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ABSTRACT 

The generation of vapor-driven bubbles is common in many emerging laser-medical - 
therapies involving soft tissues. To successfully apply such bubbles to processes 
such as tissue break-up and removal, it is critical to understand their physical 
characteristics. To complement previous experimental and computational studies, an 
analytic mathematical model for bubble creation and evolution is presented. In this 
model, the bubble is assumed to be spherically symmetric, and the laser pulse length 
is taken to be either very short or very long compared to the bubble expansion 
timescale. The model is based on the Rayleigh cavitation bubble model. In this 
description, the exterior medium is assumed to be an infinite incompressible fluid, 
while the bubble interior consists of a mixed liquid-gas medium which is initially 
heated by the laser. The heated interior provides the driving pressure which expands 
the bubble. The interior region is assumed to be adiabatic and is described by the 
standard water equation-of-state, available in either tabular, or analytic forms. 
Specifically, we use adiabats from the equation-of-state to describe the evolution of 
the interior pressure with bubble volume. Analytic scaling laws are presented for the 
maximum size, the duration, and the energy of bubbles as functions of the laser 
energy and initially heated volume. Of particular interest, is the efficiency of 
converting laser energy into bubble motion. 

1. INTRODUCTION 

Laser produced vapor bubbles are important in many fields of laser medicine. They 
occur in cardiology in the applications of thrombolysis and angioplasty, in ophthalmology in the 
study of damage threshold, and in urology in lithotripsy, to mention a few applications. The 
effects of the vapor bubble can be either desired- as in the case of emulsifying clots in 
thrombolysis or undesired as in the case of damage to the eye. 

Recently, much theoretical and experimental work has been done on elucidating the 
mechanisms of bubble formation, the dynamics of bubbles, and the effects on ambient soft 
tissue. In this paper we present a scaling model with the main goal of calculating the maximum 
bubble size for various input parameter values. The bubble size is of interest, as characteristic 
parameter of a bubble which indicates how much tissue it effects. In some cases it may be 
assumed that the maximum size of the bubble directly correlates with the amount of tissue 
which is broken up, or removed by the action of the bubble. We equate the maximum volume of 
the bubble to the removed tissue volume. This is not always the case, however the maximum 
bubble size remains an important parameter by which to characterize a laser produced bubble. 

Our goal is to develop a simple and computationally quick model which enables 
estimates of the maximum bubble size and bubble duration. This then allows us both to 
understand the bubble dynamics on a fundamental level and to perform quick surveys of 
parameter space for the purpose of designing systems for various applications. The scaling 
model which we have developed to attain this goal is intermediate in complexity compared to 
various theoretical models which has been discussed in the literature. 

The simplest model in the literature is the Rayleigh cavitation bubble modell. This 
model describes the expansion and collapse of an empty bubble in an ideal incompressible 



liquid, given initial conditions. The result often used is the formula for the bubble collapse 
expansion time (equal to the collapse time): 

where t,, is the expansion time (the m-subscript denotes the maximum bubble size 
expanding bubble), R,, is the maximum radius, P,,,t and Pext are the density and pressure in 
the medium external to the bubble. In the Rayleigh model there is no gas and therefore no 
pressure inside the bubble. 

Our analysis extends the Rayleigh model by considering the gas inside the bubble-and 
the pressure which it exerts on the external medium. By using a self consistent description of 
the creation of this gas by vaporization of liquid by the laser, and by using an accurate 
equation-of-state (EOS) to-describe the evolution of the energy and pressure of the internal gas, 
we have constructed a model which allows a calculation of the bubble dynamics. In particular 
we can calculate the maxim bubble size and the time from the deposited laser energy, (QL) , the 
external medium parameters in limiting cases of short and long laser pulse length (tL). 

Many other models have been presented which include internal pressure and other 
effects in the Rayleigh model. Several of these are the inclusion of acoustic emission by 
Kirkwood and Bethe, and Plesset2, and the recent inclusion of an improved treatment of 
acoustic emission and material strength and failure by Glinsky et a13. 

The most comprehensive models are the computational hydrodynamic simulations done 
by the Livermore and Los Alamos groups in the last few years 4. These models include accurate 
EOSs, acoustic and shock wave emission, and non-spherical effects, and most recently, material 
strength effects. These models serve both to verify simpler models, as well as to compare to 
and guide experiments. They also allow the study of complicated 2-D effects such as vorticity 
generation and the creation of jets on bubble collapse. 

2. ELEMENTS OF BUBBLE SCALING MODEL 

2.1 Assumptions. 
Several basic assumptions are made in deriving the scaling model. The geometry is assumed to 
be l-dimensional with spherical symmetry. The correspondence between a realistic geometry 
associated with optical fiber delivery is illustrated in Figure 1. The essence of the 
approximation is to equate the initial volume of the spherical bubble with the volume into which 
the laser energy is deposited by the fiber. We also assume that the bubble is created by 
vaporization of the water, rather than cavitation. This requires a minimum laser energy 
necessary to bring the heated volume to a temperature above the boiling point of the water. 

