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Abstract 

The realistic free fermionic models have had an intriguing success in ex- 
plaining different properties of the observed particle spectrum. In this paper 
we discuss in some detail the anomalous U(1) symmetry which exists in these 
models. We study the properties of the anomalous U(1) in both the more re- 
alistic NAHE-based free fermionic models and those in a general NAHE class. 
Appearance of an anomalous U(1) in the more realistic NAHE models is shown 
to be an effect of reduction of world-sheet supersymmetry from (2 ,2 )  to (2,O). 
We show, however, that in more general (2, I)  and (2,O) models, all U(1) can re- 
main anomaly-free under certain conditions. Several phenomenological issues 
related to the anomalous U(1) are discussed. In particular, we note that in some 
examples the anomalous U(1) arises from the breaking E6 + SO(10) x U ( ~ ) A ,  
resulting in U(1)A being family universal. 
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1 Introduction 

The more realistic superstring models in the free fermionic class have had intrigu- 
ing success in providing plausible explanations for various properties of the Standard 
Model [I]. A few of these include: the natural emergence of three generations; the 
origin of the heavy top quark mass; the qualitative pattern of the fermion mass 
spectrum; the stability of the proton; and more [l]. 

A general property of these models, which is also shared by many other superstring 
vacua, is the existence of an “anomalous” U(1). The presence of an Abelian “anoma- 
lous” symmetry in superstring derived models yields many desirable phenomenolog- 
ical implications from the point of view of the effective low energy field theory. The 
list of a few of those possibilities include: Generation of a Fayet-Iliopoulos D-term 
[2]; Breaking and rank reduction of the four dimensional gauge group [3]; Generation 
of the fermion mass hierarchy [4, 5, 61; Predicting neutrino mixing patterns [7];  Impli- 
cation of the relation between anomaly cancelation and gauge coupling normalization 
on the weak mixing angle [8]; Anomalous U(1) as the trigger of supersymmetry break- 
ing 19, 10, 111; Cosmological implications of the anomalous U(1) such as implications 
for inflation and cosmic strings 1121; Anomalous U(1) in connection with the strong 
CP problem [13]; and Non-perturbative considerations of the anomalous U(1) [14]. 

These phenomenological implications make evident the need to determine what 
we may actually learn from the anomalous U(1) symmetries appearing in realistic 
superstring models. In this paper we undertake this task by examining the anoma- 
lous U(1) in the NAHE-based [15, 16, 171 free fermionic models. We first discuss the 
origin of the anomalous U(1) and classify the different sources that may contribute 
to the anomaly. Further, we discuss general constraints on a U(1) becoming anoma- 
lous and properties of a model that prevent the appearance of the anomaly. We 
then proceed to  examine the anomalous U(1) in specific models and discuss some of 
the phenomenological implications on the final gauge group and on supersymmetry 
breaking. An important property of the anomalous U(1) in some of the free fermionic 
models is the fact that it is family universal. In the NAHE-based models, the origin 
of this universality arises due to the cyclic permutation symmetry that character- 
izes the 2 2  x 2 2  orbifold, which underlies these realistic free fermionic models. The 
contribution to the anomalous U(1) from sectors belonging to the 2 2  x 2 2  orbifold 
is family universal. This property is often destroyed when additional basis vectors, 
beyond those that correspond to  the 2 2  x 2 2  orbifold, are added to  obtain the full 
set of basis vectors necessary for these three generation models. However, in some 
models the anomalous U(1) universality is preserved and may serve as an additional 
phenomenological criteria in the classification of this class of models. 
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2 R.ealistic free fermionic models 

In this section we recapitulate the main structure of the free fermionic models. 
We dislcuss here the main features which are important for understanding the origin 
or the anomalous U( 1) and for eventually relating the phenomenological implications 
of the anomalous U(1) in these models to the basic structures underlying the models. 

In the free fermionic formulation of the heterotic string [18] all the degrees of 
freedom needed to cancel the conformal anomaly are represented in terms of internal 
free fermions propagating on the string world-sheet. In four dimensions, this requires 
20 left--moving and 44 right-moving real world-sheet fermions. Equivalently, some 
real fermions may be paired to form complex fermions. Under parallel transport 
around a noncontractible loop, the fermionic states pick up a phase. Specification of 
the phases for all world-sheet fermions around all noncontractible loops contributes 
to the spin structure of the model. Such spin structures are usually given in the 
form of boundary condition “vectors)), with each element of the vector specifying 
the phase of a corresponding world-sheet fermion. The possible spin structures are 
constrained by string consistency requirements (e.g. modular invariance). A model 
is constructed by choosing a set of boundary condition basis vectors, which satisfies 
the modular invariance constraints. The basis vectors, bk, span a finite additive 
group E3 = Ck n k b k  where n k  = 0, - . - , Ntk - 1. The physical massless states in the 
Hilbert space of a given sector cy E E, are obtained by acting on the vacuum with 
bosonic and fermionic operators and by appfying the generalized GSO projections. 
The U(1) charges, &(f), with respect to the unbroken Cartan generators of the four 
dimensional gauge group, which are in one-to-one correspondence with the U(1) 
currents f’f for each complex fermion f ,  are given by: 

where a ( f )  is the boundary condition of the world-sheet fermion f in the sector a,  
and F,(f) is a fermion number operator counting each mode of f once (and if f is 
complex, f* minus once). For periodic fermions, a ( f )  = 1 and the vacuum is a spinor 
in order to represent the Clifford algebra of the corresponding zero modes. For each 
periodic complex fermion f there are two degenerate vacua I+), I-) , annihilated by 
the zero modes fo and fo’ and with fermion numbers F ( f )  = 0, -1, respectively. 

