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Modeling Macroscopic Response of Random Composites 

J.B. Aidun, M.D. Rintoul, D.C.S. Lo* 
Abstract 

Preliminary work is presented on an effort to generate synthetic constitutive “da- 
ta” for random composite materials. The long-ranged goal is to use the overall re- 
sponse determined from finite element simulations of representative volumes (RV) of 
the heterogeneous material to construct a homogenized constitutive model. A simple 
composite of a matrix containing polydispersed spheres was chosen as the fast con- 
figuration to simulate. Here the accuracy of the numerical simulation tools is tested 
by determining effective elastic constants of the ordered elastic composite in which 
equal-sized spheres are arranged in each of three cubic lattice configurations. The re- 
sulting anisotropic effective elastic constant values agree with theoretical results to 
better than lo%, with typical agreement being better than 4%. 
Zntroduction 

I For numerical simulation of structural response it is often useful to approximate 
I the behavior of a random composite, such as a filled epoxy, by an equivalent homo- ’ geneous material. This approximation can be sufficiently accurate only when the 

minimum lengths of interest in the simulation are large compared to characteristic 
lengths of the heterogeneous material. Thus, use of a homogenized material model for 
the constitutive response of a random composite carries with it two requirements to 
insure acceptable accuracy. One is determining meaningful effective properties for 
the homogenized material. (Usually, the restriction to elastic material response deter- 
mines this.) The other is identifying the minimum size for which the homogenized- 
model approximation provides the desired accuracy. 

Alternately stated, the second requirement is to determine the RV of the hetero- 
geneous continuum and insuring that the relevant regions in the numerical simulation 
equal or exceed this size. RV size determination is not usually addressed and there is 
no general method for determining it for a non-periodic composite. It is not required 
for theoretical treatments owing to assumptions of uniform randomness of heteroge- 
neities that either do not interact due to their dilute concentration or interact self-con- 
sistently. Though the RV size is pertinent in any numerical simulation that uses a ho- 
mogenized material model, the feature of the simulation that should exceed the RV 
size remains to be established. We do not know whether it is the minimum dimension 
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of the part made of a composite or the size of the elements into which the part is dis- 
cretized that should exceed the RV size to insure the accuracy of a simulation. 

The present paper summarizes preliminary work that was performed to establish 
the accuracy of the numerical simulation tools being used. Also included are brief de- 
scriptions of the overall goal of the material modeling effort and of how numerical 
simulations might be used to determine RV size for random composites. 
Overall Goal 

Laboratory measurements can provide parameter values for a homogenized ma- 
terial model when its form is known. If the material model is nonlinear, the measure- 
ments need to be augmented with theory or numerical simulations to determine the 
form of the macroscopic constitutive relation and to extrapolate the measurements. 
The central aim of this and related efforts at SNL is to use detailed, fine-scale finite 
element method (FEIM) simulations to generate synthetic constitutive “data.” The 
synthetic data would be combined with laboratory measurements to develop homog- 
enized macroscopic models of the nonlinear response of filled epoxies or other mate- 
rials with microstructure? The RV size is of basic importance to this undertaking. 
The simulated specimens of a filled epoxy must be at least as large as the RV so that 
the volume-averaged response of the specimens is representative of the macroscopic 
behavior of the material. 
The effort is motivated, in part, by the laboratory-wide goal of using numerical sim- 
ulations to reduce the number of design-prototype-testing iterations associated with 
the development of a new material. Additional motivation comes from recent 
progress in developing nonlinear viscoelastic constitutive models for pure epoxy. * 

This pursuit presents several challenges. Instances of the random composite need 
to be rendered as finite element meshes for use in simulations in which the nonlinear 
epoxy constitutive model is used to describe the matrix material. Definitions for non- 
linear and inelastic effective properties need to be developed. Their determination 
from the numerical simulations requires identification of the RV size so that averages 
over the simulated volumes provide a good representation of macroscopic response. 
It also requires averaging over an ensemble of realizations of a random composite. 
Current Progress 

The first random composite we are investigating is an epoxy filled with mono- 
dispersed elastic spheres at a volume fraction of 0.45 or greater. This simple system 
is a modest idealization of an encapsulant used at SNL whose behavior needs to be 
well represented in large-scale (macroscopic) FEM simulations. Its simplicity makes 
it a convenient test case for developing concepts and numerical techniques. 

Preliminary to simulating this random, nonlinear system, we seek to verify the 
accuracy of the simulation tools by analyzing the response of the composite with a 
regular array of elastic spheres in an elastic matrix. The FEM simulations of the static 
mechanical response were performed with the quasi-static solid mechanics program 
JAS3D3 using a ten-noded tetrahedral element having mean quadrature and special 
hour glass control! Deformable periodic boundary conditions (PBC)5 were used to 
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provide the system sufficient freedom. With these PBCs three cubic arrangements of 
inclusions, simple, body-centered, and facecentered cubic, could be simulated using 
unit cells with one, two, and four spheres, respectively. 

