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How to Build VLSI-Efficient Neural Chips 

Valeriu Beiu 

Space & Atmospheric Division NIS-1, MS D466 
Los Alamos National Laboratory, Los Alamos, New Mexico 87545, USA 

E-mail: beiu@lanl.gov 

Abstract-This paper presents several upper and lower 
bounds for the number-of-bits required for solving a classi- 
fication problem, as well as ways in which these bounds can 
be used to efficiently build neural network chips. 

The focus will be on complexity aspects pertaining to neu- 
ral networks: ( i )  size complexity and depth-size tradeoffs, 
and (ii) precision of weights and thresholds as well as lim- 
ited interconnectivity. They show that we are facing difficult 
problems-exponential growth in either space (precision 
and size) and/or time (learning and depth)-when using 
neural networks for  solving general classes of problems 
(particular cases may enjoy better performances). 

The bounds for the number-of bits required for solving a 
classification problem represent the first step of a general 
class of constructive algorithms, by showing how the quan- 
tization of the input space could be done in 0 (m 2n) steps. 
Here m is the number of examples, while n is the number of 
dimensions. The second step of the algorithm finds its roots 
in the implementation of a class of Boolean functions using 
threshold gates. It is substantiated by mathematical proofs 
for the size 0 (mn /A), and the depth 0 [log(rnn) /logA] of 
the resulting network (here A is the maximum fan-in). Using 
the fan-in as aparameter, afull class of solutions can be de- 
signed. The third step of the algorithm represents a reduc- 
tion of the size and an increase of its generalisation 
capabilities. Extensions by using analogue COMPARISONS, 
allows for real inputs, and increase the generalisation ca- 
pabilities-at the expense of longer training times. 

Finally, several solutions which can lower the size of the 
resulting neural network are detailed. The interesting as- 
pect is that they are obtained for limited, or even constant, 
fan-ins. In support of these claims many simulations have 
been performed and are called upon. 

Further directions for research are pointed out in the con- 
clusions. 

Keywords-neural networks, entropy, circuit complexity, 
deptWsize complexity, precision, interconnectivity (fan-in), 
VLSI  AT^ complexity). 

On leave of absence from the “Politehnica” University of Bucharest, 
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1. Introduction 
In this paper a network is an acyclic graph having several 

input nodes (inputs) and some (at least one) output nodes 
(outputs). If a synaptic weight is associated with each edge, 
and each node computes the weighted sum of its inputs to 
which a nonlinear activation function is then applied (artifi- 
cial neuron, or simply neuron): 

the network is a neural network (NN), with the synaptic 
weights wi E IR, 0 E IR known as the threshold, A being the 
fan-in (to one neuron), and (T a non-linear activation func- 
tion. Because the underlying graph is acyclic, the network 
does not have feedback connections, and can be layered. 
That is why such a network is also known as a multilayer 
feedforward neural network, and is commonly charac- 
terised by: 

its depth (i.e., the number of layers, or equivalently the 
longest path from input to output if one considers unit 
length for all the edges connecting the neurons); and 
its size (i.e., the number of neurons). 

These can be linked to T (= depth) and A (= size) of a VLSI 
chip. However, the area of the connections counts, and the 
area of one neuron is related to its associated weights (not 
mentioning the complexity of the function realised by each 
neuron), thus “comparing the number of nodes is inade- 
quate for comparing the Complexity of neural networks as 
the nodes themselves could implement quite complexfunc- 
tions” [ 1151. That is why better (alternative) measures are: 

the fan-in as the “area required for inter-node connec- 

the total number-ofconnections [9 11; 
the  total number-of-bits needed to represent the 

tivity grows like the cube of a node’s fan-in” [46]; 

weights [35, 1151; 
or even more precise approximations like: 

the sum of all the weights and thresholds [ 19, 23, 24, 
26,411 

2 or  wi  [118]. Such cost measures can be under- 
d l  ,,,,,m, 
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stood as the area occupied on silicon is related to the 
weights and the thresholds (as they have to be physically re- 
alised). These approximations are related to assumptions on 
how the area of a chip scales with the weights and the 
thresholds [13, 14, 18, 191: 

for digital implementation, the area scales with the cu- 
mulative storage of weights and thresholds (as the bits 
for representing those weights and thresholds have to 
be stored); 
for analog implementations (e.g., using resistors or ca- 
pacitors) the same type of scaling is valid (although it 
is possible to come up with implementations having 
binary encoding of the parameters-for which the 
area would scale with the cumulative log-scale size of 
the parameters); 
some types of implementations (e.g., transconduc- 
tance ones) even offer a constant size per element, thus 
in principle scaling only with the number of parame- 
ters (i.e., with the total number-ofconnections). 

It is worth emphasising that it is anyhow desirable to limit 
the range of parameter values [ 1171 for VLSI implementa- 
tions because: ( i )  the maximum value of thefan-in [114]; 
and (ii) the maximal ratio between the largest and the small- 
est weight cannot grow over a certain (technological) limit. 

