspomdence which can bs sstablished betwoen an

slosent of A and an elenent of B iz in peners

of a charscter which
adnite of & vertain arbitraviness. Tho sardimal nusber ie socovdingly
regarded as independent of the notlen of order in the sots

The powsy, or potency, or sardinel nmumber, of a set 4 has beem
datined by Oanbor as ﬁm gontept whieh ig obieined by &%ﬁ%ﬁ-%i@ﬁ whan
the nature of the olements of A , end the order in vwhich they ere



siven, ore entirely disregerded. Tho cardinal nwber of the seb 4
i sosetinos dencted by E ™

We shall wse the Cresh letiers « , /3 s ¥ a2 v = » B dencte
cardizale. Then o and & coour simulteneonsly it is Bo bo under-
gbood that 4 las cerdimel < .

Zinpe Canbor recards the cardinal number of A as independent of
the precise nature of the elemenits of A , we may, in sccordanoce with,
thin view, substitube for each clement the mpber unlty. Ve have thus
e now sob which ie o sollection of elements sach of which ls the mumber

i, smd is eguivelent te A 3 this now sob is regarded by Cantor as a

syrbolioal reopresentation of the cardinal mumber <

oxish different transfinite cardizals, ©» Ses &, and C o The cardinal
wibor mrreﬁgmﬁmg o the slans of all denumerable sets is dencbed by
&, snd the one eorreaponding % the clase of all sete thet cau be
mabed biunlquely with the set ¢f gll real numbers by c » Sots with
cardinal nuber C are sald o have the oardinel muber, or pubteney,

of the continuun.

o dingls snd setge~= <=5 is defined %o wesn

1) B ocan be pub indo biuvnique correspondencd with o submot of A 3

2} A eceammot bo put fnto blumiqus correspondence with & subset of

B e

Bridently, if 4 and 5 are sny two sebs, nob more than ons of
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the relstions A~V E , 4%>8 , A< B holds: hut we cannot, us yab,

stabe that the cardinal nubere « , B of ang sets vhabever uust
setiefy one of the three relstions < 'ﬂ/é s < >ﬁ 2 X<B s sinse there
ig the poesibility thet nelther A4 nor B is equivalent to s subset
of the others Two sets which are such that their cardimsl mubors » /5’
stand to one snother in one of i relstions °<fﬁ/€; °<<F » < >/8

rpble with ome anothe

=gy be eald %o be gom » Othervise thoy are ip~

: zble with one anothor. ‘e lemve the question of imcomersbility
to bo setbled later (Corolisry 8.5.1).

gardinalg,~-iiven two mutually exclusive sots A& and
B, the sum of < and /3 g X # /6 » is the cardingl musber of the seb
A+ B « Clearly, the coommtaiive and sssosiabive laws hold for sddie
tion of cardinale, fi. e,
1) =< + B = BEX,
2) «@(fs@zr)m{x%/@)%x,
L slmiler definition epplise %o the case of the cardinel wusber of the
sum of any mwber of sots, no two of which have an slemsut in COMOR .
It follows from Section 3 thet
I} a8 ey,
2) MrE=ms,,
8) ok bk o o o { H bormns) = 5.,
Conplder the set € of all real mwbers, and let & be the seb
of all ratiooal numbers and © the rersinder, Then
c 3H°+ﬁ mﬁ+é¥o *
c %Hp,w(/:; + 8, ) @H,w/gva- (HoéH,,)vw/g\&bi,m c .,

For m , a matural nusber,
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ctmmf{c +8)+mmct{ Htm)=Cctd,mc,

Zbe mek of o1l reel nuwhbors x

& <®<b ganbe put inko biumion
ool mmborg ¥ « Por, consider the webing
S

S ——

Thus the set of ell real swbers 2 , & <% < b , bag cerdingl mubor

¢+ This cardinal oumber

will nob change 1f we add & Finite nucber of

slesenbs to the vet. Hence, for eovery & end b D> a , the seb of 31

vondl nonbere X , &< 2<YE or A<2 <D or B<E<D , hos cape
el muwber C .

The set B, of all resl nusders » satisfying the Ineouslity
D=m <1, the set El of all real numbsrs x satiefying the incguale
iy 1< x<2 ,o0d the get 5§ of all fml nushers x satisfying the
inequality O< x< 2 all have cordinal muwber C , But £, end 5,
arg mubaally exolusive sets and B, + B, » 8 3 thorafore

C % C m C,

Simiiariy, it be shown thed

CH+CHCH ., a=C,
ek & have cardinel X >8,, D heve oxrdinel S, ., Then D 38
sguivalent to & proper subset A, of A ,and A, has omrdimal B, 3
A+D=(Awi+a)+Dm(Awa)+(2+D)
and A +D Ims a&!ﬂin&l S, » Algo
Awl{b-n; *h, .

Habe AwAh, with A=A 3 A+D with A . This uabos A +D
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with A 3 hence
K +8,m X iF X>8, .
1t follows that if & (finite or) demunermble set be tuien froma
5o% of sardinal >, , g geb of cardinel ~ renaing
Buitdpliortion of cardinalos-~Given two sots A eud B , the
produst of o and B o(/g » ig the onrdinel muber of the set cous
sisting of ell peirs of elements (a, b) , where aci and bed .

Thip definition of multiplication may be extended, lst © besa
finite or infinite olass of setse The product of the cardinal nunbors
of the sets of E is the cordise] nuwber of the olass of ull cels vonw
sisting of one snd only one aloment from esch set in B

It iz easily seen that the sommitetive snd assoointive lsws hold
Tor the multiplication of sardinal numbers, l. @.,

1 Ag = L

2) = (pr) = (2p)Y,

If M bea fisite cardinal ead o any cordinal musher, we have

m/gaa/s'-&ﬁ + e a *-/3 {to ~ terss) .
Yory lob A Dbe the finite set of natural numbers 1, 2, + « » , M3
Z & aﬁﬁ with cerdinal /3 send 5 the seb of all peirs (&, b} , vhere
ach and beB o 8 Ias cardinal =B » Denoting for a given ¥ the
sot of all paire (k, B) by S, , the cardinal of 8, is chvicusly /3 .
end =5 +8 +..4,+38 , vhere the sete 35, are mutuslly ex~
olusives In m1m:m, m8= 5, sad me = C, Finilarly, it cen
by shown that, for every cardina)l nunber /8 » b;/g uﬁ,%/e‘v&v P
and thus B8, 6.+ 5,4 4 « « = 5, gnd He mCHCt, , 4y mC,