Another approximation is the neglect of heat conduction. We estimate that this is valid 
for heated volumes such that the heat conduction time (R2/4a, where a is the thermal diffusity) 
is greater than the Rayleigh time [Eq. (l)], For properties of water, this occurs for Ri > .06 pm, 
which include all cases of practical interest. We also ignore acoustic emission, which is valid for 
moderate laser energy densities (QL < 3 kJ/g), but which breaks down for very high laser energy 
densities5. The model is based on two fundamental energy balance conditions, the first law of 
thermodynamics applied to the gas inside the bubble: 

dQ = dE - PdV, (2) 

and the balance of the kinetic energy acquired by the external fluid with the net work 
done by the bubble 

K ext =W =-j(P-I&)dV. (3) 



Here Q is the enthalpy (heat) per unit mass, E the internal energy, P the pressure and V 
the specific volume, both of the bubble interior, Kext the kinetic energy of the external fluid, and 
W the net work done on the external fluid by the bubble. In addition we use an accurate EOS 
relating the pressure and energy of the internal gas to the temperature and density. In this 
paper we use a water EOS based on the NIST steam tables 6. This is expected to accurately 
represent soft tissue, since water is the dominant constituent (75%). The main effect of the 
tissue is to provide a shear strength which inhibits the growth of the bubble. We include an 
enhanced external pressure equal to that of the failure stress of the material. This prescription 
has been shown to be a valid, but approximate way to model the strength of the tissue (Glinsky 
et al). For typical soft tissues this value ranges from l-10 bar. 
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Figure 1. The deposition region for a fiber is approximated by a sphere of equal 
volume. Rfiber is the fiber radius and z, the absorption length of the laser light in 
the fluid or tissue. The maximum bubble radius is R,,, reached at time t,,. 

2.2 Qualitative Behavior for Long and Short Laser Pulses. 
To calculate the bubble dynamics, we consider two limiting cases of the laser pulse 

length relative to a pressure equilibration timescale. Schematic illustrations of the bubble 
evolution are given in Figures 2a and b for the long and short pulse cases. In the case of long 
pulse, the pressure inside the bubble never greatly exceeds the internal pressure. The bubble 
grows in a near-equilibrium condition for the duration of the pulse. It reaches its maximum 
radius at the end of the laser pulse. Since the bubble does not overshoot its equilibrium radius 
as in the short pulse case, there is no real bubble collapse. The bubble may oscillate a bit about 
its equilibrium radius, and finally collapse when heat conduction cools the interior gas. In the 
short pulse case the laser energy is deposited before the bubble can expand very much. The 
pressure builds up during the laser pulse, typically to a value much larger than the external 
pressure. The bubble radius begins to grow. As the internal pressure drops below the external 
pressure, the inertia of the external fluid allows the bubble to continue to grow. The bubble 
radius overshoots the equilibrium radius achieved in the long pulse case. At a time t, the 
bubble comes to rest at its maximum radius and then begins to collapse. The determination of 
the equilibrium time (tecl) is made self-consistently from the short pulse solution given below. 
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Figure 2a. Schematic representation of the Figure 2b. Variation of the bubble radius 
time variation of the bubble radius and and internal pressure for the long pulse 
internal pressure for the short pulse case. case. 

2.3 Long Pulse Limit: t~>>t,9. 
For long pulses we find the maximum bubble size by assuming that the bubble expands 

at a pressure equal to the external pressure. We also assume that the temperature inside the 
bubble is equal to the equilibrium boiling temperature, which is 100 “C for P,,t = 1 bar, but is 
somewhat larger for higher external pressure, e. g. 180 “C for P,,t = 10 bar. The later 
assumption can only hold when the specific laser energy is less than the latent heat at constant 
pressure. For higher laser energies the temperature will rise above the boiling point. The essence 
of this derivation is that the laser first heats the water to the boiling point and then the 
remainder of the energy goes into making water vapor at the boiling point. Given these 
assumptions, we can integrate Eq. (2) to give: 

AQL =E, -E, +J’e’ext(Vm -4,) (4) 

where the subscript “0” indicates conditions before the laser pulse. We use Eq. (4) in 
conjunction with the EOS, which is available as a FORTRAN program, to solve for V, given QL, 
To (the initial temperature), and P,.. Finally we find the maximum radius from the cube root 
of the volume. Results are presented in section III. 