Equation (2)  has also been used by some authors as an 
optimum criteria for linear programming synthesis 1821, or 
for defining the minimal integer realisation of one threshold 
gate (TG) [55, 100, 1161. Very recently [8], the same meas- 
ure (under the name of “total weight magnitude”) has been 
used in the context of computational learning theory applied 
to neural learning for pattern classification. By using it, sev- 
eral new bounds - which improve on the standard VC-the- 
ory bounds -have been proven. 

Three natural questions arise when using NNs: (i) “How 
to determine the weights?”; (ii) “How many layers should 
we have?”; and (iii)“How many neurons should one use in 
each layer?”. They can either be solved by learning tech- 
niques or by direct design (synthesis). 

The classical learning techniques suffer because the in- 
herent error correction function which does not guarantee 
that the global minimum will ever be reached. Furthermore, 
the topology of the NN has to be guessed in advanced, 
while other aspects-like the precision of the weights [52, 
1171 and the high fan-in of neurons [46, 114l-are com- 
pletely neglected. 

The direct design (synthesis, constructive, growth or on- 
togenetic) algorithms are able to determine both the archi- 
tecture of the NN-meaning number of layers and number 
of neurons in each layer-and their synaptic weights. They 
are guaranteed to converge in finite time-thus always 
(quickly) reaching 0% error rates on the training set-but 
are said to have poor generalisation capabilities [104]. They 
can be divided into algebraic, network-based, or geometric. 
Some algorithms have been developed either by quantizing 
others (leading to weight discretization learning algo- 
rithms), or by devising new learning algorithms (e.g., rely- 
ing on dynamic rescaling, probabilistic rounding, 

perturbation, power-of-two representations). For more de- 
tails see the reviews in [ 19 (Chapter l ) ,  841). One of the first 
such ‘learning’ algorithm [5] is in fact synthesising Boolean 
functions (BFs) using adaptive tree networks whose ele- 
ments-after training and elimination of redundant ele- 
ments-perform classical (Boolean) logical operations. 
This line of research has been extended by using a combina- 
tion of AND and OR gates after an initial layer of TGs [6,33]. 

Probably one of the first theoretical review of a few con- 
structive algorithms is that of hmieja [104], where two 
original mapping theorems allow to unify the seven algo- 
rithms presented there under a basic mechanism. Still, there 
are too many constructive algorithms for which the theory 
developed there does not hold. A detailed comparative 
study has presented 33 constructive algorithms in a tabular 
form [44]. An extension of that work has reported 22 more 
synthesis algorithms [13]. These also show that the research 
in this area is very active: out of the 55 algorithms, 39 algo- 
rithms are published in the nineties! Two other overviews 
on VLSI-friendly learning algorithms can be found in [ 19 
(Chapter I ) ,  841. 

Before going further we shall define several of the nota- 
tions to be used in this paper: 

A class@cation problem is defined by a set of m ex- 
amples belonging to k different classes. For simplicity 
we shall limit the number of classes to two ( k  = 2), 
known as a dichotomy, but all the results are valid in 
general. Now: 

m=m,+m- (3) 

where x,, x2,. . ., xm+ are the positive examples, while 
y,,y2 ,..., y,- are the negative examples. They are 
taken from an n-dimensional space IR (n  E IN \ { 1 }): 

X ~ = ( X ~ , ~ , X ~ , ~  ,..., xi,”) E I R n , i = l , 2  ,..., m,, 

The distance between two vectors (examples) is the 
classical Euclidean distance: 

For characterising the data-set, we also define the 
minimum and the maximum distance between any 
positive and negative examples: 

d = min { dist, (xi,yj) } and 
i = l .  ..., nt 
j = I .  .... nt 

D = max { dist E (xi ,y j )  } 
i = I .  ..., m 
, = I  ...., I?- 

Finally, a (n) is the volume of the unit ball in IRn. In 
particular, a (2) = n, a (3) = 4n /3, or in terms of the 
gamma function: 

(7) 



The paper is structured in six parts. In Section 2 we detail 
some previous results for the size, precision and fan-in re- 
quired by NNs. In many cases the parameters involved are 
scaling exponentially, showing that the problems we are 
dealing with are hard. Section 3 will present recent entropy 
bounds for classification problems. They will be used later 
in proving complexity bounds for a constructive algorithm 
(and several of its variations). Section 4 will describe the di- 
rect design algorithm, which is based on implementing BFs 
of n inputs having m groups of ones in their truth table. Fi- 
nally, in Section 5 we shall detail solutions which can min- 
imise the size andlor the A T 2  VLSI complexity measure of 
the resulting NN. Conclusions and open problems are end- 
ing the paper. 

2. Previous Results 
NNs have been experimentally shown to be quite effec- 

tive in many applications (see Applications of Neural Net- 
works in [4],  together with Part F: Applications of Neural 
Computation and Part G: Neural Networks in Practice: 
Case Studies from [45]). This success has led researchers to 
undertake a rigorous analysis of the mathematical proper- 
ties that enable them to perform so well, and has generated 
two directions of research: ( i )  one to find existencelcon- 
structive proofs for what is now known as the "universal 
approximation problem;" (ii) another one to find tight 
bounds on the size needed by the approximation problem 
(or some particular cases). 