2.1 The NAHE set 

The boundary condition basis vectors which generate the realistic free fermionic 
models under discussion are, in general, divided into two major subsets. The first 
subset consists of the NAHE set [15, 16, 171, which is a set of five boundary condition 
basis vectors denoted (1, S ,  bl, b2, b3). With ‘0’ indicating Neveu-Schwarz bound- 
ary conditions and ‘1’ indicating Ramond boundary conditions, these vectors are as 
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follows: 
x56 ?1,-..>f' -1 

r7 iri2 si3 
1 1  1 1  1 1  ,..., 1 1 1  
s 1 -1 1 1 0 ,.", 0 0 0 0 

0 1 ,.", 1 1 0 0 

-1,. ..,8 
$ 

1 1 )  ..., 1 
0 ,". )O 
0 ,... )O b l 1  

b 2 1  
b 3 1  

y3,.. . ,6 ~ 3 , .  . . ,6 

with the -JLIawing choice of phases 1 

1 0  
0 1 
0 0 

0 1 ,.", 1 0  1 0 0  
1 1 1  1 ,.", 1 0 0 1 

y1,2 u5,6 -1,2 ~ 5 , 6  , Y ,  
1, ..., 1 
0 ,.", 0 
0) ...) 0 
1, ..., 1 
0 ,"., 0 

1, ..., 1 
0 ,.", 0 
0 ,..., 0 
1, ..., 1 
0 ,..., 0 

,.") 0 
0) ..., 0 

(J ,..., 4 

1 ,..., 1 1 ,.") 1 
0 ,..., 0 0 ,..., 0 
0 ,..., 0 0 ,..., 0 
0 ,"., 0 0 ,..e, 0 
1 ,..., 1 1 ,..., 1 

-1 ,...) 4 W 

iich define how the generalized GSO project 
are to  be performed in each sector of the theory: 

.(ti) = c ( ; )  = C ( i )  = - 1 .  

ons 

(2.3) 

The remaining projection phases can be determined from those above through the 
self-consistency constraints. The precise rules governing the choices of such vectors 
and phases, as well as the procedures for generating the corresponding space-time 
particle spectrum, are given in Refs. [19]. 

The basis vector S generates the space-time supersymmetry. The set of basis 
vectors { 1, S )  generates a model with N = 4 space-time supersymmetry and SO(44) 
gauge group in the right-moving sector. Imposing the GSO projections of the basis 
vectors bl, b2 and b3 reduces the N = 4 supersymmetry to N = 1 and breaks 
the gauge group to  SO(10) x SO(6)3 x E8. The space-time vector bosons that 
generate the gauge group arise from the Neveu-Schwarz sector and from the sector 
I l+bl  + b,+b3. The Neveu-Schwarz sector produces the generators of SO(l0) x 
SO(6)3 x S0(16), while the sector 1 + bl + b2 + b3 produces the spinorial 128 of 
SO(16) and completes the hidden gauge group to E8. The three basis vectors b l ,  b2 
and b3 correspond to  the three twisted sectors of the 2 2  x 2 2  orbifold. Each one of 
these sectors produces 16 multiplets in the 16 representation of SO(10). 

While the realistic free fermionic models have (2,O) world-sheet supersymmetry 
[20], the NAHE set by itself produces a model with (2 , l )  world-sheet supersymmetry. 
The NAHE set belongs to a small class of heterotic string models that correspond to 
type-I1 models under the H-map [21]. Consistent type-I1 strings have at least (1,l) 
world-sheet supersymmetry and at least (2 , l )  world-sheet supersymmetry if they 
also possess Space-time supersymmetry. World-sheet supersymmetry is preserved 
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under the H-map. Relatedly, the H-map and the associated (2 , l )  or (2,2) world- 
sheet supersymmetry reveal that  the twelve internal left- and right-moving fermions, 
{y, w }  and {tj, G } ,  correspond to  the internal six-dimensional compactified torus in 
the bosonic formulation, while {x} and {Q} are their respective left- and right-moving 
complexified world-sheet superpartners. The boundary conditions of all of these fields 
are unaffected by the H-map. If a heterotic string has at least an SO(10) x E8 gauge 
group (and N = 2 left-moving world-sheet supersymmetry), then it is mapped to  a 
( 2 , l )  type-11 sting, whereas a heterotic string with at least an E6 x E8 gauge group 
is identified with a (2,2) type-I1 string. Further, a E7 x E8 gauge group is mapped 
to a ( 2 , 2  + 4) model, while E8 x E8 corresponds to a model with (2,2 + 2 + 2) [22]. 

The correspondence of the NAHE set with a 2 2  x 2 2  orbifold is illustrated by 
adding to  the NAHE the boundary condition basis vector X with periodic boundary 
conditjons for the world-sheet fermions { @*"3, q1>2>3}, and antiperiodic boundary 
conditions for all others, 

The choice of generalized GSO projection coefficients is 

.(E, = - c ( t )  = e ( ; )  = + l .  (2.5) 

With the set { 1, S, bl, b2, b3, X} the gauge group is x U (  1)2 x S0(4)3 x Es. (There- 
fore the model clearly has (2,2) world-sheet supersymmetry). For our purposes here . 
it is mlore convenient to generate the same model with the basis vectors 

and thle generalized GSO projection coefficients 

The first four vectors in the basis (1, S, <, X} generate a model with N = 4 space- 
time supersymmetry with an E8 x sO( l2 )  x E8 gauge group. The sector s generates 
N = 4 space-time supersymmetry. The first and second Es are obtained from the 
world-rsheet fermionic states { G1>'*'j5, G1j2j3} and { @-.j8}, respectively, while SO (12) 
is obtained from { g ,  a}',' '>6. The Neveu-Schwarz sector produces the adjoint repre- 
sentations of SO(16) x SO(12) x SO(16). The sectors X and < produce the spinorial 
representation of SO( 16) of the observable and hidden sectors respectively, and com- 
plete the observable and hidden gauge groups to Es x Es. 

The vectors bl and b2 break the gauge symmetry to E6 x U(1)2 x S0(4)3 x Es and 
N = 4 to N = 1 space-time supersymmetry. We denote the U(1) generators produced 
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by the world-sheet currents : ij‘z*ij‘z : as.U(l)i. The fermionic states { x 1 2 >  x34, x56} and 

The U(1) current of the left-moving N = 2 world-sheet supersymmetry is given by 
{VI, Q2, V 3 }  give the usual “standard-embedding’), with b(x12,  x34, x56) = b(f j  1 , q  -2 , 7 -3 ). 

J ( z )  = c : Xi*XZ : 
z= ( 12), (34) ,(56) 

The U(l)i  charge combination appearing in the decomposition of E6 under SO(l0) x 
U(1) is given by 

U(l )E ,  = U(1)1 + U ( Q 2  + U(1)3> (2-9) 
while the charges of the two orthogonal combinations are specified by 

U(1)’ = U(l) ,  - U(l),  
U(1)” = U ( l ) l  + U ( l ) ,  - 2U(1)3. 

(2.10) 
(2.11) 

The three SO(4) gauge groups are produced by the right-moving world-sheet 
fermionic fields { 7 J 3 9 . ” ’ 6 } ,  {g , y w , w } and {is1>”’,4). 