To cbtaln the produst CC , 1ot S be the set of sll rairs
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(=, y) where O<z<l, 0<y<l.« lot (x, y) be au clenent of
8 « Develop x and y o8 nonetereineting decimel fractions, 9. ge,
x=ax. . (Osx<9),
YEyy,+as (O<y;<8).
Pivide tho dights to the right of each desimal potmt into grouss by
weang of & stroke after sach diglt not equal to zerep wo thue got twe
infinite sequonces of groups. Ilave the groups of the second soquence
a@bmm the sucoessive groups of the first sequense sud wo ot o now
soguents of groupss Omitiing the strokes, we got an ianfinite sequence
of digite, the decimal representetion of o resl nuwber g , which we

put in correspondence with the peir (z, y) » 7o have & bivmigue oore

respondence babween lgnembe of the set S and those of C:(0<z<l),
Fouss & has cerdinel ¢ , and ww have
cCcme,
It follows from the sbove thet the seb of 1l pairs (x, y) of
roal mumbers hag tho sano cerdinal musber as the set of all real mus-
borg. Gecmetricslly, this mcens that the set of all voints in the

plane has the same eardinel nunber se the seb of all polnta in a

stralght line end, therefors, the ssme cardinal ss the set of gl rointe
in & Mindte segnent.

From the definition of the product of cerdinel nusbers, ]:)\':o(, is
the cerdinal nunber of the set 5 of all the inlinite BGGRONCAs

B,y b0 vevg

wore @ chy for k=m1, 2, « « o, Ay being any set of sardinal
=g » In particulsr, lot sech A, bo the set comsisting of the numbers
O end 1, The set § wili, therefore, be the set of all infinite



facusneos

G g B9 » » w g
conglating of 0% and 1's . Dencte by Q the set of these sequonces
in whioh there is an infinite muber of 1's , and by B the romsinder
“of § s R comsisbs, therefors, of sll those sequences in which, from
a serbein stege onwards, there are caly 0%z and 8o bas the snne onpw
dinal nuvber a8 the set of all finite sequences coneisting =f 'z and

i*g , whioh is & demunerable sete. The sed ¢ , however, has the same

Sevs lvse than

onrdinel nunber ez the set X of all positive resl numd
or egal o 1, since o biwdone sorvespondence bebtween the slonents '
of ¢ end those of X wuay be ssteblished if the sequencs g, G, » & # ’
helonging m Q » iz put inke corvespondence with the mﬁb@r'

a./2 ¥ q,/2°% o o « , vhich obvicusly bolonge to X (O Hemse,

cardinal number of 8 458 C , and no B '

CmBeB-a * & »

4 eod B be two sets, where (0 ;é@,, tet
{84} be the get of all correspondences bebweonn & snd B  in whieh

avary olement of B corrgsponds b0 g unique element of A » repatitions

and osmtassions of clements of 4 beling allowed, fAn e

waple will vale

ing easily inbelliizible. Suprose that 4 consiebs of &, snd
f,s B of b, b, b,e lot us denoto the set of oorrespondences

B oaos Botg, broe,, for brevity by (p,qr) « Then the elassnte
comstituting (Bla) ares

(1,1 1); (1,1,2), (1,2,1), fg 1,1), (2;2.2).@ (2 lag)a (2,2,1}, (2,2, 2} .

Sn. Sierpidsiki, General Topolozy, pa 218.
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Sinoe, if A~A', BB, then (Bla) ~ (BlL) , it is evident
thet the csrdinal nuwber of (Bla) is independent of the cielee of A

end B and depends only en « and /6 « Thus we shall define exponene

sey of the set (2|4} .

tistion as follows: o('g is the cardinal numd
The penosis of the definition in comuon gense is, of courss, "the tebal
maber of wys of életribubting FJ things amemg o persons, where any
mrbar of the /6 things vay be given to ome porson,” =° is defined
Bobe 1, forok 0 (0 iz not defined). Thus, from a’nva, 2 =g,
Turthemore, 2°= 2-2° » .+ ond wo concluds thet 2 °= C,
. For three arbitwarily chosen sets A , B and © , it is seeily
soan thet
Dot ol’m £,
)@= g,
3) (O(ﬂ )" = °<fx »
provided 0° does pot ccour.
If x<p + then o<"g{s’¢. For, since A~ B CEH ,
gla) ~ (elB) C (€18} or =3¢ g+ Thus
cmerem® < s e 2= 2w oy
therefore -

mPess Hf"m C8°=wc,, {m=z2) .
Theores 4.1. If 4 ic gquivalent to s proper gubsst X, of 3
yalent o B W6

#i,‘g .

Soue o E. ;aehmcm. "ber Gu Cantorsche S m.” Jm@ezwwieht m
doutash. Hgth.-Vereiniguns, Vol. ¥ (1&%), POy 81e82, and . Gerosbein
Toos mile 1, legons sur la Théorie Fongtiong, pe 105), See
alao H. zamla. i ‘*'» die Additien try initer Gwé:%mimhlm,
Gothinger Nachrichten, 1901, p. 34, ‘




By the first correspondonce, 4~ B C B § by the sssond 5~ A A,
Tet 5,=BeB amd R=A~i,. Then A~BCB and 5 Ak
st §,=F~B,, B*A ~i and continue this provcess. By the Pirst
sorraspondence we gek R VS, R,vEue » » » § by the second scrrasons
doncs wa got S VR, 5~E, . 4 0 0 Them

AmPH+RFR4RF G4 ..o, whore Palla,,
B=Q+5+8,+5,+5+. .., vhere § wﬁ’ﬁm -

Proged by the first mrrmwmaw‘ let q be any olemest of § .
Then g is vated to some slenent 6 of A by thie eorveupondenca.
If & werenob im P , 4% would be in some R - and consequently gq
wouid bo in some 8) and hence mot im Q . Therefore meP and
ge8s Henee P~ § by the firut correspondence. ¥o can thorefore
sot up & dbiunique correspondence between A and B by wting -
Py iy Bya oo %0 Q, 8,, 8., « » « by the first surraspondence l
sbovey, R, B, »» « b0 &, 825 » » » by the second.