2.1. Depth and Size 
The first line of research has concentrated on the ap- 

proximation capabilities of NNs. It was started in 1987 [50, 
76, 781 by showing that Kolmogorov's superpositions [72] 
can be interpreted as a NN with one hidden layer, thus giv- 
ing an existence proof. The first nonconstructive proof has 
been given using a continuous activation function [38, 391 
(also [58]). The fact that NNs are computationally univer- 
sal-with more or less restrictive conditions-when modi- 
fiable connections are allowed, was thus established. 
Different enhancements have been later presented in the lit- 
erature (see Chapter 1 in [19]), but all these results-with 
the partial exception of [7, 71,  741-were obtained "pro- 
vided that sufficiently many hidden units are available. " 
This means that no claims on the size minimality were 
made, and has led to more constructive solutions [64, 88, 
891. These solutions are obtained in very small depth (one 
or two hidden layers), but their size grows fast with respect 
to the number of dimensions andlor examples, or with the 
required precision. Recently, an explicit numerical algo- 
rithm for  superpositions has been detailed [log, 1091. 

The other line of research was to find the smallest size 
NN which can realise an arbitrary function given a set of m 
vectors from IR". Many results have been obtained for NNs 
having a threshold activation function, as this line of re- 
search was continuing on the rigorous results from the mid 
60s (see [102], and the overview in [14]). One of the first 
lower bound on the size of a NN (TG circuit) for "almost 

all" n-ary BFs was given in [87]: size 2 2 (2 " / n )  1'2. Later 
a very tight upper bound has been proven in depth = 4:  
size I 2 (2 "/ n) l2 x { 1 + Q [(2 " / n )  12] ) [ 791. Similar 
existence exponential bounds can be found in [36], while 
[loll gives an Q (,"I3) lower bound for arbitrary BFs. 

For classification problems, one of the first results was 
that a NN of depth = 3 and size = m - 1 could compute an 
arbitrary dichotomy. The main improvements for an arbi- 
trary dichotomy on m points in IR have been: 

0 Baum [9] presented a NN with one hidden layer hav- 
ing rm / n l  neurons capable of realising an arbitrary di- 
chotomy on a set of m points in general position in 
IR"; if the points are on the corners of the n-dimen- 
sional hypercube (i.e., binary vectors), m - 1 nodes are 
still needed; 

0 a slightly tighter bound was proven in [56]: only 
rl + (m - 2 ) / n l  neurons are needed in the hidden 
layer for realising an arbitrary dichotomy on a set of 
m points which satisfy a more relaxed topological as- 
sumption (only the points from a sequence from some 
subsets are required to be in general position); also, 
the m - 1 nodes condition was shown to be the least 
upper bound needed; 
Arai [3] showed that m - 1 hidden neurons are neces- 
sary for arbitrary separability (any mapping between 
input and output for the case of binary-valued units), 
but improved the bound for the dichotomy problem to 
m / 3  (without any condition on the inputs). 

A size-optimal result we shall use further is detailed in 
the following theorem (proved by Red'kin in 1970 [95]). 

Proposition 1 (from [95]). The complexity realisation 
(i.e,, number of threshold elements) of Fn,m (the class of 
Boolean functions f (x  x2.. .x,-  'x,) that have exactly m 
groups ofones) is at most 2 (2m)'" + 3. 

The construction has: a first layer of r(2m) '121 TGs 
(COMPARISONS) with fan-in = n and weights I 2  "- '; a sec- 
ond layer of 2 r(m / 2) "'1 TGs of fan-in = n + r(2m) "'1 and 
weights 5 2 "; one more TG of fan-in = 2 r(m / 2 )  '/*I and 
weights E { -1, +I ) in the third layer. 

All these results show that for binary inputs the size 
grows exponentially as m I 2 " (if only one class is imple- 
mented m 5 2 " - I ) .  Some existence lower bounds for the 
arbitrary dichotomy problem are (see [48]): 

a depth-2 NN requires at least m / { n log(m / n ) }  hid- 
den neurons (if m 2 3n); 

0 a depth-3 NN requires at least 2 (rn / logm /*  neurons 
in each of the two hidden layer (if m >> n ); this being 
identical to the one presented in [87] for m = 2 "; 

0 an arbitrarily interconnected NN without feedback 
needs (2m /logm) ' I 2  neurons (if m >> n ). 

Several other bounds for arbitrairy BFs can be found in 1921. 
All these results are valid for unlimited fan-in NNs. Depart- 
ing from these lines, Horne & Hush [54] detail a solution 
for NNs limited to the lowest possiblefan-in: A = 2. 

2 

2 



Proposition 2 (from [54]). Arbitrary Boolean functions of 
the form f : { 0, 1 }" + { 0 , l ) "  can be implemented in a neu- 
ral network ofperceptrons restricted to fan-in 2 with a node 
complexity of 0 { m 2 " / (n + logm)} and requiring 0 (n) 
layers. 