The sectors (bl; bl + X), ( b 2 ;  b 2  + X) and ( b 3 ;  b 3  + X) each give eight 27’s of 
E6. The (NS; NS + X) sector gives in addition to the vector bosons and spin two 
states, three copies of scalar representations in 27 + 27 of .!&. The net number of 
generations is 24 in the 27 representation of &5. The same model is constructed 
in the orbifold formulation [23] by first constructing the Narain lattice [24] with 
SO(12) x E8 x Eg gauge group N = 4 supersymmetry. The gauge is then broken to 
E6 x u(1)2 x S0(4)3 x E8 after applying the 2 2  x z2 twisting So(12) lattice and the 
three twisted sector produce 48 fixed points, which correspond to  the 24 generations 
in the fermionic construction [25]. 

1 -2-5 - 6  

2.2 Beyond the NAHE set 

At the level of the NAHE set the observable gauge group is SO(10) x S0(6)3 
and the number of generations is 48, sixteen from each sector bl, b 2  and b 3 .  The 
S0(6)3 symmetries are horizontal flavor dependent symmetries. To break the gauge 
group to the standard model and to  reduce the number of generations, we must add 
additional boundary condition basis vectors to the NAHE set. These additional basis 
vectors break the SO(l0) and the flavor SO(6) gauge symmetries and in turn reduce 
the number of generations to  three. In the process, world-sheet supersymmetry is 
reduced from ( 2 , l )  to (2,O) via basis vectors like y shown below. (2 , l )  is broken 
because the (7, v, w }  components of gamma do not correspond to a symmetry (mod 
change of sign) of the right-moving supercurrent 

-+ 1 -- 1 
T3/2 = ‘312 t- ‘312 
- 

(2.12) 
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-+ 1 1 within the right-moving N = 1 world-sheet supersymmetry. T3,2 and Tii2 are the 
two supercurrents within N = 2. Note, however, that 2y is consistent with N = 1. 

The breaking of the gauge group and the reduction to three generations are done 
simultaneously. In fact the reduction to  three generations is correlated with the 
breaking of the flavor SO(6)3 symmetries to a product of horizontal U(1) symme- 
tries. 'The appealing property of these NAHE-based free fermionic models is that 
the emergence of three generations is correlated with the underlying 2 2  x 2 2  orbifold 
structure. While three generations can appear from other structures [26], here each 
generation is obtained from one of the twisted sectors of the 2 2  x 2 2  orbifold. Table 
(2.14) is an example of a choice of additional boundary condition basis vectors which 
produce a three generation model with SU(3)  x SU(2) x U(1)2 gauge group. The 
complete spectrum and charges under the four dimensional gauge group are given in 
ref. [a?]. 

p 

27 

$1, ..., 8 
,+p 

x12 x34 x56 $1, ..., 5 

cr 0 0 0 0 11100 0 0 
0 0 0 0 1 1 1 0 0  0 0 
0 0 0 0 I L L 1 1  1. 1 

0 0 0 0 1 1 1 1 1  1 1 
2 2 2 2 2  2 2 

0 

1 
I 2 2  

1 1 1 1 0 0 0 0  

1 0 0 0 1 1 1 0  
1 0 1 1 1 1 1  2 2 2  0 

0 1 0  
0 0 0 0  

with the choice of GSO projection coefficients: 

w2w4 w 1 5 1  w 3 w 3  5 2 9 4  

0 0 1 1  
0 1 0  
1 0 0  
0 0 0  

1 (2.14) 
0; 
0 

C( b .  ) = - c ( ~ ) = c ( ~ ) = - c ( f ) = c (  ) = - c ( ; ) = - l '  (2.15) 
a,  P,  Y 1, Q 

(j=1,2,3), with the others specified by modular invariance and space-time super- 
symmetry. We comment that the vector 27 plays a particularly important role in 
understanding the origin of the anomalous U(1) in the three generation free fermionic 
models,, as will be discussed further below. 

2.3 (:2,2) + (2 , l )  t (2,O) models 

The vector X combined with the NAHE set produces a model with E6 x S0(4)3 x 
U(1)2 x E8 gauge group and with (2,2) world-sheet supersymmetry. The realistic free 
fermionic models under discussion have, at the level of the NAHE set, an SO(l0)  sym- 
metry and only ( 2 , l )  world-sheet supersymmetry. While the (2 , l )  NAHE symmetry 
is further broken to (2,O) by a set of non-NAHE basis vectors, the underlying (2,2) 
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and ( 2 , l )  substructures are why we can identify the internal fermions {y, wlj j ,  L j }  
with the compactified dimensions in the bosonic formulation, and the {x, i j }  with 
their complexified superpartners. 

In these models the basis vector 27  replaces the vector X. The set {l ,S,[  = 
1 + bl + b2 + b3,2y} produces a model with N = 4 supersymmetry and SO(16) x 
SO(12) x SO(16) gauge group. Alternatively, we can construct the same model by 
using the set (1, S, X, t}. From this set we can construct two N = 4 models which 
differ by the discrete choice of the free phase* 

e(;) =fl (2.16) 

For one phase choice (+) the gauge group is E8 x SO(12) x E8, which is the stan- 
dard toroidal compactification. This is a (2,2)3 model. However, for the alternate 
phase choice (-) the states in the spinorial representation of SO(16) which make up 
part of the adjoint of E8 are removed by the GSO projections. Thus, we are left 
with an SO(16) x SO(l2) x SO(16) gauge group and apparently (2 , l )  world-sheet 
supersymmetry. 

Applying the orbifold twisting to  the E8 x SO(l2) x E8 model breaks one of 
the E8 to E6 x U(1)2 and keeps the (2,2) world-sheet supersymmetry. Applying 
the same orbifold twisting to  the model with the second choice of phase reduces 
SO(16) x SO(12) x SO(16) to  SO(l0) x U(l)3 x SO(4)3 x SO(16), similarly keeping 
(2,I) symmetry. 

Alternatively, we can start with the basis vectors that produce the E6 x U(1)2 
model and then turn on the GSO projection which projects out the spinorial 16 + 16 
in the adjoint of EG. We will end with the same model, as the spectrum is invariant 
under the reordering of the GSO projections. Thus, the transition from the (2,2) 
world-sheet supersymmetry to  the ( 2 , l )  world-sheet supersymmetry can be seen to 
be a result of a discrete choice of the free phases. This is an important observation 
because many of the useful simple relations that are obtained for (2,2) models can 
be used for the realistic free fermionic models. 