Each system was loaded along a cubic axis in uniaxial stress and in uniaxial 
strain. The volume-averaged results from these two loadings permit determination of 
the effective elastic constants cl1 and c12. The results from a third simulation of 

simple shear loading provided values for ca. The inclusion volume fractions, f ,  are 
90% of the close-packed limit: 0.471 for SC; 0.612 for BCC; 0.666 for FCC. The 
moduli of the matrix and inclusions were chosen to facilitate comparison with theo- 
retical results of Sangani and Lu.6 They computed effective elastic constants as a 
function f for specified values of the ratio of the inclusion and matrix shear moduli. 
Following Sangani and Lu, we assign the matrix and inclusions both a Poisson’s ratio 
of 0.3 and take the isotropic linear elastic spheres to be perfectly bonded to the matrix. 
Three inclusion shear modulus values are considered here: M . 5 ;  10; 40 GPa. The 
isotropic linear elastic matrix is given a shear modulus of 1 GPa so that the inclusion 
shear modulus values also give the shear modulus ratio values. 

The FEM calculations reproduce the input modulus values to within 1% or better 
with the matrix and inclusion properties equal. Two internal checks on the precision 
of the simulations of the composite are provided by the agreement of the lateral con- 
tractions that result from a uniaxial stress extension and by the agreement of c12 val- 
ues obtained from the uniaxial strain and the uniaxial stress loadings. The present cal- 
culations yield agreement to better than l% for both of these internal checks. 

The table compares the effective elastic constant values determined from the 
simulations with the theoretical results6 We find that the present simulations accu- 
rately reproduce the theoretical results to better than lo%, with the worst disagree- 
ment being for cl1 and Ginclusion/Gmatrix = 40. For this shear modulus ratio the FEM 
values are systematically less than the theoretical values. 

Future Work 

Having established reasonable accuracy for the numerical simulation tools we 
will use them next to determine the RV size for an elastic matrix randomly filled with 
mono- and polydispersed elastic spheres. Huet has shown that for elastic response and 
perfectly bonded inclusions the RV size can be identified as the system volume for 
which the same effective material property values are obtained from uniform traction 
loading and uniform displacement loading, to within a prescribed precision? This tri- 
al-and-error process will be carried out for the random elastic composite. Additional- 
ly, we will attempt to develop a direct procedure for determining the RV size using 
relevant correlation lengths that characterize the random composite. 

Following this, a team at SNL plans to extend these simulations and analyses to 
describe the overall response of a nonlinear viscoelastic matrix with elastic inclu- 
sions. These extensions will include consideration of imperfectly bonded inclusions, 
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which will be treated using the frictional contact capability of the JAS3D finite ele- 
ment code. 

GbCl”SiOdGIIl&iX 
Effective 

(GP4 
Constant 0.5 10.0 40.0 

FEM Theory6 FEM Theory6 FEM Theory6 

SIMPLE CUBIC (vol. fraction = 0.47 1 )  
2.60 2.45 8.3 8.6 10.8 11.7 
1.05 1.05 2.6 2.5 2.5 2.5 

0.75 0.70 2.2 2.2 2.6 2.6 

BODY CENTERED CUBIC (vol. fraction = 0.612) 
2.30 2.20 10.1 8.15 12.9 13.3 

0.95 0.90 4.0 3.3 5.0 5.1 

c11 

c12 

e44 

I I I 

0.65 I 0.70 I 3.5 I 3.75 I 5.3 5.5 I 
FACE CENTERED CUBIC (vol. fraction = 0.666) 

2.20 1 2.20 I 11.6 I 11.9 I 15.9 1 16.5 

0.95 0.95 4.5 4.7 5.6 6.0 
0.65 0.70 3.9 4.05 6.2 6.4 

Acknowledgment - The generous assistance of several colleagues is gratefully ac- 
knowledged: C.R. Adams; E.A. Boucheron; J. Jung; M.K. Neilsen; D. Riley; J.R. 
Weatherby; G.W. Wellman. 
**Sandia is a multi-program national laboratory operated by the Sandia Corporation, 
a Lockheed Martin Company, for the United States Department of Eneru under 
Contract DE-AL04-94AL8500 
References 

‘Lustig, S .R, R.M. Shay, Jr., J.M. Caruthers, “Thermodynamic constitutive 
equations for materials with memory on a material time scale,” J.Rheol.40,69( 1996). 

2e.g., Silling, S.A., P.A. Taylor, J.L. Wise, M.D. Furnish, “Micromechanical 
modeling of advanced material,” Sandia National Laboratories Technical Report 
SAND94-0129, Albuquerque, NM (1994). 

3Blanford, M.L., “JAS3D - A multi-strategy interactive code for solid mechan- 
ics analysis: Users’ Instructions, Release 1.5,” hternal Report, Sandia National Lab- 
oratories, Albuquerque, NM (1998). 

4Dohrmann C.R., S.W. Key, M.W. Heinstein, J. Jung, “A least squares ap- 
proach for uniform strain triangular and tetrahedral finite elements,” submitted to Int. 
J. Numer. Meth. in Engng. 

swellman, G.w., pers. comm. 
‘Sangani, A.S. and W. Lu, “Elastic coefficients of composites containing 

7H~et ,  C., “Application of variational concepts to size effects in elastic hetero- 
spherical inclusions in a periodic array,” J. Mech. Phys. Sol. 35, 1 (1987). 

geneous bodies,” J. Mech. Phys. Sol. 38,8 13 (1990). 

Aidun 4 



./ . .  

Sponsor Code (18) a / a f 
UC Category (1 9) 

DOE 