One study [37] tried to unify these two lines of research 
by first presenting analytical solutions for the general NN 
problem in one dimension (having infinite size!), and then 
giving practical solutions for the one-dimensional cases 
(i.e., including an upper bound on the size). Extensions to 
the n-dimensional case using three- and four-layers solu- 
tions were derived under piecewise constant approxima- 
tions (having constant or variable width partitions), and 
under piecewise linear approximations (using ramps instead 
of sigmoids). 

As can been seen from these results, the known bounds 
for size are exponential if NNs are used for solving general 
problems (Le., arbitrary BFs), but: 

they reveal a gap between the upper and the lower 
bounds, thus encouraging research efforts to reduce 
these gaps; and 

0 they suggest that, while still exponential (due to the 
lower bounds), NNs with more layers (depth f small 
constant) might have a smaller size. 

The only exception is given by Kolmogorov's superposi- 
tions theorem which shows that there are NNs having only 
2n + 1 neurons in the hidden layer which can approximate 
any function. 

2.2. Precision and Znterconnectivity 
Because most NNs are (and have been) simulated, two 

aspects which have been neglected in too many cases are 
the precision of weights and thresholds, and the fan-in of 
the neurons. Only when hardware implementations of NNs 
have been considered ([73] and the overview in [84]), pre- 
cision and interconnectivity [ 11 became important. 

Finite precision computation has started to be analysed 
[52, 110, 1171, and it was shown that in most cases several 
bits suffice [14, 19, 841. Even more, it was very recently 
proven [SI that the generalisation error of NNs used for pat- 
tern classification depends on the size of the weights (i.e., 
precision), rather than the number of weights. The result 
presented there is that the misclassification probability con- 
verges to an error estimate at rate of 0 ((cA)'/G). Here A 
is the sum of the magnitude of the weights (2). The other pa- 
rameters involved are: l is the number of layers, m is the 
number of examples, and c is a constant. Beside supporting 
heuristics that attempt to keep the weights small during 
training (e.g., weight decay and early stopping), this also 
suggests that NNs having more layers might converge 
faster .' The magnitude of the weights (2) has already been 
used as: (i) an optimum criteria for linear programming syn- 
thesis [82]; (ii) for defining the minimal integer realisation 
of one TG [55,  100, 1161; (iii) for minimising the area of 
the VLSI implementations of NNs [ 19,23, 24,261 

The other aspect of interconnectivity has been analysed 
in relation to the area of a VLSI chip [46], where it was 
shown that the area grows as the cube of the node's fan-in 
(A3). Recently, the fact that AT2-optimal discrete NNs can 
be obtained for small constant fan-ins was proven [ 171. An- 
other result for limited fan-in (A = 2) NNs was presented in 
[54] (also as Proposition 2). An extension of that result to 
arbitrary fan-ins was also suggested. 

Proposition 3 (from [22]). Arbitrary Boolean functions 
f : { 0, 1 }n  + { 0, 1 }" can be implemented in a neural net- 
work of perceptrons restricted to fan-in A in 0 (n /logA) 
layers. 

Finally, the known weight bounds: 

hold for any fan-in A 2 4, show that we can expect to have a 
precision of between A [86] and A logA bits per weight [53, 
90,94, 105, 1061. The upper bound is in fact slightly tighter 
weigth > 1.618 A [90], and this holds for any A 2 2. 

As can be seen from (8), interconnectivity and precision 
are interrelated, and fan-in also relates to depth, as smaller 
fan-ins lead to deeper NNs (larger depths). 

3. Entropy Bounds 
The NN solving a classification problem has to 'encode' 

the entropy of the data-set. It can be easily shown that such 
an encoding exists. In [lo71 it is shown that shattering all 
sets of m points in general position requires (m - 1) / 2  pa- 
rameters (i.e., weights). Another argument comes from a 
classical AND-OR implementation for the data-set: each AND 
gate has at most n inputs (one for each dimension), and 
there are at most rn / 2 AND gates; one more OR gate of (at 
most) m / 2  is needed. Because AND and OR gates encode 
one bit per input (connection or no connection), the result- 
ing Boolean circuit for solving a dichotomy problem has 
n m / 2 + m / 2  = mn/2bits. 

A constructive upper bound on the needed number-of- 
bits (denoted by #bits) has been obtained by following the 
steps: (i) show that a uniform quantization of the n-dimen- 
sional space-which satisfies the given classification prob- 
lem (data-set)-always exists; (ii) determine the bounded 
sub-space which is guaranteed to contain all the m exam- 
ples; (iii) compute the number-of-bits. 

Proposition 4 (from [12,21]). The dichotomy of m exarn- 
ples from IR" can always be solved with: 

#bits < rnlog (D/d) + 2.047n - (1ogn)B - 0.8251 2 

= 0 (mn) . (9) 

This shows that the entropy of the dichotomy of m exam- 
ples from IRn is bounded by 0 (2mn), and remains un- 
changed if there are k classes. The result has been obtained 
using a whole ball V,,,L (D ,  n) of radius D for upper bound- 
ing the space containing all the examples. 