*In contrast, changing the the sign of the corresponding c( 7 )  does not alter the gauge group of 

+More specifically the world-sheet supersymmetry is (2 ,2 + 2 + 2). 
$Since E8 is broken, the H-map cannot be used to justify the claim for ( 2 , l )  world-sheet super- 

symmetry. However, unlike the U(1) current of the right-moving N = 2 world-sheet supersymme- 
try, the existence of the right-moving supercurrent T3/2  should be independent of choice of phases, 
depending only on the boundary conditions of the {q, 5, F}'. Models with matching boundary con- 
ditions for all {x, f j } ,  {y, j i} i ,  and { w ,  pairs should retain (2 , l )  world-sheet supersymmetry even 
after the right-moving N = 2 U(1) current is broken. 

(1, s, c,  27). 
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3 The origin of the anomalous U(1) 

To see how the anomalous U(1) arises in the NAHE-based realistic free fermionic 
model:;, let us recall the E6 model of section 2.1. This model is generated by the 
NAHE set basis vectors plus the vector X in Eq. (2.4) or alternatively by the set 
(2.6). Let us now consider the model with the vector X in Eq. (2.6) replaced with 
the vector 27. In this case we obtain a model with SO(l0) x U(l)3 x S0(4)3 x SO(16) 
gauge group. The sectors bj still produce the 24 multiplets in the 16 representation of 
SO(l0) with U ( l ) j  charges Qj = 1/2. In this model the sectors bj + 27 now produce 
24 multiplets in the 16 vectorial representation of the hidden SO(16) gauge group, 
which also carry charges Qi = 1/2, Qk = 1/2,  i # j # k. Thus, we observe that in 
this model U1+ U2 + U3, which is the U(1) combination (2.9) embedded in E6 in the 
E6 moldel, becomes the anomalous U(1) combination with the total T!~QA = -576. 
The anomalous U(1) is therefore seen to arise in this model due to the breaking of 
the right-moving N = 2 world-sheet supersymmetry. 

Occurrence of a generic anomalous U(1) can depend on both boundary conditions 
and free phases. An interesting variation of an anomalous model from the basis set 
(2.6) can still occur with the phase choice c( : )  = 1. While this generates the 
E8 x SO(12) x E8 gauge group and (2,2) world-sheet supersymmetry from the first 
four basis vectors, changing the sign of c ( : )  and/or that of c ( 7 )  in (2.7) from - to 
+ produces an anomalous model when basis vectors bl and b2 are included. In this 
case the final gauge group is E6 x U(1)2 x S0(4)3 x SO(16). While u(1)~, defined in 
(2.9) remains non-anomalous (since it is still embedded in &), the orthogonal U(1)‘ 
and U(1)” in (2.10,2.11) become anomalous. 

Changing the sign of c( :) effectively transforms the SO(16) spinor components 
of the & gauge vectors, coming from the [-sector, into a massless matter state (the 
128 of S0(16)) ,  thereby breaking E8 to SO(16). Simultaneously, under sign change 
of c(: 11, the eight copies of the 27 rep of the observable sector E6 (along with some 
states carrying only S0(4)3 and U(1), charges) originating in (bz, b,+X) are replaced 
by eight copies of a 16 rep of SO(16)hid. 

If only the sign of c ( 7 )  and not that of c ( ? )  is changed (or vice versa), then the 
sector 113 = 1 + bl + b2 + produces exactly eight copies of the 16 rep of SO(16)hid 
that also carry U(1)’ and U(1)“ charge. If both signs change, then b3 yields only 
S0(4)3 x U(l)i reps. In the former case (with c ( y )  transformed), 

Here th.e anomaly can be placed entirely in V(l), 
leaving U(1)’ E U(l), - V(l)3 as a good symmetry. In the latter case, 

U(l), - 2U(1)2 + U(l)3, also 

Tr (71, 72,73)  = (-96,192, -96) + (192, -96, -96) 
= (96,96, -192), 
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which instead leaves U(1)’ U(1), - U(l)2 as a good symmetry and U ( ~ ) A  = 
U(1)1 + U(l)2 - 2U(1)3 as the anomalous one. (2,2) world-sheet supersymmetry 
appears retained in both cases. 

These sign changes in c(:) produce a trace anomaly because they destroy the 
delicate charge cancelation between the bz=1.2,3 sectors in the NAHE set. Relat- 
edly, destruction of this symmetry under these sign changes, would most likely make 
NAHE-based 2 2  x 2 2  three generation models extremely difficult, if not impossible, 
even after addition of non-NAHE sectors. 

4 Contributions to u(1)~ from beyond the NAHE set 

In all models discussed so far there appears a correlation between hidden sector 
E8 breaking and an unembeddeds U(1) becoming anomalous. Although broken E8 
models often suggest an anomaly will be found within a U( l), the NAHE-based mod- 
els demonstrate that an anomaly need not necessary appear. As counter examples 
we consider the model in 1281 and that of [27] already discussed in section 2.2. In the 
first case, removing the last basis vector (the y-like one) produces a model with 

while similarly altering the model in section 2.2 produces a gauge group 

The single U(1) in the first model and both U(1) in the second model are non- 
anomalous even though the world-sheet supersymmetry in both models has been 
reduced from (2,2) to  (2 , l ) .  

While a broken E8 does not necessarily imply an anomaly will appear if there 
are any U(l)’s, an unbroken level-one E8 does imply that an anomalous U(1) cannot 
appear. This is an example of a more general rule: 
Theorem 1. A given U ( l ) i  in the observable (hidden) sector is anomaly free if there is 
a hidden (observable) group G such that all massless G-charged states have vanishing 
charge Qz [21, 291. 

While E8 has been broken in the gauge groups (4.1) and (4.2), Thm. 1 explains 
why none of the U(1) are anomalous in either case. Prior to the appearance of a 
y-sector in each model, all non-trivial reps of the respective hidden sector gauge 
groups do not carry additional U(I) charge. In fact, without a y-sector there are 
no non-trivial massless reps of S0(8)ii ,  in (4.1), nor of SO(16)hid in (4.2), in the 
respective models. In both cases, adding back the y-like basis vectors (or even just 

§Henceforth, unless it specifically stated otherwise, a U(1) under discussion is assumed not to be 
embedded in a non-Abelian gauge group. 
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27) generates massless states that are both hidden-sector non-singlets and that carry 
U (  1)-charges. 

