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ABSTRACT 

This work considers the problem of maximum utilization of a set of mobile robots 
with limited sensor-range capabilities and limited travel distances. The robots are 
initially in random positions. A set of robots properly guards or covers a region if every 
point within the region is within the effective sensor range of at least one vehicle. We 
wish to move the vehicles into surveillance positions so as to guard or cover a region, 
while minimizing the maximum distance traveled by any vehicle. This problem can be 
formulated as an assignment problem, in which we must optimally decide which robot to 
assign to which slot of a desired matrix of grid points. The cost function is the maximum 
distance traveled by any robot. Assignment problems can be solved very efficiently. 
Solution times for one hundred robots took only seconds on a Silicon Graphics Crimson 
workstation. The initial positions of all the robots can be sampled by a central base 
station and their newly assigned positions communicated back to the robots. 
Alternatively, the robots can establish their own coordinate system with the origin fixed 
at one of the robots and orientation determined by the compass bearing of another robot 
relative to this robot. 

This paper presents example solutions to the multiple-target-multiple-agent 
scenario using a matching algorithm. Two separate cases with one hundred agents in 
each were analyzed using this method. We have found these mobile robot problems to be 
a very interesting application of network optimization methods, and we expect this to be 
a fiuitful area for future research. 
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1. Introduction 

There has been significant recent interest in the use of multiple robotic agents or 
robotic vehicles to achieve tasks that a single robot could not achieve alone or that could 
be accomplished much more efficiently or robustly with multiple robotic devices. There 
are various approaches to controlling multiple robotic devices. One is to have each 
behave independently or autonomously, but receive information from its neighbors. The 
receipt of such information could be limited to neighbors that are within a certain 
communication range (for covertness) of the robotic device. The other extreme is to have 
a centralized base station, either mobile or fixed, that collects position and other 
information on all of the vehicles and commands them to move to certain locations. 

Reynolds [19] considered the formation of flocks, herds, and schools in 
simulations in which multiple autonomous agents were driven away from each other and 
other obstacles by inverse square law repulsive forces. Part of the motivation behind 
Reynold's work was the impression of centralized control exhibited by actual bird flocks, 
animal herds, and fish schools, despite the fact that each agent (bird, animal, or fish) is 
responding only to its limited-range local perception of the world, in Reynold's opinion. 
Reynolds stated "Natural flocks seem to consist of two balanced, opposing behaviors: a 
desire to stay close to the flock and a desire to avoid collisions within the flock." He also 
stated "A bird might be aware of three categories: itself, its two or three nearest 
neighbors, and the rest of the flock." The desire to be close to the flock while avoiding 
collisions was modeled by force fields that attracted a bird to its two to three closest 
neighbors but prevented it from getting too close to these neighbors. 

Brooks [6] examined the problem of an autonomous agent or mobile robot with 
"multiple goals." For example, the robot may have goals of (1) moving North and (2) 
avoiding obstacles, where the second has higher priority than the first. Instead of the 
force field type of approach, Brooks had the robot take a mixture of control laws or states 
of a finite state machine. For example, one control law (or "finite state") may be 
associated with moving North and one associated with obstacle avoidance. The moving- 
North control law would be essentially replaced by an avoid-obstacle control law if the 
impending collision danger level became large enough, although both control laws could 
be acting simultaneously and independently, in his subsumption architecture. The 
concept of cooperation among robots or the ability of multiple robots to perform tasks 
more effectively was not specifically addressed. More discussion of the subsumption 
architecture can be found in Brooks and Flynn [ 5 ] ,  in which there is some discussion of 
the advantages of having massive numbers of autonomous agents. 

Arkin [4] studied an approach to "cooperation without communication," for 
multiple mobile robots. He states that "by enabling many simple robots to cooperate 
together on a large task, it becomes possible to solve a problem that would be infeasible 
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using a large-scale machine." Arkin also points out that centralized masterhlave or 
hierarchy-based approaches have drawbacks of potential communication bottlenecks and 
less robustness than completely decentralized approaches in which each agent is 
autonomous and has the same control law. Arkin demonstrated such an approach for 
robots that are supposed to forage and retrieve objects (in a hostile environment). 
Anticipated applications mentioned were "housekeeping on the exterior of a space station 
or undersea base" and "mining operations at remote locations." Kube and Zhang [14] 
also considered decentralized robots performing tasks "without explicit communication." 
Much of their study examined comparisons of behaviors of different social insects such 
as ants and bees. They considered a box-pushing task and utilized a subsumption 
approach as well as ALN (Adaptive Logic Networks). 