A tighter upper bound on the number-ofbits has been 
obtained if (instead of the volume Vban) we use the volume 
of the intersection of two balls V (D, n), this being the worst 
case. 

Proposition 5 (from [21]). The volume of the intersection 
of two balls in IR of the same radius r E IR + \ { 0} ,  placed 
such that the center of each one is on the boundary of the 
other one, is V (r,  n )  = 2 a (n  - 1 )  r " . a (n)  with: 

3 (n  - 1)/2 
(10) 

n- 1 a (n)  = - . a ( n - 2 )  - 
n n . 2 "  

Based on this result we have proven a slightly tighter 
bound on the number-of-bits (than the one presented in 
Proposition 4).  
Proposition 6 (from 1211). The dichotomy of m = m + + m - 
examples from IR " can always be solved with: 

= 0 (mn) . 
where m , ~ M  = max(m +, m -1 2 m / 2 .  

A lower bound has also been detailed. 

Proposition 7 (from [12]). The entropy of a dichotomy of 
m examples in general position from IRn is bounded by 
2 rn riogml 

In fact, this is not an absolute lower bound, as the hypo- 
thetical NN for solving the classification problem has a 
'grandmother cell' structure. By grouping together several 
adjacent 'cells' (i.e., hypercubes) it becomes clear how the 
'needed' number-ofbits can still be lowered (as we shall 
see later in Section 4). Even more, the bound from Proposi- 
tion 7 is not constructive, as we do not know how the infor- 
mation should be 'encoded' when v, # v2 # . . . # v, , but it 
shows strong links with classical machine learning algo- 
rithms building decision trees (see the excellent survey 
from Chapter 2 of [85]), and with algorithms like the ones 
presented in [34,99]. 

All the upper bounds are valid for NNs having limited 
integer lweightsl < 2#bifSex0mp/e'n, but the bound on weights is 
a result of bounding the number-ofbits. The problem can be 
tackled the other way around, i.e. by taking limited weights 
from {- p ,  - p + 1,  . . . , p )  , and proving lower bounds on 
the number-of-bits [42]: 

first, the fact that dmin = 1 / p  was proven construc- 
tively starting from the largest polyhedron generated 
by all the hyperplanes defined by the integer set of 
weights (the generation of these hyperplanes was pre- 
sented in [65,66, 671); 
second, the number-of-bits has been computed by con- 
sidering that the m examples are inside a ball of radius 
D and by maximising the volume of the largest sim- 
plex by that of a ball of radius 1 / (2p) .  

These has given a constructive lower bound. 

Proposition 8 Cfrom [42]). The number-of-bits necessary 
for the separation of m patterns in general position in IR" 
using weights from { - p ,  - p + 1, . . ., p - 1, p }  is: 

#bits > mn [log (2pD)1/2 = mn [log ( D / d ) 1 / 2  

= 0 (mn). (12) 

Very recently [21] this result has been improved by max- 
imising the volume of the largest polyhedron as the sum of 
the volumes of two hypercones (i.e., n-dimensional cones) 
and by using the volume of the intersection of the two balls 
presented in Proposition 5. The overall result is a slightly 
better lower bound (still, not an absolute one). 

Proposition 9 (from [21]). For solving a dichotomy of 
m = m+ + m- examples in general position in IRn, more 
than: 

#bits > rnmm rnlog ( D / d )  - 0.466n + logn + 0.0661 

= O(m) 
are needed. 

This bound is promising as showing that we might solve 
a dichotomy problem with less than mn [log (D / d)l bits ! 

For completely specified BFs, all the previously pre- 
sented bounds are equivalent as m = 2n,  which gives 
#bits = 0 (n  . 2n).  The only difference being in the con- 
stants, which, for practical reasons, are important [ 151. 

4. A Direct Synthesis Algorithm 
A novel synthesis algorithm has evolved from the de- 

composition of COMPARISON. In the following we shall de- 
tail the solution presented in [23, 24, 261 (where only a 
sketch of proof was presented) which is in fact a class of so- 
lutions, and covers several other known solutions. First, we 
have shown how to decompose COMPARISON in a tree-like 
structure where the leaves are COMPARISONS on a reduced 
number of bits, and the nodes combine the results of these 
partial COMPARISONS (Proposition 10). Second, we have 
used the fact that the nodes of these trees are in fact TGs- 
as the BFs they implement are linearly separable functions 
(see Lemma 2 in [30]). As the proof of Lemma 2 from [30] 
is constructive (i. e., the weights and the thresholds of these 
BFs are computed), the bounds for the weights and thresh- 
olds follow easily (see Corollary I in [30]). By putting all 
of these results together, we have been able to prove that a 
full class of solutions for implementing COMPARISON can be 
built (Proposition 11). 
Proposition IO (from [26]). The computation of COMPARZ- 
SON of two n-bit numbers can be realised by a A-ary tree of 
size 0 (n /A) and depth 0 (logn /logA) for any integer fan- 
in 3 I A I  2n. 