Th in  1 actually specifies conditions more stringent than is necessary for anomaly 
prevention in a U(1). The necessary and sufficient condition is stated in: 
Theorem 2. A given U(l), is anomaly-free if there is a simple gauge group G in a 
model such that the trace of Qi over non-trivial massless reps of G is zero [21, 291. 

A U(1) can remain non-anomalous by reason of Thm. 2, if, for example, there is a 
2, symmetry that transforms states with U(1) charge Q into states with charge -Q, 
resulting in only vector-like pairs of states with regard to that U(1) [29]. Consider for 
instance model 2 of [26]).  When basis vectors V3, Vg, and V7 (as defined in Table A.2 
of [26]) are removed from this model, five anomaly-free U( 1) appear that demonstrate 
this type of anomaly cancelation. Here the gauge group is E6 x U(l)5 x s o ( 2 2 ) .  While 
there are numerous massless 22’s of So(22) and 27’s of E6 in the model carrying 
non-zefo charge under the five U(l) ,  a 2 2  symmetry exists such that for every (22 
or 27) state with U(l)5 charge vector Q‘ there is a respective (22 or 27) state with 
charge vector -0. 
Both Thms. 1 and 2 rest on the fact that modular invariance of string models relates 
the traces of an anomalous U ( ~ ) A  over all gauge groups in the model, 

1 1 1 
-Tr T(R)QA = -Tr Q> = Tr QgQA = zTr Q A  G 87r2bGS, K,  8, 3 

(4.3) 

(generally known as the universal Green-Schwarz (GS) relation), where K,  is the 
level of’ the gauge group G, and 2 T f R )  is the index of the representation R. (Both 
anomalious charge Q A  and the anomaly-free charges QB have been rescaled so that 
KA = JYB = 1.) Since E8 level-one has no massless matter states, an unbroken level- 
one E8 in a model automatically declares all U(1) anomaly-free. This relationship 
betwee:n traces means that if the U(1) charge trace is zero over the non-trivial reps 
of a particular simple gauge group, the trace is zero over the non-trivial reps of aZZ 
simple gauge groups! 

Theorem 3. A model is completely free of anomalous U(1) if for each U(l),,  there 
is at least one gauge group G for which (a) all non-trivial massless reps of G do not 
carry U(1), charge, or (b) the trace of Qi over all massless non-trivial reps of G is 
zero [2:1, 291. 

This implies that “U( 1)-quarantined” models, defined as models with at least one 
hidden (observable) sector simple gauge group whose non-trivial reps carry no ob- 
servablle (hidden) sector U(1) charge, are guaranteed to be anomaly free, independent 
of its world-sheet supersymmetry class. 

I t  is an interesting question whether free fermionic “U( 1)-quarantined” SU(3)c x 
s U ( 2 ) ~ .  x U ( l ) n  or semi-GUT models can be found. If such models exist, can they 

Consideration of Thms. 1. and 2. for all U(l), in a model leads to: 
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yield realistic phenomenology? Of particular interest would be models of this class 
with a modified y that breaks the observable group SO(6) x SO(4) to  SU(3) x 
SU(2) x U(1)2 yet does not produce hidden sector states carrying observable U(1) 
charges. NAHE class models of this type can indeed be generated. For example, 
instead of adding (2.14) to the NAHE set (2.2), consider the variation 

$1, ..., 8 
x56 iT1 ii2 7i3 

$1, ..., 5 
$)P 

x12 x34 

(4.4) 
a!’ 1 1 0 0 11100 1 0 0 1 1 0 0 0 0 0 0  
p’ 1 0 1 0 11100 0 1 0 1 1 0 0 0 0 0 0  
y‘ 0 0 0 0 I l L I l  I I 1 0 0 0 0 0 0 0 0  

2 2 2 2 2  2 2 2 

3-3 4-4 5-5 6-6 1-1 2-2 5-6 y y y y y y y y y y y y w w w6a6 w2w3 W W  W4O4 w2a3 
a ’ l O O 1  0 0 1 0  0 0 1 0  

I :  O O 0 1 1 0  
1 0 0  0 0 0 

1 0 0  
1 1 0  

instead, with the choice of GSO projection coefficients: 

(j=l,2,3), with the others specified by modular invariance and space-time supersym- 
metry. As usual, the Q’ and p’ basis vectors break SO(10) to SO(6) x SO(4) and y‘ 
reduces SO(6) x SO(4) to  S U ( 3 ) c  x s U ( 2 ) ~  x U(1)2. Here, however, y’ does not dis- 
turb the hidden sector E8. Instead only a!’ and p’ affect E8 and break it to  E7 x sU(2). 
The final observable gauge group is not S U ( 3 ) c  x SU(2)h x U(1)” though, because 
27’ both enlarges SU(3)c to  SU(4)c and adds an extra SU(2) factor. The complete 
gauge group is thus, 

Unlike &3, E7 has a massless rep at level 1, the 56. Here the only such E7 state 
is also a doublet under SU(2)hid. This state receives contributions of 4 and to its 
conformal dimension from these E7 and SU(2) reps, respectively, making the state 
exactly massless. Hence, there is no room for it to carry a charge under any of the 
observable sector U(1)i. Thus, all four of the U ( l ) i  are anomaly-free by Thm. l! 
The model is chiral with a net 6 = 7 - 1 quark-doublet generations in (4,2,1) and 
(4, 2 , 1 )  reps of SU(4)c x SU(2)L  x S U ( 2 ) .  
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Additional basis vectors must be added to this model to  break SU(4)c to SU(3)c.  
As long as space-time supersymmetry is kept, variations of the phase coefficients from 
those given in (4.6) either do not alter the gauge group in (4.7) or only break E7 to 
SO(12) x SU(2) .  In the latter event, a V(1) anomaly appears simultaneously with 
four hidden sector 12 reps of SO(12) that carry observable sector U(l)i  charges. 

As we have see in section 3, an important consequence of the NAHE set basis vec- 
tors is that they result in family universality of the anomalous U(1) for a a suitable 
choice of the GSO projection coefficients. This is an outcome of the cyclic permuta- 
tion symmetry which characterizes the 2, x 2 2  orbifold compactification. However, 
the set of basis vectors that define the three generation free fermionic models contains 
three additional basis vectors beyond the NAHE set, denoted typically by {a, p, 7) .  
The immediate question is whether the additional basis vectors preserve the family 
universatlity of the anomalous U(1). The answer, in general, is negative. The uni- 
versality of the anomalous U(1) may be spoiled from several sources. One is that 
the GSO projections of the additional basis vectors may project part (or all) of the 
16 of SiO(l0) from some of the sectors bj. Thereby the number of states from the 
given selctor bj will be reduced and the universality of the anomalous U(1) is spoiled. 
However, these cases in general will not lead to three generation models and therefore 
are not ‘of great interest. 