it isy howevor, still unkoown whether there are cardinal wwbers £
setlafying the imequality B, < /5< C » The pesuwmption that there sro
2o much cardinal nuwbers is luown es the "Hypothesls of the Combimnan,”
3 /6 and &’8 >
whaborer be the trensfinite muwber /8 s ig kmows as the “Cantor Alephe

ption that there is no cardinal musber bebwee

Tt gam

Hypothesise" It cen be shown that every cardinal number F mtisfios
e ineguality 3‘6> ﬁ # in cther words, the set of ell subsocts «f a
idvon set bas cordinal murber grester then that of the sot.? Prom the

ineguality 2 /5> /3, » ¥ gt et once the infinlte sequance of inegqualities

. Sterpifieki, ap. Z%es e 221,
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5. Z&’ zz”’
HBo< B8 L B < 4 0wy

which shows that $ere il s lafinlte nun

nonberss

The fxdom of Choles (v Wultipiiestlve Axiom

» wae sinted by Brast Zeroelo in 1604,

The nesming of thie Azien say be sxplsimed by the following exe

annlegt
1) Divide sll real mwdors imbo sets sseigning tws nusders %o the
gune sob AT and enly if trole 4lffoprence ip vetiomel., Ve D gob an

arpregete U of whually exelusive, nonenull setse By the axlon of

Thelog, thore exisks o ast 7 bpining one and only one wubey of

coth set £ » Ho one, howsver, bas besm sble so far to sonwhrust the
sot T , for it is impoesibile in this came to put down & law of selecw

lem which would plek out o corbtais olevent of sach sebt B o This bae

lagd some mathessticlens to doubd the truth of the sxiong

2} Pivide ell demwmwrcblo sobe of polnts on e streight line which

trical with oot @ the polat 0 inbe elscoen, sssipne

AL W %3, E"‘%%?.‘ﬁ?ﬁ? f?ﬁf —

%500 B, E&wmim %ﬁ%&g dans jede Menge wolilgeer
'ﬁmmﬁ

morduat wordon
Vol LIE {1504), ppe E&m«vﬁiﬁ, and f‘%igmw ’Wmﬁ@ Hiw
%m %%W@‘%m Pathe dmme, Vols er 1o




othoy with respect to the point O » There vill obvlously Ye tvo sets
in sach clsse. By the ixiom of Choloo there exists a seb 7 contalnw
ing ome seb only of esch palr, bubk we cannot dovise any rule which would
snable us to selosh this sot.® The existunce of the set ¥ iz, thepew
Tore, defused only on the basies of the Axion of Choloe.

if, bowever, all sebs on & shraight line be divided into closses,
aseigning o the seme clase twe pels 1f, and only if, they are swbually
exclusive and thelr sun gives the whole line, them the set T may be
actually congtructedy for it ls sufTicient o aseign to T thak set of
pock class whioh contains the polnt O .

There are other forms of the Axion of Cholve, 0« ge, the follows

ing by UDs Hilberts There exisits s sorres

This sxiom leads to the sow-called "gemersl prineiple of culoow

tion.” B belng sny set, doncte by W_ the property of belonging to
the aok B » If B is uot the nulleget, there exists obwiously ab
least one objest whioh bas the property ¥_ , snd T{.) i1l be an
elemoudt of E » Henoe, thers ezisis a corrogpondence which ﬁmﬁ%ﬁg to
overy non-mill cet en olement of that sets There exists, thersfore,
for evory given seb a mating »hich assizns to eovery nos-aull subsat of
the piven sebt a certain slecent belonging to that subseb.

Se Order-Typos

The order-types of slunly ordored setse--i gimple order is defined

%, Sierpifeki, op. cite, pe 222. 01p14., pe 223,



to be & wathemtioal syeben ag consiebing of an arbitrary set ¥ and
a bimary reletiomship & gueh thet
1) it a

b are eny two distbinct elements of ¥ , thon ome
ond ouly onme of the rollowing relationshipe beldas
8% or b Ra (ssymetey) 3

2)if 2 Rb esnd B Ee, then a Ro (transitivity).

In «hat followe g R b «ill be expressed by seyiag thet & prow
cefos b 5, or b Dfollows o § in notetion, a< b, By o «

IT @ set ie given, i% ray be possible to order the sot in & veriety
of sgsentdelly digtinct waye. If the set is finite, the orderisg of i%
ugy be socomplighed by arbitrarily sssigning %o esch elesent ite rank
ralative to the otherss In case the ot is an infinite ome, the orderw
ing of it congists in the sobiimg wp of some gemeral yule which suffices
logically to asaign the relntive order of any two elemonts.

If" there iz an slesent of & whish iz not preceded by eny other,

it is sald to be the "first” slements if there is cme whioh is nok folw

lowed by any other, it is ealled the "last” element of the set 3 ,

Two simply ordered sets &4 and B are said to be sheiler, ATYE ,

whes o bisnique eorrespondence can be established, in asccordsnce with

some law, such that, to emy two distimet clements a, @ of 4 , there

corregpond two elements b, b, of B , in such a mamoer thet the
reletive order of a, a, in 4 , iz the gsene ag that of the corresponds
ing slementz b, B, in B .

ivery simply ordered sot isz similar to itself. Two simsly ordered
sets which are similear to & third sel are similar %o each other. Therew
fore, the relatlon of similerity is symmetricsl and trans




A1l simply opdersd sebs «hich ore similsr to one snother are said

tn heve the gane-order lype. 4n orde
ictie of a olass of similar sels.

e g ascordingly chearactoye

Ths order-type of a simply ordered set A iz defined by Centor
gy the conceph which is obtninsd by sbobrechion vhen the mature «f the
clonerts of A is disregerdsd, thelr order being rebeined. The order-

voe of A is suscbimes

denched by A » Thet similer seto bave the
gome ordepr~type is regerded by Cantor as a deduction from thig dofinde
tlone

If, in A , wo further digregard the order of the slesente, we
obbain Iy + the cardinel nudber of A »

The order~type of A is, from Cantor's polnt of view, vezarded
as & simply ordered set similer %o A , such thed each elesent is the
nwher 1 o If any order-btype be denoted by oK , the sorresponding
cerdinal wmumber ig demoted < . =< = £ indicates A E ,

pending to sny glvesn transfinite cardinal nwsbor, thers iz

Corret
g oeitiplicity of ardepwiypes vhich form o olassy eash such class of
ordar-tyoos lo cherscterized by the comuen cerdival nusher of ell the
erdovr-typos of the class.