The nodes of the tree are computing BFs f A ,  which form 
a class of functions FA: 



It was proven that this is a class FA of linearly separable BFs 
(Lemma 2 in [30]), and that the absolute weights and thresh- 
olds are upper bounded by 2 ’” (Corollary I in [30]). 

Proposition 11 (from [26,30]). The COMPARISON of two n- 
bit numbers can be computed by a neural network having 
0 (logn/logA) depth and 0 (n/A) size. The weights and 
thresholds are integers: (i) polynomially bounded for all the 
values of the fan-in 3 I A 5 c logn; (ii) super-polynomially 
bounded f o r  a l l  the values  of the fan-in clogn<A 
I c log kn; and (ai exponentially boundedfor all the values 
of the fan-in c log n < A I 2n. .I 

It is clear how one can lower the fan-in to a constant (i.e., 
0 (1)) and obtain a linear size NN having logarithmic depth, 
but a more interesting result is to let fan-in = 0 (logn). 
Now, the very slow growth of depth 0 (logn/loglogn) is 
‘almost constant’ for normal values of n (depth I 7 for 
n I 10 6 ) .  This increase of the fan-ins is rewarded by a sig- 
nificant decrease of the size from linear to 0 (n/logn), 
while the weights grow only from constant to linear. 

The importance of COMPARISON becomes evident when 
investigating By allowing m to grow exponentially 
with respect to n, Fn,m covers lB,, (i.e., the set of all n-ary 
BFs). Red’kin has presented a solution achieving 2&+ 3 
size in depth-3 (the existence lower bound being 0 (G) [9, 
loll). It requires exponential precision and polynomial fan- 
in. Another solution using a two layer architecture has been 
suggested in [25], and later detailed in [27,29]. 

Proposition 12 (from 1251). Any function f E Fn, can be 
computed by a neural network with polynomially bounded 
integer weights (and thresholds) of size 0 (mn/A) a n d  
depth 0 [log(mn) /logA], for all the values of the fan-in (A) 
in the range 3 to c logn. 

The proof of this claim has been already presented in 
[25, 271, and follows from Proposition 11. The size is in- 
creased 2m times, as 2m COMPARISONs are used in the first 
layer (the size of the decomposition tree for the MAJORITY 
function from the second layer is only (2m - 1) /(A - 1) , 
and can be neglected). The depth grows with the depth of 
the decomposition tree having 2m inputs implementing the 
MAJORITY function (i.e., function implemented by a TG 
having weights of f l ) ,  which is (logm + 1) /logA . This 
method can be directly used to ‘learn’ k functions from m 
examples when the fan-in is limited by A. 
Proposition 13 (from [25]). Any finite set of k functions f 
from IFn,i defined by m examples (i I m I ik), can be com- 
puted by a neural network with polynomially bounded inte- 
ger weights and thresholds, of 0 [m (2n + k) /A] size and 
0 [log(mn) /log81 depth for all the values of the fan-in (A) 
in the range 3 to 0 (logn). 

The proof follows from Proposition 12. Because all the 
k function are using the same n inputs, the first layer will 
need 2m COMPARISONs in the worst case (for all the k func- 
tions). The size is obtained by adding the size of the k de- 
composition trees of 2m inputs (implementing the k 
MAJORITY functions) to the size of the 2m COMPARISONs. 
The depth is the same as given by Proposition 12. 

Based on all these developments, a general algorithm 
can be stated: 

1. Quantize the space as described in section 3. For 
the moment a logarithmic factor (logn) is lost due 
to the fact that the intersection of two hypercubes 
is used instead of the intersection of the two balls 
(we are working on this aspect by trying to con- 
vert to another system of co-ordinates). 

2. From the set of examples, determine the “constants” 
to be used by the COMPARISONs (the first layer). 

3. Reduce the number of COMPARISONS by grouping to- 
gether more hypercubes (this also increases the ge- 
neralisation capabilities of the resulting network). 

Out of these steps, the most time consuming one is the first 
step, as all the distances between the examples from the dif- 
ferent classes have to be computed. In a word model this re- 
quires 0 (m n) time because there are m ,  m-  distance 
computation of n time steps each. Earlier versions of the al- 
gorithm have already been presented [25,27,29], and used 
[16], but the theoretical foundation from Section 3 has only 
recently been established. 

The algorithm finds hyperplanes which are parallel to 
the axes; they are COMPARISONS with certain values (de- 
duced from the set of m examples) and represent the first 
hidden layer. The desired function can be synthesised either 
by one more layer of TGs (in fact MAJORITY gates), or by a 
classical two layers AND-OR structure: 

a second hidden layer of AND gates (each such gate 
corresponds to a hypercube, and at most 2 COMPARI- 
SONS are needed for each dimension); and 

2 

a third layer of k OR gates represents the outputs. 
Because the algorithm builds a simple NN of COMPARI- 
SONS, AND and OR gates, it can immediately be used for the 
VLSI implementation of NNs using FPGAs (Field Pro- 
grammable Gate Arrays), as was suggested in [28]. 