Another way by which the universality of the anomalous U(1) can be spoiled 
is due to  the contribution of the massless states from the sectors which arise from 
the additional basis vectors. It is not apparent how to extract general patterns from 
these additional contributions. For our purposes here we consider, as an example, the 
model of ref. [28]. In this model the contribution from the NAHE set basis vectors 
plus the vector 27 (in the notation of ref. I281 this would be the sector 2,B) contribute 
universally to  the three U ( l ) ’ s ,  U,, U2 and U3, which arise from the observable E8. 

Their combined contribution to  these three U(1)’s is (24,24, -24). The contribution 
from the other sectors (see ref. [28] €or details of the spectrum) spoils the family 
universality of the anomalous U(1) to  give B U I  = -24, TrU2 = -30, TrU3 = 18, 
TrUg = 6, TrUG = 6 and TrU8 = 12. The rotated U(1) symmetry containing the 
entire anomaly is given by (5.2). Examination of several of the other models which 
appear in the literature [28, 16, 26, 30, 311 show that the anomalous U ( l ) ,  in the 
generic case, is indeed not universal. It is therefore quite interesting that there exist 
some examples in which the anomalous U ( 1 )  is family universal. The implications of 
the anomalous U (  1) in connection with supersymmetry breaking and flavor changing 
neutral currents will be reported in ref. Ill]. 

5 Ph.enomenologica1 considerations 

In this section we discuss some of the phenomenological implications related to  the 
existence of an anomalous U(1) in superstring models. The existence of an anoma- 
lous U (  1) in superstring models has important implications on the phenomenological 
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properties of the models. The anomalous U( 1) generates a Fayet-Iliopoulos D-term 
which breaks supersymmetry at the Planck scale. Supersymmetry is restored by 
assigning some non-vanishing VEVs to  a set of Standard Model singlets in the mass- 
less string spectrum which are charged under the anomalous U(1) and cancel the 
D-term. As in general these fields are also charged under the anomaly free U(1) 
combinations, cancelation of the anomaly free D-term equations results in a set of 
non-trivial constraints on the allowed pattern of non-vanishing VEVs. In addition, 
F-flatness constraints impose that the superpotential and all of its derivatives vanish 
as well. To insure a supersymmetric vacuum, a chosen pattern of VEVs must then 
satisfy all the D-term and F-term flatness constraints. The mechanism by which the 
anomalous U(1) D-term equations is canceled is often referred to in the literature 
as the Dine-Seiberg-Witten (DSW) mechanism [2]. The scale associated with this 
breaking is therefore often referred to as the DSW scale. 

As we noted in the introduction, some of the phenomenological implications of the 
anomalous U(1) symmetry, and possible patterns of VEVs, have been investigated 
in specific models. Most notable among those is perhaps the generation of hierar- 
chical fermion masses. Since the allowed fermion mass terms are restricted by the 
Abelian and discrete symmetries in the string models, the fermion mass terms for the 
lighter generations are obtained from nonrenormalizable terms which are suppressed 
by inverse powers of the effective string scale. The relevant nonrenormalizable terms 
also contain fields which obtain non-vanishing VEV in the application of the DSW 
mechanism. Then some of the nonrenormalizable terms become effective renormal- 
izable operators. Successive orders are suppressed by the ratio of these VEVs to  the 
effective string scale. In this manner a hierarchical fermion mass spectrum can be 
generated. In this paper, however, our interest is not in a possible pattern ofVEVs 
but rather in what we may learn by studying the U(1) anomalies, which appear in 
specific models, and possibly the set of fields and their charges under the relevant 
U (  1) symmetries. 

In general, a number of U(1) symmetries may appear anomalous in the original 
basis in which each V(l) ,  current is generated by a single complex world sheet free 
fermion. Of the n anomalous U(1)’s we can always form n - 1 anomaly free combi- 
nations by rotating all the anomaly into a single, unique anomalous U ( l ) A ,  specified 
by 

U ( ~ ) A  EE k x { T r  Qt}v(l)i, (5.1) 
2 

where k is a normalization coefficient. Obviously, all the possible combinations of 
anomalous U(1) symmetries in the original basis, which are anomalous, must be bro- 
ken at the DSW scale. Then by examining the combinations of the anomalous U(l)’s 
which remain anomalous in (5.1) at the string scale we can learn some important 
lessons with regard to the final gauge group that persist after application of the 
DSW anomaly cancelation mechanism. 

An example of this is provided in the model whose basis vectors and one-loop 
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GSO phases are given in ref. [28]. With the choice of GSO projection coefficients 
given in ref. [28], the anomalous U(1) symmetries are: Tr U1 = -24, Tr U2 = -30, 
Tr U3 = 18, Tr U5 = 6, Tr u6 = 6 and Ti- = 12. Thus, the entire anomaly can be 
rotated into 

U A  = -4Ul - 5u2 + 3u3 + u5 + ulj + 2u8. (5.2) 
Changing the phase coefficient, 

c ( ? ) = + l  + (5.3) 

alters the anomalous U(1)’s to: Tr Uc = - 18, Tr UL = 12, Tr U, = - 18, Tr V2 = - 24, 
Tr U3 =24, Tr U4 =-12, Tr U5 =6, Tr u6 = 6, Tr U7 = -6, Tr =12, and Tr US = 18. 
The anomalous U ( l ) ,  thus, transforms into 

u~ = -3uc d- 2 u ~  - 3u1 - 4v2 + 4u3 - 2u4 $- $. - u7 + 2Ug -k 3u9. (5.4) 

This niodification has an important phenomenological implication. In the model with 
the phase modification, Eq. (5.3), while the weak hypercharge combination, U y  = 
1/3Uc + 1/2UL, is anomaly free, the orthogonal combination, which is embedded 
in SO(lO), Uzf = Uc - UL is anomalous. This implies that  there exist models in 
which this Uzt must be broken near the Planck scale. Therefore, in such models the 
universal part of the observable gauge group, arising from the SO(l0)  gauge group 
of the NAHE set, must be the Standard Model gauge group. A combination of the 
flavor dependent U (  1)’s, however, may still remain unbroken. 