if the order of every valy of clemewibe in e slaply ordsred set A
by revorsed, the set in the now order is demoted by A% o If the crdope
tyse of 4 is davoted by < , then the orderwbype of A+ iz dencted
Wy A% o It may happen that X % =X 3 this is the cmse Tor evory
finite crder-type. _

The order~typa of the sol of all positive integers in thelr natural

ordar €1, 25 » » » 5By x o )} %is denoted by W . This iz t-arefore



the order-type of every aprrecets (B,, B,, » o » 5 8,4 » + « ;| vhich is
glatlor B (1, By » » s 85 v » v Js Tho oot (o v o8 4 o « « 4 8,, B}
hag order Lype O % o
the set of satural mwbers spart from its nousl order =ay be slse
srdoved according to the following couventlons of two pusbers the one
with the lesst meber of distinet vrime facters will come Dived; and
in cewe of an egual nusber of distinet prime factors the one of smlley
valve will come firgt. It 1o ensily seen that this sgressent ovders
the seb of naburel numbers, since conditions 1) and 2) of the definition
are sebisfied. Hence we gob
1y B By 4, B, Ta By 9y » v » 565 30, 12, o » » 330, 48, &« s » § o = »
Addition of order-tysoge-if & , B denote two simply criered
sobn, ad if the seb {23B) be formed, in which sll the slesents of
botk A wnd B otowr, snd which ig such that any twe clemowbs of A
heve the sane relailve order az in A , and thet any Ywo glonents of B
lmve the seme rolative order es in B , snd Norther that cech elouent
of A bss e lower rank fhan sll the elewents of P , then the new
simply ordered set (43B) Je said to bes the sum of the o simoly
ordered sete A end B . 1t is slear that if A Ay B2z’ then
(538) =2 (A'38') , and thue thot the order-type of (AjB) deponds enly
e order-typss of A mnd B o
If K, ﬁ are the order-tynes of & , B , respsclively, the sum
X * f'} is defined to be the order-type of the set (AsB) deofined above,
1% is easily soem that the addition of crder~bypes does not chey
the commubtetive law. For if < , /5 are the order~iypes of 4 , B 4
rosoechively, then X + /5 is the order-type of (AR} , bub F 4 A



iz the orderstype of (BsA) 3 and the order~types of (A38) =nd (B34)
are in general differemt from one anothers
¢ n denctes s finite integer, W+ n iz the order-troe of the
gimply ordeved sat
(6,028 s+ 828,558,280,
vhereas 1 + @ iz the opdopstype of
S AP A 'R TR
It thus appesrs that
i APwm w
bt
w4 n ?‘5 W ¢ .
It follows from the definition of the types O snd ¥ Thak
w# +w is the ordsr~type of the set of all integers ordered sccording
$o ragnititude, ie 8es |
| o ow s w8, =2, w3, 0,1, 2,8, « 0oy
w#ile the sum wWHw* is the order~type of the claga centaining the
zeb of the reciprocals of all the integers (serc exeluded) crdered
aosording to magnlitude, 1+ oy
w1/, *1/2, ~1/8, « o « o 1B, 1/2, 1/ .
Tho order<bypas of +w and W +Ww¥ are difforeant, for the first oue
doos net contein s first nor last clement wheress the gecond has both
bub has & zeD, i» Gey thers iz no lash olemont in O end po fired
gloment In W* » Hence
wE +WF wWhwe ,
It we put T wOPOF , we find thet n 4+ 3= T4, vhore B

iz sy naturel nunbey, since emeh sum ie equal %o . T
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Purthormors it is sasily soen that the relation
{ +/9 e wﬁs “'??‘“
ig tmue for every btwo order~tyres o end ﬁ »
The &ﬁﬁ&iﬁiw. of the wum of order-types mey be oxbended invedie
ately to say finite nusber »f Lypos, end such a sum is oasily soen o
satisfy the sseociative law, i. 0., (X »&ﬁ) +¥=ott (B4 Y] .

7pogs~~In the simply ordersd st B ,
1ok we suppose thak, im the ylace of emch ﬁlmt,, there is substituted
a sinply ordered set similer %o A , whereby a now simply ordared sob
is formeds this may be dencted by (A.B) . It is olear that if ACA',
BB, then {88} 22 (4.8) 3 thus the order=type of (A.8) devends
only on the order typea of L ond B, |

The produck °‘f3 ‘is definod b0 be the ordereiype of (4.5} , 88
Just delineds

aduet 04/5 ig in genersl different
from /Bo( » ond thus thet the o ul‘k&.;ﬂi&s&m of order-types doss nob
choy the comwmbativoe law. For eoxsmple, W-2 is the order~tyve of the
got formed by substituting im (a,, @,) for each of the two clemembs
a cot of type W § W- 8 is thorefore the order-type of o sob

(B,aByis o o5 88,58, 5ee)a

in whieh there 1s ne last clement, ond no ele

ment Smmedistely preceding
¢, » Llbs order~fype iz W +W. .7 On the other hend 2-W is the order
tvpe cbteined by subsiitubing Por esch element in (a,, 8,5 = « + ) 4
o not comsisting of two clementsy and 2-0 is thus the opder-typs of
the denumerable seb

(ﬁ” » arz* 8, Boop * @ } »



which iz similar %o
(b,ab,e s o)
T4 heas thus beon chown thet
2-Um Wy
sinilarly, fop every saturel wasber B ,
BwWm W,
The multdiplication of crder~iypes la, however, ssscciative, and
Alstributive if tho second factor is s sum. Thus
| (2p¥¥=a(pY) ,
< { B3 ) a:d/é‘&sotb’ s
F21%5
B+ WFELWET WD
W have chviocualy for overy order-type o and every nabural
gusbor 21

XpmLF Xt X E g0 et X (n teras)e

Gimilerly,

K WmA X FAF 4 o s &

sture of simply sydersd setgs=-in exsninatic

structure of & simply ordersd set A oan, in general, enly bo atbanpybed
by considering the nature of its subseds, im eaah of whish the srder of
the oleuents is taken to be the sems as that of the sese elenenbs in

the whole set. The simplest trensfinite part of a siaply ordered set

1 that which bas ome of the tvpos W ,w* » These we speak of a8

aseending seouentes, and descending seguences respectively, conbained

in A e

Suppose that, in a simply ordered set A , there iz an olement &



+hich satisfies the fellowing conditions, with respect to an sscanding
soquonce {a.) oconteinsd in A %

1) Fopevery n , &,< & §

2) Por every slement x of & vwhich precedes a , thore ex!

an inbeger n ouch thet & > ® g

then the olement & is said to be the limiting alemend
{e.) in & 3 the limiting slesent of o descending sequemce contelned
in A is similerly defined.