Noreils [ 171 conducted work toward achieving cooperation between mobile 
robots for indoor environment applications. He dealt with robots that were not 
necessarily homogeneous. That is, one subset of the robots may have capabilities that 
another subset does not have. His architecture consisted of three levels: fimctional level, 
control level, and planner level. The planner level was the high-level decision maker. He 
developed a special purpose language for his application. 

Chen and Luh [7] examined decentralized control laws that drove a set of mobile 
robots into a specific formation. In particular, a circle formation was considered. 
Similarly, Yamaguchi and Arai [21] studied line-formations, and so did Yoshida et al, 
P21. 

2. Problem Statement 

The problem of immediate interest is as follows. We want many (up to 100 or 
more) disposable (small) vehicles to "stake out" a dangerous area. The vehicles are air- 
dropped and thus land in a fairly random set of positions. We either have a base station 
that receives actual positions (relative to the base station) of each vehicle and also sends 
commanded positions to each vehicle, or we may have one of the vehicles itself serve as 
a "base" vehicle. In the latter case, triangulation can be used to obtain the position of any 
vehicle relative to an imaginary reference fi-me fixed to, for example, vehicles number 1 ,  
2, and 3. Vehicles 4 through 100 will then be commanded to move relative to this frame. 
It is assumed that each vehicle has a compass so that it can move in the correct direction 
to obtain a new desired location within this frame, and it is assumed that the orientation 
of this frame is determined by the fact that vehicle 1 knows the relative bearing of vehicle 
2. 

Each vehicle is equipped with a sensor for detecting the subject(s) (or "targets") of 
the search. These detection sensors have limited range. Yet, we want to be sure that no 
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subject (or "target") is presently amidst or becomes amidst the group without being 
detected. Thus, there cannot exist regions or gaps between vehicles inside which a target 
could "hide" or go undetected. In general, to fill in an area, without any gaps, the 
vehicles are going to have to move, as they are initially in essentially random positions. 
Yet, each vehicle has a limited amount of fuel/power with which to locomote itself and 
subsequently observe. Therefore, minimizing the distance that the vehicles travel to 
adequately "stake out" the area is critical since it determines how long the surveillance 
grid will be "up" before at least one vehicle loses power. It is assumed that the spacing 
between the vehicles is large relative to the size of the vehicles, so that collision between 
moving vehicles is not a real issue. 

3. Solution Method 

The approach used herein to tackle this problem is to create an imaginary set of 
equally-spaced grid points in the reference fiame, forming essentially a square, or nearly 
square, area. The spacing between the grid points is less than the maximum target- 
detection range of each vehicle's detection sensor. This guarantees that any target within 
this rectangular area will be detected. The number of grid points is equal to the number 
of vehicles, and we will assign each vehicle to one of these grid points, in such a way that 
the maximum distance any vehicle must travel is minimized. This is, in essence, an 
assignment problem (which vehicle to which grid point). As we will see, in the next 
section, assignment problems of this type can be solved very efficiently combinatorial 
algorithms, which will be described in the next section. By minimizing the maximum 
distance traveled by any vehicle, we maximize the potential time the region will be 
properly guarded. We can also determine if the specified region cannot be covered at all 
because some vehicle would have to move farther than its maximum travel range. The 
grid point locations are herein assumed to be determined a priori, as opposed to being 
part of the optimization variable set. 

The case of minimizing the sum of the distances traveled by all bugs, subject to 
no bug moving more than its fuel resources allow was also considered. Numerical results 
for this case are provided as well in section 5. 

4. Solution of the Vehicle Assignment Problem 

In this section we discuss some of the methods of solving the assignment problem. In 
this section we will use the term "slot" for "grid point". Let d, be the distance from 
vehicle i to slot j. 
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We begin with some preliminary definitions. A graph G = (V,E) is a set of nodes 
V and a set of edges connecting pairs of nodes. We will assume an undirectedgraph, 
where edges are unordered pairs (vi , v j )  for vi, vj E V. We say that edge (vi ,v j )  is 
adjacent to nodes vi and vj. We can also assign weights to the edges. A matching in a 
graph is a set of edges such that each node is adjacent to at most one edge in the set. 
Thus a matching represents a pairing of the nodes. In a perfect matching, each node is 
adjacent to exactly one edge (each node is paired with another). A maximum-cardinality 
matching, is a matching with the maximum possible number of edges*. A minimum 
weighted matching is a maximum-cardinality matching for which the sum of the weights 
of the selected edges is as small as possible. In a bipartite graph, the node set can be 
partitioned into two sets A and B such that all the edges go between a node in the A set 
and a node in the B set. The classic assignmentproblem is finding a minimum- (or 
maximum-) weight matching in a bipartite graph. 