This simple example hinges on a different, more general and important question. 
Namely, in specific models given the initial set of anomalous’U(1) symmetries and 
massless particle spectrum, what is the final gauge group which is consistent with the 
constraints imposed by the requirement of vanishing F- and D-flatness constraints, 
and hence with the requirement of N = 1 space-time supersymmetry at the string 
scale? For example, in some models it may be found that the entire four dimensional 
gauge group must be broken in order t o  satisfy the cubic level F- and D-flatness 
constr(aints. Such models obviously cannot yield a realistic superstring model, as the 
Standard Model gauge group must be broken as well. The task then is to try to 
classify such models in terms of the world-sheet boundary conditions, and possibly 
by other phenomenological properties of the models. 

The question of the connection between models which allow specific types of 
anoma,lous D-term solutions and other phenomenological criteria may have important 
implications. One of these possible implications is in regard to  the cubic level Yukawa 
couplings in the superstring derived standard-like models, which utilize the NAHE 
set. The cubic level Yukawa couplings for the quarks and leptons, in a sector bj of 
a NAHE-based model, are determined by the boundary conditions in the vector y, 
which breaks SO(10) + SU(5)  x U(1), according to the following rule [16] 

nj = I ~ ( U ( ~ ) L ~ + S )  - T ( U ( ~ ) R ~ + ~ ) I  ( j  = 1,2,3)  (5.5) 
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0 + d jQjh j  + ejLjhj; = i  1 -+ U j Q j h j  + NjLjhj, 

where r ( U (  1)RJ+3) ,  y(U(l)~,+,)  are the boundary conditions of the world-sheet 
fermionic currents that generate the U (  1)Rj+3, U( l ) L J + B  symmetries, respectively. 
Thus, we can construct models in which both up and down type quarks obtain a 
cubic level mass term. On the other hand, in models with A1,2,3 = 1 only +: charged 
type quarks get a cubic level Yukawa coupling. The distinction between these two 
types of models may in fact be correlated with the types of anomalous U(1) D-term 
solutions. To exemplify this issue we consider the model in table (5.7). 

41, ..., 8 .p ill ii2 v3 x12 x34 x56 ,$1,...,5 

cy 1 1 0 0 1 1 1 0 0  0 0 0 1 1 1 1 0 0 0 0  
p 1 0 1 0 1 1 1 0 0  0 0 0 1 1 1 1 0 0 0 0  

11111 1 1 - 1 0 1 1 1 1 ‘ 1  Y I 1 i O O ~ i -  2 2 2 2 2  I 2 2 2 l l  2 2 2 2  

Y Y  Y Y  Y Y  Y Y  Y Y  Y Y  w w & J & J  w2w3 wlgl w 4 3 4 3 2 g 3  3-3 4-4 5-5 6-6 1-1 2-2 5-5 6 - 6  

(5.7) 
a 1 0 0 1  0 0 1 0  0 0 1 1  
P O 0 0 1  0 1 1 0  0 1 0 1  
y l l 0 0  1 1 0 0  0 0 0 1  

The choice of generalized GSO coefficients is: 

(5-8) 
where j = 1,2,3, .  The remaining coefficients are specified by modular invariance 
and space-time supersymmetry. By the rule (5.5) this model produces down-type 
Yukawa couplings from the sectors bl and b2 and up-type Yukawa coupling from the 
sector b3. The model contains eight U(1) symmetries, six in the observable sector 
and two in the hidden sector. Out of those eight, four are anomaly free and four are 
anomalous: 

Tr U1 = 18 Tr U2 = 30, Tr U3 = 24 Tr U4 = 12. (5.9) 
The two U(l)’s, U ( ~ ) L  and U( l )c ,  which are embedded in SO(lO), are anomaly free. 
Consequently, the weak hypercharge and the orthogonal combination, U (  l)p, are 
anomaly free. Likewise, the two U(1)’s in the hidden sector are anomaly free. The 
anomalous combination is given by: 

UA = 3U1 + 5U2 + 4U3 + 2U4, with Tr QA = 318. (5.10) 

The three anomaly-free orthogonal combinations are not unique. Different choices 
are related by orthogonal transformations. One choice is given by: 

U’1 = u, +u2 - au, (5.11) 
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U’2 = u1 - u2 + u4 
u13 = 3u1 - u2 + u3 - 4u4. 

(5.12) 
(5.13) 

The solutions to the D- and F- flatness constraints can be divided into two 
types. The first utilizes VEVs of fields only from the Neveu-Schwarz and the C = 
bl + b2 + a + p sectors. Such solutions are stable to  all orders of nonrenormalizable 
terms. The second allows non-vanishing VEVs for matter states from the sectors 
bj + 2.y and for matter states which break the U(l)z t  which is embedded in SO(l0). 
In the second type of solutions higher order nonrenormalizable terms will in general 
modifjr the cubic level F-flat directions. By examining the massless states from 
the Neveu-Schwarz and the C sectors, it is observed that the number of fields, with 
independent charges along the four D constraints is less than four in this model. 
The Neveu Schwarz sector produces only one field, a12. The sector C gives @45 and 
a$, w:hile 41,2 and 4,  have the same charges, up to a multiplicative constant, as 
a12. H:owever, only three of the four fields have independent charges. The complex 
conjugate fields can be used to relax the positive definite restriction but do n o t  add 
more degrees of freedom. Thus the number of constraints is larger than the number of 
fields which can be used to solve them. Adding the states from the sectors bj+2y does 
not resolve the problem, since they carry positive charge along the anomalous U ( 1 ) A .  
Therefore, it is found that the number of independent constraints is larger than the 
number of flat directions, implying that solutions of the first type do not exist in .this 
model. This example illustrates the connection between the type of D- and F-flat 
solutions, allowed in specific models, and other phenomenologica1 characteristics of 
the models. 

The next important phenomenological issue in regard to  the anomalous U(1) 1s . su- 
persymmetry breaking. As stated, the anomalous U( 1) generates a Fayet-Iliopoulos 
term that break supersymmetry near the Planck scale, and destabilizes the vacuum. 
Supersymmetry is restored and the vacuum is stabilized by giving VEVs to  a set 
of standard model singlets along F- and D-flat directions. If these standard model 
singlet fields get a mass term m from nonrenormalizable terms their VEV in the 
minimum of the potential may be shifted, resulting in a non-vanishing (DA)  of order 
m. This issue is discussed in detail in ref. [ll]. Here we would like to highlight 
some important properties of the anomalous U ( 1 )  in this regard. Note that the U(1) 
symmetries are in general family dependent, as they are external to  the universal 
SO(l0’) subgroup. Thus, in general the anomalous U(1) is family dependent. This is 
a dangerous situation as a non-universal ( D A ) ,  even of the order of the electroweak 
scale, will give rise to non-degenerate squark masses and therefore to  flavor changing 
neutral currents in gross excess of the experimental bounds. 