4 Zequence oonasno
it 4n A » It is clear that, 3F 4, 4 ave similsr simly

din 4 omnnot have xore Shan one limiting

e

srdored sehs, an ascending, or s descending

se in A corresvonds

to & veguense of the seme kind in &' To every limibing elesent inm

4 there corresponds a limiting el ‘
A simsly ordered set vhieh is such that every element in o limiting
slanent is sald to be denss in iteelf. ,
in asoending (doscending) sequence {am} is said Yo be bounded
3# there exishs an olement, say o , sush thet, for every 2 , &,  is
less then {greater than) e . |

if, in s shmply ordored seb, every bounded ascomdis

g or deascending
soquence wiich is econteined thereln hes e limiting element in the sek,
then the simply ordored set in sald %o be o glosed set.

A simply ordered sst shich is both dense in lbeelf and closed, is
said to be perfect.

& simply ordered set which is such that, betwsen any twn whwmbover
of itp elements, there is at leoasht one clenment of the seb, und thoree

€

whers densde

fore, an infinite meber of them, is sald bo be gyery
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The properiies of & simply ordered seb, thus defined, sre also
wronerties of eny sindler sets heoce the terms =ay be applied o the

ordep~types which ore syibolized by replacing the slemente of the

simply ordered set by 1 + The continuwum i en sxemple of o slunly
opiered set which bas all the ~wiporties of being dense in itself,
plesed, perfoct, snd everyvhers donse.

& ouk of & simply orpdarod vk A 15 & divisdon of gll ths olew
vombs of the seb inte two monenull classes C and D such thal overy
olanent of the olass g procedss overy element of the clas: D « Such
o divisiom is demoted by [0,0] .

If in & given out [0,0] the class C has & lesb slesuat and
tko oloes D @ first olesent, then this cut is sald to glve vise to e
Joape Thug in the sat of natural nuzbers sach cut supplics o Junpe
hviously, in order that s slmply erdered set be every vhere dense it
15 necessary s sufficient thal nons of its ocuts gives rise %o o o

if in o out [C,D] the class C hae no last torn and the olass
B ne Pirst term, the cut ig said to produte & gaps Thus in tho seb of
all retional mesbers differemt from gero the cat inbo the cless of neg~
shive retional numbers and the class of positive reficmal nusbors pro-
ducos & gepPs The order~bype OO +W¥ hap a gaps

A simply ordered set which hos moither jumps por gaps iz said Lo

Ths linesy continumm is an exsmple.

ype h e-~lot I represent the goh of &1l reticual nume
berg in the opder of inersesing sagnitudes Iet v  be the crder<iype
of the simply ordered set B »
1% will be shown thet the order~bype » is cheracterized by the



following propertiest
1) __'7_ = o,
2) Thore is in V) uo first or last slesment,
%) N ip everywhere douse.
In feot, every simply ordored set A , whidh bas these three
sheynoteristics, is similar o the get R .
To prove this, we first cbserve that, on account «f the sondition
1}, the order of the elasenis in both A end R oan be m0 alberad
thpt epoh of them is reduced o the order~tyre O » let this be dones
ond dencte by &,, H, the new simply ordered sets
Bow e 8, 8,0 « « ¢ ) 3
Bom (e, s Ton Pou s o » ) &
s have to show that A~ ® 3 to do this we have to ghow how %0 aeteblish

the required correspondence batusen the clements & of A4 ,end ¥ of

%, let r, be made to corresvond to &, » Suppose the o argrbis

LA AP IR A ef R , sorrespond Yo the elemenis &, G

Be,0 v v 0 Be s of A , vhere from the remaining elesenits of 4 st

onck gbep, @, is the element with the srellest subserinzt ce it apw
poars in A vwhich hes the saze relntiom to all 6., A<D 5 68 ropards
orday in A , that 7, hss toall v , L< D » ¥e proveed then o
chooss in the m manoer the clement a. ., whieh is to be yods o

corvospond Yo ¥, and thos Wo obbain by induckion oy every 72, »

the corresponding &, « It musb, however, be shown that tis peocess
sxhouoks all the olements & of 4 , thet iz to say, thet in the
goguene® | o €i5 €35 v 0 s s Cns o v = OVEEY integral number P 00w

sups in some definite placs. Thls can be proved by the mothed of



tnduotiona. Lot us asmone that the elenmsnbs & , 8,4 G0 » ¢ + 5 &
all coeur in the sorrespondenae thet hes been set up betweon the whole
of R eund at least a part of 4 3 then we shell prove then &, ,, 6lso

ceourse Upon this sssunpiion, lot A be so grest thet, ameng the elew

menbs 8,4 Be,p Be,p v ¢ ¢ 3 Be, 811 the olenents @ 5 8,5 Bys » « « 3 B,
sccure Then, if &, is not alsc awong those elements, choose oub of
Poos Trus Tape = oo o et olemend p o vith the smellest subsoyiph,
whiioh has the sewe relabion 40 P, 4 ¥, Fiy » = « o ¥, 5 2T regards
cpder i1 R , that e, loc relative to & .8 08 5 » v 5 5 B 0 28
rogards oxddr im A o Thosn the clement &, hss the seve reloticn o

» &8 rogevde order in A , el » has

By Be,» aes,’ » » » p B AS

A+ S-)
50 r s B, s ¥,a 0 0 s s Ty, 05 regerds orderin R . But 8., I8
e olement with the smallest subseript having this mroperiy: henoo

Be,, T8 t s By the eloment o  oscurs in the correspundente

* M4 !

whioch ae been esteblished bobtween A and R . It fellows that A
and B avs sirilar sinply ordered sebs.
Examplen of the order-~tyre v eare
1) the sot of ell rationz] mwbers which lie bebwsen two reel
muzbers & and b,
2} the set of all algebraic mum

bers in thelr natural order in the
continuum, or of all those numbers which lie bebwesn twe resl
musbors & and D .
The rotionel nambers X , 0< x <1, form a st of the order=
type 1+ 41,
It is sasily sm\thaﬁ
N +EN=nN,.



snd, in feol,
NBOFN+OF o o a s
Also |
{(n+1)} *rn=n+ {1 +n) =)
The opder-type A .o next consider the order-type A of the
set of all real mm ordered sccording bo thelr magnitude.