We can formulate the two versions of the robot-assignment problem as matching 
problems in bipartite graphs. To assign the robots to slots so as to minimize the 
maximum distance traveled, we guess the maximum distance D, say half the maximum 
d, . We then form the following bipartite graph GD: Node set A has a node ri for robot 
i. Node set B has a node sj for each slot j. The edge ( 4, sj ) is in set E if and only if 
d j  S D .  We then compute a maximum cardinality (Le. unweighted) matching in this 
graph. There is a legal assignment of robots to slots (Le. one which covers all the slots 
and has no robot traveling more than distance D), if and only if there is a perfect 
matching in this graph. We can perform a binary search on D to find the smallest legal 
value of D, and hence minimize the maximum distance traveled by any robot. 

To minimize the average distance traveled by all robots while obeying a 
maximum distance bound D, we form graph GD as above, but now each edge ( 4 , sj ) is 
given weight d, . We then compute a minimum-weight matching on this graph. If there 
is no perfect matching, then the distance bound D is too small. 

Frequently in practice, network optimization problems such as network flow, min- 
cost flow, and the transportation problem are solved using the network simplex algorithm. 
This involves formulating the problem as a linear program (LP). For example the LP for 
the assignment problem is: 

Min F,y, di xi 

subject to 
i j  

* Note that a graph need not have a perfect matching 
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xi 20 vi,j 
(where in the LP's solution, xi will be 1 if and only if vehicle i will go to slot j, and 0 
otherwise.) What we really require is an integer programming formulation where the xu 
must take on the values 0 or 1 only. However, the matrix for linear programs with 
network structure is totally unimodular and therefore every extreme point of the polytope 
of feasible solutions has integer variable values. Therefore the optimal solution to the LP 
will in fact give the optimal solution for the integer program. One can solve linear 
programs using the simplex method, which starts at a comer (extreme point) and pivots 
from corner to comer (while the objective function improves monotonically), until it 
reaches an optimal solution. Hillclimbing works in this setting since the feasible region 
is convex. In general, the simplex method will not terminate in polynomial time in the 
worst case. However, for problems with network structure, specialized pivoting rules can 
lead to polynomial-time algorithms. Some of the most recent examples of polynomial- 
time specializations to the assignment problem include [ l ,  3, 201. See [18] for other 
examples. 

Typically the worst-case complexity of network simplex, even for the 
polynomial-time variants, is worse than combinatorial (graph-based) algorithms. 
However, they frequently perform better in practice because they are so simple. For the 
assignment problem, however, the LP formulation is highly degenerate, meaning there 
are many ways to represent each corner [ 13 1. As a consequence, the network simplex 
algorithm typically makes many pivots which leave the objective function unchanged. 
Therefore, for the assignment problem and related matching problems, graph-based 
algorithms are strong competitors in practice. 

The classic combinatorial algorithm for finding a maximum (weighted or 
unweighted) matching in a graph is due to Edmonds [9]. We will begin with the 
unweighted case. The method works by repeatedly finding augmenting paths. Suppose 
we have a graph G = (V,E) and some matching M cE, which is not necessarily of 
maximum size. An augmenting path begins and ends at afiee node, namely one which is 
not adjacent to any edge in the matching. Obviously the first edge and last edge are not 
in the matching. The edges along the path alternate between those in the matching and 
those not in the matching. Thus the path has an odd number of edges, say 2q+l, of which 
q+l are not in the matching, and q are. More formally, an augmenting path is a path in 
the graph vo,vl, ..., vk, where k is odd, no edge in M is adjacent to either v, or vk, and for 
each edge (vi ,vi+l ) in the path, the edge is in matching M if i is odd, and the edge is not 
in the matching if i is even. If we consider only edges on this path, and reverse their roles 
(remove all those previously in the matching and replace them by the ones that were not), 
then we still have a valid matching, and it has one more edge than it did before the 
augmentation. A matching is maximum if and only if there are no more augmenting 
paths in the graph. For the (maximum) weighted matching problem, an augmenting path 
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is an alternating path where the sum of the weights of the edges not in the matching is 
greater than the sum of the weights of the edges in the matching. 

Many of the advances in matching algorithms have come fiom finding better 
implementations of this basic algorithm. The theoretically best algorithm for unweighted 
matching in general graphs is due to Micali and Vazarani [16] and runs in time O ( e f i )  
where e is the number of edges in the graph and v is the number of nodes. There are no 
theoretically better algorithms for bipartite graphs, though in practice the implementation 
of the search for augmenting paths is simpler. The theoretically best algorithm of which 
we are aware for weighted matching in general graphs is due to Gabow [ 101 which runs 
in time O(v( e + vlog v)) , and again we are aware of no specializations to bipartite graphs 
which are theoretically superior. There are also algorithms based on scaling the weights 
of the edges. They can be superior theoretically when the weights are small relative to 
the number of nodes in the graph. For example [2] quotes a bound of (&log( vC)), 
where C is the maximum weight. They give an overview of cost-scaling algorithms for 
the assignment problem and the popular Hungarian algorithm. For a much more detailed 
discussion of the Hungarian algorithm, see [ 1 31. 