We note, however, that in the free ferrnionic models the situation is much im- 
proved This is a consequence of the structure of the NAHE set of boundary condition 
basis vlectors and the underlying 2 2  x 2 2  orbifold. We first observe that at the level 
of NAHE + 27  model, the anomalous U(1) which is the combination U1 + U2 + Us 
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is family universal. This is a consequence of the permutation symmetry between 
the NAHE set basis vectors bl, b2, and b3, which is a reflection of the permutation 
symmetry between the three twisted sectors of the 22 x 22 orbifold. Thus, at this 
level the universality of the anomalous U(1) is a generic result of the NAHE set basis 
vectors. 

The realistic free fermionic models are obtained by adding several additional ba- 
sis vectors to the NAHE set, which break the gauge group and reduce the number 
of generations to  three, one from each of the sectors bl, b2 and b3. As we have 
seen above, these additional basis vectors may give rise to an additional massless 
spectrum which contributes to  the charge trace of the anomalous U(1). Therefore, 
the additional basis vectors may, in fact, spoil the permutation universality property 
which exist at the level of the NAHE set, by modifying the the traces of the indi- 
vidual U(1) currents. Thus, the anomalous U(1) combination, in terms of the U(1) 
world-sheet currents, may be modified. In general, therefore, the resulting anoma- 
lous U( 1) combination will not remain family universal. Remarkably, and perhaps 
not surprisingly, there exist three generation models which preserve the permutation 
universality property of the sectors bl, b2 and b3, even after the additional basis vec- 
tors, beyond the NAHE set, are included. In these three generation models, therefore, 
the anomalous U(1) is family universal. In turn we may envision that the constraints 
imposed by FCNC will severely restrict the allowed anomalous U(1) combinations 
emerging from string models, and consequently the allowed boundary condition basis 
vectors beyond the NAHE set. In table 7.1 we show the three generation charges 
under the anomalous and anomaly free combinations in the model of ref. [27]. As 
can be seen from the table, the charges of the chiral generations with respect to 
the anomalous U(1) are indeed family universal. We also note from the table that 
the charges with respect to some of the other, anomaly free, U(1) combinations are 
not family universal. One may then worry that possible non-vanishing D-terms of 
the anomaly free combinations may produce non-universal squark masses and hence 
FCNC. In ref. [ll] this issue in investigated in detail, where it is shown that indeed 
such D-terms may arise after supersymmetry breaking, although it is often found 
that the non-universal contributions are suppressed relative to  the universal one. 

The structure exhibited by the anomalous U(1) charges of the chiral generations 
in the model of ref. [27] is a reflection of the underlying 22 x 2 2  orbifold structure, 
which in this model is preserved also when the basis vectors {a, p, y} are added to 
the NAHE set basis vectors. This situation is further exemplified in the model of ref. 
[32] where the anomalous, and anomaly free U(1) combinations are 

(5.14) 

The anomalous U(1) combination in this model is precisely the combination in the 
decomposition E6 -+ SO(10) x U(1) that we encountered in considering the transi- 
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tion from the (2,2) models to  the ( 2 , l )  models in section 2. The orthogonal anomaly 
free combinations are on the other hand those which are embedded in the SU(3)  
holonomy group. In passing, it is intriguing to note that similar form of U(1) com- 
binations have recently been discussed in connection with the family mass hierarchy, 
from a purely phenomenological point of view [6]. Of course, the charges of the chiral 
generation under these U( 1)’s do not necessarily coincide, as those studies assume 
a minimal field content. Nevertheless, we may infer that fermion mass spectrum, 
together with the tight constraints imposed by anomaly cancelations, may yield a 
rather constrained structure. As we have seen, the free fermionic models, with their 
characteristic 22 x 2 2  orbifold structure, precisely give rise to such a structure. 

6 Conclusions 

In this paper we showed how the anomalous U ( 1 )  symmetry arises in the more re- 
alistic I‘JAHE-based free fermionic models as a consequence of the transition from the 
(2,2) -+ (2,O) models. In contrast, we also demonstrated by specific examples that 
general (2 , l )  and (2,O) NAHE-based models containing U(l)’s can be anomaly-free 
under certain conditions. General constraints prohibiting appearance of anomalies 
were discussed. In particular, we showed that a model is guaranteed to  be anomaly 
free when each of its U ( l ) i  can be paired with at least one other gauge group, such 
that all the non-trivial reps of the latter group do not additionally carry a U ( l ) ,  
charge. We then presented as an example a semi-GUT model of this type. 

We discussed a simple case were the anomalous U ( 1 )  is identified with the U(1) in 
the decomposition E6 + SO(l0) x U(1) .  This simple case however has far reaching 
phenomenological implications. In three generation models which preserve some of 
the initial 2 2  x 2, orbifold structure, the U(1) C E6 is, or is part of, the anomalous 
U ( ~ ) A  symmetry. Consequently, in these cases the anomalous U(1) is universal, and 
its contribution to  the squark masses is family independent. The generation mass hi- 
erarchy is still generated from two sources. One is due to the non-universality of the 
orthogonal combinations. The other is due to  the multiplicity of Higgs doublets at the 
string level. Recent studies have shown that combinations of anomalous and anomaly 
free U(l)’s, similar to those that appear in the NAHEbased free fermionic models, 
can yield minimal parameterization of the fermion mass spectrum. These considera- 
tions provide further evidence for the potential relevance of the free fermionic models 
in nature. 

, 
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Table 1: The three generation charges under the anomalous and anomaly free U(1) 
combinations in the model of ref. [27]. The anomalous and anomaly free combinations 
are given by [27]: 

QA = %?I + 2Q2 + 2Q3 - Q4 - Q5 - Q6 , 
Q1i = &'I - Q2 

Q'2 = Q1 + Q2 - 2Q3 
Q'3 = Q 4  - 9 5  
Q14 = Q 4  + Q5 - 2Qs , 
Q'5 = &'I + QZ + Q3 + 2Q4 + 2Q5 + 2Q6 . 