1t w1l be shown that any sloply ordered set A Is similer %o the
got X of 81l real mmbers in thelr natural order, provided

1} A is svorfact,

2} in A , 8 set S , with the cardinel mwmber (3 4 ie mnbained,

which is se reloted fv A& , Hhat bebween auy two sluants

6,5 8.5 ©of A , thore ars slomembs of 5 ,
3} A has no first or last elesent.

It is obvious thet § 1o everyshers

danse and without ¢ first oy
lant sloments thus 8§ is of Gme N «
Sinee S R , we may sabo the clenents of § o the alesents of

% in sn orderepreserving ceunors. Any elevent s , of 4 , which does
aot belong to § , le the lmiting elesent of e sequence {am} of

elonents of 8 » To this zoguesce {am} s there corresponds & G9qUOnTe
{r] 8 X, a1l the olawmte of which beleag to R 3 sud ¥:ls sequense
{ﬁ.’,ﬂ} ke o liniting elesent = , in X , nobt belemging tv R , because
it is & boundod monotonme sequonwe of real nusbers; we twke therefore & ,
in A , to corvespond to X , Im X o If wo take s Aiffarent soquencs
{a’m} of elenents of § , videh hms the same limiting elosent & as
hofore, in 4 , then there corresponds to it 8 sequente {:',',\} in R 4

which has the sane limiting element = as before, in X . It Iollows



38

ef A and X is
sutablisheds It will now bo shown thet this torvespondonce is srders
nresorvings This clearly holds of any two elements of 4 hich are
slzo olements of § « Conclder next o elements s and s , of &,
the first of which dome nol, and the second of

which doss, belumg bo
33 ot x, ¥ be the sorresponding elements

of X o I <2,

thers exists an ascending sequones iz R , of wideh x iz the Lindte

ing olement, such that all itz olements are greater than v 3 then, to
this secquence there corresponds an sscending seguence in 5 4 ail the
slemenbs of vhich ars greanber than 8 , end of which & iz the llmlbe

ing elomenty hemos 8 < & » If ¥ > X , it ven be showm in o sinlilar

maoney that 8 > a » The proof thet, corresponding to any two slements
6,y 8,5 of A, which do nck bolong to 5 , the elements x,, %,, of
% o wre such that &2 &, , sooording a8 X 2 %, , 18 of precisely
similer charsctor as that just given. It hes thus been shown Yumt A
end X are similar sebs, and that the order~type A is cheracterized

by the conditiens 1), 2) end 3l

B Hormlly Ordered Sets

Hotion of normally
ordoved set is, as we heve alresdy seen, such that the structure of the

srdered gets.-~The order~typs of & simply

asot, a8 rovealed by an exmxination of the senuencss contelined in 1%,
may he of the most veried cheracter; the verious sequemses way bo
@%Mﬁﬂg or descending oves, snd my, or nay not, heve & lisdting slew
mand within the aet;

Of all the posesible order~types, those are of esposial imporbance
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vhich have been defined by Ceubor as the crder-types of normelly crdersd
sots (or welleordered sets or "wohlgeordnate

4 set 8 is normelly or
acaenull gubset of 8 hes o Tirst, This definition, of cowrse, implies

that the set § , 4f nonwnull, bas & firet olement, An clenent of §
{othier than the first) does not nocessarily have en Lssediate rrodew
QBREOT

fvery Pinite simply crdeved set is normally ordered. Sots vhose
ordor-types ere W, We 1l , W+ W, w.W are svidently norwlly
ordoreds but the sote whose crder-typss sre W * , N , A are nok
nornally ordereds Bvidently, every subset of a normally crdeved set
{3n the original order) is & normumelly ordered sat,
" the oet of all elements proceding a given element
called an initisl samsent of

et 7 be the sot of clusente of ¥ for which P iz velild.

Thon T oconteins the flrst olenent e, of W simee #(s,) ic the
nullegebe The subszet of slevente of W widch ave mot in ¥ conbains
a ﬁmr&, unloes ik is the null set. Iot £ be this first ol ‘ﬂm‘.
Thent P holds for every elenent of '3(1?) « and wonld thus hold for £,
Thie is & coptrediotion. Thus T =W, |

zrdered solp.--By neens of the ixlonm of

Choley ,2ermelo bag proved the follewing theorems



If A ie not norselly crdered, at lesst one momenull sebaob must

imwe ne firet olesent

e 83, By Laduotion, wo cen choose feou 10ta gube

aot & segpence whoge arder-tyse g W* 4 On the sther o

f"”‘:ﬁ if‘( g’m iﬁ
wywally ordered, sveyy sepanll mbset conteline & Piret and hob
dues noh have order-type

& st which heg both & Mirst ond 5 lastk ole

' m iﬁ E@m@z‘% mﬁ
sach elenent exsepb the lost bes wne thet lmsediebely suesesds %‘ .
uoh necsssarily sermally crdered, eves if esch elenent ewsspt the first
bag ome Lamediatedy procedisg 1t This con be semn by eongdidoring the

pe OO HWH

r koo

¥ iz sivilsy %o on
WowWa Auy olavent g of

tod fo en alevent of W', which je an element pro=
woling g in W o let § Lo the firct olewnt of ¥ sebed o an
& of ?ﬁ‘g BBy o ¢ WHLah vyuce

dne 1t in ¥ o Finee €0 caling

. N y . ,,
is Wunioun, @ 5 s8 an slewnt of ¥, mot be mabed 8 5 In ¥ 3

sineg the wating is order~voserving, the mate of ¢ 45 ¥ 3o uob > e .