The code actually used to solve the matching problems for the vehicle assignment 
problem we describe here was acquired from the center for Discrete Mathematics and 
Theoretical Computer Science (DIMACS). These were codes made available fiom the 
first DIMACS implementation challenge for network flows and matching (1 990- 199 1). 
The codes are available by following pointers to the implemenation challenge off the 
DIMACS home page http://www.dimacs.rutgers.edu. The maximum-cardinality 
matching code is Ed Rothberg's implemenation of Gabow's O(v 3 ,  implementation of 
Edmond's algorithm [l 11. The weighted matching code is Rothberg's implementation of 
Gabow's 0(v3 ) implementation of Edmonds' weighted matching algorithm [ 121. Note 
that these codes find matchings for general graphs, not just bipartite graphs, and that by 
using algorithms specialized to bipartite graphs, we could probably solve our problems 
even faster. 

5. Example Vehicle Assignment Problem Solutions 

Suppose that there are 100 vehicles. In Figure 1, the large dots represent grid 
points or "slots" to be filled. The spacing between these slots is less than the maximum 
sensor detection range of each vehicle. The initial random positions of the vehicles are 
shown in Figure 1 with small dots. The connecting lines in Figure 1 show the path 
traveled by each vehicle in moving to its assigned slot. The spacing between the slots is 
0.1 units, and the maximum distance traveled by any vehicle was 0.3 units. The 
computer platform on which the numerical cases were run was a Silicon Graphics 
Crimson, running IRIX 5.2. The C code was compiled with the cc compiler, using no 
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optimization options. The problem considered in Figure 1 was to minimize the maximum 
distance traveled by any vehicle. The computer run time was 21 seconds. The resulting 
maximum distance traveled was 0.3 units, and the total distance traveled (summed over 
all vehicles) was 26 units. 

1 

0.5 

0 

-0.5 

-1 

-1 -0.5 0 0.5 1 

Figure 1. Graphical Illustration of Results for a Min-Max Distance Traveled Problem 

We also solved the problem of minimizing the total distance traveled subject to no 
vehicle moving more than 0.5 units. The computer run time on the Silicon Graphics 
Crimson was 3.6 seconds. The resulting solution is depicted in Figure 2 below. 
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Figure 2. Graphical Illustration of Results for a Minimize the Total Distance Traveled 

Subject to Fuel Constraints Problem 

In contrast to the min-max solution, the maximum distance traveled by any 
vehicle was 0.49 units (compared to 0.3 units for the min-max solution). The total 
distance traveled, however, was smaller, namely 15.9 units, as compared to 26 units for 
the min-max solution. 

6. Other Vehicle-Related Network Optimization Problems 
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In this paper we assumed that the grid was given. One could consider also 
optimizing the grid-point locations. For example, given a specific grid size, one could 
choose a grid-center location for which the robotic vehicle assignment problem required 
the smallest maximum distance travelled. Alternatively, one could trade-off size of the 
region covered versus redundancy of point coverage, and also consider the ability of 
robots to travel to the points. 
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Another problem of current interest is that of mine detection in specified regions. 
Clearly, 100 robotic vehicles equipped with mine-detection sensors could more quickly 
scan an entire specified region for mines than could an equally equipped lone vehicle. In 
this problem, again the sensor detection range is limited. That is, a vehicle must be 
within a certain distance of a mine to be able to detect it. One possible approach to this 
problem is to fill the specified area with imaginary grid points whose spacing is less than 
the maximum sensor range. Then, to most efficiently (or most quickly) scan the area, we 
would require that each grid point be visited by at least one vehicle in the least amount of 
time. The solution to this problem would be a time trajectory of each vehicle. This 
problem is an instance of the classic vehicle routing problem, which is a variant of the 
Traveling Salesman Problem. Special solution methods are currently being investigated. 

7. Conclusion 

This work used matching algorithms to optimally utilize the limited-range sensor 
capability and limited-travel capability of a group of robotic vehicles that were tasked to 
"stake out" an area. The solution method was to create an array of equally-spaced grid 
points, whose number is the same as the number of vehicles, and with the distance 
between the grid points less than the maximum sensor detection range of each vehicle. 
Then, the problem of minimizing the maximum distance traveled by any vehicle in the 
course of placing one vehicle at each grid point becomes an assignment problem (which 
vehicle to which grid point). There exist readily available algorithms for efficiently 
solving such assignment problems. The network simplex method was discussed. 
Matching algorithms were also discussed for solving the same assignment problems, and 
two example problems solved with this method. 
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