2.4 Short Pulse Limit: TV << te4. 
In the short pulse limit, we assume that the laser energy is deposited instantaneously- 

before the bubble can expand. Then the expansion follows. Since no further heat is added, the 
expansion is adiabatic (or isentropic). Without solving for the time-dependent bubble 
dynamics, we can easily calculate the maximum bubble radius by finding the conditions when 
the kinetic energy is zero. From Eq. 3, this occurs when the net work is zero: 

p-P,,&m=O. (5) 

We apply the first law (Eq. 2.) to the bubble in two steps. First it is used to equate the 
bubble internal energy immediately after the pulse to the initial internal energy plus the laser 
energy. Then it is applied in the adiabatic limit (dQ = 0) after the laser pulse up to the time of 
maximum expansion. The net result is an expression for the first term in the integral in Eq. (5): 

JPdV=(Eo+QL)-E,. (6) 



The 2nd term in the integral is straightforward since P,,f = constant. We express the 
result of the evaluation of Eq. (5): 

Equation (7) is used along with the EOS, and the adiabatic condition for P(V), to 
implicitly solve for the maximum volume and then the radius. The solution is accomplished by 
a simple numerical searching method. A graphical picture of the determination of the maximum 
volume is shown in Figure 3. Since we are considering only the period of bubble growth, the 
specific volume parameterizes time. We see the monotonic drop in bubble pressure with time. 
At first the kinetic energy grows in time. This is called the acceleration phase of the bubble 
dynamics. When the pressure drops below the external pressure, the kinetic energy begins to 
decrease. This is called the coasting, or overshoot phase. The maximum bubble is reached 
when K,,t drops to zero (at V - 4~10~ cm3/g). After this time the bubble collapses. 
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Figure 3. Variation of pressure and 
kinetic energy with specific volume. 
The curves follow an adiabatic 
expansion. The maximum bubble 
size is reached when the kinetic 
energy drops to zero, at V = 4~10~ 

Figure 4. The maximum radius 
grows with specific laser energy 
deposition. Short pulses produce 
larger bubbles than long pulses. All 
cases have Pext = 1 bar. 

In the short pulse limit we can also find the time dependent bubble trajectory and 
therefrom, the time of maximum size and the equilibrium time. We follow an analysis of the 
Rayleigh model extended to include an internal bubble pressure7. We first derive the kinetic 
energy of the external fluid to use in Equation (3). For an incompressible spherical flow in an 
infinite medium, the fluid velocity decreases as the inverse square of the radius: 

R 2dR u=-- - 0 Y dt’ 

where Y is the radial coordinate of a point external to the bubble, and dR/dt is the 
velocity of the bubble boundary. The kinetic energy is found by integrating: 

(8) 



K ext = (9) 

The net work done by the bubble on the external fluid, minus that done by the stationary 
fluid far from the bubble is: 

W = j(p- Pext)dV. 

Equating the kinetic energy to the work and we find the following integral expression 
relating the bubble radius and time: 

(10) 

t=112np (11) 

Equation 11 can be evaluated a various radii to give the whole bubble trajectory during 
the expansion phase. The EOS is used along with the adiabatic condition relating P(V). 

3. RESULTS 

In Figure 4, we show the maximum bubble radius versus specific laser energy for the long 
pulse and short pulse cases, using Eqs. (4) and (7) respectively. In both cases the radii grow 
increasing laser energy. The radii for short pulse are about xx times those for long pulse. This is 
due to the overshoot of the equilibrium radius which occurs in the short pulse. 

For short pulses, we can also find the radius versus time, using Eq. (11). Results are 
shown in Figure 5, for three values of QL. The time is expressed in terms of a characteristic 
timescale, (essentially the Rayleigh time for the initial radius) 

(12) 

The equilibrium time teq is found from the trajectory for the short pulse case, and shown 
in Figure 6. For all cases it is approximately equal to the characteristic Rayleigh time for the 
initial heated volume, as given by Eq. (12). 

In Figure 7, we show the model results (R,, t m 
typical value of Ri (50 pm) and for a pr. 

and teq) in dimensional units, choosing a 

In Figure 8, we show bubble radii calculated with the LATISS hydrodynamic simulation 
code compared to results of the scaling model in the short and long pulse limits compared to 
bubble. We see good agreement in both limits. In the short pulse limit the scaling model 
overpredicts the maximum bubble radius by 15 %, probably due to its omission of acoustic 
radiation, which is included in the hydro model. In the long pulse limit, the hydro simulation 
oscillates about the scaling model prediction, as expected. Such comparisons give us confidence 
in the scaling models results for approximate estimates of the bubble radius for a wide range of 
parameters. 

In summary, we have presented a scaling model which provide quick estimates of bubble 
dynamics. It is based on 1-D spherical geometry. It uses thermodynamic and kinetic energy 
conservation equations and a realistic equation-of-state. With this model we have identified 
the short and long pulse limits of bubble dynamics. We have been able to predict the bubble 



radius and duration for a wide range of input parameters. This model is useful for prelimary 
designs of laser produced bubble experiments for a wide range of applications. 
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Figure 5. The bubble trajectory up 
until the time of maximum radius is 
shown versus time for three specific 
energy deposition values. All cases 
are for short pulses and P,,t=l bar. 
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Figure 7. Maximum bubble radius, 
time of maximum and equilibrium 
time versus laser energy for a 50 pm 
radius deposition region. 
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Figure 6. The pressure equilibration 
timescale is shown versus specific 
energy deposition for three values of 
the external pressure. 
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Figure 8. The scaling model 
compares well with numerical 
simulations. The dashed lines are 
LATIS results for laser pulses of 1 
ns, 10 ps and 30 ps. The solid lines 
are the short and long pulse scaling 
model results 
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