The solution is similar to the “fixed grid” algorithm [57], 
but uses only some (not all) lines of the grid, which is not 
fixed (it is ‘learnt’). Alternative algorithms, having TGs in- 
stead of COMPARISONs in the first layer are the geometric 
ones [6,33, 681. 

An immediate extension of the algorithm allows for real 
inputs by replacing the digital COMPARISONs (from the first 
layer) with analog ones! Such an extension-beside allow- 
ing for analog inputs-also has several other advantages: 

generalises better (as the grid lines might be placed 
anywhere-still, limited by the precision of the tech- 
nology) [ W ;  
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the overall size can be reduced (as a two inputs analog 
COMPARISON will be smaller then a digital COMPARI- 
SON requiring several binary inputs); 

0 it should be faster (the depth will be smaller as we do 
not need to decompose the COMPARISONS for satisfy- 
ing a maximum fan-in condition); 
it should dissipates less power (due to reduced area 
and smaller number of transistors needed to imple- 
ment the analog COMPARISONS). 

The only disadvantage is that the design-and the technol- 
ogy for realising mixed analog/digital circuits-is more 
complex. Lastly, another advantage of using an analog tech- 
nology, comes from the fact that the inputs can be combined 
in pre-processing layer of operational amplifiers. Thus, ad- 
ditional hyperplanes could be added (e.g., equally spaced 
from the axes). These are done at the expense of a longer 
training time. 

An alternate solution for increasing the generalisation 
capabilities is by generating additional virtual examples as 
noisy data, and has been investigated in [77], but here again 
we have to pay with a longer learning time. 

One possible comparison can be made with a similar al- 
gorithm described in [ l l l ] :  

the size of the NN they build is 0 (mn), being of the 
same order of complexity as ours 0 (mn /A)-but 
only for constant fan-ins; 
the depth complexity is linear 0 (mn) in their case, 
while being 0 [log(mn) / logA] in our case; 
the maximum fan-in is reduced from n in their case, to 
A in our case. 

Comparisons (on the two-spirals problem [75]) with other 
algorithms have also been detailed [29]. 

5. Optimal Size and VLSI Solutions 
The solutions presented in the previous sections will 

now be analysed with respect to size and VLSI optimality 
for the case of limited fan-ins, weights and thresholds. As 
the weights and thresholds are easily linked to fan-in, we 
shall concentrate on limited fan-in NNs. 

Proposition 14 (from [22]). A l l  the critical points  of 
size (m, n, k, A) are relative minimum and are situated in 
the (close) vicinity of the parabola kA = n - log(n + logm). 

Proposition 15 (from [22]). The absolute minimum size BF,r 

is obtained for fan-in A = 2. 

While for relatively small n the size-optimal solutions 
are obtained even for A = 16, starting from n 2 64 all the 
size-optimal solutions are obtained for A = 2. It is to be 
mentioned that the other relative minima (on, or in the vi- 
cinity of the parabola kA = n - logn) are only slightly 
larger than the absolute minimum. They might be ofpracti- 
cal interest as leading to networks having fewer layers: 
n/logA instead of n. Last, but not least, it is to be men- 
tioned that all these relative minimum are obtained for fan- 
ins strictly lower that linear (as A I n - logn). 

A similar result can be obtained for IF;,,,, as the first 
layer is represented by COMPARISONS (Le., F ,  which can 
be decomposed to satisfy the limited fan-in condition [23, 
241. The size complexity of the NN implementing one 
F;,,, function has been computed (see also [26, 271, and 
Proposition 13) as: 

depeprh 

size,(m,n,A) = 2nm. C ( A / 2 ) - i  
i = l  

where depth, = rlogn /(log6 - 1)1, and the coefficient is 2, 
and not 4 ,  as the COMPARISONS are between an input and 
some constants which can be included in the thresholds. 

A substantial enhancement (i.e., reduction in size) can be 
obtained when the fan-in is limited. The maximum number 
of different BFs which can be computed in each layer is: 

, ... 9 
2 n / A  2 A ( A / 2 )  ( 2 n / A ) . 2 4  T .  
u./ L 

For large m (needed for achieving a certain precision), 
and/or large n, the first terms of the sum (15) will be larger 
than the equivalent ones from (16). This is equivalent to the 
trick from [58], as the lower levels will compute all thepos- 
sible functions using only limited fan-in COMPARISONS. 
Hence, the optimum size becomes: 

2 A ( A / 2 ) i - 1  
+ 

i = l  A ( A / 2 ) i - 1  
size: (m,n,  k ,  A) = 2 n .  

+ at . (17) 

explained as the same BFs are computed redundantly. In 
terms of fan-in, several exponentially decreasing terms in 
the sum from (15) will be replaced by the equivalent double 
exponential increasing terms given by (16). 