Therefore, o is ooded tv oo elesent 4 < @ 5 vihieh contradicts the

]_]_’

. BO4) 5 PO @&M}.ﬁ, and Yol L33 (1o08),
e 107126  Compere Pa 8. 5o w&m,@ “&m the Tranefinite Seprdinad
bare of Yelleordered Agprepabes,” Phile & {6}, Vi, égng
s G1n78, avd "On & Proof et every Agpres sen %m wipl beordopad,
’%z%;. Jnne, Vols X {1908}, e é‘*ﬁﬁwﬁ?ﬁ;

: * a&ﬁﬁpy ?@im w—&@» {ﬁ
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¢ with this propoyiy.

Tor one of thess initisl sogments is sn indtial segaent of e

ohere

Forgdf, in two wmays of placing the asets in correspondencg, W

clgments £ , £', of ons sot A , correspond to ong element o of the

othoy seb & s the

segnents of A deternined by £ , £ ere sach

sgimiler to the segaent of A dotermined by o 3 bub 1% lue been shom
%o be imposaible that 4 ocon i.a*m two difforent initinl soppouts waieh -
ave similar to one ancther,

pom 8.5. If A snd B ere any two normally ordored sabs,
shen &} eitber A is ginilor fo on initial sogment of Bor I s
pombof A ox A é—%Mﬁﬂ' B L 2 e

A ¥B,p 808,052 380 050 8a v
Bob,ab,sDiaenweabigoessbypes e
ke the fireb elenent of 2 with the first olement of B + isewxing
that every element of s{aﬂ) ‘48 properly mabted with an elenent of B ,
ke 84 with the first slesest of B not previcusly ueed, unless,

of eourse, they have sll beon usede



The neting so dofined is opder preservings For let e, end &,
be two elements of A with o< s Denote by b ard % the nabes
in of 8, end &, pespoctivelys Guppose b'>1Db" . Bub thls
comtradicts the fact thet &, wos mabed with the flrst elevent of B
nok used ns & mate of en olement of S(a,)  Bvidemtly b #V' .
Therefore, B< b o

Zither every slement of A finds e mate or thers is at least one
olemmit of & which does mob. In the firet case, A lo evidently
sabed in orderwpreserving fachion with en inléial segrent of B or %o
5 i%tself. In the second case lst e be the first olement céf* A nob
mated, If eny ¢lemenbs of B remained unused, thers %@u‘l& be & first
to which, by our mting sysbtem, e would be mateds Tims U is uated

0 an inttiel seguent S{e) of 4 .

Part 2) follows immedistaly from Theorem

Gopollary 6.8+1e iny two gobs arg

Gate

FOO s P By S0 i1

T» Opdinal Twbers of Setbs

“The order-types of nommally ordersd

sobe ave called prdimel nud Thue ordinal nuwber applicse only %o
noreally ordersd sebs. Tvo noymally ordered sets A and B Tave the
sene ovdinel nurber if they have the seme order type, i. o., are siniler.
The pulleget sud the seb {x., Eoe v o o 8 5:,,‘] s tonsisting of n
olomenbe, are said to bave ordingl musber O, 'xz regpeutivelye
Comperison of ordinel nusl
mean thet B is similer to on initial seguent of A . I% follows

3 oo o(>F P /o‘<o« i dulined o

Prom Theorem 8.5 that, 1L « [5 are any two ordinal muwders whatever,
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thoy satisfy one, end only cue, of Ehe relations K = /5 a2 X > ﬁ 3
o<4ﬁ « Turther, it is seon that, if °<</8 and ﬁ<7f p then <2 ¥ 3
hetioe the zeb of &1l ordinel nunbers is & sinmply ordered sol.

Theorenm Tels A moymelly ordered set of tyve cp ip siniley B0
1 mubery less thes ¢ (O inmclufed) ordsved

the gset of all o

let ¥ be a nowmally crdored set of typs ¢ . let, further, &
o an slenent of ¥ , and Wia) be the order-type of the initisl sege
memt S{a) , vhere Wila) =0 if a is the first clement of W 3 we
shall hove obvioualy W) < & mnd Wia,) <Yila,) , for a< e, «

Honsg, to overy

*

sloment of ¥ there corresponds sn ovdingl nunbeoy
\;/44) s and to a later olenent corresponds a larger ordimel nubhers
Comversely, every ordimsl mesber W< 4) gorraeponds o sone elenent
of ¥ 3 im fact, 3 W< , thes any set ¥, of type | is cimiler
%o @ certein initial segmwent 2{a) of W, and so ¢ = YPla)

Yemrae tho theoren

The elements of o norrally ordered set may, therefore, be denoted
vy the symbol 8, , where the subgoripts ¢ =V (r} are crdiusl
mebora {(including O which is the subsoript of the first olsnent a, )s
Thus, the ©n eolements of o finite set may be dencted by

Bog B3 B0 Bypg v » » 58y
the eleeents of & set of type W by
Go8 8 as_&u Bip s % » g
the slements of o gobt of &ype W+n , n© o anbural nusber, Ly
Qop &, 0 Bop o o o 5 80 B8 0 0 » 5 B Bum *

Generally, ithe slemente «f a normelly ordered set of opdinel $



&2

oy be witten down ae a transfinite sequence of Type ¢ 5 14 oay
BosBafesesafasreesBaaes (< )
Yo of vhich sre similer, arvansed sesording to ssvendin: w al bud e
fined) of their ordinel nushors, then J s & mormal order,
If A and B ers asy twe dlstinet sets of N , we hove ono and

only one of the reletions o<</e /@<o<. If A, B opd C gre
any three sets of W , ai‘ couras A<4 , /5’< Y implics << ¥ &« It
rezping Yo show hat svery nonesull subeclass of ¥ bas & firste Lot
5’ bo a nonwnull subwelass znd lot 8§ be any normallyecedered set in
i If e isany clewent of 3 , elther o is alwaye used in the
atienpbed order-preserving mabling of S o an arbitrary sot of ﬁli
or there is at losst ome set of ¥’ to which an initiel seguent zw 5

nay be moted withowb ueing o » et £ be the first!® element of the
lattor type sod lot T be n set of H' such that T 223, sn initiel
sogrent of & not conteining £ « Then T is the fiyst eleseut of
o s sinee U T c T would isply U~ §,<8,, whioh ﬁan%ﬁmw the
gosunption that £ was the first olement of £ of the seosnd fype.

Addition gg erdizel nuborg.--The sun < + £ of two ordined
mmbers ig, in accordence with the penersl definition of the sum of
e ceder-types, the order-type of the ordersd set (43B) .