Let us considered the following simple example: n = 64 
binary inputs (which should be roughly equivalent to 8 real 
inputs) and m = 2048 examples a very small number of ex- 
amples as the whole space is 2 ). For this particular exam- 
ple, the smallest NN is obtained for A = 10 in depth = 4,  
while the size is reduced from 331,776 to 82,740, i.e., by 
75% ! This is significant, and for larger values of m, or for 
the case when more functions have to be implemented si- 
multaneously, the reduction factor should be even larger. 
By considering that the number of examples is m = 2 En, de- 
tailed numerical results have been obtained; they are pre- 
sented in [22] (see Table 1 and Figure 2). 

These show that it is always possible to obtain a signifi- 
cant reduction of the size by properly choosing the fan-in, 
but two aspects are that: 
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0 in percentage the reduction can be obtained for a large 

0 in absolute values the reduction is obtained only for 

Following similar steps to the ones used in Proposition 15, 
it is possible to show that in this case the minimum size is 
obtained for A = 3. 

set of fan-in values; 

small constant fan-in values. 

We have also shown that even VLSI-optimal implemen- 
tations of functions are obtained for small constant 
fan-ins A = 6.. .9. This result builds on the closer estimates 
of area and delay suggested in Section 1. For Fn, functions 
these estimates have already been computed [18, 261. The 
VLSI-optimal fan-in when implementing COMPARISON (in 
fact an F,,, function)-detailed in Propositions 10 and 
I I -  has been computer [17,18]. TheAT2 complexity val- 
ues for the different estimates can be found in [lS, 19, 261. 
The same result is valid for Fn,m functions as can be intui- 
tively expected as: the delay is determined by the first layer 
of COMPARISONS, while the area is mostly influenced by the 
same first layer of COMPARISONS (the area for the imple- 
menting the MAJORITY gate can be neglected [ 19, 25, 26, 
291). We have chosen for area x ( I:,’ I wi I + I 8 I ), and 
depth for delay, but other es t id twlead  to quite similar re- 
sults. 

Proposition 16. The VLSI-optimal neural networks which 
computes the COMPARISON of two n-bit numbers has small- 
constant fan-in ‘neurons’ with small-constant bounded 
weights and thresholds. 

The proof has been obtained using several successive ap- 
proximations: neglecting the ceilings, and using a ‘simpli- 
fied’ complexity estimate. The optimal fan-in ‘constantly’ 
lies between 6 and 9 (as Aoptint = 6.. .9, one can minimise 
the area by using COMPARISONS only if the group of ones 
has a length of a 2 64-see [22,23,24]). 

6. Conclusions 
In this paper we have argued that a possible reduction of 

the size of TG circuits can be obtained at the expense of a 
slight increase of their depth. We have also discussed the 
precision of weights and thresholds, as well as the limited 
fan-in. They are well suited for estimating the complexity of 
hardware implementations of NNs. 

We have then concentrated on the required number-of- 
bits for classification problems and detailed very tight upper 
and lower bounds. These have been used further as the first 
step of a constructive class of algorithms, by explicitly 
showing how the quantization of the input space has to be 
done. This step is the most time consuming one, as the dis- 
tances between the examples from the different classes have 
to be computed, and dictates the overall time as 0 (m  2n) . 

For constructing the NN we have presented a class of so- 
lutions, for which-having fan-in as a parameter-we have 
been able to determine both the size as 0 (mn /A), and the 
depth as 0 [log(mn) /logA]. By varying the fan-in different 
solutions can be obtained. We have also detailed three dif- 

ferent ways of reducing the size of the resulting NN: (i) by 
grouping together several adjacent hypercubes (which is 
also increasing the generalisation capabilities of the NN); 
(ii) by using analogue COMPARISONS instead of digital ones 
(at the expense of longer training times); and (iii) by delet- 
ing those neurons which compute redundant functions. 

An interesting result we have also discussed is that lim- 
ited fan-in NNs can be size and/or VLSI optimal (we men- 
tion here that there are similar small constants relating to 
our capacity of processing information [Sl]). 

Further directions of research should concentrate on a 
different approach, by using Kolmogorov’s superpositions 
theorem (which shows that there are NNs having only 
2n + 1 neurons in the hidden layer which can approximate 
any function). A constructive solution for the general case 
has recently been presented in [log, 1091. It builds neurons 
having linear fan-in A 5 2n + 1, but double exponential pre- 
cision weights: 

n r - m r  - 1  
-~ 

weights < (2n-1-2) n - ’  

(see equation (1) in Theorem 1 from [ 108]), thus limiting its 
applicability for hardware implementations. 

By restricting the class of functions to BFs, we have re- 
cently shown that: (i) the nonlinear function y, becomes the 
identity function; (ii) the precision of the weighs is reduced 
to (2n + 2)  -n ,  i.e. 0 (nlogn) bits per weight. 

We conclude that: 
digital implementations of arbitrary BFs require expo- 
nential size; 

0 mixed analog/digital implementations of arbitrary BFs 
as TG circuits require exponential size (but having a 
smaller ‘constant’); 
analog implementations of arbitrary BFs can be done 
in linear size having linear fan-in and polynomial pre- 
cision weights and thresholds, if the nonlinear func- 
tion is the identity function; 
for arbitrary real functions, the question of their VLSI- 
optimal implementation is still an open problem. 
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