Finoe neither A nor 2 containg e part of type w* , ths same

i ﬁvmmﬂy troe of {(A38) . Hence the set (&;ﬁ} iz mwmny

127¢ the set of elemeuts wf this %yg@ is the mllwwt, el dmisiy
§ ig the Pirst element of X',



ordered and o+ /3 is an ordina) mwbers Sines A4 is5 eun inttial
segrent of (AsB) , we see thap < < °<_4~/6¢(13 £0) . |

The addition of ordinal munbers obeys tho agsoolative lew, bub
not in genersl the commtetive lawy thus (< ‘*ﬁ) + X st §/5 + ¥ )
bub o« + B is in general nob the same ss %s‘ X

From the abave, for cvery ordinal mumber < ,

HKAY >K

iz é&a ensily seen that thers is no ordinal mumber /9 satl ef'ying the
imequalitles < < B <= +1 , XNemoe, every ordinal nwher baec am im-
modiate successor. DBut not everv ordinal nusber bas an iwiedinbe
pradocessor; 2« gea tho number W o Zoro and those ordlugl swbers

which possess immedlate prodecessors, 1. e., those of Hhe ferm X 4+ 1 ,

ars sald to be of the first Hind, those vhich do not are of the seoond

Lication of axﬁgmlmmm&wwﬁlwlﬁ the oroduct { /E 9

of two ordinel mumbers is sn ordinal mumber. In gemeral =<8 § B,
ie vy multiplication is not necossarily commtatives. It iz sesily
soen that HB>x 5 providede(,B8>1 3 and that, if = = <Y , then
/5 w3 o Haltiplicelion of ordinanl mmbers is assoeiative and distyribuw
Bvey Lo Bay A (BY) m (A 8)F and X{pHV) mAB + XY,

ordinel pusberg.w-Iff « , V: are two crdinal nume

such that o< /3 » there ovidently exlets an ordimel nunber U
guch that < + ¥ = £ & this nusber ¥ ig denohed by B X o Tor, if
B bag the ordinel nunbeor /é? s there is w initlal segnend of T , say

B,  vith ordimel < . If B = (B 35), /a = X i8 the ordinsl number



tantorta glasses of ordinsl nudberg.--ivery finite simply ~rdered

seb is normally ordered, and its order«type is the ordinel murbey of
the set. 411 Pintte erding) nuwbers {(zero included) sre said o be
munbers of Cpntor?

g firgt olazas to ench euch ordinal mmber there

sorregponds a eingle cerdlunl muber, and the properties of the finite
ordinel nusbers are ildentloal with those of the finite cardinel nume
vers, the terms ordinal and cardinel sinmply defining the o uses of
e sene mudber. In the csses of treansfinite cobs there iz no mish

szl cardinal numbersz in fact the

identity between ocrdinal arithmetie
of e ene Eind of nwbers is casentlally different from 4het of the
othoy kind.

Corresponding to & single trensPinite cardinal nusber thers is an
fnfinlty of trensfinite ovdinal vubersy all those trensfiniie oprdinsd
mabare which ns d o oete thet have one sxd the sens sordinel
nmber K fom a olass (<} .

The ordinel swdors of all thess normally-ordored sebs whiloh huve
the cerdinal 5, are said to be of Capbtor's second class (5.}

Zheoren 7.8+ Ihe ordizal nuwbor

et A denote the set (8, ,8,, 8,9 2 » » 38,5 = v « ) « Then

w is the smallest nunbor of

& Pag ordinel numbar O , smd O = 3, , Any mmbor

/3 » whieh is

less than W , must be the order-bype of an initial segnent of A , and
A hes only initial segeents (@ ., 8,,8,, «» + » 8, ) wilh Zinibe
ordinad awbers n 3 thus F mist be & £inite numbers end thorefore
the only ordinal muwbers less than © are finite cneg.



Iheoren 7.4« The set I of 81l erdinel mutbers of the first snd
goeond slasses is non-denumerable,

# . being a set of ordinal mmbers, can be normelly ordercd fige

cording to asoending magnibudes, let & be its ordimal nuder., If B
were demmereble, ¥ would be an element of £ and S{Y) would Ds an
initianl segment of B with ordinel ¥ . Bub E esn not bo sinilar
%o wn initlel segment of B . Hense the set of all ordinel nuwlbers of
ckhe firet and sevond olasses ls non-demmerable.

The cardinal number of the set of all ordinal nuwbers <f the first
and sevond olasses ic demoted by 53, , i 0., S, 18 the cardlval mmber
assoclated with ¥ o

 Iheorem 7.5 W, is the first (smellest) cardinel number zrester
Ist & bo sny infinibto sob with oerdinel less then &, « Dancte
the oardinel mmber of 5 by H ¢ let 8 be normally crdorsd mad
donobe the resulting ordinel mudber by O o IP O wore sgual o ¥
we would have § meted biuniouely (and in order preserving faghien)
with the set of ordinsl nunbers of classes one and fwo, i4 04, vith a
sot of scerdinal O3, o Thus ve would have 53 = 8, , contrery Yo caswp-
tion., Hemoe G < ¥ or O>Y « Suppess G > ¥ o Then =v would have
the seb of ordinal numbers of classes one and two mated bluniguely
{and with pressrvation of order) o & proper subset (in fast, % &
woper inditiel seguent) of 9 . Hemce S>3 , contrary o nemumption,
Therefore < ¥ o Thus & ocon bo meted in blunigue (end crder pro-
sorving) manner with n proper initiel sspment, say S{C) , of ihe set
of ordinal nusbers of olasses one snd two, Hence § bas cordinal o -
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411 ordimal mmbers witch eve order-types of noraslly orderod
gets of omrdinal mwmber ¢, constitute Cantorts third slaso.
eraliogt of them is eusily coon to be Y o It can be shows thed She

set of all ordinsls of the firsh, second snd thiyd olesses hos
serdinal number greater them 5, 3 its cardinel mwber is demobed by
8,

In gemerel, 7, is the cardinal aumber of the set of ol ordinsl
nushers havisg cardisal Hﬁ ¢ VB0 B <A, In pertiouler, S, is
the cardinel number of the set of all ordimal nwsbers having ons of
the cardinal mmbers n , 8, , 8, 4, 4, & Biarnre s 8 a0
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